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Magnetohydrodynamics (MHD)

• Generalized (non-relativistic) MHD equations:
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What is turbulence ?

Fully developed 
turbulence
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What is turbulence ?

Distribution of increments are not Gaussian and asymmetric

[Ishihara+, 2009]

Navier-Stokes equations (DNS); 40963

Increments:



The Burgers equation

Re ≈ 104

non-zero 
value !

Anomalous dissipation / spontaneous symmetry breaking

Mean rate of 
energy dissipation



Anomalous dissipation

From Navier-Stokes equations (r0 = 1)

Zeroth law of turbulence:

The mean rate of energy dissipation (per unit mass) e
reaches a finite limit (when n -> 0) independent of the viscosity n
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[Ravelet+, JFM, 2008; Saint-Michel+, PoF, 2014]

[Mininni & Pouquet, PRE, 2009; Bandyopadhyay+, PRX, 2018] 
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Stationary turbulence
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Strong turbulence
beyond phenomenology
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Homogeneous & isotropic turbulence
Re >>1; stationary; direct cascade

3D incompressible HD
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Exact law

l

Kolmogorov’s law

Valid in the inertial range (universality)

[Kolmogorov, 1941]

Increments:
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eT can be interpreted as a heating rate for the plasma 

[Politano & Pouquet, PRE, 1998]

Increments:
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3D incompressible MHD
Homogeneous & isotropic turbulence
Re, Rem >>1; stationary; direct cascade

Exact law



Turbulence is a source of local heating
Application: solar wind heating

Adiabatic cooling

Voyager 2

e± ~

[Gazis+, GRL, 1982; Matthaeus+, PRL, 1999]

[Sorriso-Valvo+, PRL, 2007]

= - l / VSWY±

Extension to incompressible Hall MHD is possible  [SG, PRE, 2007]
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Turbulence is a source of local heating
Application: solar wind heating

Adiabatic cooling

Voyager 2

e± ~

[Gazis+, GRL, 1982; Matthaeus+, PRL, 1999]

[Sorriso-Valvo+, PRL, 2007]

= - l / VSWY±

Compressible MHD [Banerjee & SG, PRE, 2013-2016; Andrés+, PRE, 2016-2018; Ferrand+, JPP, 2021]

Solar wind data [Banerjee+, ApJL, 2016; Hadid+, PRL, 2018; Andrés+, PRL, 2019; Simon+, PRE, 2022] 12



Application: interstellar medium
27 interstellar clouds

[Heyer+, ApJ, 2004]

• ISM is highly turbulent  

• ISM turbulence is supersonic with Machturb > 10

• Low star formation rate; why?
[Arzoumanian+, A&A, 2011; Federrath+, MNRAS, 2016]

Supersonic MHD turbulence simulations are necessary 
but isothermal HD is often used

[Kritsuk+, ApJ, 2007, JFM, 2013; Schmidt+, PRL, 2008; Federrath+, A&A, 2010, MNRAS, 2016]

[Hennebelle & Falgarone, AAR, 2012]
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Exact law for isothermal HD turbulence

[SG & Banerjee, PRL, 2011]

Compression/dilatation increases/decreases the effective 
mean rate of energy transfer (eeff > e; eeff < e)

Source (S)Flux

Physical interpretation:

15→  global (non-local) effect
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Exact law for isothermal HD turbulence
[Federrath+, Nat. Astro., 2021]

100483 points

subsonic supersonic
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[Ferrand+, ApJ, 2020]

[see also Kritsuk+, JFM, 2013]

Machturb = 4
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Exact law for isothermal MHD turbulence

100803 pointsAAAA
[Beattie+, Nat. Astro., 2025]
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Machturb = 4 17



Compressible Hall MHD

DNS shows that source terms are negligible at subsonic scales 
but dominant at supersonic scales
[Andrés+, JPP, 2018; Ferrand+, ApJ, 2020; SG, CUP, 2022]

[Hadid+, ApJ, 2017]

compressible 
MHD

incompressible MHD

Solar wind: 

AAA
Isothermal closure
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Local exact law

Ø A weak formulation

Ø Energy dissipation without viscosity/resistivity

Burgers equation:
D

test function (Gaussian) of thickness s

is a generalized function

[Dubrulle, JFM, 2019] →  the zeroth law is proved !

[Onsager, 1949]

inertial dissipation

Application to interplanetary shocks [David & SG, PRE, 2021]

[Duchon & Robert, Nonlin, 2000; SG, JPAMT, 2018]
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Local exact law
Voyager 2  (5.1 AU)

Shock heating

[David & SG, PRE, 2021]



Wave turbulence
beyond phenomenology
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Alfvén wave turbulence

collision

Alfvén waves

Alfvén wave turbulence is the result of collisions 
between counterpropagating waves

Linear solution:

Elsässer fields
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(no dissipation)



Iroshnikov-Kraichnan spectrum

[Iroshnikov, SA, 1964; Kraichnan, PoF, 1965]

However, Alfvén wave turbulence is anisotropic !
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Phenomenology of Alfvén wave turbulence

(3-wave interactions) 

balanced turbulence

stochastic collisions of 
wave packets of weak amplitude



What is wave turbulence?

Weak wave turbulence theory is analytical: there is a natural
asymptotic closure [Benney & Saffman, 1966; Benney & Newell, 1967; Deng & Hani, 2023]

It is a multiple time scale problem
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[Zakharov & Filonenko, JAMTP, 1967]

2022

WWT is 
a theorem



Resonance condition

Triadic interactions

Resonance condition:

no cascade along b0
[Montgomery & Turner, PoF, 1981; Shebalin+, JPP, 1983]

Gives an explanation to observations of anisotropy (in B-confinement)
[Robinson & Rusbridge, PoF, 1971; Zweben+, PRL, 1979] 25

Alfvén wave turbulence
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Kinetic equation

slow dynamics
resonance condition

Balanced Alfvén wave turbulence:

Direct cascade is proved (e > 0)

(Kolmogorov-Zakharov spectrum)

[SG, Nazarenko, Newell & Pouquet, JPP, 2000]

(exact solution)





Observation of Alfvén wave turbulence

Cluster data 
(Earth’s magnetosheath)
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Goldreich-Sridhar spectrum
Phenomenology for strong wave turbulence

Scale-by-scale critical balance:

A

Solar wind

[Phillips, JFM, 1958; Higdon, ApJ, 1984; Goldreich & Sridhar, ApJ, 1995; SG, Mangeney & Pouquet, PoP, 2005]

[Horbury+, PRL, 2008]

b0

k

qB

Anisotropy

magnetic spectrum is used

[Cho & Vishniac, ApJ, 2000]
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Comparison with data
Solar wind data

b0=5; 20482x512

Eb Eu

Etot

[Podesta+, ApJ, 2007]

[Perez+, PRX, 2012]

[Podesta+, ApJ, 2007]
[Luo+, ApJ, 2010]

DNS

Etot

b0=0; 5123
[Biskamp+, PoP, 2000]
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Fast magneto-acoustic wave turbulence 

Wave turbulence theory

Solar 
wind Phenomenology0.1 UA

1 UA

[Chen+, ApJ, 2020]

[Cho & Lazarian, ApJ, 2002]

Kolmogorov-Zakharov isotropic specrum; direct cascade of energy

[SG, JPP, 2023]

PSP/NASA
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[Zhao +, ApJ, 2022]Solar 
wind

DNS



Observation of fast-MHD wave turbulence


