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Outline

Part I: Quantum Theory
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Quantum Theory: Quantization

Quantum Mechanics was originally named after observation of
quantized values:

- Electromagnetic radiation (Black-body/Photoelectric effect)
- Electron orbits (Atomic spectra)
- Angular momentum (Stern-Gerlach)
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Quantum Theory: Copenhagen Interpretation

Copenhagen interpretation of Quantum Mechanics:
- Particles ! Waves! Superposition
- Outcomes of measurements: Observable eigenvalues! Quantization
- Probabilities of outcomes encoded inj	 j2 ! Interference
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Quantum vs. Classical

Quantum Mechanics: Superposition! Fundamentalprobabilistic
description of measurements.
Classical Mechanics: Random outputs using classical probability
distributions resulting fromignorance(noise, experimental
variations...)
Is Godjust playing dice with the Universe?!

God is well beyond a
mere croupier!
Quantum Correlations=Correlations not accounted by classical
probabilistic theories.
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Quantum State

Pure state ! Wave functionj	 i
1 j	 i =

P
n � n � j � ni ; h	 j	 i =

P
n j� nj2 = 1

2 Coherentmixture of quantum states! � n are complex amplitudes
3 Expectation values:hAi = h	 jAj	 i =

P
n;m � �

m� n h� m jAj� ni

Mixed state ! Generalization to density matrix�
1 � =

P
n pn � j � ni h� nj ; tr � =

P
n pn = 1

2 Incoherentmixture of quantum states! pn are probabilities
3 Expectation values:hAi = tr (� A) =

P
n pn h� njAj� ni
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Qubits: Pure state

Qubit: Two-level quantum systemj0i ; j1i ! Most simple!

Paradigmatic example: spin-1/2 particle.j0i � j + i ; j1i � j�i

General wave function:j	 i = cos �
2 j0i + sin �

2ei � j1i � j n̂ i

! Eigenstate of spin projection:� � n̂ jn̂ i = jn̂ i

Unit vector n̂ = [sin � cos�; sin� sin�; cos� ] labels quantum states!
Surface of Bloch sphere.
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Qubits: Density matrix

General density matrix (2� 2) for 1 qubit ! 3 parametersBi :

� =
1 +

P
i Bi � i

2
; B = tr [� � ]; jBj � 1

Two qubits ! Most simple example of quantum correlations.
General density matrix (4� 4) for 2 qubits ! 15 parametersB �

i ; Cij

� =
1 +

P
i

�
B+

i � i 
 1 + B �
i 1 
 � i

�
+

P
i ;j Cij � i 
 � j

4

Polarization vectorsB � and correlation matrixC:

B+
i = h� i 
 1i ; B �

i = h1 
 � i i ; Cij = h� i 
 � j i

J. R. Mu~noz de Nova Quantum Colliders 12/05/2025 8 / 48



Quantum Discord

Classically, two equivalent expressions for mutual information of
bipartite system A and B (Alice and Bob):

I (A; B) = H(A) + H(B) � H(A; B) = H(A) � H(AjB)

H(A; B) = �
X

x;y

p(x; y) log2 p(x; y)

H(AjB) =
X

y

p(y)H(AjB = y)

Quantum mechanics can introduce a
\discord" between both expressions:

D(A; B) � H(B) � H(A; B) + H(AjB) 6= 0

Most basic form of quantum correlations!

Quantum Discord is asymmetric
D(A; B) 6= D(B; A)

PRL 88, 017901 (2001)
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Quantum Discord: Classical states

OK...but where is the Physics here?! Only classical states have zero
discord!

� class =
X

n;m

pn;m jni 
 j mi hnj 
 h mj

jni ; jmi form an orthonormal basis forA; B

pn;m: classical probability of beingjni 
 j mi

Qubits ! Tails and heads between two
coins!

� class = p++ j++ i h++ j + p+ � j+ �i h + �j

+ p� + j� + i h� + j + p�� j��i h��j
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Entanglement

What if we generalize the previous idea?! Separability:

� sep =
X

n;m

pn;m jni 
 j mi hnj 
 h mj =
X

k

pk � (A)
k 
 � (B)

k

jni ; jmi not necessarily orthonormalbasis now! pn;m are
quasi-probabilities(not disjoint events)
Any classically correlated state (classical probability) is separable.
Entanglement : Non-separability of a bipartite quantum state.
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Entanglement: Two qubits

Two qubits: Separability=PositiveP-representationP(nA; nB ) � 0:

� =
Z

d
 Ad
 B P(nA; nB ) jnAnB i hnAnB j ;
Z

d
 Ad
 B P(nA; nB ) = 1

P(nA; nB ) is a quasi-probability: Overlapj hnA jnB i j 2 6= 0
Separability=Purely classical spins pointing at directionsnA; nB

Cij = h� i 
 � j i =
Z

d
 Ad
 B P(nA; nB )ni
Anj

B

Entanglement=NO positiveP-representation! Genuine
non-classical!
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Steering and Bell nonlocality

EPR Paradox: Quantum Mechanics challenges local realism!
Schr•odinger: QM should hold but also locality! Local quantum
states! Bob can \steer" Alice state! Steering
Bell: Local realism! Joint Alice and Bob measurementsMA; MB

accounted by local hidden-variable model

p(a; bjMAMB ) =
Z

d� p(ajMA � )p(bjMB � )p(� )

Bell Theorem: Local realistic theories satisfy Bell (CHSH) inequality

jC(MA; MB ) � C(MA; M 0
B ) + C(M 0

A; MB ) + C(M 0
A; M 0

B )j � 2

C(MA; MB ) =
X

a;b= � 1

(a � b)p(a; bjMAMB )
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Hierarchy of Quantum Correlations

Steering and Discord can be asymmetric between Alice and Bob.
Bell Nonlocality and Entanglement are always symmetric.
Quantum Hierarchy:

Bell Nonlocality � Steering� Entanglement� Discord
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Outline

Part II: Quantum Field
Theory
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