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Einstein’s theory of gravity 
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Gravitational wave (GW) equation
Einstein’s Universe

Flat spacetime + perturbation
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Gravitational wave (GW) equation
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The plane wave solution 
Ripples in spacetime

Einstein’s Universe

Plane wave solution

Transverse traceless gauge
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GWs from a binary
Ripples in spacetime

Einstein’s Universe
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Einstein’s universe

The first GW signal
GW140915 (September 15; 2014)
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Einstein’s universe

The first GW signal
GW140915 (September 15; 2014)

● Stellar origin black hole 

binary

● M1 = ~ 35 M
⊙ , M2 = ~ 30 M

⊙

(equal mass)

● 35 Hz - 150 Hz

● ~ 400 Mpc

(local universe)
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Status of current observations
● > 90 events seen by 

the ground-based 

network 

(LIGO-Virgo-KAGRA)

● O1 - O3; O4 

on-going

● Binary masses from

2 - 102 solar masses

● Local universe
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Einstein’s Universe



GW spectrum

Credit: ESA

Einstein’s Universe
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GW spectrum

Credit: ESA

Einstein’s Universe
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The Laser Interferometer Space Antenna 
(LISA)

Credit: Stefan Strub

LISA
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LISA sources LISA
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Massive black holes: the CORE of galaxies
MBHBs

15



Massive black holes: the CORE of galaxies
MBHBs

15



Massive black holes in the center of galaxies
MBHBs
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Black hole - galaxy co-evolution
MBHBs

Habouzit, M., et al 2021; MNRAS 503(2), 1940-1975

16



Galaxies in the center of dark matter halos
MBHBs
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Halo - galaxy - BH co-evolution
MBHBs

J. Stuart B. Wyithe et al., 2002; Astrophys.J. 581 (2002) 886
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Halos & galaxies aggregate hierarchically

timeredshift

MBHBs

… together with their central BH
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… forming many MBHB across cosmic time MBHBs

timeredshift
19



Massive black hole binaries (MBHB) 

Dynamical friction phase

Path to coalescence
MBHBs
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Stellar hardening

Massive black hole binaries (MBHB) 

Dynamical friction phase
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LISA horizon

Danzman, K., 2012. The Gravitational Universe 21
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Danzman, K., 2012. The Gravitational Universe

● Current GW observations

→ local universe & low masses
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LISA horizon

Danzman, K., 2012. The Gravitational Universe

● Current GW observations

→ local universe & low masses

● EM facilities

→ limited to high masses

● The spectrum of growing MBHs 

missing ! 

→ space-based GW facilities

→ need LISA !

21
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MBHB modelling 

Analytical models Hydrodynamical, 
N-body simulations

Large scale simulations 
Semi-analytical 
models
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MBHB modelling 

● Very efficient

● Fast data generation

→ ideal for inference 

● Very flexible 

● Many simplifying 

assumptions

● Limited physics

Analytical models Hydrodynamical, 
N-body simulations

Large scale simulations 
Semi-analytical 
models
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The Analytical Model
H. Padmanabhan et al. 2020

The analytical model
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The BH - halo mass scaling relation
J. Stuart B. Wyithe et al., 2002; Astrophys.J. 581 (2002) 886
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The occupation fraction
New Horizon Simulation:  R. S. Beckmann et al., 2022
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Stellar hardening

Path to coalescence

Dynamical friction phase GW emission phase

The analytical model

In collaboration with E. Bortolas (Univ. Milano Bicocca)
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Stellar hardening

Path to coalescence

Dynamical friction phase GW emission phase

The analytical model

In collaboration with E. Bortolas (Univ. Milano Bicocca)

Sesana & Khan, 2015 Maggiore, 2018Guo et al., 2011
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The Analytical Model
H. Padmanabhan et al. 2020;  arXiv:2007.12710v2    

DM halo mass function
→ Numerical package (S. Murrey et al. 2013) 

Hale merger rate
→ Millenium simulation (O. Fakhouri et al., 2010) 

MBH - hale mass relationOccupation fraction

Time delays

The analytical model
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Generating a population of MBHB 
The analytical model

Mock LISA data
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Evaluation 
on a 3D grid 

Mbh

q z

The analytical model

Generating a population of MBHB 
Mock LISA data

  M2 > 104 M
☉

q  = 1 -10
    z = 0 -20 28
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Mbh

q
z

 lisabeta package
  Marsat et al., 2021

Evaluation 
on a 3D grid 

Poisson 
draw

The analytical model

Generating a population of MBHB 
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Population statistics
Detection rates 

[/yr]
  (Stochastic sc.r.)

No - delay 
model

Delay  
model

Fiducial rates

Reduced rates 

385.7

38.5

144.5

14.5

The analytical model

Detection rates 
[/yr]

  (Deterministic sc.r.)

No - delay 
model

Delay  
model

Fiducial rates

Reduced rates 

216

21.6

98.0

9.8

Langen et al., 2025. MNRAS 536(4), 3366-3385.
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Population statistics
The analytical model

Langen et al., 2025. MNRAS 536(4), 3366-3385.
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The analytical model

That’s it for the astrophysics,  

Now it’s about data analysis !
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The analytical model

That’s it for the astrophysics,  

Now it’s about population inference !
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Our chosen hyper-parameters

● BH - halo mass scaling relation :

● Occupation fraction :

● DF time delay efficiency : 

Hierarchical Bayesian Inference

32

𝛾,  𝛾’, 𝜖 
𝑓3
𝛼fric
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● 4 yrs of LISA data 
● Simple Poisson likelihood 
● No selection effects 
● Zero Poisson-noise
● Simplistic LISA-noise 

➔ Simplified scenario 

MCMC
approach

Hierarchical Bayesian Inference
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No-delay model: deterministic VS stochastic sc. r. 

 mass scaling relation

Occupation fraction

Hierarchical Bayesian Inference

Langen et al., 2025. MNRAS 536(4), 3366-3385.
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● Zero delays

● Both scenarios consistent 

with each other

● All parameters 

constrained within < 10% 

for the 90% C.I.

No-delay model: deterministic VS stochastic sc. r. 

 mass scaling relation

Occupation fraction

Langen et al., 2025. MNRAS 536(4), 3366-3385.

Hierarchical Bayesian Inference
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Delay model: deterministic VS stochastic sc. r. 
Hierarchical Bayesian Inference

Langen et al., 2025. MNRAS 536(4), 3366-3385.

 Mass scaling relation

Occupation fraction

Dynamical friction delay
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Delay model: deterministic VS stochastic sc. r. 
Hierarchical Bayesian Inference

Langen et al., 2025. MNRAS 536(4), 3366-3385.

 Mass scaling relation

Occupation fraction

Dynamical friction delay

● Higher dimensions & smaller 
rate
→worse constraints

● Errors enlarged
to < 20% for 90% C.I.

● Except 𝛾’ remains within 10% 
→better constraints at low 
masses!

● Degeneracy between 
𝜀  and  𝛼fri

● Degeneracies for 
deterministic sc. r.
Less events at high masses?
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Predictive posterior distributions
Hierarchical Bayesian Inference

Langen et al., 2025. MNRAS 536(4), 3366-3385.
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Predictive posterior distributions
Hierarchical Bayesian Inference

Langen et al., 2025. MNRAS 536(4), 3366-3385.
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● Better constraints at lower BH masses 

● Smaller errors for the no-delay model 

Predictive posterior distributions

● Less evident difference between 

delay and no-delay model. 

Hierarchical Bayesian Inference

Langen et al., 2025. MNRAS 536(4), 3366-3385.
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BH - halo mass scaling relation 
Hierarchical Bayesian Inference

Langen et al., 2025. MNRAS 536(4), 3366-3385.
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BH - halo mass scaling relation 
Hierarchical Bayesian Inference

Langen et al., 2025. MNRAS 536(4), 3366-3385.
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● Good constraints on the scaling relations up to high redshift

● Especially low masses hardly accessible by EM observations

BH - halo mass scaling relation 
Hierarchical Bayesian Inference

Langen et al., 2025. MNRAS 536(4), 3366-3385.
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Hierarchical Bayesian Inference

Delay model: 
       Reduced  VS fiducial rates  

Langen et al., 2025. MNRAS 536(4), 3366-3385.
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● Stochastic sc. r. 
● fiducial: 144 /yr

       vs 
reduced = 14.4 /yr

● Smaller rates
→ larger errors

● Meaningful constraints on 
𝛾’ and 𝑓3

Hierarchical Bayesian Inference

Delay model: 
       Reduced  VS fiducial rates  

Langen et al., 2025. MNRAS 536(4), 3366-3385.
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Hierarchical Bayesian Inference

Delay model: 
       Reduced  VS fiducial rates  

Langen et al., 2025. MNRAS 536(4), 3366-3385.
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● Comparison of 18 state-of-the-art 

semi-analytical and hydrodynamical 

/ N-body simulations

Collaborative catalog comparison project

Overview My contribution 

LISA Astrophysics Working Group, 2025 in prep.
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● Project started in September 2022 

during the annual AstroGW meeting

● Comparison of 18 state-of-the-art 

semi-analytical and hydrodynamical / 

N-body simulations

● Analysis on the single MBH population 

& MBHB merger population

Collaborative catalog comparison project

Overview My contribution 

● Participation since the beginning 

for the last 2.5 years of my PhD

● Computation of merger rates 

● Implementation of time delays

● Calculation of signal-to-noise 

ratios

● Section writing and interpretation 

(to lesser extent) 

LISA Astrophysics Working Group, 2025 in prep.

Results preliminary !

→ paper writing in progress 41



● Large spread between merger rates 
→ analytical model consistent among predictions

● Convergence at low redshift for no-DF

Semi-analytical models
LISA Astrophysics Working Group, 2025 in prep.

Large scale catalog comparison

● Comparable DF time delays
● No clear difference between DF delay 

methods 

DF delays with ReffDF delays with catalog separationsNo DF delays
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● Lower rates compared to the semi-analytical and our analytical model (especially at high z)

● Lower spatial & lower mass resolution 

→ longer DF delays and missing low mass mergers 

Hydrodynamical, N-body simulations
LISA  Astrophysics Working Group, 2025 in prep.

Large scale catalog comparison

DDF delays with ReffDF delays with catalog separationsNo DF delays
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● Improved analytical model of the MBHB population 
→ In agreement with state-of-the-art models
→ Delays reduce the MBHB merger rates
→ Minor impact of stochastic scaling relation 

Take-home messages & conclusions 
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● First Bayesian inference pipeline to constrain an MBHB model with LISA
→ Measurements on the mass scaling relation unaffected by stochasticity
→ Inference up to 5 parameters; despite degeneracy between 𝜀  and  𝛼fric 
→ Slope of the scaling relation better measured at low masses (for all z)
→ Reduced rates: meaningful constraints on 𝛾’ and 𝑓3; low mass parameters!
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→ Slope of the scaling relation better measured at low masses (for all z)
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⇒ LISA will complement EM observations at high z low masses
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Future prospects 
● A lot of potential to improve the model

→ implementation of light-seeds & heavy-seeds populations
→ introduction of spins
→ simple binary accretion prescription 
→ inference of the mixing fraction between spin populations / seed populations ?
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● LISA: an unique window into the high-z universe 
→ a new milestone in observational astronomy 
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● Introduction and MBHs
● Full occupation fraction 
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Measuring mass VS redshift



Galaxy - halo mass scaling relation

Behroozi, P., Wechsler, R. H., et al, 2019; MNRAS, 488, 3143



Darf galaxy - BH mass 
scaling relation

Behroozi, P., Wechsler, R. H., et al, 2019; MNRAS, 488, 3143

New Horizon Simulation:  
R. S. Beckmann et al., 2022



Pau Amaro-Seoane et al., 2023; Living reviews in Relaitiviy 

MBH seeds



The role of gas in the hardening phase

Bortolas+2021, ApjL, 918 L15 



HMFcalc compared to TNG50



Halo merger rate per halo 

O. Fakhouri et al., 2010



Original versus reduced occupation fraction



Deterministic VS stochastic relation: population 
distributions



Occupation fraction compared to L-galaxies model



Observed merger rate (equation)



Population on a grid



The mass-cut on a grid



Scatter plots for q-M and q-z 



Histogram in q and time delays 



Dependency of time delays on M, q, z



Intrinsic LISA measurement errors 



1D parameter estimation: no-delay



1D parameter estimation: delay VS no-delay



2D/3D posteriors: no-delay model



2D/3D/4D posteriors: delay VS no-delay



Alternative 5D case: degeneracy check

● No-delay model



Alternative 5D case: degeneracy check

● Delay model
● Stochastic scaling relation 

● Better constraints in all parameters 
than for 5D delay case with 𝛼fric



Alternative 5D case: degeneracy check

● Delay model
● Stochastic scaling relation 

● No apparent degeneracy



Scaling relation: reduced VS fiducial rates, high z



PPD in z log-scale and q 



Parameter tests



DF time delays in MBHcat project



MBHcat project: resolutions and catalog separations



MBHcat project: resolutions and catalog separations 
(histogram)



Initial separations for DF modelling



MBHcat project: volumes 



MBHcat project: absolute rates 



Merger rates for 
specific mass 
bins: SAMs 



Merger rates for 
specific mass 
bins: numerical 
simulations



● models + DF delays  using catalog 
separations

● no-smoothing 

SNR distribution for all models 



● models + DF delays  using catalog separations 

SNR distribution for all models 

No-smoothing Smoothing  / log-scale



● models + DF delays  using catalog separations 

SNR distribution for all models (updated)



MBHcat scatter plots: SAMs
 (appendix)



MBHcat scatter plots: numerical simulations 
(appendix)



Additional paper 
material



Ref: arXiv:2410.17916 (2024). 

POMPOCO LISA merger rate 



Ref: arXiv:2410.17916 (2024). 

POMPOCO constraints on seeding and delays







Backup list
● Think of legit answer how to include spins and accretion in my model; possible combined? Aligned spins favor coherent accretion?
● Intuition why a_GW is in t_hard
● Backup slide for error sm matrices and error formulas
● Put all fucking thesis plots in the back up slides. 
● Read abstract from each paper in model again 
● Measure halo masses in observation
● Give values for relative uncertainty in mass and redshift.
● Read email conversation between massimo and S/N again
● Read the reports again; check comments 


