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Our Universe appears to be undergoing an accelerated expansion  
                                              due to the presence of a positive cosmological constant, Λ>0 … 
   (ΛCDM model: ~69% vacuum energy  <—>  Λ>0  <—>  dark matter with EoS p=w ρ, w~-1) 

So we should ask: 

• What is the phase space of stationary black hole (BH) solutions  
                                of the Einstein equation in de Sitter? 

• Are there other solutions besides de Sitter-Schwarzschild  &  de Sitter-Kerr ? 

• Can we have multi-BHs (eg BH binaries) with Λ>0 ?

➙ Introduction & Motivation & short Summary 



• On one hand, Newton-Hooke analysis: cosmological expansion should be able to  
balance gravitational attraction 

• On the other hand, some mathematical theorems in the literature claim  
  uniqueness of Schwarzschild/Kerr solutions in de Sitter !!! 

   

➙ Solve the Einstein equations to settle the issue!  

• We find that  

regular static/stationary BH binaries  

do exist in de Sitter. 

• Not in conflict with available Uniqueness theorems: 

       we have (explicitly identified) assumptions of these theorems that can be evaded 

[LeFloch, Rozoy ’10]  [Borghini, Chruściel, Mazzieri  ’19] 
                                                            [ul Alam, Yu  ’14]

➙ Can we have multi-BHs (eg BH binaries) ?



• When Λ=0, Stationarity  => axisymmetry     [Hawking ’73 and Wald ’92, Chrúsciel ’23] 

    => No-hair &  Uniqueness theorems                      [Kerr ’67, Carter ’71, Robinson ’75] 

    => BHs are uniquely characterized by their M, J, Q:  the Kerr-Newman BH family 

    
• For static configurations, mathematical theorems preclude the existence of regular 

asymptotically flat multiple BHs   [Bunting, Masood-Ul-Alam ’97]. 

• Asymptotically flat multi-Kerr BHs, where their gravitational attraction might be balanced by 
spin-spin interactions, have been ruled out. [Neugebauer, Hennig ’10-’14, Chrusciel et al ’11] 

➙ Λ=0: Uniqueness, No-hair theorems & multi-BHs

• All Einstein(-Maxwell) binary (multi-BH) solutions in 4-dim found so far have naked singularities 
or conical singularities (e.g. Bach-Weyl and Israel-Khan),  except Majumdar-Papapetrou solution

1922 1964 1947

1. Asymp Flat higher dimensional BHs (rings, Saturns, ultraspinning lumpy BHs)  [Emparan,Reall ’02, …]  
2.Exotic matter  [Volkov, Gal’tsov ’89], [Herdeiro, Radu ’14] 
3.Expanding bubbles of nothing.  [Astorino, Emparan, Viganò ’22]



➙ What about de Sitter (Λ>0) ?  … Uniqueness ?
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Thermal states of N = 4 SYM with temperature T , chemical potentials µi and energies of

order N
2
living on the Einstein static universe Rt ⇥ S

3

Asymptotically global AdS5⇥S
5
BHs with Hawking temperature T and chemical potentials µi

of IIB supergravity

Consequently, finding the full phase space of black hole solutions of IIB is mandatory to

understand the dynamics and thermodynamics of thermal phases of N = 4 SYM.
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5.3 Black holes in a de Sitter background
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Figure 5.13: Carter-Penrose diagrams of the dS−Reissner-Nordström (Q ̸= 0) black holes discussed
in the text of section 5.3. The zigzag line represents a curvature singularity, I represents the infinity
(r = ∞), rc represents a cosmological horizon, r+ represents a black hole event horizon, and r−
represents a Cauchy horizon.
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Figure 5.14: Carter-Penrose diagram of the dS−Schwarzschild (Q = 0) black hole discussed in the
text of section 5.3. The zigzag line represents a curvature singularity, I represents the infinity
(r = ∞), and r+ represents a black hole event horizon.
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Chapter 1. Overview

case the solution represents two black holes being accelerated.
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Figure 1.5: (a) The dS spacetime can be represented as a 4-hyperboloid, −(z0)2 + (z1)2 + (z2)2 +
(z3)2 +(z4)2 = ℓ2 (ℓ =

√

3/Λ), embedded in a 5-dimensional Minkowski spacetime with one timelike
coordinate, z0. The origin of the dS C-metric describes the two hyperbolic trajectories. This
indicates that the solution represents two black holes being accelerated apart. (b) The AdS spacetime
can also be represented as a 4-hyperboloid, −(z0)2+(z1)2+(z2)2+(z3)2−(z4)2 = −ℓ2 (ℓ =

√

3/|Λ|),
embedded in a 5-dimensional Minkowski spacetime, but this time with two timelike coordinates, z0

and z4. (i) If A < 1/ℓ the origin of the AdS C-metric moves in the hyperboloid along a circle. This
indicates that we have a single black hole. (ii) If A > 1/ℓ the origin of the AdS C-metric moves along
the two hyperbolic lines. These hyperbolic lines indicate that the solution represents two black holes
being accelerated apart.

An example of the information provided by the Carter-Penrose diagrams of the C-metric, that
leads to the physical interpretation given to the C-metric, is schematically displayed in Fig. 1.6.
More precisely, in Fig. 1.6.(a), we show again two particles describing an uniformly accelerated
hyperbolic motion. In Fig. 1.6.(b), the dashed lines represent the two particles, and each one of
these is now replaced by a black hole represented here by its Carter-Penrose diagram, which was
sketched before in Fig. 1.1. Finally, in Fig. 1.6.(c), the result of this operation is shown. It
yields the Carter-Penrose diagram of the C-metric, where one identifies two accelerated black holes
approaching asymptotically the velocity of light, i.e., two black holes separated by an acceleration
horizon, rA.
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Figure 1.6: Schematic operation leading to the Carter-Penrose diagram of the C-metric, where one
identifies two accelerated black holes approaching asymptotically the velocity of light, i.e., two black
holes separated by an acceleration horizon, rA.

At this point, a remark is relevant. Israel and Khan [90] have found a Λ = 0 solution that
represents two (or more) collinear Schwarzschild black holes interacting with each other in such a
way that allows dynamical equilibrium. In this solution, the two black holes are connected by a
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Figure 5.1: Carter-Penrose diagram of the: (a) AdS solution, (b) Minkowski solution, and (c) dS
solution. I represents the infinity (r = ∞). The infinity line is a timelike line in the AdS case, a
null line in the Minkowski case, and a spacelike line in the dS case.

Note that in these Carter-Penrose diagrams, a null particle (e.g., a light ray) moves necessarily
along 45o lines, while timelike particles can move only into the top of the diagrams along a curve
whose tangent vector must do an angle less than 45o with the vertical line. As a typical example
of the kind of information that can be withdrawn from the Carter-Penrose diagrams, let us analyze
the evolution of these diagrams in a Λ = 0 background when we start with the empty spacetime
(Minkowski solution with M = 0, Q = 0), and then progressively add a mass M (Schwarzschild
solution) and then also a charge Q (Reissner-Nordström solution) to the background spacetime.
This evolution is sketched in Fig. 5.2. In Fig. 5.2.(a), we have the diagram of the Minkowski
solution. The past infinity (I−) and the future infinity (I+) are both represented by a null line, and
the origin of the radial coordinate, r = 0, is represented by a timelike line. A null ray that is emitted
from a point a is free to move towards r = 0 or into the future infinity I+. When we add a mass M
to the system [see Fig. 5.2.(b)], several changes occur. First of all, r = 0 supports now a curvature
singularity (since any scalar polynomial of the curvature, e.g. the square of the Riemann tensor,
diverges there). The presence of this curvature singularity is indicated by a zigzag line. Moreover,
when compared with Fig. 5.2.(a), we see that r = 0 suffers a 90o rotation and is now represented
by a spacelike line. This rotation is accompanied by the appearance of two mutually perpendicular
lines at 45o that represent the black hole event horizon r+. The region IV is equivalent to region
I [that was already present in diagram (a)] and both represent the region outside the black hole
horizon, r+ < r < +∞. A null ray that is sent from a point a in these regions can move towards
r = 0, after crossing r+, but it is also free to move into the future infinity I+ [see Fig. 5.2.(c)]. Note
that regions I and IV are casually disconnected: no null or timelike particle can start in region I and
reach region IV. The adding of the mass also leads to the appearance of two new regions, represented
by regions II and III in figure (b). Region II is interpreted as the interior of the black hole horizon,
since a null ray emitted from a point in its interior [e.g., point b in Fig. 5.2.(c)] necessarily hits the
future curvature singularity, and cannot cross the horizon towards region I or IV (the discussion
also applies to timelike particles). Region III is interpreted as the interior of the white hole, since
any particle, e.g. the light ray that is emitted from point c in Fig. 5.2.(c), is necessarily expelled
out from region III, i.e., it necessarily crosses the horizon towards region I or IV. In Fig. 5.2.(d)
we show the causal diagram of the solution when a charge is added to the solution. Again, several
changes occur. When compared with Fig. 5.2.(b), we see that the curvature singularity r = 0 suffers
again a 90o rotation and is now represented by a timelike zigzag line. This rotation is accompanied
by the appearance of two new mutually perpendicular lines at 45o, that represent the black hole
Cauchy horizon r−, together with two new equivalent regions that are represented as region V in
the figure. The properties of this Cauchy horizon are quite interesting. As an example note that the
full history of the regions I, II and IV is in the causal past of the Cauchy horizon, i.e., this horizon
can have access to all the information that is generated in those regions.

90

•Kottler BH (Schw-dS) 

•Kerr-dS BH

• Our Universe appears to be expanding & accelerating due to the presence of a positive Λ. 

• Einstein equation with a positive cosmological constant: 

• We would like to understand the moduli space of static/stationary BHs of this theory. 

• For Λ>0 uniqueness of Kerr-dS is not established  (  theorems but with assumptions…)  

• Spacetimes with a positive cosmological constant have spatial slices that grow exponentially. 
 => at late times, an inertial observer O in de Sitter experiences a cosmological horizon. 

• Region visible to O — the de Sitter static patch — can be described by a static metric: 

where polar coords are built around an inertial observer O placed at r = 0. 
Null hypersurface r = rc = l ̧ is a cosmological horizon:  
                                     a surface beyond which nothing influences O
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• Λ=0  Bach-Weyl (1922) or Israel-Khan (1964) solution. But it has conical singularities:

Overview 1.3 Black holes in 4-dimensional spacetimes

strut that exerts an outward pressure which cancels the inward gravitational attraction, and so the
distance between the two black holes remains fixed, and they are held in equilibrium (see also Bach
and Weyl [91], Aryal, Ford and Vilenkin [92], and Costa and Perry [93]). Now, the flat C-metric
solution reduces to a single non-accelerated black hole free of struts or strings when the acceleration
parameter A vanishes. Thus, when we take the limit A = 0, the flat C-metric does not reduce to the
static solution of Israel and Khan. The reason for this behavior can be found in the causal diagrams
of the two solutions (see Fig. 1.7).
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identify�

C-metric � Israel-Khan solution�

Figure 1.7: Carter-Penrose diagram of the C-metric and of the Israel-Khan solution along the
direction that connects the two black holes. The dashed line represents a null ray that is sent from
the vicinity of the event horizon of one of the black holes towards the other black hole. (a) In the case
of the C-metric this ray can never reach the other black. Thus, there is no gravitational interaction
between the black holes. (b) In the Israel-Khan solution the null ray can reach the second black hole,
and so they attract each other gravitationally. In this solution, the two black holes are connected
by a strut that exerts an outward pressure which cancels the inward gravitational attraction, and
so the distance between the two black holes remains fixed.

In particular, the black holes described by the C-metric do not interact gravitationally. Their
acceleration is provided only by the tension of the strings or of the strut, without opposition from
gravitational attraction. A similar discussion applies in an external background field. Indeed,
Tomimatsu [94] has found a solution, that is the charged counterpart of the neutral Israel-Khan
solution [90], in which two Reissner-Nordtröm black holes are held in equilibrium. In this case the
gravitational attraction between the black holes is cancelled by the electric repulsion, and this occurs
only when the black holes are extreme, Mi = Qi. Tomimatsu has generalized for the black hole case,
the relativistic treatment used by Bonnor [95] and Ohta and Kimura [96] to study the equilibrium
system of two charged particles. The Ernst solution does not reduce to [94] when A = 0, once again
because there is no gravitational force between the two Reissner-Nordtröm black holes.

Now, an exact solution that exists in a dS background is the Nariai solution, which can be
connected with the near-extreme Schwarzschild-dS solution by taking an appropriate extremal limit
introduced by Ginsparg and Perry [97]. Following the procedure of [97], we have further generated
new solutions [89] that are the C-metric counterparts of the already known Nariai, Bertotti-Robinson
and anti-Nariai solutions. These solutions are conformal to the direct topological product of two
2-dimensional manifolds of constant curvature. We also give a physical interpretation to these
solutions, e.g., in the Nariai C-metric (with topology dS2 × S̃2) to each point in the deformed 2-
sphere S̃2 corresponds a dS2 spacetime, except for one point which corresponds a dS2 spacetime
with an infinite straight strut or string. It is unstable and decays into a slightly non-extreme black
hole pair accelerated by a strut or by strings.

In what follows we give a historical overview on the C-metric, Ernst solution and Nariai, Bertotti-
Robinson and anti-Nariai solutions. But first we give a brief description of the properties of strings,
struts and domain walls.
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Chapter 1. Overview

• Strings, struts and domain walls

We have already made reference (and we will do it again) to gravitational objects other than black
holes, namely strings/struts and domain walls. Here we briefly comment on their main properties.
We work at the level of the Newtonian limit, but the full general relativity analysis yields the same
result.

Consider a static distribution of matter with an energy-momentum tensor given by T µ
ν =

diag(ρ, p1, p2, p3), where ρ = T 0
0 is the mass density of the system and pi = Ti are the pressures

along the three directions. The Newtonian limit of Einstein equations for this distribution is given
by ∇2Φ = 4πG(ρ− T i

i), where Φ is the gravitational potential. For non-relativistic matter, pi ≪ ρ,
and we recover the classical Poisson equation, ∇2Φ = 4πGρ. For a straight string along the z-axis
one has p3 = −ρ and p1 = 0 and p2 = 0, and thus one gets ∇2Φ = 0. So, a straight string produces
no gravitational potential in its vicinity, and suffers a tension along the z-axis that points inward.
A general relativity analysis carried by Vilenkin [98], and by Ipser and Sikivie [99] shows that the
geometry around the straight string is conical, i.e., it can be obtained from the Minkoswki space
by suppressing a wedge (with a deficit angle proportional to the line mass density, δ = 8πGρ) and
identifying its edges. So its line element is equal to the Minkowski one but the angle in the plane
normal to the string varies in the range 0 ≤ φ < 2π − δ [see Fig. 1.8.(a)]. A straight strut has
similar properties, the only difference being the fact that its line mass density is negative and its
tension along the z-axis points outward. Thus, instead of a deficit angle (δ < 0), it produces an
excess angle (δ > 0) [see Fig. 1.8.(b)].

In what concerns a domain wall, its properties are much different from those of an usual massive
wall. Indeed, a domain wall lying in the yz-plane has a wall tension in the y and z directions that
is equal to the surface mass density of the domain wall, p1 = 0 and p2 = p3 = ρ. Its Newtonian
limit is ∇2Φ = −4πGρ and thus it produces a repulsive gravitational field. The general relativity
analysis [98, 99] confirms these properties.

identify�
the two�
edges�

(a)� (b)�

T� T�

Figure 1.8: (a) Schematic representation of a string (positive mass density, ρ > 0) with its tension
that points inward, T = −ρ, and its deficit angle δ > 0. The two edges are identified, so a complete
loop around a plane normal to it yields ∆φ = 2π − δ < 2π. (b) Schematic representation of a strut
(negative mass density, ρ < 0) with its tension that points outwards, T = −ρ, and its excess angle
δ < 0. A complete loop around a plane normal to it yields ∆φ = 2π − δ > 2π.

• Historical overview on the C-metric and on the Ernst solution

The original C-metric has been found Levi-Civita [82] and by Weyl [83] in 1918-1919. During
the following decades, many authors have rediscovered it and studied its mathematical properties
(see [81] for references). In 1963 Ehlers and Kundt [100] have classified degenerated static vacuum
fields and put this Levi-Civita solution into the C slot of the table they constructed. From then
onwards this solution has been called C-metric. This spacetime is stationary, axially symmetric,
Petrov type D, and is an exact solution which includes a radiative term. Although the C-metric had
been studied from a mathematical point of view along the years, its physical interpretation remained
unknown until 1970 when Kinnersley and Walker [84], in a pathbreaking work, have shown that the
solution describes two uniformly accelerated black holes in opposite directions. Indeed, they noticed
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• We want a BH binary without conical singularities: maybe possible with Λ>0 ? 

Chapter 1. Overview

case the solution represents two black holes being accelerated.
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Figure 1.5: (a) The dS spacetime can be represented as a 4-hyperboloid, −(z0)2 + (z1)2 + (z2)2 +
(z3)2 +(z4)2 = ℓ2 (ℓ =

√

3/Λ), embedded in a 5-dimensional Minkowski spacetime with one timelike
coordinate, z0. The origin of the dS C-metric describes the two hyperbolic trajectories. This
indicates that the solution represents two black holes being accelerated apart. (b) The AdS spacetime
can also be represented as a 4-hyperboloid, −(z0)2+(z1)2+(z2)2+(z3)2−(z4)2 = −ℓ2 (ℓ =

√

3/|Λ|),
embedded in a 5-dimensional Minkowski spacetime, but this time with two timelike coordinates, z0

and z4. (i) If A < 1/ℓ the origin of the AdS C-metric moves in the hyperboloid along a circle. This
indicates that we have a single black hole. (ii) If A > 1/ℓ the origin of the AdS C-metric moves along
the two hyperbolic lines. These hyperbolic lines indicate that the solution represents two black holes
being accelerated apart.

An example of the information provided by the Carter-Penrose diagrams of the C-metric, that
leads to the physical interpretation given to the C-metric, is schematically displayed in Fig. 1.6.
More precisely, in Fig. 1.6.(a), we show again two particles describing an uniformly accelerated
hyperbolic motion. In Fig. 1.6.(b), the dashed lines represent the two particles, and each one of
these is now replaced by a black hole represented here by its Carter-Penrose diagram, which was
sketched before in Fig. 1.1. Finally, in Fig. 1.6.(c), the result of this operation is shown. It
yields the Carter-Penrose diagram of the C-metric, where one identifies two accelerated black holes
approaching asymptotically the velocity of light, i.e., two black holes separated by an acceleration
horizon, rA.
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Figure 1.6: Schematic operation leading to the Carter-Penrose diagram of the C-metric, where one
identifies two accelerated black holes approaching asymptotically the velocity of light, i.e., two black
holes separated by an acceleration horizon, rA.

At this point, a remark is relevant. Israel and Khan [90] have found a Λ = 0 solution that
represents two (or more) collinear Schwarzschild black holes interacting with each other in such a
way that allows dynamical equilibrium. In this solution, the two black holes are connected by a
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strut that exerts an outward pressure which cancels the inward gravitational attraction, and so the
distance between the two black holes remains fixed, and they are held in equilibrium (see also Bach
and Weyl [91], Aryal, Ford and Vilenkin [92], and Costa and Perry [93]). Now, the flat C-metric
solution reduces to a single non-accelerated black hole free of struts or strings when the acceleration
parameter A vanishes. Thus, when we take the limit A = 0, the flat C-metric does not reduce to the
static solution of Israel and Khan. The reason for this behavior can be found in the causal diagrams
of the two solutions (see Fig. 1.7).
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Figure 1.7: Carter-Penrose diagram of the C-metric and of the Israel-Khan solution along the
direction that connects the two black holes. The dashed line represents a null ray that is sent from
the vicinity of the event horizon of one of the black holes towards the other black hole. (a) In the case
of the C-metric this ray can never reach the other black. Thus, there is no gravitational interaction
between the black holes. (b) In the Israel-Khan solution the null ray can reach the second black hole,
and so they attract each other gravitationally. In this solution, the two black holes are connected
by a strut that exerts an outward pressure which cancels the inward gravitational attraction, and
so the distance between the two black holes remains fixed.

In particular, the black holes described by the C-metric do not interact gravitationally. Their
acceleration is provided only by the tension of the strings or of the strut, without opposition from
gravitational attraction. A similar discussion applies in an external background field. Indeed,
Tomimatsu [94] has found a solution, that is the charged counterpart of the neutral Israel-Khan
solution [90], in which two Reissner-Nordtröm black holes are held in equilibrium. In this case the
gravitational attraction between the black holes is cancelled by the electric repulsion, and this occurs
only when the black holes are extreme, Mi = Qi. Tomimatsu has generalized for the black hole case,
the relativistic treatment used by Bonnor [95] and Ohta and Kimura [96] to study the equilibrium
system of two charged particles. The Ernst solution does not reduce to [94] when A = 0, once again
because there is no gravitational force between the two Reissner-Nordtröm black holes.

Now, an exact solution that exists in a dS background is the Nariai solution, which can be
connected with the near-extreme Schwarzschild-dS solution by taking an appropriate extremal limit
introduced by Ginsparg and Perry [97]. Following the procedure of [97], we have further generated
new solutions [89] that are the C-metric counterparts of the already known Nariai, Bertotti-Robinson
and anti-Nariai solutions. These solutions are conformal to the direct topological product of two
2-dimensional manifolds of constant curvature. We also give a physical interpretation to these
solutions, e.g., in the Nariai C-metric (with topology dS2 × S̃2) to each point in the deformed 2-
sphere S̃2 corresponds a dS2 spacetime, except for one point which corresponds a dS2 spacetime
with an infinite straight strut or string. It is unstable and decays into a slightly non-extreme black
hole pair accelerated by a strut or by strings.

In what follows we give a historical overview on the C-metric, Ernst solution and Nariai, Bertotti-
Robinson and anti-Nariai solutions. But first we give a brief description of the properties of strings,
struts and domain walls.
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➙ Can we have multi-BH, eg BH binaries ?
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➙ Start with Newtonian analysis: consider a configuration of N small BHs in de Sitter space

• Newton-Hooke equations of motion: 

• Static solutions exist when:  

• Two equal mass BHs aligned along z axis and separated by a distance d: 

• Then (1) yields:  

• Require validity of Newton + Hooke approxs (BHs inside a single cosmological horizon): 

  

• These conditions are consistent with Newton-Hooke equilibrium condition (2): 
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➙ Going beyond the Newton-Hooke approximation: General Relativity (GR) solution
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Thermal states of N = 4 SYM with temperature T , chemical potentials µi and energies of

order N
2
living on the Einstein static universe Rt ⇥ S

3

Asymptotically global AdS5⇥S
5
BHs with Hawking temperature T and chemical potentials µi

of IIB supergravity

Consequently, finding the full phase space of black hole solutions of IIB is mandatory to

understand the dynamics and thermodynamics of thermal phases of N = 4 SYM.

1

We find exact solutions to this 2-body problem in GR with Λ > 0 using numerics. 

Use Einstein-deTurck formulation of GR:      
                                             [Headrick, Kitchen,Wiseman ’09]    [Review: OD, Santos,Way ‘15] 

• Solve instead  

• De Turck vector      can be arbitrary. We choose: 

•     is a reference metric of choice: it must have the same asymptotics & causal structure as g. 

•   

PS=wave operator (restatement of well-posedness of Cauchy problem in Einstein eqn; Choquet-Bruhat) 
Imposing certain symmetries => wave operator —>Laplacian operator => Hyperbolic —> Elliptic problem 

• For stationary problems, GH = 0, together with appropriate BCs, yields a set of Elliptic PDEs! 

• Ultimately, we want to solve                        & thus we want solutions of GH = 0 that have  ξ=0. 
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Consequently, finding the full phase space of black hole solutions of IIB is mandatory to
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H
c

Patching boundary

(x,y)
(ρ,ξ)

•Outer region: near (single) cosmological horizon, solution looks like de Sitter space: 

                       Polar Weyl coordinates (ρ,ξ) coords  

•Inner region: solution looks like warped Israel-Khan (cylindrical Weyl {r,z}) 

                      but without conical singularity: ring-like (x,y) coords 
   

•Inner region is pentagonal (5 boundaries)  

  => so split it into 2 squared (4 boundaries) sub-regions

7

Eventually, we wish to join the Bach-Weyl solution with a de Sitter horizon. In anticipation of doing so, we present
the Bach-Weyl solution in polar-Weyl coordinates defined by

z = ⇢ ⇠
p

2� ⇠2 , r = ⇢(1� ⇠2) , (A11)
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with f and h also transformed accordingly. For later use, we find it convenient to express f and h as functions of ⇢
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Note that h and f approach unity when ⇢ ! 1, where the spacetime becomes asymptotically flat.
From (A6) and (A11), we can derive an explicit coordinate transformation between the Schwarz-Christo↵el (x, y)

coordinates and the polar-Weyl (⇢, ⇠) coordinates:
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Like the original Weyl coordinates, these polar-Weyl coordinates are not smooth along ⇠ = ±1. This will not be
an issue for us as we will only use these coordinates in our numerical construction for su�ciently large ⇢, where the
coordinates are smooth.

Appendix B: Designing the Reference Metric for Einstein-DeTurck

Our strategy for designing a reference metric for the Einstein-DeTurck problem (described in the main text) is
to attach a de Sitter horizon to the Bach-Weyl (Israel-Khan) solution. De Sitter space in four dimensions is most
commonly written in the form
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where ` is the de Sitter length scale. De Sitter can also be written in isotropic coordinates with the transformation
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Static Black Binaries in de Sitter
De Turck Method

Choosing a good reference metric ḡ:

For binaries well within the cosmological horizon,
the solution is well approximated by a ”smooth”
Bach-Weyl double Schwarzschild ’1922 - (r, z):
Introduce a Schwarz-Christo�el map from
polar-Weyl to ring-like coordinates (x, y).

Closer to the cosmological horizon, we would like
the metric to look like pure de Sitter - (fl, ›)

12 / 18

(x, y)

r

z



Our mission: find the unknown functions
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by solving the Einstein-de Turck EoM (ξ=0)  
     subject to the appropriate physical Boundary Conditions
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Thermal states of N = 4 SYM with temperature T , chemical potentials µi and energies of

order N
2
living on the Einstein static universe Rt ⇥ S

3

1

1) de Turck reference metric:

2) metric ansatz with patching:

We know the map:
  ρ(x,y),  ξ(x,y) 

de Sitter space: (ρ,ξ) coords

Israel-Khan without conical singularity; (x,y)

( de Turck reference metric should have same causal structure & symmetries as solution we look for )



•Numerical method: 

   Use a Newton-Raphson algorithm with pseudospectral grid. 
   Also use transfinite interpolation to complete the patching.  
   @ patching boundary, require:  
    1) matching of two line elements, & 2) matching of the normal derivative across patch bdry

• Our mission: find the unknown functions
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{T ,A,B,F ,S}(x,y)
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{eT , eA, eB, eF , eS}(⇢,⇠)
by solving the Einstein-de Turck EoM (ξ=0)   
     subject to the appropriate (regularity) physical Boundary Conditions

We know the map:
  ρ(x,y),  ξ(x,y) 
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FIG. 5. Illustration of the patches used in our numerical construction. This is for � = 0.1, k = 0.5 and ⇢0, x0,�0,�1 as in (20).

FIG. 6. Thermodynamic properties of Kerr-de Sitter.

fix the grid parameters ⇢0, x0,�0, and �1 by:

⇢0 =
1

10

✓
2

�
� 1

k

◆
+

1

k
x0 =

7

10

0

B@1�

vuut1�

s

1� 1

k2⇢20

1

CA+

vuut1�

s

1� 1

k2⇢20
, �0 = 0.6 and �1 = 0.9 , (20)

We apply the numerical methods detailed in [47], and discretize each of our patches on a N ⇥N Chebyshev-Gauss-
Lobatto grid using transfinite interpolation and pseudospectral collocation, for a total grid size of (N + N + N +
N +N) ⇥N . For N = 60, the associated grid points are explicitly displayed in Fig. 5, using a di↵erent colour code
for each patch. After discretization, the Newton-Raphson equation and boundary conditions are solved with LU
decomposition, using the � = 0 (static) solution of [33] as a first starting seed.

Further results

Let us review the Kerr de Sitter black hole in order to make comparisons with the spinning binaries. We begin by
introducing the parameters y+ = r+

rc
and ã = a

rc
, where r+ and rc are the horizon radius and cosmological horizon
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We apply the numerical methods detailed in [47], and discretize each of our patches on a N ⇥N Chebyshev-Gauss-
Lobatto grid using transfinite interpolation and pseudospectral collocation, for a total grid size of (N + N + N +
N +N) ⇥N . For N = 60, the associated grid points are explicitly displayed in Fig. 5, using a di↵erent colour code
for each patch. After discretization, the Newton-Raphson equation and boundary conditions are solved with LU
decomposition, using the � = 0 (static) solution of [33] as a first starting seed.

Further results

Let us review the Kerr de Sitter black hole in order to make comparisons with the spinning binaries. We begin by
introducing the parameters y+ = r+

rc
and ã = a

rc
, where r+ and rc are the horizon radius and cosmological horizon
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{T ,A,B,F ,S}(x,y)

[Review: OD, Santos,Way 1510.02804] 



Recall Bach-Weyl (Israel-Khan) cylindrical-Weyl coord {r,z}  
and its rod-structure where:  
   1) the rotation axis and the BH horizons are all located at r = 0 
   2) there is a Z2 symmetry

Static Black Binaries in de Sitter
De Turck Method

Choosing a good reference metric ḡ:

For binaries well within the cosmological horizon,
the solution is well approximated by a ”smooth”
Bach-Weyl double Schwarzschild ’1922 - (r, z):
Introduce a Schwarz-Christo�el map from
polar-Weyl to ring-like coordinates (x, y).

Closer to the cosmological horizon, we would like
the metric to look like pure de Sitter - (fl, ›)

12 / 18

(x, y)

r

z



Proper distance between the BH horizons  
versus the BH temperature:
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Newton-Hooke

 GR  results Total BH entropy versus the  
cosmological horizon entropy: 

S of single Schwarzschild-dS

Static binaries:  
              S = 2 S+ 

➙ Properties of static de Sitter BH binaries
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First law of thermodynamics:

[Hawking,Gibbons ’74]

Our data satisfies it up to 0.01%

NON-Uniqueness in
 4D!



Green square is where N  
takes its maximum value.

Contour plot showing the level sets of the lapse function                        
<latexit sha1_base64="4tid8iF4BjbcQxMUrZc6DfmB+8M=">AAAB+XicdVDJSgNBEO2JW4zbqEcvjUHw4jATNcaDEPTiSSKYBZJh6On0JE16FrtrAmHIn3jxoIhX/8Sbf2NnEVT0QcHjvSqq6vmJ4Aps+8PILSwuLa/kVwtr6xubW+b2TkPFqaSsTmMRy5ZPFBM8YnXgIFgrkYyEvmBNf3A18ZtDJhWPozsYJcwNSS/iAacEtOSZ5s1FR91LyI56XgYwHntm0bZObee8fIxty55iSipOqYKduVJEc9Q8873TjWkasgioIEq1HTsBNyMSOBVsXOikiiWEDkiPtTWNSMiUm00vH+MDrXRxEEtdEeCp+n0iI6FSo9DXnSGBvvrtTcS/vHYKQcXNeJSkwCI6WxSkAkOMJzHgLpeMghhpQqjk+lZM+0QSCjqsgg7h61P8P2mULKdslW9PitXLeRx5tIf20SFy0BmqomtUQ3VE0RA9oCf0bGTGo/FivM5ac8Z8Zhf9gPH2CRZNk/0=</latexit>

N =
p
�gtt 4

0.

0.2

0.4

0.6

0.8

FIG. 3. Contour plot showing the level sets of the lapse function N . The cosmological horizon is the outer solid black semicircle.
The horizon axes has the two black hole horizons as solid magenta lines, and the outer and inner axes in dashed black lines.
The green square is where N takes its maximum value.

N(x) = Nmax}, where Nmax is the maximum value of N
in the manifold M, is assumed to disconnect M into an
inner region M� and an outer region M+ with the same
virtual mass. Our static binaries do not satisfy either of
these assumptions. Indeed, in FIG. 3 we show the level
sets N in our domain of integration for a typical solution
(all of our solutions show the same qualitative behavior).
The coordinates (r, z) are defined in the Supplemental
Material. The cosmological horizon is represented by the
outer solid black semicircle, the two black hole horizons
are marked by solid magenta lines along the line r = 0,
and the inner and outer portions of the symmetry axes
are given by the dashed horizontal line. Finally, the green
square marks the location of the maximum of N in M.
This maximum represents an S1 on the manifold, which
is not a 2D surface, and it also does not partition the
manifold into two regions. Therefore, our static binaries
fail to satisfy the assumptions in [46, 47].

Finally, we comment on [48]. We believe that this work
is not correct for a rather technical reason. Beginning
with the Schwarzschild-de Sitter black hole, the authors
in [48] argue that they can construct an asymptotically
flat metric that is conformal to the original one, is topo-
logically S1

⇥ S2 deprived of one point, and has zero
ADM mass. If that were true, the rigidity statement in
the positive mass theorem [97–101] would not only imply
that the original metric is conformally flat, but also that
S1

⇥ S2 with one point removed is di↵eomorphic to R3,
which is impossible.

Conclusions. We constructed the first example of a
multi-black hole solution within general relativity with a
positive cosmological constant and established that the
leading behavior of these solutions agrees (for small black

holes) with estimates from Newton-Hooke theory. Based
on thermodynamic considerations, we argued that these
solutions are thermodynamically unstable. Because the
configuration requires a delicate balance between gravita-
tional attraction and cosmic expansion, we expect these
solutions to also be dynamically unstable.

We have focused on the static configuration of two
identical black holes, but our results and methods can
be generalized. First, consider the case where the black
holes have di↵erent masses. When one of the black holes
is much smaller than the other, one can use the geodesic
approximation to predict the existence of such a config-
uration. Indeed, one can easily confirm the existence of
static orbits for timelike particles on a Schwarzschild-de
Sitter black hole background, thus providing further ev-
idence for the existence of this more general central con-
figuration. Note that if [48] were correct, this asymmetric
binary would also not exist.

We can also include rotation, which will introduce spin-
spin interaction of the black holes. This opens the pos-
sibility of continuous non-uniqueness. Consider, for ex-
ample, the case with two identical black holes rotating in
opposite directions along the axis of symmetry. This con-
figuration will have vanishing total angular momentum,
and will thus be in the same class as the Schwarzschild-de
Sitter black hole. Work in this direction is underway.

Perhaps more interestingly, because spin-spin interac-
tions act on shorter length scales, they could provide
a mechanism for stabilizing the binary. This possibil-
ity resembles the mechanism that provides stability for
molecules. Work in this direction is underway.

We could also consider central configurations contain-
ing N > 2 static black holes in the static patch of de Sit-
ter. These configurations can show interesting properties

cos
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Two BH horizons

• Not in conflict with available Uniqueness theorems: 

       we have (explicitly identified) assumptions of these theorems that can be evaded

➙ Properties of static de Sitter BH binaries

[LeFloch, Rozoy ’10]  [Borghini, Chruściel, Mazzieri  ’19] 
                                                            [ul Alam, Yu  ’14]



• Add spin (not orbital angular momentum) to BHs:  

 Cosmological expansion + Grav attraction + Spin-Spin interaction [Wald ‘72]  

• Can we have stationary (no quadrupole momentum, no radiation) spinning BH binaries ? 

• Can Spin-Spin interaction stabilise the binaries (alike in molecular systems) ?

Spinning Black hole binaries 

    OD,  Jorge  Santos, Benson Way,  2406.10333 

Anti-aligned [Dirichlet BC W(-x)=-W(x)] 
Attractive Spin-Spin interaction

- J +J

Aligned [Neuman BC W(-x)=+W(x)] 
Repulsive Spin-Spin interaction

+J+J



• Newton-Hooke + Spin-Spin interaction [Wald ‘72]  equations of motion: 

• Stationary solutions exist when:  

• Two equal mass BHs aligned along z axis and separated by a distance d: 

• Then (1) yields:  

• Equilibrium condition (2) can fall within the regime of validity of Newton-Hook theory:

 (1) 
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Thermal states of N = 4 SYM with temperature T , chemical potentials µi and energies of

order N
2
living on the Einstein static universe Rt ⇥ S

3

Asymptotically global AdS5⇥S
5
BHs with Hawking temperature T and chemical potentials µi

of IIB supergravity

Consequently, finding the full phase space of black hole solutions of IIB is mandatory to

understand the dynamics and thermodynamics of thermal phases of N = 4 SYM.
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Consider now the case with two equal mass black holes
separated by a distance d, aligned along the z-axis, with
their spins also aligned along the z-axis: m1 = m2 ⌘ m,
x1 = �x2 = z

2 ez and S1,2 = m�1,2 ez. Take the sym-
metric cases �2 = ��1 ⌘ �� with � = 1 (repulsive spin-
spin force) or � = �1 (attractive spin-spin force). Then
(1) admits stationary spinning binary solutions when
d3

`3 = 2m
`

⇣
1� 6 � �2

d2

⌘
, which implies

d
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(4⇡T+`)
1
3

8
<

:1�
"
1

3
+

2�

(4⇡T+`)
4/3

#
⌦2

+

(4⇡T+)
2

9
=
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In deriving the above, we discarded O(⌦4

+) terms. We
also expressed the mass and spin of the test body in terms
of the temperature T+ and angular velocity ⌦+ of a Kerr
black hole, so that

2m =
1

2⇡T+ +
q

4⇡2T 2
+ + ⌦2

+

,

� =
m⌦+q

4⇡2T 2
+ + ⌦2

+

.
(3)

For vanishing spin, ⌦+ = 0, (2) yields d3

`3 = (4⇡T+`)�
1
3 =

rS
` , where rS = 2m is the Schwarzschild radius of the par-
ticles, in agreement with [33]. The equilibrium condition
(2) can fall within the regime of validity of Newton-Hook
theory, which occurs when rS ⌧ d ⌧ ` (i.e. large T+`).

With nonzero spin, ⌦+ 6= 0, an inspection of (2) for
a given (large) T+` shows that d/` is a monotonically
decreasing function of ⌦+`. Moreover, the d(⌦+) curve
for the aligned binary (� = 1) is always below the curve
for the anti-aligned case (� = �1). This agrees with
expectations as spin-spin forces are repulsive for aligned
spins, so the black holes need to be closer apart to remain
in equilibrium (for fixed gravitational and cosmological
forces). The opposite is true for anti-aligned spins. Our
numerical (anti-)aligned spinning solutions of de Sitter
general relativity will match this behaviour.

Numerical construction. Now we construct spin-
ning de Sitter binaries using numerical relativity. We
use the Einstein-DeTurck method [45] (see [46, 47] for a
review), which first involves the selection of a reference
metric ḡ which has the same causal (regularity, horizon,
and asymptotic) structure and, usually, the same sym-
metries as the solution we seek.

Our reference metric is based on the one used in
[33], which is a carefully chosen combination of the
⇤ = 0 Bach-Weyl solution with two identical black holes
[1, 2, 48] and the static patch of de Sitter space. Like
the reference metric in [33], ours has a Z2 symmetry,
temporal and azimuthal Killing vectors k = @/@t and
m = @/@�, two black hole horizons, and a cosmologi-
cal horizon. Our main modification is the addition of

a cross term dtd� that introduces the angular velocities

⌦(i)
+ (i = 1, 2) to the black holes in a frame where the de

Sitter horizon is not rotating. The Z2 symmetry forces
the spin axes of the binaries to be aligned or anti-aligned.
Further details on the reference metric can be found in
the Supplementary Material.
With a reference metric, we then solve the Einstein-

DeTurck equation

Rab �r(a⇠b) =
3

`2
gab , (4)

where gab and Rab are the metric and its Ricci tensor,
⇠a ⌘ gbc

⇥
�a
bc(g)� �a

bc(ḡ)
⇤
, and � is the Christo↵el con-

nection. Unlike the Einstein equation (without proper
gauge fixing), the equation (4) is elliptic [45–47, 49],
and yields a well-posed boundary problem with suitable
boundary conditions. In our case, boundary conditions
are set by regularity and symmetry requirements. The

aligned ⌦(2)
+ = ⌦(1)

+ and anti-aligned ⌦(2)
+ = �⌦(1)

+ cases
have the same boundary conditions except at the Z2 sym-
metry plane, where the gt� metric component has Neu-
mann and Dirichlet boundary conditions, respectively.
A solution to (4) solves the Einstein equation only

when ⇠ = 0 (the solution will then be in the gauge ⇠ = 0).
In certain cases, solutions to the Einstein-DeTurck equa-
tion are guaranteed to satisfy ⇠ = 0 [49, 50]. However,
there are no such guarantees when ⇤ > 0. Fortunately,
ellipticity guarantees local uniqueness. That is, solutions
with ⇠ = 0 cannot be arbitrarily close to those with ⇠ 6= 0,
and thus we can monitor the norm ⇠a⇠a to verify that our
numerical discretization converges in the continuum to a
true Einstein solution (see Supplementary Material).

Results. With our symmetry requirements, the ro-
tating de Sitter binaries form a two-parameter family.
Numerically, we take these parameters to be the hori-
zon temperature T+` and angular velocity ⌦+`. Be-
cause scanning the full parameter space is computa-
tionally expensive, we leave a thorough sweep to future
work. Instead we focus our attention on solutions with
a fixed temperature T+`, and varying ⌦+`. Note that
the Newton-Hooke regime occurs for T+` � 1 (i.e. very
small black holes).

In Fig. 1, we show the Komar angular momentum
J+/`2 of one of the black holes versus its angular velocity
⌦+`. The highest angularity velocity we have reached is
⌦+` = 1.72. We see no evidence of pathologies or singu-
larities (see Supplementary Material for curvature invari-
ants), so it is possible that these binaries exist for higher
⌦+ (however, it cannot be ruled out that solutions stop
existing at a critical ⌦+` due to a lack of bound states).

We show both aligned and anti-aligned results, but
they do not di↵er much. We see that the angular momen-
tum increases with angular velocity. If solutions exist for
higher ⌦+, we would expect that the angular momentum
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Advantage: Principal symbol of G
H

ab = 0 is simply P ⇠ g
ab
@a@b

Rab =
3

`2
gab , (1)

⇠
a ⌘ g

bc
[�

a
bc(g)� �

a
bc(ḡ)]

G
H

ab ⌘Rab�r(a⇠b) =
3

`2
gab , (2)
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Anti-aligned [Dirichlet BC W(-x)=-W(x)] 
Attractive Spin-Spin interaction

- J +J

Aligned [Neuman BC W(-x)=+W(x)] 
Repulsive Spin-Spin interaction

+J+J



• d(Ω+) curve for the aligned binary (γ = 1) is always below  
    the curve for the anti-aligned case (γ = −1). 
  
• Spin-spin forces are repulsive for aligned spins  
   => BHs need to be closer apart to remain in equilibrium  
         (for fixed gravitational and cosmological forces).  
  The opposite is true for anti-aligned spins. 
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� = �1 (atractive SS)

Newton-Hooke
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➙ Properties of SPINNING de Sitter BH binaries
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FIG. 1. Black hole angular momentum of one of binary’s black
hole versus its angular velocity for binaries with T+` = 3.75

2⇡ .

will reach a maximum, as the same occurs for constant-
temperature Kerr de Sitter black holes. A polynomial
extrapolation gives a peak around ⌦+` = 3 [51].

We now discuss the proper distance Pin
� along the �

symmetry axis between the black hole horizons as a func-
tion of ⌦+`. This is shown in Fig. 2 for a temperature
T+` = 9

⇡ that seems su�ciently large to expect quali-
tative matching with Newton-Hooke expectations. We
see that, in agreement with the analysis of the Newton-
Hooke relation (2), by increasing spin the black holes
move closer together with the aligned binary always hav-
ing a smaller distance.

FIG. 2. Proper distance along the symmetry axis between
the two black holes, Pin

� /`, versus angular velocity ⌦+` for
T+` = 9

⇡ .

We now discuss the thermodynamics of the system. In
our case, the first law of black hole mechanics reads [52]

2T+ dS+ + 2⌦+ dJ+ = �Tc dSc (5)

where Tc is the temperature of the cosmological horizon,

FIG. 3. Projection of known asymptotically de Sitter (dS)
static and stationary solutions in the plane that displays the
total black hole entropy S/`2 versus the cosmological horizon
entropy Sc/`

2. The inset plots are zoom-ins of regions of par-
ticular interest as discussed in the text. The spinning binaries
have T+` = 3.75

2⇡ .

and Sc is its entropy. We checked that our data obeys
this law to within 0.01%.
In Fig. 3, we show the total black hole entropy S/`2

against the cosmological horizon entropy Sc/`2 [52].
Again, we are only showing the spinning de Sitter bi-
naries for the constant temperature T ` = 3.75

2⇡ . For
reference, we also included the corresponding values for
Schwarzschild de Sitter, Kerr de Sitter, and the static
binaries from [33]. In the Kerr case, we only show black
holes with the same total angular momentum as the
aligned de Sitter binaries. The anti-aligned binaries have
zero total angular momentum, so should be compared
with Schwarzschild and the static binaries. We see that
in all cases, the spinning binaries have less entropy S than
the corresponding Schwarzschild or Kerr black holes, and
so do not dominate the microcanonical ensemble.
From a dynamical perspective, the cosmological hori-

zon entropy does not necessarily stay constant during
evolution. But, both horizons satisfy a second law, so it
cannot decrease during evolution. We note that our max-
imal entropy in Fig. 3 is monotonically decreasing with
Sc. That is, the maximum entropy Smax(Sc) is larger
than any entropy Smax(S0

c) for S0
c > Sc. This suggests

that the endpoint that maximizes the entropy is indeed
the Schwarzschild de Sitter black hole and also suggests
its stability. Similar arguments can be made in asymp-
totically flat space, where energy and angular momentum
can be radiated to infinity, and hence are not conserved
during evolution.

➙ Properties of SPINNING de Sitter BH binaries

First law of thermodynamics:

[Hawking,Gibbons ’74]

�Tc dSc = 2T+ dS+ (1)

�Tc dSc = 2T+ dS+ + 2⌦+ dJ+ (2)

⇠ = 0 ) �x
a
= �

a
cd(g̃)g

cd

⇠ 6= 0
P ⇠ g

ab
@a@b

Advantage: Principal symbol of G
H

ab = 0 is simply P ⇠ g
ab
@a@b

Rab =
3

`2
gab , (3)

⇠
a ⌘ g

bc
[�

a
bc(g)� �

a
bc(ḡ)]
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Our data satisfies it up to 0.01%

• Binaries are thermodynamically unstable 
  For a given Sc and Jtot, spinning binaries have 
   lower total event horizon S than dS Schw/Kerr  

• Continuous Non-Uniqueness

S of single Schwarzschild-dS

Static binaries:  
              S = 2 S+ 
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FIG. 1. Black hole angular momentum of one of binary’s black
hole versus its angular velocity for binaries with T+` = 3.75
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will reach a maximum, as the same occurs for constant-
temperature Kerr de Sitter black holes. A polynomial
extrapolation gives a peak around ⌦+` = 3 [51].

We now discuss the proper distance Pin
� along the �

symmetry axis between the black hole horizons as a func-
tion of ⌦+`. This is shown in Fig. 2 for a temperature
T+` = 9

⇡ that seems su�ciently large to expect quali-
tative matching with Newton-Hooke expectations. We
see that, in agreement with the analysis of the Newton-
Hooke relation (2), by increasing spin the black holes
move closer together with the aligned binary always hav-
ing a smaller distance.

FIG. 2. Proper distance along the symmetry axis between
the two black holes, Pin

� /`, versus angular velocity ⌦+` for
T+` = 9

⇡ .

We now discuss the thermodynamics of the system. In
our case, the first law of black hole mechanics reads [52]

2T+ dS+ + 2⌦+ dJ+ = �Tc dSc (5)

where Tc is the temperature of the cosmological horizon,

FIG. 3. Projection of known asymptotically de Sitter (dS)
static and stationary solutions in the plane that displays the
total black hole entropy S/`2 versus the cosmological horizon
entropy Sc/`

2. The inset plots are zoom-ins of regions of par-
ticular interest as discussed in the text. The spinning binaries
have T+` = 3.75

2⇡ .

and Sc is its entropy. We checked that our data obeys
this law to within 0.01%.
In Fig. 3, we show the total black hole entropy S/`2

against the cosmological horizon entropy Sc/`2 [52].
Again, we are only showing the spinning de Sitter bi-
naries for the constant temperature T ` = 3.75

2⇡ . For
reference, we also included the corresponding values for
Schwarzschild de Sitter, Kerr de Sitter, and the static
binaries from [33]. In the Kerr case, we only show black
holes with the same total angular momentum as the
aligned de Sitter binaries. The anti-aligned binaries have
zero total angular momentum, so should be compared
with Schwarzschild and the static binaries. We see that
in all cases, the spinning binaries have less entropy S than
the corresponding Schwarzschild or Kerr black holes, and
so do not dominate the microcanonical ensemble.
From a dynamical perspective, the cosmological hori-

zon entropy does not necessarily stay constant during
evolution. But, both horizons satisfy a second law, so it
cannot decrease during evolution. We note that our max-
imal entropy in Fig. 3 is monotonically decreasing with
Sc. That is, the maximum entropy Smax(Sc) is larger
than any entropy Smax(S0

c) for S0
c > Sc. This suggests

that the endpoint that maximizes the entropy is indeed
the Schwarzschild de Sitter black hole and also suggests
its stability. Similar arguments can be made in asymp-
totically flat space, where energy and angular momentum
can be radiated to infinity, and hence are not conserved
during evolution.
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will reach a maximum, as the same occurs for constant-
temperature Kerr de Sitter black holes. A polynomial
extrapolation gives a peak around ⌦+` = 3 [51].

We now discuss the proper distance Pin
� along the �

symmetry axis between the black hole horizons as a func-
tion of ⌦+`. This is shown in Fig. 2 for a temperature
T+` = 9

⇡ that seems su�ciently large to expect quali-
tative matching with Newton-Hooke expectations. We
see that, in agreement with the analysis of the Newton-
Hooke relation (2), by increasing spin the black holes
move closer together with the aligned binary always hav-
ing a smaller distance.
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We now discuss the thermodynamics of the system. In
our case, the first law of black hole mechanics reads [52]

2T+ dS+ + 2⌦+ dJ+ = �Tc dSc (5)

where Tc is the temperature of the cosmological horizon,
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2. The inset plots are zoom-ins of regions of par-
ticular interest as discussed in the text. The spinning binaries
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and Sc is its entropy. We checked that our data obeys
this law to within 0.01%.
In Fig. 3, we show the total black hole entropy S/`2

against the cosmological horizon entropy Sc/`2 [52].
Again, we are only showing the spinning de Sitter bi-
naries for the constant temperature T ` = 3.75

2⇡ . For
reference, we also included the corresponding values for
Schwarzschild de Sitter, Kerr de Sitter, and the static
binaries from [33]. In the Kerr case, we only show black
holes with the same total angular momentum as the
aligned de Sitter binaries. The anti-aligned binaries have
zero total angular momentum, so should be compared
with Schwarzschild and the static binaries. We see that
in all cases, the spinning binaries have less entropy S than
the corresponding Schwarzschild or Kerr black holes, and
so do not dominate the microcanonical ensemble.
From a dynamical perspective, the cosmological hori-

zon entropy does not necessarily stay constant during
evolution. But, both horizons satisfy a second law, so it
cannot decrease during evolution. We note that our max-
imal entropy in Fig. 3 is monotonically decreasing with
Sc. That is, the maximum entropy Smax(Sc) is larger
than any entropy Smax(S0

c) for S0
c > Sc. This suggests

that the endpoint that maximizes the entropy is indeed
the Schwarzschild de Sitter black hole and also suggests
its stability. Similar arguments can be made in asymp-
totically flat space, where energy and angular momentum
can be radiated to infinity, and hence are not conserved
during evolution.
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Our data satisfies it up to 0.01%

• Binaries are thermodynamically unstable 
  For a given Sc and Jtot, spinning binaries have 
   lower total event horizon S than dS Schw/Kerr  

• Continuous Non-Uniqueness
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FIG. 4. Contour plot showing the level sets of the gauge invariant metric component �gtt. The cosmological horizon is the
outer solid black semicircle. The two black hole horizons are located along r = 0 at z 2 [�1,�2] and z 2 [1, 2], and the outer
and inner axes are the dashed black lines at r = 0. The inset plot is a zoom around the two black holes. The green triangle is
where �gtt takes its maximum value and the magenta inverted-triangle is where �gtt takes its minimum (negative) value.

Conclusions. We constructed the first examples of
stationary, spinning black binary solutions of general
relativity with a positive cosmological constant where
the gravitational, cosmological and spin-spin interactions
combine to produce an equilibrium configuration. We
have found these solutions well away from the regime
where Newton-Hooke theory is valid, but the properties
of our binaries match the Newton-Hooke expectations.

We point out that, like in [33], the available uniqueness
theorems [53–56] do not actually forbid the existence of
these de Sitter binaries. This is largely because such the-
orems either make assumptions about the level sets of
the gauge-invariant metric component �gtt or focus on
extremal solutions. Fig. 4 shows such level sets for a bi-

nary with ⌦(2)
+ ` = ⌦(1)

+ ` = 1.7 (other solutions are quali-
tatively similar). The location of the maximum of �gtt is
marked by a green triangle. The fact that this maximum
is a point in this plot and not a line demonstrates that
the assumptions in these theorems are violated (we refer
the reader to [33] for a more detailed discussion on this
matter).

For completeness, we also show the minima of �gtt
marked by the two magenta inverted-triangles. These
minima take negative values because of the ergoregion
around each black hole (where energy and angular mo-
mentum can be extracted from the Penrose process or
superradiant scattering).

It is clear that black hole uniqueness is strongly vio-
lated in de Sitter, unlike in flat space. Indeed, we have an
infinite non-uniqueness. For example, in the anti-aligned
case, we have a whole continuous two-parameter family
of solutions with zero total angular momentum. There-
fore, there is no analogous no-hair conjecture [57] for pure
gravity with a ⇤ > 0.

Although the solutions we have found do not dominate
the microcanonical ensemble, this does not necessarily
mean that they are dynamically unstable. Because spin-
spin interactions act on shorter length scales than that of

the Newtonian potential, they may provide a mechanism
for stabilizing the binary in some regions of parameter
space, much like the stability of molecules [10–13]. It
would be interesting to see if this intuition also holds
within general relativity, which would require a proper
stability analysis of our numerical spinning binaries (or
their extensions in the parameter space).
We have left a more thorough search of parameter

space to future work. This could include higher angu-
lar velocities as well as a sweep over the full 2-parameter
family. It would also be interesting to drop the Z2 sym-
metry restrictions and consider unequal black holes with
unequal spins. In the case where one of the black holes is
much smaller than the other, the Mathisson-Papapetrou-
Dixon’s formalism [9, 58–63] can be used. Work in this
direction is underway.
Finally, we note that our solutions have spin but no

orbital angular momentum. Adding orbital angular mo-
mentum will also create quadrupole moments that emit
gravitational radiation and hence, the system will not
be stationary. Nevertheless, our solutions can provide
initial data that satisfy the elliptic constraint equations
of the time evolution problem, that ultimately leads to
the black hole binary merger and associated gravitational
(and electromagnetic) wave emission.
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FIG. 10. The gauge invariant metric functions �gtt and �gt� for T+/Tc = 3.75 (� = 0.1, k = 0.5) and ⌦(1)
+ ` = ⌦(2)

+ ` ⌘ � = 1.7.

FIG. 11. Convergence test showing both the exponential accuracy of our pseudospectral numerical method and the fact that
we are not converging to a Ricci soliton.
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➙ Properties of SPINNING de Sitter BH binaries

Ergoregion



• Our binaries are thermodynamically unstable: but, under small perturbations, the BH pair 
necessarily needs to merge into a single BH or fly apart?  Or can it be dynamically stable ? 

•Future: study the dynamical stability of spinning binaries by perturbing our stationary solutions.  

• The spin-spin interactions act on shorter length scales, & might provide a mechanism for 
stabilizing binaries in some windows of parameters, alike it stabilizes molecules  

➙ Back-of-the-envelop analysis within Newton-Hooke approximation: 

• Static binary: 
V(r) = −1/r −r2/2 <—Schrödinger potential 
   => single maximum (r=1)  
       => unstable equilibrium  

• Spinning binary: Add a 1/r3 spin-spin term, 
  Vspin(r)=V(r)-γ/r3  
   For γ>1/30  (spin-spin repulsive interaction) 

   Vspin (r) has local minimum  
                => a STABLE equilibrium point  

➙ Outlook



Merci!
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• For binaries well within the cosmological horizon, ie near the event horizons, the solution should 
be well approximated by a Bach-Weyl 1922 (Israel-Khan 1964) but without conical singularity: 

• Introduce a Schwarz-Christoffel map from cylindrical-Weyl to ring-like coordinates (x, y): 

Static Black Binaries in de Sitter
De Turck Method

Choosing a good reference metric ḡ:

For binaries well within the cosmological horizon,
the solution is well approximated by a ”smooth”
Bach-Weyl double Schwarzschild ’1922 - (r, z):
Introduce a Schwarz-Christo�el map from
polar-Weyl to ring-like coordinates (x, y).

Closer to the cosmological horizon, we would like
the metric to look like pure de Sitter - (fl, ›)

12 / 18

Lines of constant x & y, along with the rod structure of Bach-Weyl 

• Wish to join the Bach-Weyl solution with a de Sitter horizon. In anticipation, 
we write the Bach-Weyl solution in polar-Weyl coordinates (ρ, ξ)
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Eventually, we wish to join the Bach-Weyl solution with a de Sitter horizon. In anticipation of doing so, we present
the Bach-Weyl solution in polar-Weyl coordinates defined by
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Note that h and f approach unity when ⇢ ! 1, where the spacetime becomes asymptotically flat.
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Like the original Weyl coordinates, these polar-Weyl coordinates are not smooth along ⇠ = ±1. This will not be
an issue for us as we will only use these coordinates in our numerical construction for su�ciently large ⇢, where the
coordinates are smooth.

Appendix B: Designing the Reference Metric for Einstein-DeTurck

Our strategy for designing a reference metric for the Einstein-DeTurck problem (described in the main text) is
to attach a de Sitter horizon to the Bach-Weyl (Israel-Khan) solution. De Sitter space in four dimensions is most
commonly written in the form

ds2 = �

 
1�

R2

`2

!
d⌧2 +

dR2

1� R2

`2

+ r2(d✓2 + sin2 ✓d�2) , (B1)

where ` is the de Sitter length scale. De Sitter can also be written in isotropic coordinates with the transformation

R

`
=

� ⇢

1 + �2⇢2

4

, sin ✓ = 1� ⇠2 , ⌧ = ` t , (B2)

7

Eventually, we wish to join the Bach-Weyl solution with a de Sitter horizon. In anticipation of doing so, we present
the Bach-Weyl solution in polar-Weyl coordinates defined by

z = ⇢ ⇠
p

2� ⇠2 , r = ⇢(1� ⇠2) , (A11)

where the Bach-Weyl (Israel-Khan) solution takes the form

ds2 = `2

8
<

:�fdt2 +
�2h

f

2

4d⇢2 + ⇢2
 

4d⇠2

2� ⇠2
+

(1� ⇠2)2

h
d�2

!3

5

9
=

; , (A12)

with f and h also transformed accordingly. For later use, we find it convenient to express f and h as functions of ⇢
and z = ⇢ ⇠

p
2� ⇠2:

f =

✓
k(R+ + r+)� (1� k)

k(R+ + r+) + (1� k)

◆✓
k(R� + r�)� (1� k)

k(R� + r�) + (1� k)

◆
, (A13)

h =

 
⇢2 + 1

k [1 + (1 + k)z] +R+r+
2R+r+

! 
⇢2 + 1

k [1� (1 + k)z] +R�r�
2R�r�

!

⇥

 
⇢2 � 1 + r+r�

⇢2 � 1
k [1 + (1� k)z] + r+R�

! 
⇢2 � (1/k2) +R+R�

⇢2 � 1
k [1� (1� kz)] +R+r�

!
, (A14)

with

R± =

r
⇢2 +

1

k2
±

2z

k
, r± =

p
⇢2 + 1± 2z , (A15)

Note that h and f approach unity when ⇢ ! 1, where the spacetime becomes asymptotically flat.
From (A6) and (A11), we can derive an explicit coordinate transformation between the Schwarz-Christo↵el (x, y)

coordinates and the polar-Weyl (⇢, ⇠) coordinates:

⇢ =

p
y2(2� y2) + x2(2� x2)(1� y2)2p

(1� y2)2 + k2x2(2� x2)y2(2� y2)
, (A16a)

⇠ =

s

1�
(1� x2)y

p
2� y2(1� y2)

p
1� k2x2(2� x2)p

y2(2� y2) + x2(2� x2)(1� y2)2
p
(1� y2)2 + k2x2(2� x2)y2(2� y2)

. (A16b)

Like the original Weyl coordinates, these polar-Weyl coordinates are not smooth along ⇠ = ±1. This will not be
an issue for us as we will only use these coordinates in our numerical construction for su�ciently large ⇢, where the
coordinates are smooth.

Appendix B: Designing the Reference Metric for Einstein-DeTurck

Our strategy for designing a reference metric for the Einstein-DeTurck problem (described in the main text) is
to attach a de Sitter horizon to the Bach-Weyl (Israel-Khan) solution. De Sitter space in four dimensions is most
commonly written in the form

ds2 = �

 
1�

R2

`2

!
d⌧2 +

dR2

1� R2

`2

+ r2(d✓2 + sin2 ✓d�2) , (B1)

where ` is the de Sitter length scale. De Sitter can also be written in isotropic coordinates with the transformation

R

`
=

� ⇢

1 + �2⇢2

4

, sin ✓ = 1� ⇠2 , ⌧ = ` t , (B2)

5

of Southampton, for the completion of this work.

SUPPLEMENTARY MATERIAL

Metric Ansatz for Spinning Black Binaries in de Sitter

In the Einstein-DeTurck formalism, (4) requires a reference metric ḡ which has the same casual (asymptotic and
horizon) structure and, whenever possible, also the same symmetries as the solution we seek. We will follow the same
procedure in [33] to obtain the reference metric, making a few modifications to accommodate spin.

The reference metric in [33] was built from a careful combination of the Bach-Weyl [1] (i.e., the Israel-Khan solution
[2] with two black holes) and de Sitter space. The Bach-Weyl solution is a closed form, asymptotically flat solution of
the Einstein equation that consists of two non-spinning black holes held together by a conical singularity. The overall
strategy is to combine this singular binary with the de Sitter horizon in hopes of finding a de Sitter solution with a
conical singularity, and then remove the conical singularity.

The Bach-Weyl solution is usually written in Weyl coordinates (r, z) because the resulting Einstein equation in
this gauge can be expressed in an integrable form. These coordinates have a “rod-structure” so that the coordinate
line r = 0 includes both inner and outer segments of the � symmetry axis as well as the black hole horizons. This
rod-structure is inconvenient for numerical purposes, largely because it introduces more coordinate singularities and
makes the application of boundary conditions di�cult. Instead, in [33], a transformation
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x
p
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p
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was used to map both horizons, as well as the outer and inner segments of the axis into the four sides of a coordinate
rectangle (x, y). The Bach-Weyl solution [1, 2] then takes the form [33]
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of Southampton, for the completion of this work.
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bc(ḡ)]

G
H

ab ⌘Rab�r(a⇠b) =
3

`2
gab , (2)

Testing patching: gtt & g�� are gauge invariant since @t and @� are KVFs

r+ ⌧ d ⌧ ` (i.e. large T+`)

d
2xa
dt2 = 0

d
2xa
dt2 = 0

S1,2 = m �1,2 ez �2 = ��1 ⌘ ��

d
3

`3
=

2m

`

✓
1� 6�

�
2

d2

◆
) d

`
' 1

(4⇡T+`)
1
3

(
1�

"
1

3
+

2�

(4⇡T+`)
4/3

#
⌦

2

+

(4⇡T+)
2

)
(3)

ma
d
2xa

dt2
= ma

xa

`2
+r

⇣
ma mb

|rab|

⌘
+r

"
Sa · Sb

|rab|3
� 3 (Sa · rab) (Sb · rab)

|rab|5

#
(4)

ds
2
= `

2

⇢
�fdt

2
+

�
2
h

f


d⇢

2
+ ⇢

2

✓
4d⇠

2

2� ⇠2
+ s

(1� ⇠
2
)
2

h
d�

2

◆��
, (5)

ds2 =
`2

g2+

(
� fg2� F T dt2 +

�2

m2�2
xy

"
w2

✓
4A dx2

(2� x2)�x
+

4B
(2� y2)�y

�
dy � x (1� x2) y (2� y2)(1� y2)F dx

�2
◆

+ y2(2� y2)(1� y2)2 sS
�
d�� g2�wW dt

�2
#)

=
`2

g2+

(
� fg2� F eT dt2 +

�2h

f

"
eA d⇢2 + ⇢2

 
4 eB

2� ⇠2

⇣
d⇠ � ⇠ (2� ⇠2)(1� ⇠2) ⇢ eF d⇢

⌘2
+

(1� ⇠2)2

h
s eS
�
d�� g2�w fW dt

�2
!#)

1 + 1 +20
0
+10 + 10

1 + 1 + 10 + 10 scalars and the 6 + 6

N = 4

� = g
2

YM
N

�(t, r) = b�!(r) e
�i!t

(6)

h�i 6= 0

) h�Ki = 0

V =
1

2L2


X

2

1
l1+X

2

2
l2+X

2

3
l3�

2

X1

p
4 + l2

p
4 + l3�

2

X2

p
4 + l1

p
4 + l3�

2

X3

p
4 + l1

p
4 + l2

�
.

1

A) near the event horizons



• Closer to the cosmological horizon, we would like the metric to look like pure de Sitter:
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Note that h and f approach unity when ⇢ ! 1, where the spacetime becomes asymptotically flat.
From (A6) and (A11), we can derive an explicit coordinate transformation between the Schwarz-Christo↵el (x, y)

coordinates and the polar-Weyl (⇢, ⇠) coordinates:

⇢ =

p
y2(2� y2) + x2(2� x2)(1� y2)2p

(1� y2)2 + k2x2(2� x2)y2(2� y2)
, (A16a)

⇠ =

s

1�
(1� x2)y

p
2� y2(1� y2)

p
1� k2x2(2� x2)p

y2(2� y2) + x2(2� x2)(1� y2)2
p
(1� y2)2 + k2x2(2� x2)y2(2� y2)

. (A16b)

Like the original Weyl coordinates, these polar-Weyl coordinates are not smooth along ⇠ = ±1. This will not be
an issue for us as we will only use these coordinates in our numerical construction for su�ciently large ⇢, where the
coordinates are smooth.

Appendix B: Designing the Reference Metric for Einstein-DeTurck

Our strategy for designing a reference metric for the Einstein-DeTurck problem (described in the main text) is
to attach a de Sitter horizon to the Bach-Weyl (Israel-Khan) solution. De Sitter space in four dimensions is most
commonly written in the form
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In these coordinates, the de Sitter horizon has a constant temperature of Tc = 1/(2⇡). � is a gauge parameter that
merely scales the radial coordinate ⇢. There is an origin at ⇢ = 0, the de Sitter horizon is located at ⇢ = 2/�, there
is an axis of symmetry at ⇠ = ±1 and a Z2 symmetry at ⇠ = 0.

This form of de Sitter is suggestively close to the Bach-Weyl (Israel-Khan) solution in polar-Weyl form (A12). Aside
from some factors of f and h (which approach unity at large ⇢), the only di↵erences are that de Sitter in isotropic
coordinates has an overall conformal factor of 1/g2+ and a factor of g2� in the dt2 term whose zero defines the de Sitter
horizon. We will make use of these similarities in our construction.

Now to begin engineering a reference metric, we make some slight modifications to the Bach-Weyl solution (A7)
and (A12):
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Here,

s = 1� ↵(1� y2)2 , (B6)

where ↵ is a new parameter, F is a complicated function that we will describe later in (B10), and equality between the
first and second lines of (B5) (here and in the remainder of this section) is understood to be through the coordinate
transformation (A16). We will use (x, y) coordinates in the region near the black holes and inner segment of the axis,
and the (⇢, ⇠) coordinates near the cosmological horizon.

We only made three changes to the Bach-Weyl (Israel-Khan) solution to arrive at the reference metric (B5). The
first is the inclusion of a conformal factor 1/g2+ to facilitate the matching to de Sitter. The second is a factor of s(y)
in the d�2 term, which we will use to remove the conical singularity in the inner segment of the axis by adjusting the
parameter ↵. Concretely, the conical singularity is removed when ↵ takes the value

↵ =
(1� k)2

�
k2 + 6k + 1
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(k + 1)4
. (B7)

The last change is a factor of g2� F in the dt2 term which introduces a cosmological horizon.
We have freedom to choose the function F , but the choice is a delicate matter. For numerical purposes, we wish

for F to be smooth in (x, y) or (⇢, ⇠) coordinates, depending on where the coordinates are being used. The DeTurck
method also requires that F be chosen to preserve the regularity of both the cosmological horizon and of the black
hole horizons [54–56]. That is, F must be positive definite and satisfy

F |x=±1 =
1

g2�
|x=±1 , F |⇢=2/� =

h

f2
|⇢=2/� , (B8)

where we have chosen equality in the above instead of proportionality in order to preserve the de Sitter and black
hole temperatures.

In order to make it easier to find a solution in a Newton-Raphson algorithm (see e.g. [56]), we should also choose
F to match physical expectations in certain limits. Specifically, we expect that when the cosmological horizon (at
⇢ = 2/�) is large compared to other length scales (i.e. � ⌧ 1), the spacetime near the cosmological horizon should
approach de Sitter (B3) in isotropic coordinates and the spacetime closer to the origin should be approximately
described by the Bach-Weyl solution (A7) (when ↵ = 0). The cosmological horizon is already accommodated by the
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• In these coords, the de Sitter horizon is at ρ = 2/λ (where                 )    
             & has a constant temperature of Tc = 1/(2π). 

  

• de Sitter space in isotropic coords resembles  Bach-Weyl solution in polar-Weyl coords:

<latexit sha1_base64="iHWkJOvQ1VQOBcfKbVgBVg9gdqw=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgxTC7yJochKAXjxFMIiRrmJ3MJkNmH8zMCmHJR3jxoIhXv8ebf+NsEkFFCxqKqm66u/xEcKUx/rAKS8srq2vF9dLG5tb2Tnl3r63iVFLWorGI5a1PFBM8Yi3NtWC3iWQk9AXr+OPL3O/cM6l4HN3oScK8kAwjHnBKtJE6w/7JnXOO++UKrmID10U5sWvYNqRerzlOHdkzC+MKLNDsl997g5imIYs0FUSpro0T7WVEak4Fm5Z6qWIJoWMyZF1DIxIy5WWzc6foyCgDFMTSVKTRTP0+kZFQqUnom86Q6JH67eXiX1431UHNy3iUpJpFdL4oSAXSMcp/RwMuGdViYgihkptbER0RSag2CZVMCF+fov9J26nabtW9Pq00LhZxFOEADuEYbDiDBlxBE1pAYQwP8ATPVmI9Wi/W67y1YC1m9uEHrLdPX1aO+A==</latexit>

g2� = 0

B) near the cosmological horizon


