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Motivation

We can not directly examine an event horizon of a black hole by optical and
gravitational wave experiments [Cardoso et al. Phys. Rev. Lett. 117 (2016)]

Effective potential for scalar perturbations in tortoise coordinate
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Metric may change around r 2, for instance due to the quantum corrections.
Damour — Solodukhin symmetric wormhole [pamour and Sclodukhin, Phys. Rev. D 76 (2007), 024016] :
ds? = —(gsen(p) + b?) dt? + dp? + r?(p)( d6? +sin®6 dp?), b CIA (1)
C—1

where dp = &=dr/ 1 — 2M/r is proper length.

At [CInl1/h?
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Metric modifications

General metric

ds® = —g(p) dt® + dp? + r?(p)( d6? + sin® 6 d¢?) &)

Our assumptions:

In the physical region p > 0 the functions g(p) and r(p) are given by their classical
form plus some small corrections

Function g(p) is non-vanishing for any finite value of p, at p = 0 its value is small

In the inner region both functions g(p) and r(p) may have either small or large
deviations from the classical Z» configuration

The global spacetime is geodesically complete both for null geodesics and the
time-like geodesics

The global spacetime is free from the curvature singularities
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Geodesic completeness

Equation for the radial geodesics:

E2
b _ = 0) ®
9(p)
Equation for the rotating geodesics:
S == S S|
d _ (14 L®
—_ = E2 — 4+ — 4
» = o 90 €+ 2oy O
{ =0 (light - like), 1 (time — like).
In the inner region:
9Py —eo CGIH=P)", TP, oo CTH—pP)* ®)
The completeness of the radial null geodesics imposes constraint only on function g(p):
, He
A)\:E gp) =0 [Kl=-2 (6)
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Geodesic completeness

9(p)

Light — like geodesics Viight-iike(P) = r2(0)

Cp) 2

Al: k1 — 2k2 < 0 the potential tends to vanish asymptotically (a non-radial null geodesic
reaches asymptotic infinity)

A2: k1 = 2k2 the potential approaches a constant (a non-radial null geodesic reaches
asymptotic infinity for sufficiently small impact)

A3: k1 — 2k2 > 0 the potential diverges in the asymptotic region (a non-radial null geodesic
never reaches infinity for any values of E/L)

Time-like geodesics Viimeike(P) = g(@) { +

r2(p)

B1: k1 > 0 no time-like geodesic with any value of L can reach infinity in the inside region
B2: k1 <0 and k1 — 2k2 > 0 only radial geodesic (L = 0) can reach the asymptotic region
B3: k1 < 0 and k1 = 2k2 geodesics with sufficiently large ratio E/L may reach infinity

B4: k1 <0 and k1 — 2k2 < 0 any geodesic reaches infinity for any values of £ and L
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Curvature regularity

Ricci scalar: X
00 0 0~0 00 ®
R 9,1 &7 2% 4™ 1 @)
g 2 g rg r2
Square of the Riemann tensor:
00 0o 2 0o 2 040 2 @ 2
R R =29 9 ,g T 4, ¢ ,, 1 ®8)
g g r rg rz. r2
Asymptotic behavior:
_ 2 1
R = = 75 + 0 - < l) 2 0
_ 4 8 2 1
R R = T 52 T0 5 <1) 2 0 9)
Thus
1 2, 2 0 (10)
In all casesr( )j ,, is as in the Schwarzschild space-time.
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Classicafg( ) andr( ) functions

Metric functions r( ) and g( ) as functions of the proper coordinate .
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Model |

p—— 2 2
9( )= Gon( )+ @ +1° const  Qeen( )= 1 % or7)
0

P
) Osen( ) Y (12)

Left panel: a =0 :08 andb =0 :1. Right panel: a = 0:08 andb =0 :1
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Model Il

00)= gw()+ 8 (), ()% ()=3 lep—— (12
+

0

Left panel: ¢ =0:01 andb =0 :1. Right panel: ¢ =10 andb=0:1

We are mostly interested in monotonically case. For small values of paramdter
P P p_
0<3 3b+6 30 15 3t + :::
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Models Il and IV

Model I11: ] 1 H
9P = Gun(p) +b* AT )’ (13)
Model IV: 1 1 E'
9P) = Gun(p) +b° AT TG, n>1 (14)
_____ QSL( ) 251 === gan(e)
— gu( J(140"2) i ’ iy (0)/(14D%2)
20f
— §15
1.0+ 4
N 05 /_
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Left panel is for model Il with po = 1 and b = 0.1. Right panel is for model IV with po =1, b=0.1and n =2

They look similar but they have di[erknt properties!
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Travel time

If g( ) has a minimum then there is notion of the travel time.

z r
z d

'd
T

! 9( min) + %QO(( min ) min) 2
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(15)

Model I: g( )=(p Osch( )+ @2+ B2 ) t %Iné
Model III:rg( )=(gsen( )+ 7)) () )
1 2 1 1
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Shadow radius:

21 g()

= = (16)
a() p _Z{Q_
Ve (1)

Photon sphere= maximum of Ve ( )

d d?

- =0; =0 )

a ., dz
1 _ 9Ceh) d
— = ;o TV =0 (17
P r?(pn)’ d =0 n

ph

.2 5> O( o) _ "2( ph) 9( o)
SN o= Pz T Gl P2 ) )
r
Ren=M = r( o)=M sin s = r( pn)=M 3(( :h)) (18)

o IS the position of an observer
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Shadow of the Model |

0
9()=( Geon( )+ @)+ I

The e ective potentials for massless geodesics. The left panel is presented foa = 0 :08 and the right for a =  0:08. In both
casesb =0 :1

M87 : 431 Re=M 6:08
Sgr.A © 455 Rgp=M 522

[Vagnozzi et al.Class. Quant. Grav. 40 (2023) no.16, 165007],[Akiyama et al. Astrophys. J. Lett. 875, no.1, L6 (2019)],
[Akiyama et al. Astrophys. J. Lett. 930, no.2, L17 (2022)]
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Shadow of the Model |

a> 0 case:
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Shadow of the Model |
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Shadow of the Model |

a< 0case

Vagif Tagiev Non-Symmetric Black Hole Mimickers July 3rd 2025 17/43



Shadow of the Model |
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Decreasing of the shadow of the Model |
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Constraint of the Model |

Constraint on the parametersa and b from the shadows
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adow of the Model Il

9( )= (Geen )+ ) ()

The e ective potentials for massless geodesics. The left panel is presented forp = 0 :01 and the right for ¢ =10 . In both
casesb =0 :1
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Shadow of the Model II
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Shadow of the Model II

Constraint on the parameters o and b from the shadows
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Shadow of the Model Il

9( )= (G )+ B¥) ()

a() LA+ )4 ) 4 1)
2() ., ()2 3 2
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The e ective potentials for massless geodesics. The left panel is presented forg = 1 and the right is zoomed version of the
left one. In both casesb = 0 :1. The red line is constant that the e ective potential approaches.
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Shadow of the Model Il
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