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Motivation

We can not directly examine an event horizon of a black hole by optical and

gravitational wave experiments [Cardoso et al. Phys. Rev. Lett. 117 (2016)]

Effective potential for the light-like geodesics Effective potential for scalar perturbations in tortoise coordinate
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Metric may change around r ~ 2M, for instance due to the quantum corrections.
Damour — Solodukhin symmetric wormhole [Damour and Solodukhin, Phys. Rev. D 76 (2007), 024016] :
ds® = —(gsen(p) + b%) dt® + dp® + r*(p)( dO® +sin” 0 dp?), b< 1 (1)

where dp = +dr/4 /1 — 2M/r is proper length.

At ~In1/b?
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Metric modifications

General metric

ds®> = —g(p) dt* + dp* + 2 (p)( d6* + sin’® 0 dp?) (2)

Our assumptions:

@ In the physical region p > 0 the functions g(p) and 7(p) are given by their classical
form plus some small corrections

@ Function g(p) is non-vanishing for any finite value of p, at p = 0 its value is small

@ In the inner region both functions g(p) and r(p) may have either small or large
deviations from the classical Z> configuration

@ The global spacetime is geodesically complete both for null geodesics and the
time-like geodesics

@ The global spacetime is free from the curvature singularities
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Geodesic completeness

Equation for the radial geodesics:

dp _ VE* —xg9(p)
AT ®3)

Equation for the rotating geodesics:

12
d)\ \/7\/ % + 7"2(/))> (#)

% =0 (light — like), 1 (time — like).
In the inner region:

9O e ~ 90 (=)™, T(P)] s e ~ T0(=p)"™ (5)

The completeness of the radial null geodesics imposes constraint only on function g(p):

:%/_MM):m:le—2 (6)
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Geodesic completeness

Light — like geodesics Vightiike (0) = =

Al: k1 — 2k2 < 0 the potential tends to vanish asymptotically (a non-radial null geodesic
reaches asymptotic infinity)

A2: k1 = 2k2 the potential approaches a constant (a non-radial null geodesic reaches
asymptotic infinity for sufficiently small impact)

A3: k1 — 2k2 > 0 the potential diverges in the asymptotic region (a non-radial null geodesic
never reaches infinity for any values of E/L)

2
Time-like geodesics Viime-iike(p) = g(p) (’4 + 7L( ))
r2(p

B1l: k1 > 0 no time-like geodesic with any value of L can reach infinity in the inside region
B2: k1 <0 and k1 — 2k2 > 0 only radial geodesic (L = 0) can reach the asymptotic region
B3: k1 < 0 and k1 = 2k2 geodesics with sufficiently large ratio E/L may reach infinity

B4: k1 <0 and k1 — 2k2 < 0 any geodesic reaches infinity for any values of £ and L
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Curvature regularity

Ricci scalar: )
" ! /v " 2
g 1 (g 2r'g 4r 1—7r
R—_g+2(g> _7'g_’f'+2( 2 (7)

Square of the Riemann tensor:

gll gl 2 7ﬂl 2 T/g/ 2 1 T/Q 2
Ragu R*P* = 2; - (g) +8 (T) +2 ( v ) +4 (TQ - 73> (8)

Asymptotic behavior:

R:2+O<p12><oo:>m220

r0p2n2

4 82 1
afuv _ 2 L
Ra,@uuR = 7'8,0452 p2"2+2 + O <p2> <oo= ke >0 (9)
Thus

k1> =2, K2 >0 (10)

In all cases 7(p)] ~ +p is as in the Schwarzschild space-time.

p—too
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Classical g(p) and r(p) functions
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and g(p) as functions of the proper coordinate p.




Model |
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Model Il

9(p) = (gsen(p) +0°) A(p)| __ ~(=p)7", Alp) =

2 2 2 (12)
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Left panel: pg = 0.01 and b = 0.1. Right panel: pg = 10 and b = 0.1

We are mostly interested in monotonically case. For small values of parameter b:

po < 3v/3b + 6v/3b° — 15v/3b° + . ..
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Models Il and IV

Model I1I:
9(p) = (gsen(p) +0°) A7), ~ (=p)? (13)
Model IV:
9(0) = (gen(p) +B) AT ()|~ (=), m>1 (14)
————— 9en(p) 25F = gwle)
sl anen12) | — anleN162)
20}
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Left panel is for model Il with pg = 1 and b = 0.1. Right panel is for model IV with pg = 1, b =0.1 and n = 2

They look similar but they have different properties!
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Travel time

If g(p) has a minimum then there is notion of the travel time.

P2
At = / dp |
o V9(p)

~

2 1

dp 1
2V g"(pmin) — g(pmin)

1
9(pmin) + 59" (prin) (P — prin)?

4M 1
o 0 _ - 2 2 Y ot
Model I: g(p) = (\/gsch(p) +a)* +b° = At - a2)21n =
@ Model IIl: g(p) = (gsen(p) +b*)A (p) =
1 2 1 1
At ~ = 1 ~ In —
2\ 9" (pmin) (8% + 26200/ (9 + 862) A (pmin) D2
® Model IV: g(p) = (gsen(p) +b)A"(p) =
1 2 1 1
At ~ = 1 ~ In —
2\ 9" (pmin) (8% + 26%npo/ (03 + 8020)) A" (o) 12
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dp\? _ L* (1 g(p) (16)
Effect‘ive potential for ‘the light-like ge?desics ‘ d\ - g(p) p2 r2 (p)
] \,—/
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Verr ()
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Vignt-ike(r)
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0.0002 : : . m pﬁh r2 (pph) dp eff(p) ( )
M Peh

o o2 g(po) _ 7r*(ppn) 9(po)
A 2 (00)  glpom) T2 (po)

=
Shadow radius:

Ran/M = (o) /M it = r{ppn) /M y | L22L (18)

g(pph)
Po is the position of an observer
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Shadow of the Model |

9(p) = (\/gsen (p) + @) + b°
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The effective potentials for massless geodesics. The left panel is presented for a = 0.08 and the right for a = —0.08. In both
cases b = 0.1

M87*:  4.31 < Ra/M < 6.08
SgrA*:  4.55 < Rey/M < 5.22

[Vagnozzi et al.Class. Quant. Grav. 40 (2023) no.16, 165007],[Akiyama et al. Astrophys. J. Lett. 875, no.1, L6 (2019)],
[Akiyama et al. Astrophys. J. Lett. 930, no.2, L17 (2022)]
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Shadow of the Model |

a > 0 case:

Shadow radius for parameters b = 0.00001 vs Sgr. A” Shadow radius for b =0.00001 vs M87"
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Shadow of

Shadow radius for parameters b = 0.4 vs Sgr. A
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Shadow of the Model |

a < 0 case
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Shadow of the Model |

Shadow radius for parameters b = 0.00001 vs Sgr. A™

Shadow radius for

b= 0.00001 vs M87"
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Decreasing of the shadow of the Model |

Schematic decreasing of the shadow
T

eeeeeeeeeeeee
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Constraint of the Model |
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Constraint on the parameters a and b from the shadows
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Shadow of the Model Il

9(p) = (gsen(p) + b*) A(p)
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The effective potentials for massless geodesics. The left panel
cases b = 0.1

s presented for pg = 0.01 and the right for pg = 10. In both
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Shadow of the Model Il

Shadow radius for parameters p, and b = 0.00001 vs Sgr. A'

Shadow radius for parameters p, and b = 0.00001 vs M87"
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Shadow of the Model Il
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Constraint on the parameters pg and b from the shadows
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Shadow of the Model Il

9(p) = (gsen(p) + b*) A (p)

_ 9(p) (1+6°) 4(=p)® _ 4(1+b%)
Ver(p) = 2(p) Hm_) (= 2 P (19)
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The effective potentials for massless geodesics. The left panel is presented for pg = 1 and the right is zoomed version of the
left one. In both cases b = 0.1. The red line is constant that the effective potential approaches.
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Shadow of the Model Il

Shadow radius for parameters po and b = 0.2 vs Sgr. A"
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Decreasing of the shadow of the Model Ill

Schematic decreasing of the shadow
T T T T T
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Shadow of the Model IV

9(p) = (gsen(p) + b*) A2 (p)

9(p) 1+ 16(=p)" >
Vert(p) = p (20)
‘ 20|, _.  (=P*
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The effective potentials for massless geodesics. The left panel is presented for pg = 1 and the right is zoomed version of the

left one. In both cases b = 0.1.
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Shadow of the Model Il

Shadow radius for parameters po and b = 0.2 vs Sgr. A"
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A brief overview of quasinormal modes (QNM)

QNM = a dissipative characteristic.
Let = be some coordinate

ds® = —g(z)dt® + d7m2 +r2(x)dQ?, =
f(z) ’
dx . .
dzor = ————= — tortoise coordinate, ziort € (—00, 00) (21)
g(z)f(z)
s — spin perturbations:
02 o?
‘Ij(t, Ztort) ‘Ij(t, Ztort) + Vs(Ztort)‘I’(t, Ztort) =0

at? 922,

iw(t—z
U (ztort) ~ € (b=2tot) 2 — 00

U (zton) ~ e 7700 gin — —00
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Echoes and QNM of the Model |

Effective potential for the scalar perturbations with a = 0.2 and b = 10~°

0200777

015} -

= L
>°) 010_— N

005 ]

0.00 - J

-100 -50 0 50 100

tortoise coordinate

Vagif Tagiev Non-Symmetric Black Hole Mimickers July 3rd 2025



Echoes of the Model |

Ringdown b = 10~°
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QNM of the Model |
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QNM of the Model |

a =0 a =0.01 a =0.02

n

0 0.0350092 - 1.9529*%107%;  0.0350025 - 1.9597*1078;  0.0349824 - 1.9799*10~%;
1 0.0698196 - 4.3914*10~7¢  0.0698062 - 4.4099*10~ "¢ 0.0697659 - 4.4654*10~ "%
2 0.104259 - 3.3048*¥107°%;  0.104238 - 3.3218*%107%  0.104178 - 3.3728*107 %
3  0.138188 - 1.6173*107%  0.138161 - 1.6272*10°; 0.138079 - 4.463*10™°;

n a =0.05 a =0.1 a =0.2

0 0.0348415 - 2.1226*107%;  0.0343408 - 2.6427*10~8;  0.0323728 - 4.8763*10~%;
1  0.0694845 - 4.857*10~ "¢  0.0684837 - 6.3007*10~ "¢ 0.0645508 - 1.2763*10~ "¢
2 0.103754 - 3.734*107%; 0.102248 - 5.083*10%  0.0963285 - 1.1407*10%;
3 0.137509 - 1.87*%10 %4 0.135481 - 2.6749*10~° 0.127516 - 6.5947*%10~ %%
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Ringdown and QNM of the Model Il

Effective potential for the scalar perturbations with py = 105 and b = 1074
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Ringdown and QNM of the Model Il

Wsch,0 = 0.292936 — 0.0976607

Ringdown b = 10~°
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Conclusions and next steps

@ We analyzed the constraints on the asymptotic behavior of Schwarzschild metric
deformations and discussed several test metrics.

@ An effect of shadow decreasing over long observation times was discovered, which
results from the presence of an asymmetric potential — that is, it serves as an
optical analogue of the echo effect.

@ It was found that the metric Il is the most suitable for mimicking, as it allows one
to reproduce not only the shadow but also the ringdown signal of a Schwarzschild
black hole.

@ To analyze the ringdown stage and quasinormal modes of Models Il and IV.

@ Proceed to the study of rotating mimickers.

Thank you for your attention!
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Hyperboloid method

Numerical computations =

Artificial boundary |ziot| = L +  Radiation boundary conditions

Compact coordinate  +  New time coordinate

Let = € [a, b] be some compact coordinate

Ztort = Ztort(ﬂf)

=

9 _ 0 0 1 0 n H'(z) 0
t O Ozon  Zon(w) O 2l (z) OT

t=71—H(zx)

Equation for the perturbation =

Ztort Ztort

o, (H@Y G P 1 N
(1 (£®) >8”W’ )T @™ T ey

+ 1 am( : 1( )> 0.0t 2) + 2280 o it @) — V@)U 1) =0 (22)

2ot () Ztort \ T 2o ()
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Hyperboloid method

Let introduce:

o) = o) = 5 el = S e =0 (1)
r)= L x :—M V(z) = 2l (x x
pzz( ) - Zt,ort(-r)’ pl( ) Zt/ort(x)gv V( ) tort( ) V( )

Main equation

—prr(2) Orr W (t, @) + 2pra(2) 0raW(E, @) + Poa(@) Oua¥(t, ) +

+ pu(2) 0U(t, ) + pr OTY(t, ) — V(x)¥(t, 2) =0 (23)
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Hyperboloid method

Let (¢, =) = 0;¥(¢, x)
5 U(t, =) 1 (0 1 U(t, )
o) =1 0) (o)

[21’796( )0z + Ozpra(z )] (24)

)

QNM as eigenvalues

U(t, z) =e*'U(x) = LU=wU (25)

The operator L is not self-adjoint in the energy norm. Therefore, its eigenvalues are
complex.

1 b N
Energy nom: B(¥) = [[ Top(w)t*n’dz, = = [ (Prr @) ®] + Poc(@)0:9] + V(2)|¥]) da
,

o=l (i) Il = B
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Hyperboloid method

Let introduce:

u(t, ) = 0;Y(¢, ©), 7(t, x) =prr(x) 0-¥(t, ) — pra(x)02¥ (¢, x) (26)

Evolution equation

0,1 = Oy L (uw + pram)

pTT
B — B | oy - )
. DPrr (27)
oV = p_ (prau + )

+ initial conditions
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Minimal gauge for the height function

zon(@) = 250 (@) + 2557 (@) + k(@)
——
singular at z—b singular at z—a

i) The in — out strategy. Consider ingoing null geodesics v =t + 2ot ()

dU ing, — ing,— ing,—
|~ @ s e~ + 22505 (@) St =7 - (22000 (@) 4 zen(®))
r—ra

tort, x

Hin - out (z)

H o 0) = 2000 () — 07 (@) + ()

‘tort

ii) The out — in strategy. Consider outgoing null geodesics u =t — ztor(x)
du in in in
dz . ~ _ta(jn?’j)(x) =V~ T - 2Zt(osrtg’+)(m) =t=7 — (2z§§,t?’;r)(x) = Ztort())
T—
Hout - in(z)
H @) = 2P (@) - 2507 (2) — k(@)
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Echoes and QNM of the Model |

Compact coordinate:

—1 1
—a + bsinhz = +/gsh(p) = z€ {arcsinh aT’ arcsinh 2 _;; ] (28)
Tortoise coordinate:
4 2 — (bsinhz — a) 2+ (bsinhz — a)
Ztort, z(-r) = - 2 2 = A 2 . 2
(17 (bsinhz — a) ) (1 — (bsinhx — a)) (1+ (bsinhx — a))
s @) ot @)
(29)
Height function:
2 — (bsinhz — a) 2 + (bsinhz — a)
Hz(l') = N 5 = N P (30)
(1 — (bsinhz — a)) (1+ (bsinhz — a))
Old characteristics:  ziort(x) £ t = const
(31)

New characteristics:  ziore(z) £ (7 — H(z)) = const
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Ringdown and QNM of the Model Il

Compact coordinate:

1 1
bsinhx = \/gsen(p) = =x€ {— arcsinh e arcsinh ﬂ (32)
Tortoise coordinate:
4 1 2 —bsinhz
Ztort, z(x) = 5 = - 5
(1 — b2 sinh? m) A(p(z)) (1 —bsinhx)
~—_——
2o (@)
4 2 3 e
2 |: p(x) 2o :| +ztoriq,ac (CC) (33)
(1 — b2 sinh? x) PO 4 p(x)
200 ) (@)
Height function:
4 1 2 — bsinh
Ho(z) = _9 bsinh x (34)

~ (1—b2sinn?z)’ \/A(p(x) (1 bsinha)’

2bsinh = . 1+ bsinhx

z) = n
P@) 1 — b2sinh2 z 1 —bsinhz
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