
Null infinity as a 

weakly isolated horizon

based on work with :


Abhay Ashtekar, Null Infinity as a Weakly Isolated Horizon (2402.17977)


Gloria Odak and Antoine Rignon-Bret, General gravitational charges on null 
hypersurfaces (2309.03854)  


Simone Speziale

Tours, 4 juillet 25



Motivations

For	a	special	type	of	quasi-local	horizons	called	non-expanding	horizons	(NEHs)	one	finds	a	
symmetry	group	that	is	very	closely	related	to	Scri:	BMS	+	one	global	dilation

•Indeed,	it	is	known	that	Scri	can	be	described	as	a	non-expanding	horizon;	

•but	the	physics	of	Scri	is	completely	different	from	the	equilibrium	physics	of	a	NEH!

So	why	the	similarities,	and	at	the	same	time	the	profound	differences?

Black	holes	and	quasi-local	horizons	have	a	rich	symmetry	structure

…	and	a	rich	literature!

Geroch-Hansen	‘70,	Hansen	’74,BCH	’73…	Ashtekar-Beetle-Fairhurst-Krishnan-Lewandowski-etc	’00,

Donnay-Giribert-Gonzales-Pino	‘15,	Grumiller	et	al	‘19,	Sheikh-Jabbari	et	al	‘20,		Freidel-	et	al	’18,

Chandrasekaran-Flanagan-Prabhu	’18,	Ashtekar-Khera-Kolanowski-Lewandowski-etc	’22

Ciambelli-Freidel-Leigh	’23,	Ruzziconi-Zwikel	’25,	Agrawal-Charalambous-Donnay	’25	…



Plan	of	the	talk

I	-	Horizons	and	null	infinity


II	-	Symmetry	groups	of	horizons	and	null	infinity


III	-	Noether	charges	for	the	symmetry	groups


IV	-	Weaker	boundary	conditions	and	larger	symmetry	groups




Geometry	of	null	hypersurfaces

This prescription is at the same time both too large and too small. It is too large because it
includes kinematical e↵ects: one can obtain non-vanishing charges even in Minkowski space. Only
the subspace associated with non-expanding horizons seems to be free of this problem [?]. But it is
also too small, because if one accepts to include such kinematical e↵ects, then it seems possible to
consider also a more general phase space that includes variations of k [?]. As there explained, the WZ
presciption fails in this case. We revisit this extension and provide an expression for the charges based
on the improved Noether charge. As anticipated in [?], the expression...

1.1 Notation

We use mostly-plus spacetime signature. Greek letters are spacetime indices, and we will sometimes
denote scalar products by a dot. When needed, lower case latin letters a, b, ... are hypersurface indices,
and upper case latin letters A,B, ... are indices for the 2d cross-sections of the hypersurface. In all
cases, (, ) denotes symmetrization, h, i trace-free symmetrization, and [, ] antisymmetrization. An

arrow under a p-form means pull-back on N , =̂ means on-shell of the field equations, and
N
= means

an equality valid at the null boundary only. We use units G = c = 1, and neglect the 1/16⇡G factor
in front of the action.

2 Null hypersurfaces

In this Section we briefly recap our conventions for null hypersurfaces. We will in particular review
the distinction between intrinsic and extrinsic geometries, and the notion of class-III and class-I
invariance to talk about quantities which are independent respectively of the choice of normal and of
rigging vector. We will then recall Sachs’ identification of constraint-free data and how it allows one
a clear distinction between conservative and radiative boundary conditions, and finally some useful
expressions that arise when working with the special coordinate system provided by a�ne coordinates.

We consider a null hypersurface N defined by a cartesian equation � = 0, and denote its normal

lµ :
N
= �f@µ�, l2

N
=0, (2.1) {defl}{defl}

with f > 0 as to have the vector future-pointing. Being this vector null and hypersurface orthogonal,
it is also tangent to N and geodetic,

lµrµl⌫
N
= kl⌫ . (2.2) {lgeo}{lgeo}

The hypersurface is thus naturally fibrated by null geodesics, with k = 0 if they are a�nely parametrized.
The chosen tangent vector is referred to as generator of N . Taking the language from fibre bundles,
the direction along the fibre is referred to as vertical, and the others as horizontal. We will assume
that N has topology I ⇥ S, where S = S2 and I is some interval in R. If I = R in a�ne coordinates
the hypersurface is called complete, and in this case all null geodesics extend indefinitely in both di-
rections. It is called semi-complete if it extends indefinitely in one direction only, and has a boundary
in the other direction caused for instance by the formation of caustics or crossings. We will often use
adapted coordinates (�, xa), where xa, a = 1, 2, 3 are coordinates on the hypersurface. The condition
that N is null then induces a partial gauge-fixing of the metric,

g�� N
=0. (2.3)
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q = (0,+,+)

g	no	projector,	no	induced	connection

1-form [32], or twist. In these formulas, the complex scalars ↵,�, ✏, ⇢ and � make reference to the NP
formalism.3

The lack of 3d projector means also that there is no canonical Levi-Civita connection on a null
hypersurface. In fact, even the pull-back of the ambient connection does not define a connection on
the hypersurface. To see this, we can take two tangent vectors X and Y and compute:

lµX
⌫r⌫Y

µ = �X⌫Y µr⌫ lµ = �X⌫Y µ(�µ⌫ +
✓

2
�µ⌫). (2.55)

For a general null hypersurface the right-hand side does not vanish, hence the pull-back of ambient
covariant derivative takes them outside of the hypersurface. Only special hypersurface that are shear-
free and expansion-free admit a canonical connection, given by the pull-back of the ambient connection.
These hypersurfaces play indeed an important role in the study of non-expanding horizons [35] and
future null infinity, see below. For more general hypersurfaces, there is no Levi-Civita connection, but
one can take advantage of the rigging vector and introduce a family of rigging connections, defined by

Dµv
⌫ := ⇧⇢

µ⇧
⌫
�r⇢v

�, (2.56)

where ⇧µ
⌫ = �µ⌫ + lµn⌫ is a ‘half-projector’. The pull-back of (2.56) gives a well-defined 3d connection

acting on hypersurface tensors and forms. There is however no canonical choice, and we have a
di↵erent connection for each choice of rigging.4 If the hypersurface is shear and expansion free, all
rigging connections become rigging-independent and match the canonical, induced connection.

Taking the pull-back of (2.30) one finds [36, 14] (see also [])

✓EH =
⇥
�µ⌫��µ⌫ + ⇡µ�l

µ + 2�(✓ + k)
⇤
✏N + ✓�✏N + d#EH, (2.57)

where

⇡µ := �2

✓
!µ +

✓

2
nµ

◆
= 2

✓
⌘µ +

✓
k � ✓

2

◆
nµ

◆
, (2.58)

and
#EH = nµ�lµ✏S � i�l✏N = (nµ�lµ + nµ�l

µ) ✏S � n ^ i�l✏S . (2.59)

In the null case there is less room for changes of polarization, because the spin-2 pair already captures
twice the same information,5 and �µ⌫�µ⌫ = 0. As for the spin-1 pair, the issue is the (lack of)
independence of ⌘ from the induced metric, to which is related by the field equations. It remains the
spin-0 sector, where one can consider changes of polarization in both ina�nity k and expansion ✓.
This leads to the 2-parameter family of polarizations [26, 38]

✓EH = ✓(b,c) � �`(b,c) + d#EH, `(b,c) = �(bk + c✓)✏N , (2.60)

✓(b,c) =
⇥
�µ⌫��µ⌫ + ⇡µ�l

µ + (2� b)�k + (2� c)�✓
⇤
✏N � (bk + (c� 1)✓)�✏N . (2.61)

3With mostly-plus signature, we use the conventions of [30]. The twist should not be confused with the 2-sphere
connection of the covariant derivative g used in NP calculus, which is given by ↵� �̄ [33, 34].

4One can reduce the freedom choosing for instance the rigging 1-form to be hypersurface orthogonal and Lie dragged
by the null tangent vector, which leaves a super-translation residual freedom. There is also some gauge freedom, for
instance changing the rigging by a global translation does not change the connection, so given a rigging connection, there
is not a unique rigging vector associated to it.

5The shear is the Lie derivative of the induced metric, see (2.53). The dependence of momentum on position is a
general property of null hypersurfaces, occurring also in the canonical formalism, and due to the presence of second class
constraints, see e.g. [37].
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•null	hypersurfaces	with	vanishing	shear	and	expansion	admit	a	unique	connection

•in	general	case,	possible	to	consider	rigging/Carrolian	connections	
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induces	a	local	projector	on	the	2d	spacelike	planes

Studying the behaviour of quantities under these transformations allows one to discern which quan-
tities depend solely on the geometry of N , and which on additional structure or choices. Quantities
which are not class-III invariant depend on the rescaling of the normal, and quantities that are not
class-I invariant depend on the choice of rigging vector.

If need be to select a specific rigging vector, there are two natural ways to do so that are common
in the literature. The first is to require it to be parallel-transported along l on N , see e.g. [?]. This
choice is unique, and fixes the class-I transformation so that the NP spin-coe�cient ⇡ vanishes.3 The
second way is to require it to be adapted to a given 2 + 1 foliation of N . This choice is again unique
once the foliation is given. In this case the class-I transformation is fixed setting to zero two of the
three components of the pull-back of n, thus making it hypersurface orthogonal within N .It follows
that the 2d planes spanned by (m, m̄) integrate to the leaves of the foliation.

The extended structure of the null hypersurface plus a given rigging vector (hypersurface orthog-
onal or not) plays a role in the literature on Carollian fluids, see e.g. [?], but will not be used here.

A volume form on N can be defined from the spacetime volume form ✏ via

✏ = �l ^ ✏N . (2.7)

The conventional minus sign here follows from assuming l outgoing, and would be plus if incoming. The
volume form ✏N is class-I invariant but not class-III invariant because it depends on f . This formula
defines actually an equivalence class of volume forms, related by adding any 3-form containing l. A
convenient representative of this equivalence class can be chosen using the rigging vector as

✏N := in✏
 

=

p
�g

f
d3x, (2.8) {epsN2}{epsN2}

where the second equality uses adapted coordinates (�, xa). We will make this choice from now on.
Written in this way, class-I invariance may not appear as obvious, but it follows from the pull-back
and the fact that mµ is tangent to N .

On N , we also define the space-like area form

✏S := il✏N = im ^ m̄
 �

, il✏S = 0, ✏N = �n ^ ✏S . (2.9) {defepsS}{defepsS}

It is class-I invariant and defined independently of any choice of foliation of N . It satisfies

d✏S = ✓✏N , (2.10) {des}{des}

where ✓ is the expansion of l, as defined below. Notice that ✏S so defined contains also vertical
components, even if n is adapted to a foliation and (m, m̄) are integrable. Only choosing a�ne
coordinates will make the area 2-form purely horizontal.

The rigging vector is also handy to introduce a local projector on 2d space-like planes, given by

�µ⌫ := gµ⌫ + 2l(µn⌫) = 2m(µm̄⌫). (2.11)

Its pull-back on N coincides with the pull-back of the spacetime metric, namely with the (degenerate)
induced metric. The induced metric �µ⌫

 
and tangent vector lµ represent the six quantities describing

the intrinsic geometry of the null hypersurface.

3
Requiring (m, m̄) to be also parallel-transported will further fix the spin part of the class-III so that Im(✏) = 0.
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also too small, because if one accepts to include such kinematical e↵ects, then it seems possible to
consider also a more general phase space that includes variations of k [?]. As there explained, the WZ
presciption fails in this case. We revisit this extension and provide an expression for the charges based
on the improved Noether charge. As anticipated in [?], the expression...

1.1 Notation

We use mostly-plus spacetime signature. Greek letters are spacetime indices, and we will sometimes
denote scalar products by a dot. When needed, lower case latin letters a, b, ... are hypersurface indices,
and upper case latin letters A,B, ... are indices for the 2d cross-sections of the hypersurface. In all
cases, (, ) denotes symmetrization, h, i trace-free symmetrization, and [, ] antisymmetrization. An

arrow under a p-form means pull-back on N , =̂ means on-shell of the field equations, and
N
= means

an equality valid at the null boundary only. We use units G = c = 1, and neglect the 1/16⇡G factor
in front of the action.

2 Null hypersurfaces

In this Section we briefly recap our conventions for null hypersurfaces. We will in particular review
the distinction between intrinsic and extrinsic geometries, and the notion of class-III and class-I
invariance to talk about quantities which are independent respectively of the choice of normal and of
rigging vector. We will then recall Sachs’ identification of constraint-free data and how it allows one
a clear distinction between conservative and radiative boundary conditions, and finally some useful
expressions that arise when working with the special coordinate system provided by a�ne coordinates.

We consider a null hypersurface N defined by a cartesian equation � = 0, and denote its normal

lµ :
N
= �f@µ�, l2

N
=0, (2.1) {defl}{defl}

with f > 0 as to have the vector future-pointing. Being this vector null and hypersurface orthogonal,
it is also tangent to N and geodetic,

lµrµl⌫
N
= kl⌫ . (2.2) {lgeo}{lgeo}

The hypersurface is thus naturally fibrated by null geodesics, with k = 0 if they are a�nely parametrized.
The chosen tangent vector is referred to as generator of N . Taking the language from fibre bundles,
the direction along the fibre is referred to as vertical, and the others as horizontal. We will assume
that N has topology I ⇥ S, where S = S2 and I is some interval in R. If I = R in a�ne coordinates
the hypersurface is called complete, and in this case all null geodesics extend indefinitely in both di-
rections. It is called semi-complete if it extends indefinitely in one direction only, and has a boundary
in the other direction caused for instance by the formation of caustics or crossings. We will often use
adapted coordinates (�, xa), where xa, a = 1, 2, 3 are coordinates on the hypersurface. The condition
that N is null then induces a partial gauge-fixing of the metric,

g�� N
=0. (2.3)
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N
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qµ⌫ l
µ = 0
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q = (0,+,+)

shear	and	expansion:
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N
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£lqµ⌫ = �µ⌫ +
✓

2
qµ⌫

Extrinsic	geometry	via	the	Weingarten	map:
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�(⌘µ + knµ)l
⌫ + �⌫⇢(�µ⇢ +

1

2
�µ⌫✓)

For the extrinsic geometry, we look at the pull-back of the gradient of the normal vector. This
quantity gives the extrinsic curvature in the case of a space-like or time-like hypersurface. In the
null case, Wµ

⌫ := rµ
 
l⌫ defines a a purely hypersurface objet, satisfying nµWµ

⌫ = 0 = Wµ
⌫ l⌫ , and

lµWµ
⌫ = kl⌫ . It is related to the Weingarten map, which is the reason for the notation W . The actual

map is given using hypersurface indices as in [?, ?], but that definition is equivalent to ours in terms
of covariant 4d indices. To see the geometric content of this map, it is convenient to use the rigging
vector and decompose it as follows,

Wµ
⌫ := rµ

 
l⌫

N
= !µ

 
l⌫ + �⌫⇢Bµ

 

⇢ (2.12) {defW}{defW}

=
�
(↵̄+ �)m̄µ

 
� ✏nµ

 

�
l⌫ � (�m̄µ

 
+ ⇢mµ

 
)m̄⌫ + cc.

The second line makes reference to the NP formalism (with mostly-plus signature, we use the conven-
tions of [?]4), and the various tensors there appearing are: {Wdec}

Bµ⌫ := �⇢µ�
�

⌫r⇢l� =
1

2
�⇢µ�

�

⌫£l�⇢�
N
=�µ⌫ +

1

2
�µ⌫✓, (2.13a) {defB}{defB}

�µ⌫ := �⇢hµ�
�

⌫ir⇢l� = �m̄µm̄µ� + cc, ✓ := 2m(µm̄⌫)rµl⌫ = �2⇢, (2.13b)

!µ := �⌘µ � knµ, ⌘µ := �⇢µn
�r⇢l� = �(↵+ �̄)mµ + cc, lµ!µ = k = 2Re(✏). (2.13c) {defdot}{defdot}

Looking at the Kerr example would be good to fix the sign of ⌘... Check: actually it is �⌘ that Booth-
Fairhurst show is the connection for the normal bundle. Maybe this is consistent with definition (2.12)
of isolated horizons if they always have k = 0? Here B is the deformation tensor, whose antisymmetric
part vanishes because l is hypersurface orthogonal at N , � is the shear and ✓ the expansion; ! is the
rotational 1-form of isolated and non-expanding horizons [], with ! · l = k, and ⌘ is called twist, or
Hajicek 1-form [?]. The latter is related to the non-integrability of the time-like planes spanned by
(l, n), namely

�µ⌫ [n, l]
⌫ = ⌘µ � �⌫µ(l

⇢r⇢n⌫ � @⌫ ln f). (2.14) {nltoeta}{nltoeta}

From (2.13a), we see that the shear and expansion are entirely determined by the induced metric, so
this is part of the intrinsic geometry. The ina�nity k is an external parameter depending on arbitrary
choices unrelated to the geometry of N . Therefore, the only quantity that can be considered the
analogue of the extrinsic geometry is the rotational 1-form, and more precisely the twist ⌘µ. However,
even though the Weingarten map is independent of the choice of rigging vector, the decomposition
we used on the right-hand side of (2.12) introduces a dependence on it: only ✓, k and (the scalar
contraction) � are class-I invariant, whereas �µ⌫ , ⌘µ and !µ are not.

The Weingarten map is obviously not class-III invariant, because it depends on a specific choice
of normal and not on the equivalence class. However, it is possible to shift the twist and ina�nity to
make them class-III invariant as follows,

k̄ := k � lµ@µ ln f, (2.15) {class3invariantk}{class3invariantk}
⌘̄µ := ⌘µ + �⌫µ@⌫ ln f = �µ⌫([n, l]

⌫ + l⇢r⇢n
⌫) = mµ(m̄⌫ [n, l]

⌫ + ⇡) + cc. (2.16) {nltoeta1}{nltoeta1}

These class-III invariant quantities depend only on the equivalence class of normals, and will be
important below. On the other hand, ⌘̄µ is still dependent on the rigging vector, hence it is not a

4
This formula can be found for example in references on the NP formalism (e.g. [?]). The NP formalism assumes

an extension of l which is null everywhere, but since the derivative index is here pulled-back on N , it is valid for an

arbitrary extension as well.
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Hajicek	1-form,	or	twist

<latexit sha1_base64="3hPcA+uX86z8/W1bz9F29RaKrGg="></latexit> ⇢

rotation	1-form	in	IH	literature

Caveat	:	(σ,θ,η,k)	are	not	purely	geometric	quantities,	but	depend	on	kinematical	choices

They	are	class	I	and	III	-	dependent,	in	the	classification	of	Chandra’s	book



Non-expanding	horizons	(NEHs)
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N

•topology	

•vanishing	expansion

•vanishing	shear*
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Rµ⌫ l
⌫ = ↵lµ ) � = 0

(*in	vacuum,	same	thing	as	shear	and	expansion	free,	but	a	subclass	thereof	in	presence	of	matter)

g	NEHs	admit	a	unique	connection

Convenient	to	limit	the	kinematical	freedom	(the	rescaling	f	):

•choose	affinely	parametrized	normals	:																				c																											time-independent	twist

•choose	divergence-free	twist	:

<latexit sha1_base64="Y1qp6lvXz73ot4tIGGqvoDgfztY="></latexit>

k = 0
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£l⌘µ = 0

Only	remaining	arbitrariness:	constant	rescaling	f

Notation:	In	the	catalogue	of	Ashtekar-Beetle-Fairhurst-Krishnan-Lewandowski-etc,

a	NEH	equipped	with	this	restricted	equivalence	class	of	choices	of	normal	is	called

extremal	weakly	isolated	horizon
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Dµ = rµ
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Dµ⌘
µ = 0



Non-expanding	horizons	are	not	stationary
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N

At	first	sight,	NEHs	appear	to	be	very	close	to	equilibrium

Special	cases

•isolated	horizons

•Killing	horizons
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� = ✓ = 0
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£l⌘ = 0

They	are	however	not	stationary,	because	the	induced	connection	is	in	general	time-dependent	:
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[£l,rµ]n⌫ = 0
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[£l, Dµ]n⌫ = 0
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[£l, Dµ]n⌫ = Dµ⌘⌫ + ⌘µ⌘⌫ + C⇢µ⌫�l
⇢n� +

1

2
(Sµ⌫ + (↵� R

6
)qµ⌫)
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Using	Einstein’s	equations:								time-independent																											vanishes

c	geometry	entirely	determined	by	cod-2	free	data	
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⌘µ, 2

`in	equilibrium’,	although	in	a	weaker	sense	than	for	a	Killing	horizon



(Future)	null	infinity

Idealization	useful	to	model	isolated	gravitational	systems
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FIG. 1: A depiction of future null inÞnity, I + (in light blue) that constitutes the future boundary
of space-time and has topologyS2 ! R. The (yellow) outgoing null surface u = u1 in the asymptotic
region of space-time intersectsI + in a 2-sphere cross-section. The null tetrad (! a, na, ma, øma) and
the metric qab on r = const 2-spheres in the interior have limits û! a,ûna, ûma, ûøma and ûqab respectively
on I + . The Þgure also depicts the typical waveform produced by a CBC.

waveforms. In Minkowski spacetime we can choose the u = const surfaces to be the light
cones emanating from points of a time-like geodesic. Then ! a is shear-free. In asymptotically
Minkowskian spacetimes, shear " of ! a falls-o! as 1/r 2 and

" ! (u, #, $) := " lim
r "#

r 2
!
mamb# a! b

"
$ (h!

+ + ih !
$ )(u, #, $) (2.2)

is well-defined on I + , where, in the last step we have expressed " ! in terms of the commonly
used waveforms h!

+ $ rh+ and h!
$ $ rh$ . (Because of the ‘mamb’ factor, " ! has spin weight

+2, while the more commnonly used combination h!
+ " ih !

$ = "̄ ! has spin-weight -2.) The
shear tensor " !

ab at I + , given by

" !
ab(u, #, $) = "

!
" ! ˚̄ma˚̄mb + "̄ ! m̊am̊b

"
(u, #, $), (2.3)

is a symmetric, traceless tensor field, transversal to the null normal to I + –i.e. satisfies
" !

ab̊n
a = 0– and has spin weight zero. It captures the two Transverse-Traceless or radiative

modes of the gravitational field in full, non-linear GR. Its time derivative is the Bondi news

strong-field	region:

highly	curved

weak-field	region:	spacetime	becomes

asymptotically	flat

•Coordinate-dependent	definition	(Bondi-Sachs)	based	on	null	foliations

•Coordinate-independent	definition	(Penrose-Geroch)	based	on	conformal	compactifications



Penrose’s	conformal	compactification

Warm-up	example:	Minkowski

It is also possible to show that the counter-term needed in order to recover the ADM charges in the
limit to spatial inÞnity can be written as a suitable boundary Lagrangian [29].

Case 3: X ! != ! b! . In this case the canonical generator is not integrable. This occurs typically
in the presence of radiation. For instance in the gravitational case, we see from the Iyer-Wald result
X " = i " " that this would occur for # not tangent to the boundary of ! hyperbolic space-like man-
ifold intersecting I , namely those boundary transformations that are not Hamiltonian vector Þelds
because they deform" ! in a direction that ÔseesÕ the dissipation. In this case one needs a more
careful prescription. The idea is to use the preferred symplectic potential deÞned by the (generalized)
Wald-Zoupas prescription, and deÞne the charges as those that would be canonical generators in the
stationary subset of the phase space.

An alternative approach, but which ends up giving the same result, is to look at the ßux, namely
at the pull-back of I " $ on I (or a portion thereof). In that case one still has the problem of non-
integrability, but can be dealt with introducing a norm in Þeld space which roughly speaking makes the
non-integrable terms measure zero, and then deÞning the generator as a completion of the integrable
one in that dense subset [3, 7]. This is speciÞcally the case with the asymptotic symmetries at future
null inÞnity, and what we will focus on in the rest of the class.

The ambiguities of the covariant phase space and of the Noether charges, and the di# culties
due to the non-integrability of the canonical generators, have hindered the Þeld for a long time. An
important message of the analysis reported above is that insisting on covariance and on the importance
of identifying radiation (and its absence) through boundary conditions, allows one to identify typically
a unique set of canonical ßuxes and charges for the boundary symmetries, satisfying the crucial
properties of being conserved in the absence of radiation and of providing a correct realization of the
symmetry algebra in the phase space.

4 BMS symmetry

4.1 Future null inÞnity

To study the asymptotic symmetries of gravitational waves, we are interested in the behaviour of
asymptotically ßat spacetimes along null directions. To gain some intuition about these asymptotics,
let us Þrst consider the case of ßat spacetime. If we use spherical coordinates and retarded time
u := t " r , the metric reads

ds2 = " du2 " 2dudr + r 2qAB dxA dxB , (4.1)

where qAB is the standard round sphere metric. Hypersurfaces of constantu describe outgoing null
cones, ruled by null geodesics, andr is an a# ne parameter along them. Taking the limit r # $ at
constant u is thus a way to reach future null inÞnity. A di # culty with this limit is that the metric
becomes ill-deÞned, since the sphere part diverges, anddr is no longer deÞned. A way to improve the
mathematical control is to use PenroseÕs idea of conformal compactiÞcation. To do that, we change
the radial coordinate r to

" =
1
r

. (4.2)

We have
d" = " r ! 2dr, %" = " r 2%r , dr = " " ! 2d" , %r = " " 2%" . (4.3)
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It follows that vector and form components change as follows,

v! = ! ! 2vr , v! = ! ! ! 2vr . (4.4)

This has a strong impact into the study of limits. Something that looks divergent in r coordinates
may not be so, once a well-deÞned coordinate system is used. The vector Þeldr ! r = ! ! ! ! may
look divergent as r " # , but it is in fact well-deÞned, and actually vanishing, if we use a good
coordinate system and! " 0. This opens up the possibility of adding points corresponding to! = 0
to the spacetime manifold. We thus obtain a new manifold öM , which we refer to as the conformally
completed manifold. The hypersurface! = 0 is the boundary of öM .

In the coordinate chart xµ = ( u, ! , xA ) the Minkowski metric reads

ds2 = ! du2 + ! ! 2(2dud! + qAB dxA dxB ). (4.5)

Or as a matrix

" µ! =

!

"
! 1 1

! 2 0
0 0

1
! 2 qAB

#

$ , " µ! =

!

"
0 ! 2 0

! 4 0
! 2qAB

#

$ . (4.6)

The metric blows up at the boundary of öM in a way that can now be controlled. We deÞne the
conformally rescaled metric (aka Ôunphysical metricÕ)

dös2 = 2dud! + qAB dxA dxB ! ! 2du2. (4.7)

That is,

ö" µ! = ! 2" µ! , ö" µ! =

!

"
! ! 2 1 0

0 0
qAB

#

$ , ö" µ! =

!

"
0 1 0

! 2 0
qAB

#

$ . (4.8)

The unphysical metric is well deÞned at! = 0, and given by

dös2 I= 2dud! + qAB dxA dxB . (4.9)

The pair ( öM, ög) is the conformally rescaled spacetime, and its boundary! = 0 is the hypersurface
we refer to as future null inÞnity I + , or I in short, since we will talk mostly about future null inÞnity
alone. While I does not ÔexistÕ in the physical spacetime, it is the boundary of the conformally
completed spacetime. SinceI is a hypersurface of öM , its properties can be studied using local
di" erential geometry. Its induced metric is degenerate, and in the (u, xA ) coordinates induced from
the bulk coordinates, reads

qab =
%

0 0
qAB

&
. (4.10)

The null directions are along! u, which provides a an a# nely parameterized tangent vector to the null
geodesics ofI . In particular, we can take as normal to I

! := d! , (4.11)

and observe that its norm given by the unphysical metric vanishes, henceI is a null hypersurface.
Furthermore as a vector,

! = ! u + ! 2! !
I= ! u. (4.12)
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•it	has	a	boundary	at															,	with		

•the	boundary	has	topology	

•the	Einstein’s	equations	are	satisfied	at	the	boundary	with	

Penrose’s	conformal	compactification

Warm-up	example:	Minkowski

It is also possible to show that the counter-term needed in order to recover the ADM charges in the
limit to spatial inÞnity can be written as a suitable boundary Lagrangian [29].

Case 3: X ! != ! b! . In this case the canonical generator is not integrable. This occurs typically
in the presence of radiation. For instance in the gravitational case, we see from the Iyer-Wald result
X " = i " " that this would occur for # not tangent to the boundary of ! hyperbolic space-like man-
ifold intersecting I , namely those boundary transformations that are not Hamiltonian vector Þelds
because they deform" ! in a direction that ÔseesÕ the dissipation. In this case one needs a more
careful prescription. The idea is to use the preferred symplectic potential deÞned by the (generalized)
Wald-Zoupas prescription, and deÞne the charges as those that would be canonical generators in the
stationary subset of the phase space.

An alternative approach, but which ends up giving the same result, is to look at the ßux, namely
at the pull-back of I " $ on I (or a portion thereof). In that case one still has the problem of non-
integrability, but can be dealt with introducing a norm in Þeld space which roughly speaking makes the
non-integrable terms measure zero, and then deÞning the generator as a completion of the integrable
one in that dense subset [3, 7]. This is speciÞcally the case with the asymptotic symmetries at future
null inÞnity, and what we will focus on in the rest of the class.

The ambiguities of the covariant phase space and of the Noether charges, and the di# culties
due to the non-integrability of the canonical generators, have hindered the Þeld for a long time. An
important message of the analysis reported above is that insisting on covariance and on the importance
of identifying radiation (and its absence) through boundary conditions, allows one to identify typically
a unique set of canonical ßuxes and charges for the boundary symmetries, satisfying the crucial
properties of being conserved in the absence of radiation and of providing a correct realization of the
symmetry algebra in the phase space.

4 BMS symmetry

4.1 Future null inÞnity

To study the asymptotic symmetries of gravitational waves, we are interested in the behaviour of
asymptotically ßat spacetimes along null directions. To gain some intuition about these asymptotics,
let us Þrst consider the case of ßat spacetime. If we use spherical coordinates and retarded time
u := t " r , the metric reads

ds2 = " du2 " 2dudr + r 2qAB dxA dxB , (4.1)

where qAB is the standard round sphere metric. Hypersurfaces of constantu describe outgoing null
cones, ruled by null geodesics, andr is an a# ne parameter along them. Taking the limit r # $ at
constant u is thus a way to reach future null inÞnity. A di # culty with this limit is that the metric
becomes ill-deÞned, since the sphere part diverges, anddr is no longer deÞned. A way to improve the
mathematical control is to use PenroseÕs idea of conformal compactiÞcation. To do that, we change
the radial coordinate r to

" =
1
r

. (4.2)

We have
d" = " r ! 2dr, %" = " r 2%r , dr = " " ! 2d" , %r = " " 2%" . (4.3)
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It follows that vector and form components change as follows,

v! = ! ! 2vr , v! = ! ! ! 2vr . (4.4)

This has a strong impact into the study of limits. Something that looks divergent in r coordinates
may not be so, once a well-deÞned coordinate system is used. The vector Þeldr ! r = ! ! ! ! may
look divergent as r " # , but it is in fact well-deÞned, and actually vanishing, if we use a good
coordinate system and! " 0. This opens up the possibility of adding points corresponding to! = 0
to the spacetime manifold. We thus obtain a new manifold öM , which we refer to as the conformally
completed manifold. The hypersurface! = 0 is the boundary of öM .

In the coordinate chart xµ = ( u, ! , xA ) the Minkowski metric reads

ds2 = ! du2 + ! ! 2(2dud! + qAB dxA dxB ). (4.5)

Or as a matrix

" µ! =

!

"
! 1 1

! 2 0
0 0

1
! 2 qAB

#

$ , " µ! =

!

"
0 ! 2 0

! 4 0
! 2qAB

#

$ . (4.6)

The metric blows up at the boundary of öM in a way that can now be controlled. We deÞne the
conformally rescaled metric (aka Ôunphysical metricÕ)

dös2 = 2dud! + qAB dxA dxB ! ! 2du2. (4.7)

That is,

ö" µ! = ! 2" µ! , ö" µ! =

!

"
! ! 2 1 0

0 0
qAB

#

$ , ö" µ! =

!

"
0 1 0

! 2 0
qAB

#

$ . (4.8)

The unphysical metric is well deÞned at! = 0, and given by

dös2 I= 2dud! + qAB dxA dxB . (4.9)

The pair ( öM, ög) is the conformally rescaled spacetime, and its boundary! = 0 is the hypersurface
we refer to as future null inÞnity I + , or I in short, since we will talk mostly about future null inÞnity
alone. While I does not ÔexistÕ in the physical spacetime, it is the boundary of the conformally
completed spacetime. SinceI is a hypersurface of öM , its properties can be studied using local
di" erential geometry. Its induced metric is degenerate, and in the (u, xA ) coordinates induced from
the bulk coordinates, reads

qab =
%

0 0
qAB

&
. (4.10)

The null directions are along! u, which provides a an a# nely parameterized tangent vector to the null
geodesics ofI . In particular, we can take as normal to I

! := d! , (4.11)

and observe that its norm given by the unphysical metric vanishes, henceI is a null hypersurface.
Furthermore as a vector,

! = ! u + ! 2! !
I= ! u. (4.12)
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Formal	definition	(Penrose	’64):	a	spacetime	is	AF	if	it	admits	a	conformal	completion	

such	that	:

<latexit sha1_base64="0q7B9peiKikCYND3Xs2bjEoMiQc="></latexit>

i 0

<latexit sha1_base64="+iDzZVjkd8pk96RyWjHY5iYVZrc="></latexit>

I +

<latexit sha1_base64="h+Eh3heKSRzlFoRxM/voCu1jpdQ="></latexit>

I !

<latexit sha1_base64="XmAi3hl+6R0iBPFJOVRy5NwPKkA="></latexit>

i +

<latexit sha1_base64="ZRV2EKlHcjECkNO/STnqU9TxY1Y="></latexit>

i !

•retarded	time: metric	ill-defined	at <latexit sha1_base64="5iOUrfRZA12LYxWG5UbkCSO9i2o="></latexit>r ! "

•change	coord.:

•define	`unphysical	metric’:

<latexit sha1_base64="bu5ZXsa54FB32vlzWqYAUvfTV90="></latexit>

S2 ⇥ R

<latexit sha1_base64="4q/mCSOkFQ7FxBbr1+wJVe/+g/c="></latexit>

( öM, ög)

<latexit sha1_base64="hIdxIUL50qHMd9lBeH2Ji+4fCSY="></latexit>

! = 0
<latexit sha1_base64="GJuEB31EC0bwgHWPzw4do7DM1Io="></latexit>

! µ ! != 0

<latexit sha1_base64="avVDGHrR2bIxjaw/b5D1thgiH/Y="></latexit>

Tµ ! = O(! 2)



Null	infinity	as	a	NEH

If we require the metric to be smooth at I , we can posit the generic asymptotic behaviour10

V = ! ! 2V ( ! 2) + ! ! 1V ( ! 1) + V (0) + ! V (1) + O(! 2), (4.30a)

B = B(0) + ! B(1) + ! 2B(2) + O(! 3), (4.30b)

V A = V (0) A + ! V (1) A , (4.30c)

öqAB = qAB + ! CAB + ! 2DAB + O(! 3). (4.30d)

The determinant condition (4.24) imposes

qAB CAB = 0 , DAB =
1
4

qAB CCD CCD , (4.31)

and similar conditions on the lower orders of the expansion. We can deÞne as in the ßat case the
normal to I via (4.11). Then using conformal transformations, the Einstein equations for ög can be
written as

öSµ! := öRµ! !
1
6

ögµ! öR ö= ! 2! ! 1 ö" µn! + ! ! 2n2ögµ! + O(! 2), (4.32)

where öS is the unphysical Schouten tensor, and we assumed thatTµ! = O(! 2). If we require that öS
is smooth at I , it follows that (4.11) is shear-free and has expansion tied to its ina" nity:

n2 I= 0 , ö" "anb#
I= 0 , ö" µnµ = £ n ln

!
! ög I= ! + 2k ö= 2! . (4.33)

For any given asymptotically ßat spacetime, there is considerable freedom in choosing the conformal
factor. Given an ! , any other ! $ = " ! with non-vanishing " at I is an equally valid choice. One
class of such transformations is generated by the asymptotic boosts, since as we have seen already
in ßat spacetime, a boost in retarded time spherical coordinates rescalesr . One can consider more
general transformations, and if we see! = 1 /r as a coordinate, they can be interpreted as radial
di#eomorphisms. This freedom can be exploited to always restrict attention to so-calleddivergent-free

frames, namely to set ö" µ ! µ I= 0. Upon doing so, ! has also vanishing expansion and ina" nity. The
residual conformal invariance is restricted to be time-independent, namely£ ! " = 0. Since vanishing
shear and expansion are then properties of any normal toI within this residual class, we say that this
choice of conformal compactiÞcations makesI a non-expanding horizon, or more precisely aweakly
isolated horizon [35].

In the parametrization (4.30),

! µ := ögµ! ! ! = e! 2B(1, ! 2V, VA ), (4.34)

henceV ( ! 2) ö= 0 from the null nature of I . We can use the freedom of choosing coordinates onI to

Þx n I= #u namely B(0) = 1 and V (0) A = 0. The asymptotic EinsteinÕs equations then give (see e.g.
[49, 48, 50])

úqAB ö= qAB #u ln
#

q, V( ! 1) ö= #u ln
#

q, V(0) ö=
R
2

, (4.35)

B(1) ö= 0, B(2) ö= ! := !
1
32

CAB CAB , UA := V (1) A = !
1
2

D B CAB , (4.36)

10 Comment on log terms, cite Chrisuel, celine, marc
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henceV ( ! 2) ö= 0 from the null nature of I . We can use the freedom of choosing coordinates onI to

Þx n I= #u namely B(0) = 1 and V (0) A = 0. The asymptotic EinsteinÕs equations then give (see e.g.
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32

CAB CAB , UA := V (1) A = !
1
2

D B CAB , (4.36)

10 Comment on log terms, cite Chrisuel, celine, marc
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In	a	div-free	frame,	Scri	is	a	WIH	with	vanishing	twist	in	

We	can	apply	the	previous	general	equation	of	WIH,	but	with	completely	different	dynamics	now!
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FIG. 1: A depiction of future null inÞnity, I + (in light blue) that constitutes the future boundary
of space-time and has topologyS2 ! R. The (yellow) outgoing null surface u = u1 in the asymptotic
region of space-time intersectsI + in a 2-sphere cross-section. The null tetrad (! a, na, ma, øma) and
the metric qab on r = const 2-spheres in the interior have limits û! a,ûna, ûma, ûøma and ûqab respectively
on I + . The Þgure also depicts the typical waveform produced by a CBC.

waveforms. In Minkowski spacetime we can choose the u = const surfaces to be the light
cones emanating from points of a time-like geodesic. Then ! a is shear-free. In asymptotically
Minkowskian spacetimes, shear " of ! a falls-o! as 1/r 2 and

" ! (u, #, $) := " lim
r "#

r 2
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mamb# a! b

"
$ (h!

+ + ih !
$ )(u, #, $) (2.2)

is well-defined on I + , where, in the last step we have expressed " ! in terms of the commonly
used waveforms h!

+ $ rh+ and h!
$ $ rh$ . (Because of the ‘mamb’ factor, " ! has spin weight

+2, while the more commnonly used combination h!
+ " ih !

$ = "̄ ! has spin-weight -2.) The
shear tensor " !

ab at I + , given by

" !
ab(u, #, $) = "

!
" ! ˚̄ma˚̄mb + "̄ ! m̊am̊b

"
(u, #, $), (2.3)

is a symmetric, traceless tensor field, transversal to the null normal to I + –i.e. satisfies
" !

ab̊n
a = 0– and has spin weight zero. It captures the two Transverse-Traceless or radiative

modes of the gravitational field in full, non-linear GR. Its time derivative is the Bondi news
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When	modelling	isolated	systems,	

we	assume	a	flat	background	metric	but	only	

asymptotically	far	away	from	the	sources	

c	asymptotic	symmetries

E.g.	Poincare	at	spatial	infinity,	BMS	at	null	infinity:	Asymptotic	symmetries	that	arise	from	the	
isometries	of	the	asymptotic	boundary	conditions
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the	boundary	conditions
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preserving	the	boundary	conditions	defining	the	horizons	and	null	hypersurfaces

Since	Scri	is	a	NEH	in	the	unphysical	spacetime	then,	should	the	symmetry	groups	match?

Scri: Physical	NEH:
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GBMS = SO(3, 1) ! STAlmost!
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Asymptotic	symmetries	at	spatial	and	null	infinity

Null	infinity
Spatial	infinity


At	fixed	time: At	fixed	retarded	time:
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u := t ! r
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misses	all	radiation captures	all	radiation

Poincare	group BMS	group

Minkowski	metric Minkowski	metric
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Why	super-translations?

It follows that vector and form components change as follows,

v! = ! ! 2vr , v! = ! ! ! 2vr . (4.4)

This has a strong impact into the study of limits. Something that looks divergent in r coordinates
may not be so, once a well-deÞned coordinate system is used. The vector Þeldr ! r = ! ! ! ! may
look divergent as r " # , but it is in fact well-deÞned, and actually vanishing, if we use a good
coordinate system and! " 0. This opens up the possibility of adding points corresponding to! = 0
to the spacetime manifold. We thus obtain a new manifold öM , which we refer to as the conformally
completed manifold. The hypersurface! = 0 is the boundary of öM .

In the coordinate chart xµ = ( u, ! , xA ) the Minkowski metric reads

ds2 = ! du2 + ! ! 2(2dud! + qAB dxA dxB ). (4.5)

Or as a matrix

" µ! =

!

"
! 1 1

! 2 0
0 0

1
! 2 qAB

#

$ , " µ! =

!

"
0 ! 2 0

! 4 0
! 2qAB

#

$ . (4.6)

The metric blows up at the boundary of öM in a way that can now be controlled. We deÞne the
conformally rescaled metric (aka Ôunphysical metricÕ)

dös2 = 2dud! + qAB dxA dxB ! ! 2du2. (4.7)

That is,

ö" µ! = ! 2" µ! , ö" µ! =

!

"
! ! 2 1 0

0 0
qAB

#

$ , ö" µ! =

!

"
0 1 0

! 2 0
qAB

#

$ . (4.8)

The unphysical metric is well deÞned at! = 0, and given by

dös2 I= 2dud! + qAB dxA dxB . (4.9)

The pair ( öM, ög) is the conformally rescaled spacetime, and its boundary! = 0 is the hypersurface
we refer to as future null inÞnity I + , or I in short, since we will talk mostly about future null inÞnity
alone. While I does not ÔexistÕ in the physical spacetime, it is the boundary of the conformally
completed spacetime. SinceI is a hypersurface of öM , its properties can be studied using local
di" erential geometry. Its induced metric is degenerate, and in the (u, xA ) coordinates induced from
the bulk coordinates, reads

qab =
%

0 0
qAB

&
. (4.10)

The null directions are along! u, which provides a an a# nely parameterized tangent vector to the null
geodesics ofI . In particular, we can take as normal to I

! := d! , (4.11)

and observe that its norm given by the unphysical metric vanishes, henceI is a null hypersurface.
Furthermore as a vector,

! = ! u + ! 2! !
I= ! u. (4.12)
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Very	easy	to	gain	intuition	using	Penrose’s	conformal	picture	:

Global	symmetries:	

conformal	isometries	of	full	unphysical	flat	metric
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£ ! ! = 0 ! £ ! ö! µ " " 2" ! ö! µ " = 0
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£ ! ö! µ " ! 2" ! ö! µ " = O(! )Asymptotic	symmetries:

conformal	isometries	of	leading	order	unphysical	flat	metric
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Global	symmetries:	

conformal	isometries	of	full	unphysical	flat	metric
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£ ! ö! µ " ! 2" ! ö! µ " = O(! )Asymptotic	symmetries:

conformal	isometries	of	leading	order	unphysical	flat	metric
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Property	of	any	AF	spacetime

Only	valid	for	Minkowski
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I :

AF	metrics	match	the	flat	metric	at	Scri,	

with	departures	at	subleading	orders	

Very	easy	to	gain	intuition	using	Penrose’s	conformal	picture	:



Null	infinity	symmetry:	BMS

•Coordinate-dependent	definition	(Bondi-Sachs)	based	on	null	foliations

c	Asymptotic	symmetries	as	residual	diffeomorphisms	preserving	the	boundary	conditions


•Coordinate-independent	definition	(Penrose-Geroch)	based	on	conformal	compactifications

c	Asymptotic	symmetries	as	isometries	of	the	universal	structure	shared	by	AF	metrics

For	the	general	derivation,	there	are	two	equivalent	approaches	in	the	literature:



Null	infinity	symmetry:	BMS

•Coordinate-dependent	definition	(Bondi-Sachs)	based	on	null	foliations

c	Asymptotic	symmetries	as	residual	diffeomorphisms	preserving	the	boundary	conditions


•Coordinate-independent	definition	(Penrose-Geroch)	based	on	conformal	compactifications

c	Asymptotic	symmetries	as	isometries	of	the	universal	structure	shared	by	AF	metrics

For	the	general	derivation,	there	are	two	equivalent	approaches	in	the	literature:

Universal	structure	at	Scri:

The	induced	metric	at	Scri	is	just	Minkowski,	hence	universal;


however,	there	is	freedom	in	choosing	the	conformal	factor:
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£ n ! = 0 in	order	to	preserve	the	Bondi	condition	(Scri	as	a	WIH)
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Isometries	of	the	universal	structure:
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BMS	group
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conformal weight 2. The list of anomalies for the purely background Þelds is

! ! " = ! úf " , ! ! u = ! T ! úfu, (2.54)

! ! nµ = ! úfn µ, ! ! ! S = ! 2 úf ! S, ! ! ! I = ! 3 úf ! I .

The minus signs in these expressions are conventional, and follow from the deÞnition (2.49). What we
learn from this analysis is that the symmetry group is large enough to probe the background, making
the anomaly operator an e#ective tester of background independence. More precisely, boosts change
the conformal frame hence test conformal invariance, and super-translations change the foliation hence
test foliation independence. The limitation of testing background independence in this way is that
the transformations of the background are limited to those generated by a symmetry, as opposed to
arbitrary change of conformal factor and of foliation. [The anomaly operator can be used to compute
the dependence of the Þelds on background structures in a convenient way. The restriction is that this
is done not by arbitrary changes of the background, but by those changes which are allowed by the
symmetry vector Þelds. It is therefore the presence of respectively boosts and super-translations in
the symmetry that allows the anomaly operator to be sensitive to the conformal and super-translation
weights. ] This di#erence shows up if we look at the anomaly of the symmetry vector Þelds, which is
not zero even though from its deÞnition (2.2), we see that" is manifestly conformally invariant and
foliation independent. To compute its anomaly, we Þrst observe that it is a purely background Þeld
at I , hence#" " I= 0. Then

! " " = ! £ " " + O(" ) = ! [$, " ] + O(" ). (2.55)

The anomaly of the vector Þelds is nothing but their Lie algebra. This fact will play an important
role below, making the anomaly operator a convenient tool to study covariance of charges and ßuxes.
It is also useful for later purposes to single out two sub-cases of (2.55). The general expression for the
commutator in a given a$ ne foliation is

[" , $] = ( T!
úf " + Y! [f " ] ! (" " $))%u + [ Y! , Y" ]A %A . (2.56)

For " = "T := T%u a pure super-translation,

! " "T = [ "T , $] = "T ! , T ! = úf " T ! Y A
" %A T, (2.57)

which we can interpret as the conformal and super-translation weights of the vertical component of
the symmetry vector Þeld (namely ofT if seen as a vector component and not a scalar, otherwise only
the second term would be present). In particular, two super-translations commute. For" = "Y :=
u úf %u + Y A %A a (cross-section-dependent) Lorentz transformation,

! " "Y = [ "Y , $] = "Y ! + "f ! , Y ! = [ Y, Y" ], f ! = Y A %A f " ! úfT " ! uY A
" %A úf . (2.58)

In particular for $ = $T a pure super-translation

! " T "Y = [ "Y , $T ] = "T ! , T ! = Y A %A T ! úfT, (2.59)

which makes it manifest why the notion of Lorentz subgroup of the Lorentz group is cross-section
dependent: acting with a super-translation changes the cross-section and the Lorentz symmetry vector
is shifted by a super-momentum contribution. For the angular momentum piece úf = 0 and the shift
is by Y A %A T only.
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Infinite	dimensional	extension	of	the	Poincare	group	with	structure	constants

In	particular,	super-translations	don’t	commute	with	rotations	and	boosts:

c	Infinitely	many	Lorentz	subgroups,	one	per	`cut’

Only	ideal	subalgebra	is	the	global	translations



The	reason	why	in	the	physical	case	we	have	on	more	generator	is	because	of	the	different

universal	structures.	Remark:	extra	generator	related	to	the	area	as	Noether	charge	(Wald	’94)

Physical	WIH	symmetry:	BMS+Dilation

Since	the	induced	metric	is	time-independent,	it	is	the	pull-back	of	a	2d	space-like	metric

Any	2d	space-like	metric	can	be	written	as	a	round	sphere	metric	up	to	a	conformal	transformation:

<latexit sha1_base64="dSYBbzRNnajn1HYh4lV1Wcz4hmE="></latexit>

q = ! ! (" 2 "
q)

The	existence	of	a	round	sphere	metric	is	thus	

a	universal	property	of	any	metric	admitting	a	WIH

c	the	universal	structure	is	really	an	equivalence	class	of	round	spheres
<latexit sha1_base64="s5ju+3cpkLfZi+hNHlTTDKvyRpo="></latexit>
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q}

How	about	the	normal	vector?	recall	that	the	multipole	moments	are	contained	in	the	Hajicek
<latexit sha1_base64="gdc42pURN6BmsdWtfa/GzmN8Z/I="></latexit>

Dµ l ! = ! µ l ! c	useful	to	rescale	also				so	that	multipole	moments	can	be	defined	wrt
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Universal	structure	at	a	physical	WIH:
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� = ✓ = 0
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! £ n qµ ! = 0

Isometries	of	the	universal	structure:
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£ ! qµ " = 2 ! ! qµ" , £ ! nµ = ! (! ! + W! )nµ
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But	there	is	a	3	parameter	family	of	round	spheres:	Lorentz	boosts	



The	reason	why	in	the	physical	case	we	have	on	more	generator	is	because	of	the	different

universal	structures

Symmetries	of	physical	WIH	vs	null	infinity

Physical	WIH:
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Null	infinity:
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GBMS = SO(3, 1) ! ST

Remark:	extra	generator	related	to	the	area	as	Noether	charge	(Wald	’94)
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III	-	Noether	charges	

for	horizon	symmetries



Noether	theorem	in	gravity

If	we	have	symmetries	at	the	horizon,	we	can	study	their	Noether	charges	

and	gain	intuition	on	the	physical	interpretation	of	the	symmetries

Even	though	Noether’s	theorem	was	motivated	precisely	by	GR,	

its	application	to	GR	is	very	subtle,	and	often	badly	used

Noether	charges	for	residual	gauge	transformations	are	surface	charges

c	completely	ambiguous	(see	e.g.	problems	of	Komar	expression)

In	some	conditions	the	ambiguities	can	be	fixed	looking	at	the	canonical	generators,

but	in	the	presence	of	radiation,	some	of	the	boundary	symmetries	

are	not	Hamiltonian	vector	fields	c	no	canonical	generators



Noether	theorem	in	gravity

Because	of	these	difficulties,	conservation/flux-balance	laws	for	the	asymptotic	symmetries

were	first	identified	using	purely	Einstein’s	equations	and	physical	requirements

(ADM	’60,	Regge-Teitelboim	’74,	Geroch	’77,	Ashtekar-Streubel	’79,	Dray-Streubel	’84)


and	only	later	identified	as	canonical	generators	(Iyer-Wald	’94,	Wald-Zoupas	’99)

and	as	improved	Noether	charges	(Harlow-Wu	’19,	Odak-Rignon-Bret-SSp	’22)


The	Wald-Zoupas	prescription	was	then	applied	to	general	null	hypersurfaces	and	NEHs	in

Chandrasekaran-Flanagan-Prabhu	’18,	Ashtekar-Khera-Kolanowski-Lewandowski-etc	’22

Odak-Rignon-Bret-SSp	‘23

The	Wald-Zoupas	prescription	solves	the	ambiguities	by	imposing	criteria	on	the	

symplectic	potential
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2 BMS ßux-balance laws

We assume that the reader has a certain familiarity with null inÞnity, and refer to the reviews in
[21, 22, 23, 9] for the necessary background. We use the conventions of [24], to which we refer for
further details. The Ashtekar-Streubel (AS) ßux for a BMS symmetry ! between two cross-sections
S1 and S2 of I is given by [5]

F AS
! = !

1
16"

! S2

S1

Nab#! $ab%I . (2.1)

Here $ab is the asymptotic shear, which can be assumed without loss of generality to refer to an a! ne
foliation of I , and then the news tensor isNab = 2£ n$ab ! &!ab"; n is the null tangent to I , and
&!ab" the trace-less part of GerochÕs tensor, which vanishes if the conformal frame is a round sphere,
also known as a Bondi frame. The explicit form of the BMS transformation#! $ab can be found in the
references, and will not be needed. The foliation induces a family of Lorentz subgroups of the BMS
group, one per cross-section. Picking an auxiliary 1-formla transverse ton and adapted to the leaves
of the a! ne foliation, we can parametrize! I= fn + Y , wherel áY = £ nY = 0 and £ nf = 1

2DaY a. Here
Y a is the Lorentz parameter, represented by a globally deÞned conformal Killing vector on the cross-
sections, and the time-independent part off , let us denote it T , is the super-translation parameter.
The cross-sections have the sphere topology, with time-independent metricqab, and we denoteDa its
covariant derivative and R its Ricci scalar. We can then write the charges on any cross section with
an adapted l as

QBMS
! =

1
8" G

"

S
(2fM " + Y aJa)%S, M " := M +

1
4

&ab$ab. (2.2)

They correspond to GerochÕs super-momentum [3] and to the Dray-Streubel Lorentz charges [6], as
proved in [5, 7]. The aspectsM and Ja can be written using a Newman-Penrose tetrad atI , see e.g.
[6, 24], as

M = !
#

' 2 + $ úø$ +
1
2

$
! 2ø$ ! cc

%
&

= ! Re(' 2 + $ úø$), (2.3)

and

maJa = !
#

' 1 + $! ø$ +
1
2

! ($ø$)
&

. (2.4)

Here$ := ! mama$ab and we are using conventions adapted to a mostly-plus metric signature, and the
shear and Weyl scalars refer to their leading-order asymptotics, but we omitted the apex0 typically
used to label them for ease of notation. It is also possible to write them in terms of tensors, see e.g.
[3, 9], or in terms of the metric components of an asymptotic expansion in Bondi coordinates, see e.g.
[25, 22, 24]. The link to Bondi coordinates can be made explicit choosing coordinatesxa = ( u, xA )
with u an a! ne parameter so that n I= ( u and l = ! du, then all tensors appearing in (2.2) have
vanishing u components, andf = T + u

2 DA Y A .
The original papers singled out the unique choices (2.1) and (2.2) by a series of physical require-

ments: they are conserved in non-radiative spacetimes; they vanish in Minkowski spacetime, for any
! and at any cut; they are covariant, namely independent of coordinate choices, as well as of other
background structures such as the choice of conformal factor and of foliation ofI .1 There were also
technical requirements, such as depending on a number of derivatives compatible with second order

1The only non-dynamical quantities they can depend on are the cross section S and the symmetry vector Þeld ! .
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The	Newman-Penrose	tetrad	is	fixed	requiring	

n	to	be	tangent	to	Scri	and	l	tangent	to	the	cut
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BMS	charges
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GBMS = SO(3, 1) ! ST

This	is	the	unique	set	of	charges	that	satisfies	the	3	criteria	of	Wald-Zoupas

0.	Being	associated	to	the	standard	Einstein-Hilbert	symplectic	2-form

1. Being	covariant

2. Being	conserved	when	the	Bondi	news	vanish



Horizon	charges
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Qc
! =

! " c
2

T! " + Y µ " µ + W (1 !
c
2

#! " )
#

$S

•Satisfy	flux-balance	laws	such	that	they	are	conserved	when	the	null	hypersurface	

is	shear	free	and	expansion	free

•Special	case	of	NEH:

•Weyl	charge	used	as	dynamical	entropy	(Hollands-Wald-Zhang	’24)
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GCFP = Di ! (S) ! ST ! W

For	a	general	null	hypersurface,	with	CFP	boundary	conditions:

Odak-Rignon-Bret-SSp	’23:	

There	is	a	one-parameter	family	of	charges,

correspondent	to	different	choices	of	polarizations	in	the	phase	space


•Dirichlet	polarization:	c=2

•York-type	conformal	polarization:	c=1

This	alternative	polarization	leads	to	a	positive-definite	flux	and	a	notion

of	dynamical	entropy	that	increases	only	during	collapse	(Rignon-Bret	’23)
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#
$S



This	property	is	guaranteed	by	Wald-Zoupas	covariance	(Rignon-Bret-SS	’24)	

Þeld equations, and be related to a choice of canonical symplectic form associated with the Einstein-
Hilbert Lagrangian. The later Wald-Zoupas insight [8] is that they are Noether charges for a speciÞc
choice of symplectic potential at I , given by

! BMS = !
1

16"
Nab#$ab%I , (2.5)

so that the integrand of the ßux (2.1) is the Noether current j ! = I ! ! BMS , and that they are related in
a precise sense to symmetry generators on a space-like hypersurface! intersecting I at S. Finally,
they provide a realization of the symmetry algebra in terms of the Barnich-Troessaert bracket [25] as

{ Q! , Q" } ! := #" Q! !
!

i " j ! ö= Q[! ," ]. (2.6)

This property can be explicitly checked [24], and shown to be a consequence of the covariance of
(2.5) and of the BMS boundary conditions [18]. It generalizes the standard Hamiltonian action of a
symmetry to dissipative situations with a non-zero current at the cross section, and reduces to it at
non-radiative cuts.

Let us now focus attention on the super-translation charges. Their ßux is

QBMS
T [S2] ! QBMS

T [S1] ö= !
1

32"

" #
T N abNab + 2N ab(DaDb +

1
2

&ab)T
$

%I . (2.7)

The Þrst is the Ôhard termÕ, squared in the news. The second is the Ôsoft termÕ, linear in the news.
It follows from the time-independence ofT and of the volume form that the soft term corresponds to
the displacement memory [26]

= !
1

8"

!
T %S, := ab

# ($ab !
u
2

&ab)
%
%S2

S1
. (2.8)

Here we introduced the short-hand notation #ab := D"aDb# + 1
2&"ab#. When acting on T, the four

zero modes of this operator deÞne global translations, which form an ideal of the BMS algebra, and
can be identiÞed with the Þrst four harmonicsl = (0 , 1) in Bondi frames. It follows that the soft term
vanishes for global translations, resulting in a Ôpurely hardÕ ßux. Furthermore, it is strictly negative for
a future-pointing global time translation: this is BondiÕs celebrated result proving that gravitational
waves dissipate energy.

Modifying the ßux-balance law so that it has a purely hard ßux for any T is at Þrst sight straight-
forward. Since the soft term is a total derivative in u, it is possible to reabsorb it in the left-hand side
of (2.7), and consider the charge

QM
T =

1
4"

!

S
T

&
M # +

1
2 #

ab($ab !
u
2

&"ab#)
'

%S. (2.9)

If we restrict this expression to a Bondi frame, we recognize the Moreschi mass

M M := M +
1
2

DaDb$ab = ! (' 2 + $ úø$ + ! 2ø$), (2.10)

that was proposed as a super-momentum charge in [27, 28]. The problem with this proposal is that
it is manifestly non-covariant. Adding GerochÕs tensor Þxes the limitation of the original expression
to Bondi frames and achieves full conformal invariance. However it is still foliation dependent, or

4

The	charges	so	constructed	provide	a	realization	of	the	symmetry	in	the	phase	space

For	instance	the	famous	field-dependent	2-cocycle	found	for	the	BMS	charge	algebra	in	

Barnich-Troessaert	’11	is	entirely	due	to	the	use	of	non	covariant	charges,	

and	can	be	removed	correcting	the	prescription

Charges	covariance



IV	-	Weaker	boundary	conditions

and	larger	symmetry	groups



Boundary	conditions	and	residual	diffeomorphisms

<latexit sha1_base64="TNEAsn3o1JgvOQf6r7vaXUCgcf0="></latexit>

I
<latexit sha1_base64="U7APbbP+/ybYxvejlfG9GNtpwOg="></latexit>

N
<latexit sha1_base64="ZugXuHc5asXbAUPlQdc+PaQR7kA="></latexit>

nµ
<latexit sha1_base64="97FzzabzFsHX+61f8MUtx/ite4g="> </latexit>

l µ

<latexit sha1_base64="CPervxSCQyCN6gdtGrjuOKkIdfM="></latexit>

! l µ

<latexit sha1_base64="QjUIJMtA9z5YhRryvN0IVPMWuDU="></latexit>

! lµ = 0

<latexit sha1_base64="dUqZ6nbrT7moR5HNWGCwdoTlrtQ="></latexit>

! l µ = 0
<latexit sha1_base64="7R4hYTVOZJY4NAtjrCjZskYNCEE="></latexit>

l ! ! gµ ! = 0 <latexit sha1_base64="BkC76M+vKgrAXj9bbovPyrus2/Y="></latexit>

n! ! gµ ! = 0

<latexit sha1_base64="gVaDfzhoYvSJAI85snGRED0hxvs="></latexit>

! k = 0

<latexit sha1_base64="jJ9z5+kDR0awApAZNUDkpek7/Mc="></latexit>

!
!

q = 0

<latexit sha1_base64="LT9BVm443ZxZU7dbF1dJ4qqXRxU="></latexit>

! qµ ! = 0

<latexit sha1_base64="ZugXuHc5asXbAUPlQdc+PaQR7kA="></latexit>

nµ

finite	distance null	infinity

<latexit sha1_base64="qrMqpvDQynvxscSGWkDkyP0JunM="></latexit>

! nµ = 0

<latexit sha1_base64="6vrfm06a0/Q70TcNSRB5wvxkaDw="></latexit>

! nµ = 0

<latexit sha1_base64="IcqYL3VajykXW2MXMf8ed2DzRgE="></latexit>

! ! = 0

<latexit sha1_base64="anqa5UPuZb+DPxn11oKDaUPGT2Y="></latexit>

nµ = ! µ !
<latexit sha1_base64="A1jf+M0fTdivp0ZY4kVwjuU0STk="></latexit>

l µ
N= ! N ! µ !

<latexit sha1_base64="bIrYZxLWngHWSCimNx1JvE1AEpM="></latexit>
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residual	diffeos

The extensionø! ! no longer depends onf , and is entirely determined by the parameters of the symmetry
vector Þelds atN . These vector Þelds close under the Lie bracket, and span the subgroup

Di! l (N ) := Di ! (S) ! Di! (R)S ! Di! (N ). (5.43)

This is the Ôlittle groupÕ of di! eomorphisms preserving the null geodesic congruence spanned byl
on N . The semi-direct product structure follows from (C.2), and it means in particular that the
identiÞcation of the group components with Y A and " is not canonical, but relies on the choice of
a" ne coordinates we made. This is a situation familiar from the BMS and CFP groups.

There is also another way to understand the importance of adding the condition#lµ
N= 0. Without

it, the four conditions (5.34) and (5.39) imply only three restrictions of the metric variations, because
varying f does not a! ect the metric. Therefore the residual di! eomorphisms (5.41) do not correspond
to a complete gauge Þxing like (2.29). Imposing#lµ

N= 0 turns the four conditions into four conditions
on the metric variations, given by:

#lµ = #lµ
N= 0 " lµ#gµ!

N= 0 . (5.44)

Notice that the last equation is class-III invariant, hence the symmetry group satisfying lµ#" gµ!
N= 0

depends only on the equivalence class of normals and not on a choice of representative. Di! eomor-
phisms preserving this condition satisfy lµ£ " gµ! = 0. In a " ne coordinates, and restricting ! to be
tangential, we get

! ! N= 0 , $! ! ! + $#! # N= 0 , $#! A N= 0 , (5.45)

that coincide with the restriction of (5.39) to #" f = 0. 19

Let us now see the e! ect of adding #k = 0 on top of the previous conditions. From (3.6) we have

#" k = #
1
2

nµ$ µ(l! l$£ " g!$ ) N= 0 . (5.46)

This equation involves the Þrst derivatives o! the hypersurface of the metric. What it does is to further
restrict the di ! eomorphisms to preserve the condition of a" ne coordinates, namely the metric in the
form (2.31), as opposed to the more general form (2.29). It is easy to see that in a" ne coordinates
the equation simpliÞes to

¬" = 0 . (5.47)

This means that we can write " = T(xA ) + %W (xA ) in terms of a supertranslation with parameter T
and a Weyl transformation with parameter W . We have thus recovered the symmetry group of [1],

GCFP := (Di ! (S) ! RS
W ) ! RS

T . (5.48)

We will refer to this group as CFP from the authors of [1]. An alternative good name is BMSW group.
Its vector Þelds read

! = T$# + Y A $A + W (%$# # # $! ) + . . . . (5.49)

in a" ne coordinates As for the anomaly, this is still given by (5.40), now

w" = T$# ln f + W (%$# ln f # 1) + Y A $A ln f. (5.50)

19 Notice that it is necessary to restrict upfront to tangential di ! eomorphisms, otherwise one obtains the larger set of
solutions with ! ! N= f (xA ). We also point out that the weaker set lµ " gµ ! = 0 misses #" ! µ + #! ! ! = 0, namely (5.37).
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Conclusions

Symmetries	of	black	hole	horizons,	of	quasi-local	horizons,	and	null	hypersurfaces	in	general,

can	be	studied	using	the	same	techniques	of	asymptotic	symmetries	like	ADM	and	BMS:

as	residual	diffeos	compatible	with	boundary	conditions,	or	equivalently	as	isometries

of	the	universal	structure

Ambiguities	in	the	Noether	charges	can	be	removed	insisting	on	(a	generalization	of)

the	Wald-Zoupas	prescription

Can	this	prescription	be	applied	to	celestial	symmetries?

NEHs	share	many	geometric	features	with	Scri,	but	a	completely	different	physics

•The	shared	features	explain	why	the	symmetry	groups	are	so	closely	related

•The	different	physics	is	encoded	in	the	dynamics

The	same	results	can	be	obtained	without	selecting	a	symplectic	potential,	

but	instead	equipping	the	phase	space	with	a	norm	(Ashtekar-SSp	’24)

(The	second	method	is	coordinate-independent	and	tends	to	give	easier	geometric	formulas)


The	number	of	symmetries	and	the	resulting	symmetry	groups	depends	on	the	boundary	cond.

Relaxing	too	much	the	b.c.	leads	to	charges	that	are	never	conserved	c	probably	not	useful



