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Goal
Recover x from y is generally an ill-posed inverse problem.
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 Mix model- and data-driven methods in 
various ways: e.g.

Learn the regularizer.
Plug-and-Play.
Unrolling.
Deep equilibrium.
Generative models.
etc.

An extremely active area, with extensive 
literature and reviews.
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<latexit sha1_base64="jj212L1CBH2bTtxwCYICAev36jk="></latexit>

Ly � F

Neural Network
<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u
<latexit sha1_base64="jUZoBTP38WD0/PcfZFnEN96sbX4="></latexit>x

<latexit sha1_base64="eSYSViyzoqsrnISmaS4LcezDACw="> </latexit>

⌫ = g(·,✓)#µ
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F
<latexit sha1_base64="f8/bLcBdFqTckUdlFwnLqLeVtoA="></latexit>y <latexit sha1_base64="0h4aNksOuA6bu+jOgyErXTvmm00="></latexit>"<latexit sha1_base64="Qs+NernQMRm6c1LMDJ1WMV2+xfE="></latexit>

x
<latexit sha1_base64="mUwfVDc2LmoJsVN2dehsIhHWrkE="></latexit>

(
<latexit sha1_base64="/ekPvPpgXJMnJ8kaEOVdKtVRLuI="></latexit>

)

<latexit sha1_base64="Qme2rIUm+bpqvJabFysSbYdGfQw="></latexit>

⌃ = {g(u,✓✓✓) : ✓✓✓ 2 ⇥}

<latexit sha1_base64="JWafUbLVYqOvgNYC/sJZo4R9c8E="></latexit>

min
✓✓✓2⇥

Ly(F(x✓✓✓)) s.t. x✓✓✓ 2 ⌃

<latexit sha1_base64="f/h6+ji3gtPHQhtF12DBAhcL31U="></latexit>

An unsupervised approach : generator from a latent variable u ⇠ µ.

Hope for NN to induce “implicit regularization” and produce meaningful content before overfitting.

A early stopping strategy for the NN to generate a vector close to x.

<latexit sha1_base64="xKX0vB7FDhc6+kQCJ+W+za9fRSk="></latexit>µ

<latexit sha1_base64="jj212L1CBH2bTtxwCYICAev36jk="></latexit>

Ly � F
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<latexit sha1_base64="eSYSViyzoqsrnISmaS4LcezDACw="> </latexit>
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min
✓✓✓2⇥

Ly(F(x✓✓✓)) s.t. x✓✓✓ 2 ⌃

<latexit sha1_base64="xKX0vB7FDhc6+kQCJ+W+za9fRSk="></latexit>µ

<latexit sha1_base64="jj212L1CBH2bTtxwCYICAev36jk="></latexit>

Ly � F

Neural Network
<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u
<latexit sha1_base64="jUZoBTP38WD0/PcfZFnEN96sbX4="></latexit>x

<latexit sha1_base64="eSYSViyzoqsrnISmaS4LcezDACw="> </latexit>

⌫ = g(·,✓)#µ

In the rest of the talk, linear forward operator
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Example: Image deblurring

9

<latexit sha1_base64="1yS7t3Q+NKIXVCLUgd9d1U8TJ6k="></latexit>

y = Ax+ "
<latexit sha1_base64="WFJsdEs8YAr7VTjcgvmRDwqUi9U="></latexit>

" ⇠ N (0, 502)

Early stopping
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Example: Normal integration

10

<latexit sha1_base64="cM+uxVZuK+D+A32jWaNUjhIVdhw="></latexit>

y = →di!x+ ω
<latexit sha1_base64="fq5xv+TQ9ehsyddZv0/pp2/4djw="></latexit>

ω → N (0, 1.5)
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DIP training with inertia

11

<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="bJiQ/F/zy9wuzzY1F7hf15Q01R4="></latexit>

min
✓✓✓2⇥

Ly(Ag(u,✓✓✓))
<latexit sha1_base64="gOMLPfcxfJkqZD1B/3NPRovFeWY="></latexit>

A 2 Rm⇥n
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="bJiQ/F/zy9wuzzY1F7hf15Q01R4="></latexit>

min
✓✓✓2⇥

Ly(Ag(u,✓✓✓))
<latexit sha1_base64="gOMLPfcxfJkqZD1B/3NPRovFeWY="></latexit>

A 2 Rm⇥n

<latexit sha1_base64="7ddqyx9gC9zgb8BFHRP3VerUDRY="></latexit>8
<

:
✓̈✓✓(t) + ↵✓̇✓✓(t) + � d

dtr✓✓✓Ly(Ag(u,✓✓✓(t))) +r✓✓✓Ly(Ag(u,✓✓✓(t))) = 0

✓✓✓(0) = ✓✓✓0, ✓̇✓✓(0) = 0.
<latexit sha1_base64="kSxf0lso1mZzcUXTOm4InkwyGxI="></latexit>8
<

:
⌘⌘⌘` = ✓✓✓` + (1� ↵

p
s`)(✓✓✓` � ✓✓✓`�1)� �

p
s` (r✓✓✓Ly(Ag(u,✓✓✓`))�r✓✓✓Ly(Ag(u,✓✓✓`�1))) ,

✓✓✓`+1 = ⌘⌘⌘` � s`r✓✓✓Ly(Ag(u,✓✓✓`)).

(ISEHD)

(IGAHD)
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="bJiQ/F/zy9wuzzY1F7hf15Q01R4="></latexit>

min
✓✓✓2⇥

Ly(Ag(u,✓✓✓))
<latexit sha1_base64="gOMLPfcxfJkqZD1B/3NPRovFeWY="></latexit>

A 2 Rm⇥n

<latexit sha1_base64="7ddqyx9gC9zgb8BFHRP3VerUDRY="></latexit>8
<

:
✓̈✓✓(t) + ↵✓̇✓✓(t) + � d

dtr✓✓✓Ly(Ag(u,✓✓✓(t))) +r✓✓✓Ly(Ag(u,✓✓✓(t))) = 0

✓✓✓(0) = ✓✓✓0, ✓̇✓✓(0) = 0.
<latexit sha1_base64="kSxf0lso1mZzcUXTOm4InkwyGxI="></latexit>8
<

:
⌘⌘⌘` = ✓✓✓` + (1� ↵

p
s`)(✓✓✓` � ✓✓✓`�1)� �

p
s` (r✓✓✓Ly(Ag(u,✓✓✓`))�r✓✓✓Ly(Ag(u,✓✓✓`�1))) ,

✓✓✓`+1 = ⌘⌘⌘` � s`r✓✓✓Ly(Ag(u,✓✓✓`)).

(ISEHD)

(IGAHD)

<latexit sha1_base64="XCyQSxts2DZ6WozhBgOpH609qrY="></latexit>

Recovery guarantees of DIP when optimized with inertial gradient descent in :

Observation space : convergence to zero-loss → implicit regularization.

Object space : restricted injectivity of the forward operator on !.

NN architecture : role of overparametrization.
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u
<latexit sha1_base64="jUZoBTP38WD0/PcfZFnEN96sbX4="></latexit>x

<latexit sha1_base64="eSYSViyzoqsrnISmaS4LcezDACw="> </latexit>

⌫ = g(·,✓)#µ

DIP recovery guarantees

Convergence Trap avoidance
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Inertial Systems with Hessian Damping

13

<latexit sha1_base64="1Z5ndOYQX48pgA3KZZaYLRM2L+E="></latexit>

min
x→Rd

f(x), f → C2(Rd), inf f > ↑↓.

<latexit sha1_base64="/9YXboc7MkVnulJQfA9NXNuo/c8="></latexit>

ẍ(t) + ω(t)ẋ(t) +→f(x(t)) = 0, t > t0, (IGSω )
<latexit sha1_base64="JY7Ur8qiBxzcUqB1A/i6R87fnsE="></latexit>

(IGSω)
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<latexit sha1_base64="1Z5ndOYQX48pgA3KZZaYLRM2L+E="></latexit>

min
x→Rd

f(x), f → C2(Rd), inf f > ↑↓.

<latexit sha1_base64="/9YXboc7MkVnulJQfA9NXNuo/c8="></latexit>

ẍ(t) + ω(t)ẋ(t) +→f(x(t)) = 0, t > t0, (IGSω )
<latexit sha1_base64="JY7Ur8qiBxzcUqB1A/i6R87fnsE="></latexit>

(IGSω)
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0

0.5

1

<latexit sha1_base64="6HaCZgjD1nTfc67ENSNmIKW0BLw="></latexit>

(ISEHD)

<latexit sha1_base64="JY7Ur8qiBxzcUqB1A/i6R87fnsE="></latexit>

(IGSω)
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<latexit sha1_base64="1Z5ndOYQX48pgA3KZZaYLRM2L+E="></latexit>

min
x→Rd

f(x), f → C2(Rd), inf f > ↑↓.

<latexit sha1_base64="/9YXboc7MkVnulJQfA9NXNuo/c8="></latexit>

ẍ(t) + ω(t)ẋ(t) +→f(x(t)) = 0, t > t0, (IGSω )
<latexit sha1_base64="JY7Ur8qiBxzcUqB1A/i6R87fnsE="></latexit>

(IGSω)
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<latexit sha1_base64="6HaCZgjD1nTfc67ENSNmIKW0BLw="></latexit>

(ISEHD)

<latexit sha1_base64="JY7Ur8qiBxzcUqB1A/i6R87fnsE="></latexit>

(IGSω)

Neutralize oscillations by geometric damping 
 

<latexit sha1_base64="LIPhNJcACUoPcivuQQiev8qD7DE="></latexit>

ẍ(t) + ω(t)ẋ(t) + ε(t)→2f(x(t))ẋ(t) +→f(x(t)) = 0 (ISEHD)
<latexit sha1_base64="P/4sDCnWR2Swc3Wa3Dm56+rjgaQ="></latexit>

(ISEHD)

Viscous 
damping

Geometric 
Hessian-driven 

damping
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<latexit sha1_base64="1Z5ndOYQX48pgA3KZZaYLRM2L+E="></latexit>

min
x→Rd

f(x), f → C2(Rd), inf f > ↑↓.

<latexit sha1_base64="1YQ3vcD6dxI1wOEvy8YwCmjI3HA="></latexit>

ẍ(t) + ω(t)ẋ(t) +→f(x(t) + ε(t)ẋ(t)) = 0
<latexit sha1_base64="H7c4wx+YekSFL2Y8vUxAKIev5kM="></latexit>

(ISIHD)

<latexit sha1_base64="/9YXboc7MkVnulJQfA9NXNuo/c8="></latexit>
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<latexit sha1_base64="LIPhNJcACUoPcivuQQiev8qD7DE="></latexit>

ẍ(t) + ω(t)ẋ(t) + ε(t)→2f(x(t))ẋ(t) +→f(x(t)) = 0 (ISEHD)
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(ISEHD)

Viscous 
damping

Geometric 
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Main results

For both systems: 
Convergence of the gradient to zero and convergence of the values.
Global convergence and rates of the trajectories to a critical point for 
“nice” functions.
Trap avoidance: generic convergence of the trajectory to a local 
minimum.

Same results for several discrete algorithms.

Results transfer to the DIP training.

14

<latexit sha1_base64="1Z5ndOYQX48pgA3KZZaYLRM2L+E="></latexit>

min
x→Rd

f(x), f → C2(Rd), inf f > ↑↓.

<latexit sha1_base64="LIPhNJcACUoPcivuQQiev8qD7DE="></latexit>

ẍ(t) + ω(t)ẋ(t) + ε(t)→2f(x(t))ẋ(t) +→f(x(t)) = 0 (ISEHD)
<latexit sha1_base64="P/4sDCnWR2Swc3Wa3Dm56+rjgaQ="></latexit>

(ISEHD)

<latexit sha1_base64="1YQ3vcD6dxI1wOEvy8YwCmjI3HA="></latexit>

ẍ(t) + ω(t)ẋ(t) +→f(x(t) + ε(t)ẋ(t)) = 0
<latexit sha1_base64="H7c4wx+YekSFL2Y8vUxAKIev5kM="></latexit>

(ISIHD)
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Trap avoidance: generic convergence of the trajectory to a local 
minimum.

Same results for several discrete algorithms.

Results transfer to the DIP training.
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<latexit sha1_base64="1Z5ndOYQX48pgA3KZZaYLRM2L+E="></latexit>

min
x→Rd

f(x), f → C2(Rd), inf f > ↑↓.

<latexit sha1_base64="LIPhNJcACUoPcivuQQiev8qD7DE="></latexit>

ẍ(t) + ω(t)ẋ(t) + ε(t)→2f(x(t))ẋ(t) +→f(x(t)) = 0 (ISEHD)
<latexit sha1_base64="P/4sDCnWR2Swc3Wa3Dm56+rjgaQ="></latexit>

(ISEHD)

<latexit sha1_base64="1YQ3vcD6dxI1wOEvy8YwCmjI3HA="></latexit>

ẍ(t) + ω(t)ẋ(t) +→f(x(t) + ε(t)ẋ(t)) = 0
<latexit sha1_base64="H7c4wx+YekSFL2Y8vUxAKIev5kM="></latexit>

(ISIHD)

In the rest of the talk, focus on (ISEHD) 
and its discrete version (IGAHD)
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<latexit sha1_base64="1Z5ndOYQX48pgA3KZZaYLRM2L+E="></latexit>

min
x→Rd

f(x), f → C2(Rd), inf f > ↑↓.

<latexit sha1_base64="LIPhNJcACUoPcivuQQiev8qD7DE="></latexit>

ẍ(t) + ω(t)ẋ(t) + ε(t)→2f(x(t))ẋ(t) +→f(x(t)) = 0 (ISEHD)
<latexit sha1_base64="P/4sDCnWR2Swc3Wa3Dm56+rjgaQ="></latexit>

(ISEHD)

<latexit sha1_base64="JFfmiLT5lm04w6jPlaLZ9jttZu0="></latexit>

xk+1 → 2xk + xk→1

h2
+ ω(kh)

xk+1 → xk

h
+ ε

↑f(xk)→↑f(xk→1)

h
+↑f(xk) = 0.

<latexit sha1_base64="9ubofE7bsGZzpg7d9DQZKGtBhHQ="></latexit>



yk = xk + ωk(xk → xk→1)→ εk(↑f(xk)→↑f(xk→1)),

xk+1 = yk → sk↑f(xk).

<latexit sha1_base64="KsJUAdl9GQFmr8EpIuFoi55Q7TY="></latexit>

ωk
def
= 1

1+ωkh
, εk

def
= ε(kh),ϑk

def
= ϑhωk, sk

def
= h2ωk.

<latexit sha1_base64="LwC1wtUqT1toTxjQNcT/AIPiPaY="></latexit>

(IGAHD)
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<latexit sha1_base64="1Z5ndOYQX48pgA3KZZaYLRM2L+E="></latexit>

min
x→Rd

f(x), f → C2(Rd), inf f > ↑↓.
<latexit sha1_base64="9ubofE7bsGZzpg7d9DQZKGtBhHQ="></latexit>



yk = xk + ωk(xk → xk→1)→ εk(↑f(xk)→↑f(xk→1)),

xk+1 = yk → sk↑f(xk).
<latexit sha1_base64="KsJUAdl9GQFmr8EpIuFoi55Q7TY="></latexit>

ωk
def
= 1

1+ωkh
, εk

def
= ε(kh),ϑk

def
= ϑhωk, sk

def
= h2ωk.

<latexit sha1_base64="LwC1wtUqT1toTxjQNcT/AIPiPaY="></latexit>

(IGAHD)

<latexit sha1_base64="AMdbxHUXnXWJgYCfNcdcUk0vFqE="></latexit>

Theorem Let f → C2(Rd) ↑ C1,1
L (Rd). Assume that h > 0, ω ↓ 0 and c ↔ εk ↔ C

for some c, C > 0.

(i) If ω+ h
2 < c

L , f is definable and (xk)k→N is bounded, then (↗xk+1↘xk↗)k→N →

ϑ1(N) and xk ≃ x↑ → Crit(f).

(ii) If f is !ojasiewicz with exponent q → [0, 1[, then

if q → [0, 1
2 ] then there exists ϖ →]0, 1[ such that

↗xk ↘ x↑↗ = O(ϖk).

If q →] 12 , 1[ then
↗xk ↘ x↑↗ = O

(
k↓

1→q
2q→1

)
.
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u
<latexit sha1_base64="jUZoBTP38WD0/PcfZFnEN96sbX4="></latexit>x

<latexit sha1_base64="eSYSViyzoqsrnISmaS4LcezDACw="> </latexit>

⌫ = g(·,✓)#µ

DIP recovery guarantees Conclusion

Convergence Trap avoidance
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<latexit sha1_base64="t/t8oOHf5sROhJ29hdx8itRpjH0="></latexit>

Definition We will say that x̂ is a strict saddle point of f → C2(Rd) if x̂ → Crit(f)

and ωmin(↑2f(x̂)) < 0.
f → C2(Rd) has the strict saddle property if every critical point is either a local mini-
mum or a strict saddle, i.e., no flat saddle points.
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<latexit sha1_base64="t/t8oOHf5sROhJ29hdx8itRpjH0="></latexit>

Definition We will say that x̂ is a strict saddle point of f → C2(Rd) if x̂ → Crit(f)

and ωmin(↑2f(x̂)) < 0.
f → C2(Rd) has the strict saddle property if every critical point is either a local mini-
mum or a strict saddle, i.e., no flat saddle points.

This property is generic over the space of  (Morse) functions.C2
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<latexit sha1_base64="1Z5ndOYQX48pgA3KZZaYLRM2L+E="></latexit>

min
x→Rd

f(x), f → C2(Rd), inf f > ↑↓.
<latexit sha1_base64="9ubofE7bsGZzpg7d9DQZKGtBhHQ="></latexit>



yk = xk + ωk(xk → xk→1)→ εk(↑f(xk)→↑f(xk→1)),

xk+1 = yk → sk↑f(xk).
<latexit sha1_base64="KsJUAdl9GQFmr8EpIuFoi55Q7TY="></latexit>

ωk
def
= 1

1+ωkh
, εk

def
= ε(kh),ϑk

def
= ϑhωk, sk

def
= h2ωk.

<latexit sha1_base64="rGH92vb5Kw6C6owfyNRGmp0GNlY="></latexit>

Theorem Let f → C2(Rd)↑C1,1
L (Rd) be a definable function. Assume that ωk ↓ c >

0, 0 < ε < c
L ,ε ↔= 1

c , and h < min(2
(
c
L ↗ ε

)
, 1
Lω ), then for almost all x0, x1 → Rd,

xk converges to a critical point of f that is not a strict saddle. Consequently, if f
satisfies the strict saddle property then for almost all x0, x1 → Rd, xk converges to a
local minimum of f .
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<latexit sha1_base64="1Z5ndOYQX48pgA3KZZaYLRM2L+E="></latexit>
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<latexit sha1_base64="9ubofE7bsGZzpg7d9DQZKGtBhHQ="></latexit>
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u
<latexit sha1_base64="bJiQ/F/zy9wuzzY1F7hf15Q01R4="></latexit>

min
✓✓✓2⇥

Ly(Ag(u,✓✓✓))

<latexit sha1_base64="gOMLPfcxfJkqZD1B/3NPRovFeWY="></latexit>

A 2 Rm⇥n
<latexit sha1_base64="8YfxZHDK+HudMHS3MMVYsegD3kE="></latexit>

y = Ax+ ω
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u
<latexit sha1_base64="bJiQ/F/zy9wuzzY1F7hf15Q01R4="></latexit>

min
✓✓✓2⇥

Ly(Ag(u,✓✓✓))

<latexit sha1_base64="gOMLPfcxfJkqZD1B/3NPRovFeWY="></latexit>

A 2 Rm⇥n

<latexit sha1_base64="7ddqyx9gC9zgb8BFHRP3VerUDRY="></latexit>8
<

:
✓̈✓✓(t) + ↵✓̇✓✓(t) + � d

dtr✓✓✓Ly(Ag(u,✓✓✓(t))) +r✓✓✓Ly(Ag(u,✓✓✓(t))) = 0

✓✓✓(0) = ✓✓✓0, ✓̇✓✓(0) = 0.
(ISEHD)

(IGAHD)

<latexit sha1_base64="ni0rMIPuOpIKCg727PVyFLrtcNg="></latexit>



ωωωω = εεεω + ϑsω(εεεω → εεεω→1)→ ϖs2ω (↑εεεLy(Ag(u,εεεω))→↑εεεLy(Ag(u,εεεω→1))) ,

εεεω+1 = ωωωω → sω↑εεεLy(Ag(u,εεεω)).

<latexit sha1_base64="8YfxZHDK+HudMHS3MMVYsegD3kE="></latexit>

y = Ax+ ω
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Assumptions
<latexit sha1_base64="YVlrQVNpKhfHowM0UaZXkkrsYyA="></latexit>

Ly : quadratic loss.
ω → C1(R) and ↑B > 0 such that supx→R |ω↑(x)| ↓ B and ω↑ is B-Lipschitz continuous.

<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u
<latexit sha1_base64="bJiQ/F/zy9wuzzY1F7hf15Q01R4="></latexit>

min
✓✓✓2⇥

Ly(Ag(u,✓✓✓))

<latexit sha1_base64="gOMLPfcxfJkqZD1B/3NPRovFeWY="></latexit>

A 2 Rm⇥n
<latexit sha1_base64="8YfxZHDK+HudMHS3MMVYsegD3kE="></latexit>

y = Ax+ ω
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Assumptions
<latexit sha1_base64="YVlrQVNpKhfHowM0UaZXkkrsYyA="></latexit>

Ly : quadratic loss.
ω → C1(R) and ↑B > 0 such that supx→R |ω↑(x)| ↓ B and ω↑ is B-Lipschitz continuous.

Goal
<latexit sha1_base64="KuUYD9vbKbnKQn1okc56DLnTMj4="></latexit>

Recovery guarantees of DIP when optimized with inertial methods in :

Observation (y) space : convergence to zero-loss → implicit regularization.

Object (x) space : restricted injectivity of the forward operator on !.

NN architecture : role of overparametrization.

<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u
<latexit sha1_base64="bJiQ/F/zy9wuzzY1F7hf15Q01R4="></latexit>

min
✓✓✓2⇥

Ly(Ag(u,✓✓✓))

<latexit sha1_base64="gOMLPfcxfJkqZD1B/3NPRovFeWY="></latexit>

A 2 Rm⇥n
<latexit sha1_base64="8YfxZHDK+HudMHS3MMVYsegD3kE="></latexit>

y = Ax+ ω
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(ISEHD)
<latexit sha1_base64="0UarpjuSOijLsYeQbuN82JIN90Y="></latexit>

ω̈ωω(t) + εω̇ωω(t) + ϑ
d

dt
→ωωωLy(Ag(u,ωωω(t))) +→ωωωLy(Ag(u,ωωω(t))) = 0

<latexit sha1_base64="8YfxZHDK+HudMHS3MMVYsegD3kE="></latexit>

y = Ax+ ω
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<latexit sha1_base64="Oz+1VTAy8mQoZV3+ZCiV7aRhRSw="></latexit>

�A
def
= inf

z2Ker(A)?
kAzk / kzk > 0.

(ISEHD)
<latexit sha1_base64="0UarpjuSOijLsYeQbuN82JIN90Y="></latexit>
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dt
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<latexit sha1_base64="Oz+1VTAy8mQoZV3+ZCiV7aRhRSw="></latexit>

�A
def
= inf

z2Ker(A)?
kAzk / kzk > 0.

<latexit sha1_base64="Se0TjEIKloN0A3Szw98XirKeJug="></latexit>

Theorem Let ωωω(·) be a solution trajectory of (ISEHD) with ε = ϑmin(Jg(0))ϑA and ϖ = 1
2ω where the initialization

ωωω0 is such that ϑmin(Jg(0)) > 0 and R→ < R,

where R→
and R obey

R→ = ϱ
√

ςLy(y(0)) and R =
ϑmin(Jg(0))

2LipB(εεε0,R)(Jg)

with

ς = 1 +
φ(Jg(0))2φ(A)2

4
and ϱ =

4max
(
ϑmin(Jg(0))ϑA, 1+

↑
2

2

)

min
(
ϑmin(Jg(0))2ϑ2

A, 3
4

) .

Then, the following holds :

(i) the loss converges to 0 at the rate

Ly(y(t)) → ςLy(y(0)) exp

(
↑ϑmin(Jg(0))ϑA

2
t

)
.

Moreover, ωωω(t) converges to a global minimizer ωωω↓ at the rate

↓ωωω(t)↑ ωωω↓↓ → ϱ
√

ςLy(y(0)) exp

(
↑ϑmin(Jg(0))ϑA

4
t

)
.

(ii) We have

↓y(t)↑ y↓ → 2 ↓↼↓ when t ↔ 4

ϑmin(Jg(0))ϑA
ln

(√
2ςLy(y(0))

↓↼↓

)

(ISEHD)
<latexit sha1_base64="0UarpjuSOijLsYeQbuN82JIN90Y="></latexit>
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d

dt
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<latexit sha1_base64="8YfxZHDK+HudMHS3MMVYsegD3kE="></latexit>
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<latexit sha1_base64="Oz+1VTAy8mQoZV3+ZCiV7aRhRSw="></latexit>

�A
def
= inf

z2Ker(A)?
kAzk / kzk > 0.

Non-degenerate 
initialization
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�A
def
= inf

z2Ker(A)?
kAzk / kzk > 0.

Non-degenerate 
initialization

Trajectory close
to initialization
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↓ωωω(t)↑ ωωω↓↓ → ϱ
√

ςLy(y(0)) exp

(
↑ϑmin(Jg(0))ϑA

4
t

)
.

(ii) We have

↓y(t)↑ y↓ → 2 ↓↼↓ when t ↔ 4

ϑmin(Jg(0))ϑA
ln

(√
2ςLy(y(0))

↓↼↓

)

(ISEHD)
<latexit sha1_base64="0UarpjuSOijLsYeQbuN82JIN90Y="></latexit>

ω̈ωω(t) + εω̇ωω(t) + ϑ
d

dt
→ωωωLy(Ag(u,ωωω(t))) +→ωωωLy(Ag(u,ωωω(t))) = 0

<latexit sha1_base64="8YfxZHDK+HudMHS3MMVYsegD3kE="></latexit>

y = Ax+ ω
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<latexit sha1_base64="Oz+1VTAy8mQoZV3+ZCiV7aRhRSw="></latexit>

�A
def
= inf

z2Ker(A)?
kAzk / kzk > 0.

Non-degenerate 
initialization

Trajectory close
to initialization

<latexit sha1_base64="Se0TjEIKloN0A3Szw98XirKeJug="></latexit>

Theorem Let ωωω(·) be a solution trajectory of (ISEHD) with ε = ϑmin(Jg(0))ϑA and ϖ = 1
2ω where the initialization

ωωω0 is such that ϑmin(Jg(0)) > 0 and R→ < R,

where R→
and R obey

R→ = ϱ
√

ςLy(y(0)) and R =
ϑmin(Jg(0))

2LipB(εεε0,R)(Jg)

with

ς = 1 +
φ(Jg(0))2φ(A)2

4
and ϱ =

4max
(
ϑmin(Jg(0))ϑA, 1+

↑
2

2

)

min
(
ϑmin(Jg(0))2ϑ2

A, 3
4

) .

Then, the following holds :

(i) the loss converges to 0 at the rate

Ly(y(t)) → ςLy(y(0)) exp

(
↑ϑmin(Jg(0))ϑA

2
t

)
.

Moreover, ωωω(t) converges to a global minimizer ωωω↓ at the rate

↓ωωω(t)↑ ωωω↓↓ → ϱ
√

ςLy(y(0)) exp

(
↑ϑmin(Jg(0))ϑA

4
t

)
.

(ii) We have

↓y(t)↑ y↓ → 2 ↓↼↓ when t ↔ 4

ϑmin(Jg(0))ϑA
ln

(√
2ςLy(y(0))

↓↼↓

)

Implicit regularization 
Stable recovery by early stopping

(ISEHD)
<latexit sha1_base64="0UarpjuSOijLsYeQbuN82JIN90Y="></latexit>

ω̈ωω(t) + εω̇ωω(t) + ϑ
d

dt
→ωωωLy(Ag(u,ωωω(t))) +→ωωωLy(Ag(u,ωωω(t))) = 0

<latexit sha1_base64="8YfxZHDK+HudMHS3MMVYsegD3kE="></latexit>

y = Ax+ ω
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<latexit sha1_base64="d6l3orMCqfvMuUtNuukcdsra2EM="></latexit>

T⌃(x) = conv (R+(⌃� x))

<latexit sha1_base64="Qme2rIUm+bpqvJabFysSbYdGfQw="></latexit>

⌃ = {g(u,✓✓✓) : ✓✓✓ 2 ⇥}
<latexit sha1_base64="KCquviSaHeNl0WomiqmrHY+DLpw="> </latexit>

�A = inf
z2Ker(A)?

kAzk / kzk > 0.

<latexit sha1_base64="oHKkzfLmRB2aS0Mb6m71ruvAfKI="> </latexit>

�min(A;T⌃(x)) = inf{kAzk / kzk : z 2 T⌃(x⌃)}.

<latexit sha1_base64="tFKTIUHL76rNWNCDmc10byJ5CK0="></latexit>

T⌃(x)
<latexit sha1_base64="PugBjYI65iMNDYQHvP1ebNnHEW0="></latexit>x

<latexit sha1_base64="dc6ZnNhYpBqr/cZh9QCOfr+s4l8="></latexit>

⌃
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<latexit sha1_base64="d6l3orMCqfvMuUtNuukcdsra2EM="></latexit>

T⌃(x) = conv (R+(⌃� x))

<latexit sha1_base64="Qme2rIUm+bpqvJabFysSbYdGfQw="></latexit>

⌃ = {g(u,✓✓✓) : ✓✓✓ 2 ⇥}
<latexit sha1_base64="KCquviSaHeNl0WomiqmrHY+DLpw="> </latexit>

�A = inf
z2Ker(A)?

kAzk / kzk > 0.

<latexit sha1_base64="oHKkzfLmRB2aS0Mb6m71ruvAfKI="> </latexit>

�min(A;T⌃(x)) = inf{kAzk / kzk : z 2 T⌃(x⌃)}.

<latexit sha1_base64="tFKTIUHL76rNWNCDmc10byJ5CK0="></latexit>

T⌃(x)
<latexit sha1_base64="PugBjYI65iMNDYQHvP1ebNnHEW0="></latexit>x

<latexit sha1_base64="dc6ZnNhYpBqr/cZh9QCOfr+s4l8="></latexit>

⌃
<latexit sha1_base64="WGBtd2MvJSbKeG2QnGU3jslmUUo="></latexit>

Theorem Assume the same assumptions on the parameters and initialization as above. If, moreover,

ker (A) → T!→(x!→) = {0} with !→ def
= !BR→+↑ωωω0↑ ,

then

↑x(t)↓ x↑ ↔

√
2ωLy(y(0)) exp

(
↓ωmin(Jg(0))ωA

4 t
)

εmin(A;T!→(x!→))
+

(
1 +

↑A↑
εmin(A;T!→(x!→))

)
dist(x,!→)+

↑ϑ↑
εmin(A;T!→(x!→))

.
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Restricted Injectivity
Condition (RIC)

<latexit sha1_base64="d6l3orMCqfvMuUtNuukcdsra2EM="></latexit>

T⌃(x) = conv (R+(⌃� x))

<latexit sha1_base64="Qme2rIUm+bpqvJabFysSbYdGfQw="></latexit>

⌃ = {g(u,✓✓✓) : ✓✓✓ 2 ⇥}
<latexit sha1_base64="KCquviSaHeNl0WomiqmrHY+DLpw="> </latexit>

�A = inf
z2Ker(A)?

kAzk / kzk > 0.

<latexit sha1_base64="oHKkzfLmRB2aS0Mb6m71ruvAfKI="> </latexit>

�min(A;T⌃(x)) = inf{kAzk / kzk : z 2 T⌃(x⌃)}.

<latexit sha1_base64="tFKTIUHL76rNWNCDmc10byJ5CK0="></latexit>

T⌃(x)
<latexit sha1_base64="PugBjYI65iMNDYQHvP1ebNnHEW0="></latexit>x

<latexit sha1_base64="dc6ZnNhYpBqr/cZh9QCOfr+s4l8="></latexit>

⌃
<latexit sha1_base64="WGBtd2MvJSbKeG2QnGU3jslmUUo="></latexit>

Theorem Assume the same assumptions on the parameters and initialization as above. If, moreover,

ker (A) → T!→(x!→) = {0} with !→ def
= !BR→+↑ωωω0↑ ,

then

↑x(t)↓ x↑ ↔

√
2ωLy(y(0)) exp

(
↓ωmin(Jg(0))ωA

4 t
)

εmin(A;T!→(x!→))
+

(
1 +

↑A↑
εmin(A;T!→(x!→))

)
dist(x,!→)+

↑ϑ↑
εmin(A;T!→(x!→))

.
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Restricted Injectivity
Condition (RIC)

Optimization error

<latexit sha1_base64="d6l3orMCqfvMuUtNuukcdsra2EM="></latexit>

T⌃(x) = conv (R+(⌃� x))

<latexit sha1_base64="Qme2rIUm+bpqvJabFysSbYdGfQw="></latexit>

⌃ = {g(u,✓✓✓) : ✓✓✓ 2 ⇥}
<latexit sha1_base64="KCquviSaHeNl0WomiqmrHY+DLpw="> </latexit>

�A = inf
z2Ker(A)?

kAzk / kzk > 0.

<latexit sha1_base64="oHKkzfLmRB2aS0Mb6m71ruvAfKI="> </latexit>

�min(A;T⌃(x)) = inf{kAzk / kzk : z 2 T⌃(x⌃)}.

<latexit sha1_base64="tFKTIUHL76rNWNCDmc10byJ5CK0="></latexit>

T⌃(x)
<latexit sha1_base64="PugBjYI65iMNDYQHvP1ebNnHEW0="></latexit>x

<latexit sha1_base64="dc6ZnNhYpBqr/cZh9QCOfr+s4l8="></latexit>

⌃
<latexit sha1_base64="WGBtd2MvJSbKeG2QnGU3jslmUUo="></latexit>

Theorem Assume the same assumptions on the parameters and initialization as above. If, moreover,

ker (A) → T!→(x!→) = {0} with !→ def
= !BR→+↑ωωω0↑ ,

then

↑x(t)↓ x↑ ↔

√
2ωLy(y(0)) exp

(
↓ωmin(Jg(0))ωA

4 t
)

εmin(A;T!→(x!→))
+

(
1 +

↑A↑
εmin(A;T!→(x!→))

)
dist(x,!→)+

↑ϑ↑
εmin(A;T!→(x!→))

.
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Restricted Injectivity
Condition (RIC)

Approximation errorOptimization error

<latexit sha1_base64="d6l3orMCqfvMuUtNuukcdsra2EM="></latexit>

T⌃(x) = conv (R+(⌃� x))

<latexit sha1_base64="Qme2rIUm+bpqvJabFysSbYdGfQw="></latexit>

⌃ = {g(u,✓✓✓) : ✓✓✓ 2 ⇥}
<latexit sha1_base64="KCquviSaHeNl0WomiqmrHY+DLpw="> </latexit>

�A = inf
z2Ker(A)?

kAzk / kzk > 0.

<latexit sha1_base64="oHKkzfLmRB2aS0Mb6m71ruvAfKI="> </latexit>

�min(A;T⌃(x)) = inf{kAzk / kzk : z 2 T⌃(x⌃)}.

<latexit sha1_base64="tFKTIUHL76rNWNCDmc10byJ5CK0="></latexit>

T⌃(x)
<latexit sha1_base64="PugBjYI65iMNDYQHvP1ebNnHEW0="></latexit>x

<latexit sha1_base64="dc6ZnNhYpBqr/cZh9QCOfr+s4l8="></latexit>

⌃
<latexit sha1_base64="WGBtd2MvJSbKeG2QnGU3jslmUUo="></latexit>

Theorem Assume the same assumptions on the parameters and initialization as above. If, moreover,

ker (A) → T!→(x!→) = {0} with !→ def
= !BR→+↑ωωω0↑ ,

then

↑x(t)↓ x↑ ↔

√
2ωLy(y(0)) exp

(
↓ωmin(Jg(0))ωA

4 t
)

εmin(A;T!→(x!→))
+

(
1 +

↑A↑
εmin(A;T!→(x!→))

)
dist(x,!→)+

↑ϑ↑
εmin(A;T!→(x!→))

.



TTW’25-

Recovery guarantees: x space

24

Restricted Injectivity
Condition (RIC)

Approximation errorOptimization error Noise error

<latexit sha1_base64="d6l3orMCqfvMuUtNuukcdsra2EM="></latexit>

T⌃(x) = conv (R+(⌃� x))

<latexit sha1_base64="Qme2rIUm+bpqvJabFysSbYdGfQw="></latexit>

⌃ = {g(u,✓✓✓) : ✓✓✓ 2 ⇥}
<latexit sha1_base64="KCquviSaHeNl0WomiqmrHY+DLpw="> </latexit>

�A = inf
z2Ker(A)?

kAzk / kzk > 0.

<latexit sha1_base64="oHKkzfLmRB2aS0Mb6m71ruvAfKI="> </latexit>

�min(A;T⌃(x)) = inf{kAzk / kzk : z 2 T⌃(x⌃)}.

<latexit sha1_base64="tFKTIUHL76rNWNCDmc10byJ5CK0="></latexit>

T⌃(x)
<latexit sha1_base64="PugBjYI65iMNDYQHvP1ebNnHEW0="></latexit>x

<latexit sha1_base64="dc6ZnNhYpBqr/cZh9QCOfr+s4l8="></latexit>

⌃
<latexit sha1_base64="WGBtd2MvJSbKeG2QnGU3jslmUUo="></latexit>

Theorem Assume the same assumptions on the parameters and initialization as above. If, moreover,

ker (A) → T!→(x!→) = {0} with !→ def
= !BR→+↑ωωω0↑ ,

then

↑x(t)↓ x↑ ↔

√
2ωLy(y(0)) exp

(
↓ωmin(Jg(0))ωA

4 t
)

εmin(A;T!→(x!→))
+

(
1 +

↑A↑
εmin(A;T!→(x!→))

)
dist(x,!→)+

↑ϑ↑
εmin(A;T!→(x!→))

.
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Restricted Injectivity
Condition (RIC)

Approximation errorOptimization error Noise error

Sample bounds for  can be given in a compressed sensing 
framework via the Gaussian width of the tangent cone.

λmin

<latexit sha1_base64="d6l3orMCqfvMuUtNuukcdsra2EM="></latexit>

T⌃(x) = conv (R+(⌃� x))

<latexit sha1_base64="Qme2rIUm+bpqvJabFysSbYdGfQw="></latexit>

⌃ = {g(u,✓✓✓) : ✓✓✓ 2 ⇥}
<latexit sha1_base64="KCquviSaHeNl0WomiqmrHY+DLpw="> </latexit>

�A = inf
z2Ker(A)?

kAzk / kzk > 0.

<latexit sha1_base64="oHKkzfLmRB2aS0Mb6m71ruvAfKI="> </latexit>

�min(A;T⌃(x)) = inf{kAzk / kzk : z 2 T⌃(x⌃)}.

<latexit sha1_base64="tFKTIUHL76rNWNCDmc10byJ5CK0="></latexit>

T⌃(x)
<latexit sha1_base64="PugBjYI65iMNDYQHvP1ebNnHEW0="></latexit>x

<latexit sha1_base64="dc6ZnNhYpBqr/cZh9QCOfr+s4l8="></latexit>

⌃
<latexit sha1_base64="WGBtd2MvJSbKeG2QnGU3jslmUUo="></latexit>

Theorem Assume the same assumptions on the parameters and initialization as above. If, moreover,

ker (A) → T!→(x!→) = {0} with !→ def
= !BR→+↑ωωω0↑ ,

then

↑x(t)↓ x↑ ↔

√
2ωLy(y(0)) exp

(
↓ωmin(Jg(0))ωA

4 t
)

εmin(A;T!→(x!→))
+

(
1 +

↑A↑
εmin(A;T!→(x!→))

)
dist(x,!→)+

↑ϑ↑
εmin(A;T!→(x!→))

.
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Restricted Injectivity
Condition (RIC)

Approximation errorOptimization error Noise error

Sample bounds for  can be given in a compressed sensing 
framework via the Gaussian width of the tangent cone.

λmin

Trade-off between the expressivity of the model and the RIC.

<latexit sha1_base64="d6l3orMCqfvMuUtNuukcdsra2EM="></latexit>

T⌃(x) = conv (R+(⌃� x))

<latexit sha1_base64="Qme2rIUm+bpqvJabFysSbYdGfQw="></latexit>

⌃ = {g(u,✓✓✓) : ✓✓✓ 2 ⇥}
<latexit sha1_base64="KCquviSaHeNl0WomiqmrHY+DLpw="> </latexit>

�A = inf
z2Ker(A)?

kAzk / kzk > 0.

<latexit sha1_base64="oHKkzfLmRB2aS0Mb6m71ruvAfKI="> </latexit>

�min(A;T⌃(x)) = inf{kAzk / kzk : z 2 T⌃(x⌃)}.

<latexit sha1_base64="tFKTIUHL76rNWNCDmc10byJ5CK0="></latexit>

T⌃(x)
<latexit sha1_base64="PugBjYI65iMNDYQHvP1ebNnHEW0="></latexit>x

<latexit sha1_base64="dc6ZnNhYpBqr/cZh9QCOfr+s4l8="></latexit>

⌃
<latexit sha1_base64="WGBtd2MvJSbKeG2QnGU3jslmUUo="></latexit>

Theorem Assume the same assumptions on the parameters and initialization as above. If, moreover,

ker (A) → T!→(x!→) = {0} with !→ def
= !BR→+↑ωωω0↑ ,

then

↑x(t)↓ x↑ ↔

√
2ωLy(y(0)) exp

(
↓ωmin(Jg(0))ωA

4 t
)

εmin(A;T!→(x!→))
+

(
1 +

↑A↑
εmin(A;T!→(x!→))

)
dist(x,!→)+

↑ϑ↑
εmin(A;T!→(x!→))

.
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Restricted Injectivity
Condition (RIC)

Approximation errorOptimization error Noise error

Sample bounds for  can be given in a compressed sensing 
framework via the Gaussian width of the tangent cone.

λmin

Trade-off between the expressivity of the model and the RIC.

<latexit sha1_base64="d6l3orMCqfvMuUtNuukcdsra2EM="></latexit>

T⌃(x) = conv (R+(⌃� x))

<latexit sha1_base64="Qme2rIUm+bpqvJabFysSbYdGfQw="></latexit>

⌃ = {g(u,✓✓✓) : ✓✓✓ 2 ⇥}
<latexit sha1_base64="KCquviSaHeNl0WomiqmrHY+DLpw="> </latexit>

�A = inf
z2Ker(A)?

kAzk / kzk > 0.

<latexit sha1_base64="oHKkzfLmRB2aS0Mb6m71ruvAfKI="> </latexit>

�min(A;T⌃(x)) = inf{kAzk / kzk : z 2 T⌃(x⌃)}.

<latexit sha1_base64="tFKTIUHL76rNWNCDmc10byJ5CK0="></latexit>

T⌃(x)
<latexit sha1_base64="PugBjYI65iMNDYQHvP1ebNnHEW0="></latexit>x

<latexit sha1_base64="dc6ZnNhYpBqr/cZh9QCOfr+s4l8="></latexit>

⌃
<latexit sha1_base64="WGBtd2MvJSbKeG2QnGU3jslmUUo="></latexit>

Theorem Assume the same assumptions on the parameters and initialization as above. If, moreover,

ker (A) → T!→(x!→) = {0} with !→ def
= !BR→+↑ωωω0↑ ,

then

↑x(t)↓ x↑ ↔

√
2ωLy(y(0)) exp

(
↓ωmin(Jg(0))ωA

4 t
)

εmin(A;T!→(x!→))
+

(
1 +

↑A↑
εmin(A;T!→(x!→))

)
dist(x,!→)+

↑ϑ↑
εmin(A;T!→(x!→))

.

<latexit sha1_base64="SbFPfY6Tz6f0tUsuU/EIq/eRYdw="></latexit>

Optimization error of GF : O
(
exp

(
→ωmin(Jg(0))

2ω2
A

4 t

))
.

Optimization error of ISEHD : O
(
exp

(
→ωmin(Jg(0))ωA

4 t

))
.
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="bJiQ/F/zy9wuzzY1F7hf15Q01R4="></latexit>

min
✓✓✓2⇥

Ly(Ag(u,✓✓✓))
<latexit sha1_base64="gOMLPfcxfJkqZD1B/3NPRovFeWY="></latexit>

A 2 Rm⇥n

etc.

Non-degenerate 
initialization

(ISEHD)
<latexit sha1_base64="0UarpjuSOijLsYeQbuN82JIN90Y="></latexit>

ω̈ωω(t) + εω̇ωω(t) + ϑ
d

dt
→ωωωLy(Ag(u,ωωω(t))) +→ωωωLy(Ag(u,ωωω(t))) = 0

<latexit sha1_base64="ek/Y3i21xQ0nLPgnl7LSpJWm2lY="></latexit>

Theorem Let ωωω(·) be a solution trajectory of (ISEHD) with ε = ϑmin(Jg(0))ϑA and ϖ = 1
2ω where the initialization

ωωω0 is such that ϑmin(Jg(0)) > 0 and R→ < R,

where R→
and R obey

R→ = ϱ
√

ςLy(y(0)) and R =
ϑmin(Jg(0))

2LipB(εεε0,R)(Jg)
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Non-degenerate initialization

25

<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="bJiQ/F/zy9wuzzY1F7hf15Q01R4="></latexit>

min
✓✓✓2⇥

Ly(Ag(u,✓✓✓))
<latexit sha1_base64="gOMLPfcxfJkqZD1B/3NPRovFeWY="></latexit>

A 2 Rm⇥n

etc.

Non-degenerate 
initialization

How to ensure this ?

(ISEHD)
<latexit sha1_base64="0UarpjuSOijLsYeQbuN82JIN90Y="></latexit>

ω̈ωω(t) + εω̇ωω(t) + ϑ
d

dt
→ωωωLy(Ag(u,ωωω(t))) +→ωωωLy(Ag(u,ωωω(t))) = 0

<latexit sha1_base64="ek/Y3i21xQ0nLPgnl7LSpJWm2lY="></latexit>

Theorem Let ωωω(·) be a solution trajectory of (ISEHD) with ε = ϑmin(Jg(0))ϑA and ϖ = 1
2ω where the initialization

ωωω0 is such that ϑmin(Jg(0)) > 0 and R→ < R,

where R→
and R obey

R→ = ϱ
√

ςLy(y(0)) and R =
ϑmin(Jg(0))

2LipB(εεε0,R)(Jg)



TTW’25-

Non-degenerate initialization

25

<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="bJiQ/F/zy9wuzzY1F7hf15Q01R4="></latexit>

min
✓✓✓2⇥

Ly(Ag(u,✓✓✓))
<latexit sha1_base64="gOMLPfcxfJkqZD1B/3NPRovFeWY="></latexit>

A 2 Rm⇥n

etc.

Non-degenerate 
initialization

How to ensure this ?

The role of overparametrization

(ISEHD)
<latexit sha1_base64="0UarpjuSOijLsYeQbuN82JIN90Y="></latexit>

ω̈ωω(t) + εω̇ωω(t) + ϑ
d

dt
→ωωωLy(Ag(u,ωωω(t))) +→ωωωLy(Ag(u,ωωω(t))) = 0

<latexit sha1_base64="ek/Y3i21xQ0nLPgnl7LSpJWm2lY="></latexit>

Theorem Let ωωω(·) be a solution trajectory of (ISEHD) with ε = ϑmin(Jg(0))ϑA and ϖ = 1
2ω where the initialization

ωωω0 is such that ϑmin(Jg(0)) > 0 and R→ < R,

where R→
and R obey

R→ = ϱ
√

ςLy(y(0)) and R =
ϑmin(Jg(0))

2LipB(εεε0,R)(Jg)
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="k4JTxJewTcppX2qiej3AoYXnZj0="></latexit>

g(u,✓✓✓) =
1p
k
V�(Wu)

<latexit sha1_base64="fwfVBW1dWVFudRYuqvUaDMyL6+8="></latexit>

d
<latexit sha1_base64="hdYUtyYS1KPXw+T5J1nwxkJkjrs="></latexit>

k
<latexit sha1_base64="SMnAYtibSuRX4V/75s4FAZL1Udk="></latexit>n

<latexit sha1_base64="u7Sy5kMaEHbF0smxk5jw02AgMR4="></latexit>

u uniform vector on Sd→1.
W(0) has iid N (0, 1) entries.
V(0) independent from W(0) and u, and its entries are zero-
mean independent D-bounded random variables of unit variance.
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="k4JTxJewTcppX2qiej3AoYXnZj0="></latexit>

g(u,✓✓✓) =
1p
k
V�(Wu)

<latexit sha1_base64="fwfVBW1dWVFudRYuqvUaDMyL6+8="></latexit>

d
<latexit sha1_base64="hdYUtyYS1KPXw+T5J1nwxkJkjrs="></latexit>

k
<latexit sha1_base64="SMnAYtibSuRX4V/75s4FAZL1Udk="></latexit>n

<latexit sha1_base64="riflRAIVpq30/uOovZ5mBoHRdAk="></latexit>

Theorem Consider the one-hidden layer DIP network with the archi-

tecture parameters where both layers are trained with the architecture

parameters obeying

k ↭ (1 + ω(A)4)
max

(
ε4
A, c1

)

min (ε8
A, c2)

n
(
→A→4 n2 +

(
1 + SNR→1

)4
m2

)
.

Then with probability at least 1↑5e→(n→1)↑2n→1
, ϑϑϑ(0) = (W(0),V(0))

is a non-degenerate initial point. Here c1, c2 are absolute constants.



TTW’25-

Overparametrization bound

27

<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="k4JTxJewTcppX2qiej3AoYXnZj0="></latexit>

g(u,✓✓✓) =
1p
k
V�(Wu)

<latexit sha1_base64="fwfVBW1dWVFudRYuqvUaDMyL6+8="></latexit>

d
<latexit sha1_base64="hdYUtyYS1KPXw+T5J1nwxkJkjrs="></latexit>

k
<latexit sha1_base64="SMnAYtibSuRX4V/75s4FAZL1Udk="></latexit>n

<latexit sha1_base64="riflRAIVpq30/uOovZ5mBoHRdAk="></latexit>

Theorem Consider the one-hidden layer DIP network with the archi-

tecture parameters where both layers are trained with the architecture

parameters obeying

k ↭ (1 + ω(A)4)
max

(
ε4
A, c1

)

min (ε8
A, c2)

n
(
→A→4 n2 +

(
1 + SNR→1

)4
m2

)
.

Then with probability at least 1↑5e→(n→1)↑2n→1
, ϑϑϑ(0) = (W(0),V(0))

is a non-degenerate initial point. Here c1, c2 are absolute constants.

<latexit sha1_base64="g3xhAeQn6PuykpArUwzYQfGVtAI="></latexit>

The bound scales as k ↭ n3 + nm2
.

Improved to k ↭ n2m if V is fixed and only is W is optimized.

(ISEHD) achieves an optimal exponential rate but at the price of

a more stringent condition on compared to GF.
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u
<latexit sha1_base64="bJiQ/F/zy9wuzzY1F7hf15Q01R4="></latexit>

min
✓✓✓2⇥

Ly(Ag(u,✓✓✓))

<latexit sha1_base64="gOMLPfcxfJkqZD1B/3NPRovFeWY="></latexit>

A 2 Rm⇥n

(IGAHD)

<latexit sha1_base64="8YfxZHDK+HudMHS3MMVYsegD3kE="></latexit>

y = Ax+ ω

<latexit sha1_base64="ni0rMIPuOpIKCg727PVyFLrtcNg="></latexit>



ωωωω = εεεω + ϑsω(εεεω → εεεω→1)→ ϖs2ω (↑εεεLy(Ag(u,εεεω))→↑εεεLy(Ag(u,εεεω→1))) ,

εεεω+1 = ωωωω → sω↑εεεLy(Ag(u,εεεω)).
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u
<latexit sha1_base64="bJiQ/F/zy9wuzzY1F7hf15Q01R4="></latexit>

min
✓✓✓2⇥

Ly(Ag(u,✓✓✓))

<latexit sha1_base64="gOMLPfcxfJkqZD1B/3NPRovFeWY="></latexit>

A 2 Rm⇥n

(IGAHD)

<latexit sha1_base64="8YfxZHDK+HudMHS3MMVYsegD3kE="></latexit>

y = Ax+ ω

Beware of local Lipschitz continuity only of g(u,.).

<latexit sha1_base64="ni0rMIPuOpIKCg727PVyFLrtcNg="></latexit>



ωωωω = εεεω + ϑsω(εεεω → εεεω→1)→ ϖs2ω (↑εεεLy(Ag(u,εεεω))→↑εεεLy(Ag(u,εεεω→1))) ,

εεεω+1 = ωωωω → sω↑εεεLy(Ag(u,εεεω)).



TTW’25-

What about (IGAHD)

28

Similar guarantees hold with a backtracking 
procedure within (IGAHD) 

<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u
<latexit sha1_base64="bJiQ/F/zy9wuzzY1F7hf15Q01R4="></latexit>

min
✓✓✓2⇥

Ly(Ag(u,✓✓✓))

<latexit sha1_base64="gOMLPfcxfJkqZD1B/3NPRovFeWY="></latexit>

A 2 Rm⇥n

(IGAHD)

<latexit sha1_base64="8YfxZHDK+HudMHS3MMVYsegD3kE="></latexit>

y = Ax+ ω

Beware of local Lipschitz continuity only of g(u,.).

<latexit sha1_base64="ni0rMIPuOpIKCg727PVyFLrtcNg="></latexit>



ωωωω = εεεω + ϑsω(εεεω → εεεω→1)→ ϖs2ω (↑εεεLy(Ag(u,εεεω))→↑εεεLy(Ag(u,εεεω→1))) ,

εεεω+1 = ωωωω → sω↑εεεLy(Ag(u,εεεω)).
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="k4JTxJewTcppX2qiej3AoYXnZj0="></latexit>

g(u,✓✓✓) =
1p
k
V�(Wu)

<latexit sha1_base64="fwfVBW1dWVFudRYuqvUaDMyL6+8="></latexit>

d
<latexit sha1_base64="hdYUtyYS1KPXw+T5J1nwxkJkjrs="></latexit>

k
<latexit sha1_base64="SMnAYtibSuRX4V/75s4FAZL1Udk="></latexit>n

<latexit sha1_base64="wSbAhQqDjuq7cKZHqlYJywFfaBE="></latexit>

Aij iid N (0, 1/m)

Empirical probability of (IGAHD) to achieve 
numerical accuracy over the loss in less than 

15000 iterations for varying (k,𝛼). 𝛽=0.05.
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="k4JTxJewTcppX2qiej3AoYXnZj0="></latexit>

g(u,✓✓✓) =
1p
k
V�(Wu)

<latexit sha1_base64="fwfVBW1dWVFudRYuqvUaDMyL6+8="></latexit>

d
<latexit sha1_base64="hdYUtyYS1KPXw+T5J1nwxkJkjrs="></latexit>

k
<latexit sha1_base64="SMnAYtibSuRX4V/75s4FAZL1Udk="></latexit>n

<latexit sha1_base64="wSbAhQqDjuq7cKZHqlYJywFfaBE="></latexit>

Aij iid N (0, 1/m)

Empirical probability of (IGAHD) to achieve 
numerical accuracy over the loss in less than 

15000 iterations for varying (k,𝛼). 𝛽=0.05.

Substantial gain 
in the overparametrized regime

No gain
in the underparametrized regime
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="k4JTxJewTcppX2qiej3AoYXnZj0="></latexit>

g(u,✓✓✓) =
1p
k
V�(Wu)

<latexit sha1_base64="fwfVBW1dWVFudRYuqvUaDMyL6+8="></latexit>

d
<latexit sha1_base64="hdYUtyYS1KPXw+T5J1nwxkJkjrs="></latexit>

k
<latexit sha1_base64="SMnAYtibSuRX4V/75s4FAZL1Udk="></latexit>n

Well-adjusted parameters: 
acceleration and oscillation reduction.
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>
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<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="k4JTxJewTcppX2qiej3AoYXnZj0="></latexit>
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k
<latexit sha1_base64="SMnAYtibSuRX4V/75s4FAZL1Udk="></latexit>n

Well-adjusted parameters: 
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Training to zero-loss
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="k4JTxJewTcppX2qiej3AoYXnZj0="></latexit>

g(u,✓✓✓) =
1p
k
V�(Wu)

<latexit sha1_base64="fwfVBW1dWVFudRYuqvUaDMyL6+8="></latexit>

d
<latexit sha1_base64="hdYUtyYS1KPXw+T5J1nwxkJkjrs="></latexit>

k
<latexit sha1_base64="SMnAYtibSuRX4V/75s4FAZL1Udk="></latexit>n

Well-adjusted parameters: 
acceleration and oscillation reduction.

Training to zero-loss Early stopping
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u
<latexit sha1_base64="jUZoBTP38WD0/PcfZFnEN96sbX4="></latexit>x

<latexit sha1_base64="eSYSViyzoqsrnISmaS4LcezDACw="> </latexit>

⌫ = g(·,✓)#µ

DIP recovery guarantees Conclusion

Convergence Trap avoidance
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u
<latexit sha1_base64="jUZoBTP38WD0/PcfZFnEN96sbX4="></latexit>x

<latexit sha1_base64="eSYSViyzoqsrnISmaS4LcezDACw="> </latexit>

⌫ = g(·,✓)#µ

DIP recovery guarantees Conclusion

Convergence Trap avoidance
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Take away messages
Inertia (viscous and geometric) is good even for non-convex problems 
if properly used.
Convergence and trap avoidance.
Impact on recovery guarantees of DIP when optimized with inertia.
NN design: need for overparametrization.
Empirical results agree with theoretical predictions.

Stochastic setting.
Non-smooth setting.
Long time behaviour (occupation measures).
Other NN-based frameworks: PINNs, supervised setting.
Other overparametrization regimes.
Other data-driven methods for IP: PnP, unrolling, generative models.
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Preprint on arxiv and paper on 

https://fadili.users.greyc.fr/

Thanks
Any questions ?

http://www.greyc.ensicaen.fr/~jfadili

