
Exclusive or inclusive? The lattice 
might have the answer...
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CKM puzzle
 
A) lattice + experiment: exclusive decay:

• new quality of experimental data

• new quality of lattice data

• new analysis techniques 


B) continuum + experiment: inclusive decay:

• existing determinations OPE based

†
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B)

[Bernlochner et al. PRD 100 (2019) 1, 013005], [Bigi PLB 769 (2017) 441-445, JHEP 11 (2017) 061], [Bordone, AJ EPJC 85 (2025)], [Di Carlo et al. PRD 104 (2021) 5, 054502]

 [Fedele et al. PRD 108 (2023) 5, 5 ], [Flynn, AJ, Tsang JHEP 12 (2023) ], [Gambino PLB 795 (2019) 386-390] 
 [Martinelli et al. EPJC 85 (2025), EPJC 84 (2024) 4, 400, PRD 106 (2022) 9, 093002, EPJC 82 (2022) 12, PRD 105 (2022) 3, 034503, PRD 104 (2021) 9, 094512 ]

†

 tension — ambiguous SM tests (e.g. , SM fits, …)|Vcb | ϵK

https://arxiv.org/abs/1902.09553
http://www.apple.com/uk
https://arxiv.org/abs/1707.09509
https://arxiv.org/abs/2406.10074
https://arxiv.org/abs/2105.02497
https://arxiv.org/abs/2305.15457
https://arxiv.org/abs/2303.11285
https://arxiv.org/abs/1905.08209
https://arxiv.org/abs/2410.17974
https://arxiv.org/abs/2310.03680
https://arxiv.org/abs/2204.05925
https://arxiv.org/abs/2109.15248
https://arxiv.org/abs/2105.08674
https://arxiv.org/abs/2105.07851
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This talk

C) lattice + experiment: inclusive decay :

• new ideas making this calculation feasible

B → Xcℓν̄ℓ

A)

B)
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 [Fedele et al. PRD 108 (2023) 5, 5 ], [Flynn, AJ, Tsang JHEP 12 (2023) ], [Gambino PLB 795 (2019) 386-390] 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Inclusive SL decays

3

Lattice is good at doing a few exclusive  
channels for stable hadrons



Inclusive SL decays

For inclusive decay too many  
channels open and no lattice  
results — only analytical methods 
exist

B0 → Xc ℓ+νl

PDGlive
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Lattice is good at doing a few exclusive  
channels for stable hadrons

Hansen et al. (2017) PRD 96 094513 (2017)
Hashimoto PTEP 53-56 (2017)
Bailas et al. PTEP 43-50 (2020)
Gambino and Hashimoto PRL 125 32001 (2020)
Barone et al. JHEP 07 (2023) 145

But recently new ideas!

https://arxiv.org/abs/1704.08993
https://arxiv.org/abs/1703.01881
https://arxiv.org/abs/2001.11779
https://arxiv.org/abs/2005.13730
https://arxiv.org/abs/2305.14092


Inclusive SL decay in the SM

dΓ
dq2dq0dEl

=
G2

F |VqQ |2

8π
Lμν Wμν

hadronic tensor

leptonic tensor

W(pBs
, q) = − W1gμν + W2νμνν + W3ϵμναβναqβ + W4qμqν + W5(qννμ + qμνν)
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G2
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24π3 ∫
q2

max

0
dq2 q2 ∫

ωmax

ωmin

dω Wμν(ω, q)kμν(ω, q)

Let’s consider the case   (  rest frame):Bs → Xcℓν Bs

We now have a lattice method for integrating inclusively over all intermediate 

states contributing to the corresponding spectral density

Wμν(pBs
, q) =

1
2EBs

∑
Xc

(2π)3δ(4)(pBs
− q − pXc

)⟨Bs(0) | (J̃μ(q2))† |Xc(pXc
)⟩⟨Xc(pXc

) | J̃ν(q2) |Bs(0)⟩



A regularisation…
dimensional regularisation, cutoff, mass-term, …, or
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A regularisation…
dimensional regularisation, cutoff, mass-term, …, or

∫ dx f(x) → a∑
x

f(x) ∂μ f(x) →
f(x + a) − f(x)

a

1
L

≪ Λphysics ≪
1
a

L

a

5



What to do with it?

Euclidean space-time 
Boltzmann factor

<latexit sha1_base64="sVO9Ft3eOVHSOwQAYrxY/46SWbw="></latexit>

h0|O|0i = 1
Z
R
D[U, ,  ̄]Oe

�Slat[U, , ̄]• can do nonPT calculations 
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Free parameters: 
• gauge coupling g → αs=g2/4π 
• quark masses mf = u,d,s,c,b,t

LQCD = �1

4
F a
µ⌫F

aµ⌫ +
X

f

 ̄f (i�
µDµ �mf ) f
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Free parameters: 
• gauge coupling g → αs=g2/4π 
• quark masses mf = u,d,s,c,b,t

LQCD = �1

4
F a
µ⌫F

aµ⌫ +
X

f

 ̄f (i�
µDµ �mf ) f

high-dimensional integral: 
 Nsim ∼ (T/a) × (L/a)3 ∼ 109

BMW Collaboration Science 347 
(2015) 1452-1455 



Inclusive decays on the lattice

Cμν(t, q) = ∑
x

eiq⋅x

2MBs

⟨Bs | J†
μ(x, t) Jν(0,0) |Bs⟩Cμν(t, q) =

Cμν
4pt(t2, t1)

C2pt(t2)C2pt(t1)
(t = t2 − t1 ≥ 0)
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Cμν(t, q) = ∑
x

eiq⋅x

2MBs

⟨Bs | J†
μ(x, t) Jν(0,0) |Bs⟩

= ∫
∞

ωmin

dω
1

2MBs

⟨Bs | (J̃μ(q,0)†δ(Ĥ − ω)J̃ν(q,0) |Bs⟩ e−tω

Cμν(t, q) =
Cμν

4pt(t2, t1)

C2pt(t2)C2pt(t1)

Euclidean 4pt function is Laplace transform of hadronic tensor

Cμν(t, q) = ∫
∞

ωmin

dω Wμν(ω, q) e−ωt  is mass of lightest 
final state

ωmin

(t = t2 − t1 ≥ 0)
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 from Euclidean correlationX̄(q)
X̄(q) = ∫

∞

ω0

dω Wμν(ω, q) Kμν(q, ω)Cμν(t, q) = ∫
∞

ω0

dω Wμν(ω, q) e−ωt
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•  known analytically


• from lattice data


• max order  computed 4pt-fn. time slices

c̃μν,k(q)
⟨T̃⟩μν

↔

X̄(q) = ∑
k

c̃μν,k(q)∫ dωWμν(ω, q) T̃k(ω)

= ∑
k

c̃μν,k(q) ⟨T̃k⟩μν



Kernel approximation
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Kμν(ω, q) ≈
c̃μν,0

2
+

N

∑
k=1

c̃μν,kT̃k(ω) c̃μν,k = ∫
∞

ω0

dω Kμν(ω, q)T̃k(ω)Ω̃(ω)

kernel expanded in Chebyshevs orthogonal projection determine expansion coefficients
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• this analysis stage independent of data

• smearing  
 
 

• order of approximation   


• we can play with 

σ

N ↔ Cμν(t)
ω0

kinematics: 
 

 

ωmin = M2
Ds

+ q2

ωmax = MBs
− q2

q2
max =

(M2
Bs

− M2
Ds

)2

4M2
Bs infinite volume 

spectral density

finite volume

Kμν(ω, q) ≈
c̃μν,0

2
+

N

∑
k=1

c̃μν,kT̃k(ω) c̃μν,k = ∫
∞
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Lattice determination of ⟨T̃k⟩μν
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•  and  



• Bayesian prior  
 

acts as regulator for noise induced 
by higher orders

ω0 = 0
ω0 = 0.9 ωmin

−1 ≤ ⟨T̃k⟩μν ≤ + 1
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⟨T̃k⟩μν =
∑k

j=0 t̃(k)
j Cμν( j + 2t0)

Cμν(2t0)

X̄(q) = ∑
k

c̃μν,k(q)∫ dωWμν(ω, q) T̃k(ω)

= ∑
k,j

c̃μν,k(q) ⟨T̃k⟩μν



Results for X̄(q)
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variations of analysis techniques largely 
consistent — tension at larger  visibleq2 Integral of  proportional to ;q2 X̄(q2) Γ
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We can disect contributions 
from different channels

Approach provides for nice 

laboratory to understand and 

probe contributions to inclusive  
decay from various sources
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Ground-state limit

• clear distinction between ground-state 
and full inclusive determination


• we are also working on inclusive 
 where very little excited-state 

contributions

Ds → Xℓν̄

inclusive

exclusive

13

⟨Ds |Vμ |Bs⟩ = f+(q2)(pBs
+ pDs

)μ + f−(q2)(pBs
− pDs

)μ

X̄∥
VV →

MBs

EDs

q2 | f+(q2) |2

• lattice determination (exclusive) of  
decay into ground state straightforward:


[see also De Santis and Gross arXiv:2502.15519]

https://arxiv.org/abs/2502.15519


ρ(ω) =
1

2π ∫
∞

0
dq

q2

4(q2 + M2)
δ(ω − 2 q2 + M2) ρV(ω) =

π
V ∑

q

q2

4(q2 + M2)
δ (ω − 2 q2 + M2)

Systematics — finite volume

infinite volume 
spectral density

finite volume

• Order of limits: 


• in practice lattice simulations in finite 
volume

lim
σ→0

lim
V→∞

• need to find ways for estimating  
effects reliably


• Here: model finite-size effects with spectral 
density of two non-interacting particles

14



Systematics — σ → 0
•After the infinite-volume limit also the  limit  
of vanishing smearing has to be taken

•Here, we assume finite-volume effects are under control

•current thinking: compute ground-state explicitly; 
apply the inclusive analysis only to the remainder  
substantially reduces sensitivity to finite smearing width/volume 

σ → 0

[Kellerman et al. @ Lattice 2024  
and in preparation]

15

inclusive

exclusive

https://conference.ippp.dur.ac.uk/event/1265/contributions/7414/attachments/5886/7774/Lattice24_Kellermann.pdf


Moments
•hadronic or leptonic moments are essential building block of OPE analysis of inclusive decays

• they can be computed from the lattice data and allow for mutually scrutinising continuum 
and lattice computations

[Barone@Lattice2023]
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https://cds.cern.ch/record/2914357/files/document.pdf


Conclusions
• An independent calculation of  or  from inclusive decays has become 

within reach 

• We are working on a fully comprehensive analysis of both  and  inclusive 
decays 

• We can also compute building blocks of OPE analysis 

• Why not think about new smeared set of observables for experiment and theory 

• Should be possible to extend approach to inclusive rare decays 

• Maybe a phenomenologically relevant prediction for CKM for inclusive decay  
on the lattice isn’t that far off?

|Vub | |Vcb |

B(s) D(s)
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THANK YOU!
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