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In	special	circumstances,	diffeomorphisms	can	be	turned	into	physical	symmetries:

•if	there	are	isometries	(only	for	special	solutions	admitting	Killing	vectors)

•if	there	are	boundaries	(and	specific	boundary	conditions)

Symmetries	in	General	Relativity

Symmetries	are	one	of	the	most	useful	concepts	in	the	whole	of	physics

they	map	solutions	to	new	solutions,	relate	solutions	and	observers,	

can	be	associated	to	conservation	laws	and	integrability…

In	general	relativity,	the	situation	is	subtle:	the	only	symmetry	of	the	theory	is	diffeomorphism	
invariance	(namely	invariance	under	general	coordinate	transformations),	

and	this	is	a	gauge	symmetry	

•maps	solutions	to	physically	indistinguishable	solutions,	

•is	a	degenerate	direction	of	the	symplectic	2-form	

•has	vanishing	Noether	charges



Isometries	as	special	diffeomorphisms

To	highlight	how	isometries	emerge	as	a	special	case	of	diffeomorphism	invariance,	

let	us	consider	a	matter	Lagrangian LM( , g) (F.98)
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If	the	metric	is	also	a	dynamical	field,	like	in	a	general	covariant	theory,
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If	the	metric	is	also	a	dynamical	field,	like	in	a	general	covariant	theory,

Then	specializing	the	variation	

to	be	a	diffeomorphism:

c	every	diffeomorphism	is	a	symmetry

(And	further	analysis	shows	that	it	is	a	gauge	symmetry)
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If	the	metric	is	not	a	dynamical	field,	like	in	special	relativity,
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If	the	metric	is	not	a	dynamical	field,	like	in	special	relativity,

c	only	isometries	are	symmetries

(And	further	analysis	shows	that	they	are	a	proper,	physical	symmetry)
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Then	specializing	the	variation	

to	be	a	diffeomorphism:
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Then	specializing	the	variation	

to	be	a	diffeomorphism:



According	to	general	relativity,	the	gravitational	force	cannot	be	screened,	nor	confined

Boundaries	in	General	Relativity

Therefore	there	are	no	boundaries	in	the	same	sense	as	in	electromagnetism,

e.g.	the	plates	of	a	capacitor
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FIG. 1: A depiction of future null infinity, I+ (in light blue) that constitutes the future boundary
of space-time and has topology S2⇥R. The (yellow) outgoing null surface u = u1 in the asymptotic
region of space-time intersects I+ in a 2-sphere cross-section. The null tetrad (`a, na

,m
a
, m̄

a) and
the metric qab on r = const 2-spheres in the interior have limits ˚̀a, n̊a

, m̊
a
, ˚̄ma and q̊ab respectively

on I+. The figure also depicts the typical waveform produced by a CBC.

waveforms. In Minkowski spacetime we can choose the u = const surfaces to be the light
cones emanating from points of a time-like geodesic. Then `

a is shear-free. In asymptotically
Minkowskian spacetimes, shear � of `a falls-o↵ as 1/r2 and

�
�(u, ✓,') := � lim

r!1
r
2
�
m

a
m

bra`b

�
⌘ (h�

+ + ih
�
⇥)(u, ✓,') (2.2)

is well-defined on I+, where, in the last step we have expressed �
� in terms of the commonly

used waveforms h�
+ ⌘ rh+ and h

�
⇥ ⌘ rh⇥. (Because of the ‘ma

m
b’ factor, �� has spin weight

+2, while the more commnonly used combination h
�
+ � ih

�
⇥ = �̄

� has spin-weight -2.) The
shear tensor ��

ab at I
+, given by

�
�
ab(u, ✓,') = �

�
�
� ˚̄ma˚̄mb + �̄

�
m̊am̊b

�
(u, ✓,'), (2.3)

is a symmetric, traceless tensor field, transversal to the null normal to I+ –i.e. satisfies
�
�
abn̊

a = 0– and has spin weight zero. It captures the two Transverse-Traceless or radiative
modes of the gravitational field in full, non-linear GR. Its time derivative is the Bondi news

For	example	when	modelling	isolated	systems,	

we	assume	a	flat	background	metric

asymptotically	far	away	from	the	sources	

c	asymptotic	boundary	conditions

These	asymptotic	boundary	conditions	are	preserved	by	a	set	of	residual	diffeomorphisms

at	the	boundary:	asymptotic	symmetries	(E.g.	Poincare	at	spatial	infinity,	BMS	at	null	infinity)


There	is	however	a	meaningful	notion	of	boundaries	as	hypersurfaces	where	specific	boundary	
conditions	are	imposed,	be	it	for	mathematical	or	physical	reasons

These	residual	diffeos	are	proper	symmetries	in	every	sense:

•maps	solutions	to	physically	distinguishable	solutions,	

•are	non-degenerate	directions	of	the	symplectic	2-form	

•have	non-vanishing	Noether	charges
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According	to	general	relativity,	the	gravitational	force	cannot	be	screened,	nor	confined

Boundaries	in	General	Relativity

Therefore	there	are	no	boundaries	in	the	same	sense	as	in	electromagnetism,

e.g.	the	plates	of	a	capacitor


5
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i+

i�

u
�+ �+

u1

u2

na
�a

mai� i�

��

qab

qab
mana �a
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FIG. 1: A depiction of future null infinity, I+ (in light blue) that constitutes the future boundary
of space-time and has topology S2⇥R. The (yellow) outgoing null surface u = u1 in the asymptotic
region of space-time intersects I+ in a 2-sphere cross-section. The null tetrad (`a, na

,m
a
, m̄

a) and
the metric qab on r = const 2-spheres in the interior have limits ˚̀a, n̊a

, m̊
a
, ˚̄ma and q̊ab respectively

on I+. The figure also depicts the typical waveform produced by a CBC.

waveforms. In Minkowski spacetime we can choose the u = const surfaces to be the light
cones emanating from points of a time-like geodesic. Then `

a is shear-free. In asymptotically
Minkowskian spacetimes, shear � of `a falls-o↵ as 1/r2 and

�
�(u, ✓,') := � lim

r!1
r
2
�
m

a
m

bra`b

�
⌘ (h�

+ + ih
�
⇥)(u, ✓,') (2.2)

is well-defined on I+, where, in the last step we have expressed �
� in terms of the commonly

used waveforms h�
+ ⌘ rh+ and h

�
⇥ ⌘ rh⇥. (Because of the ‘ma

m
b’ factor, �� has spin weight

+2, while the more commnonly used combination h
�
+ � ih

�
⇥ = �̄

� has spin-weight -2.) The
shear tensor ��

ab at I
+, given by

�
�
ab(u, ✓,') = �

�
�
� ˚̄ma˚̄mb + �̄

�
m̊am̊b

�
(u, ✓,'), (2.3)

is a symmetric, traceless tensor field, transversal to the null normal to I+ –i.e. satisfies
�
�
abn̊

a = 0– and has spin weight zero. It captures the two Transverse-Traceless or radiative
modes of the gravitational field in full, non-linear GR. Its time derivative is the Bondi news

For	example	when	modelling	isolated	systems,	

we	assume	a	flat	background	metric

asymptotically	far	away	from	the	sources	

c	asymptotic	boundary	conditions

In	general,	we	talk	about	boundary	symmetries,	

as	residual	diffeomorphisms	preserving	the	boundary	conditions

Another	example	of	physically	motivated	spacetime	boundaries	are	horizons,	

and	there	as	well	we	have	a	notion	of	boundary	symmetries

There	is	however	a	meaningful	notion	of	boundaries	as	hypersurfaces	where	specific	boundary	
conditions	are	imposed,	be	it	for	mathematical	or	physical	reasons

These	asymptotic	boundary	conditions	are	preserved	by	a	set	of	residual	diffeomorphisms

at	the	boundary:	asymptotic	symmetries	(E.g.	Poincare	at	spatial	infinity,	BMS	at	null	infinity)




Accordingly,	one	can	find	in	the	literature	two	alternative	definitions	of	boundary/asymptotic	
symmetries:

•As	residual	diffeomorphisms	compatible	with	the	boundary	conditions,	modulo	bulk	diffeos

•As	isometries	of	the	universal	structure

In	many	cases,	the	boundary	conditions	lead	to	the	identification	of	a	universal	structure	shared	by	
all	solutions	at	the	boundary		

The	procedure	and	the	technical	steps	in	each	case	can	look	quite	different,	

but	the	result	is	typically	the	same

Boundary	symmetries

In	the	rest	of	the	talk	I	will	focus	on	the	case	of	BMS	symmetries



Consider	now	Minkowski	in	retarded	null	coordinates


BMS	symmetry	in	a	nut-shell
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As																			at	constant	u,	we	reach	future	null	infinity										,	`Scri’-plus

In	Cartesian	coordinates,	the	ten	Killing	vectors	of	Minkowski	take	the	form																																																				
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Can	be	visualized	on	a	Penrose	diagram:
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In	these	coordinates,	the	Killing	vectors																																read

Consider	now	Minkowski	in	retarded	null	coordinates


BMS	symmetry	in	a	nut-shell
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Putting everything together, (2.6) reads

⇠ = f@u + Y A@A �
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2
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2
D2f@r, (2.82) {xiP4Bondi}{xiP4Bondi}

where we introduced
f = T +

u

2
DY, (2.83)

and used
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2
D2f = �~a · ~n �

u

2
DY, (2.84)

@Af = qAB@B(T +
u

2
DY ) = �~a · (qAB@B~n) � uY A

b , (2.85)

which follow immediately from (2.75). We conclude that the global Killing vectors of Minkowski in
retarded time have a finite expansion in 1/r, and that f only contains l = 0, 1 modes.

Finite transformations
We observe that while they preserve the form of the metric, they don’t preserve the decomposition

⌘AB = r2qAB:
0 = £⇠⌘AB = 2r⇠rqAB + r2£⇠qAB, (2.86)

namely

£⇠qAB = �
2

r
⇠rqAB = DY qAB. (2.87)

The finite version of this transformation is

qAB ! q0AB = e?DY qAB. (2.88)

This means that when we do a boost the 2d unphysical metric qAB, which provides a frame at I ,
changes by a conformal transformation. Notive that thisd conformal transformation is special: it is a
conformal isometry of a round sphere. Hence if qAB was round, namely R = 2, also R

0 = 2. To prove
this, one has to use the formula for the conformal transformation of the 2d Ricci scalar, and the fact
that DY is an l = 1 mode only.

To do: 1. compute transformed metric with trivial extension and ST allowed. 2. See if it satisfies
the Bondi condition. (it does up to the expansion term at which we stop) 3. Put it in Bondi form
(it is already in Bondi form, up to the expansion temr at which we stop). 4. Check that putting it
in Bondi form introduces the infinite series of subleading corrections to qAB that make the spheres of
constant u and ⌦ 6= 0 no longer round (it doesn’t seem to be the case).

We now want to consider the action of infinitesimal supertranslation on the Minkovski metric. I
start from Minkovski in standard Bondi coordinates. I consider an infinitesimal transformation of the
form :

⇠ = f@u + Y A@A � r
1

2
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1

r
(DAf)@A +
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2
(D2f)@r +
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2
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✓
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r3

◆
(2.89)

Here, I only want a supertranslation and I have CAB = 0, so I only consider :

⇠ = f@u �
1

r
(DAf)@A +

1

2
(D2f)@r + O

✓
1

r3

◆
(2.90)

To compute the transformed metric consists in computing :

L⇠⌘µ⌫ = ⇠µ̃@µ̃⌘µ⌫ + ⌘µ̃⌫@µ⇠µ̃ + ⌘µ⌫̃@⌫⇠
⌫̃ (2.91)
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In	Cartesian	coordinates,	the	ten	Killing	vectors	of	Minkowski	take	the	form																																																				
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For	an	asymptotically	flat	metric	at	null	infinity,	we	require


BMS	symmetry	in	a	nut-shell

Putting everything together, (2.6) reads
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which follow immediately from (2.75). We conclude that the global Killing vectors of Minkowski in
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conformal isometry of a round sphere. Hence if qAB was round, namely R = 2, also R

0 = 2. To prove
this, one has to use the formula for the conformal transformation of the 2d Ricci scalar, and the fact
that DY is an l = 1 mode only.

To do: 1. compute transformed metric with trivial extension and ST allowed. 2. See if it satisfies
the Bondi condition. (it does up to the expansion term at which we stop) 3. Put it in Bondi form
(it is already in Bondi form, up to the expansion temr at which we stop). 4. Check that putting it
in Bondi form introduces the infinite series of subleading corrections to qAB that make the spheres of
constant u and ⌦ 6= 0 no longer round (it doesn’t seem to be the case).
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To compute the transformed metric consists in computing :

L⇠⌘µ⌫ = ⇠µ̃@µ̃⌘µ⌫ + ⌘µ̃⌫@µ⇠µ̃ + ⌘µ⌫̃@⌫⇠
⌫̃ (2.91)

18

where:																					harmonic	function	on	the	sphere	of	arbitrary	spin:		Super-translations

																																								corresponding	to	translations	

																												conformal	Killing	vector	of	the	sphere

																																								corresponding	to	Lorentz	transformations

LM( , g) (F.98)

�LM =
�LM

� 
� +

�LM

�gµ⌫
�gµ⌫ + @µ✓̃

µ(�) (F.99) {dxiLM}{dxiLM}

�⇠LM =
�LM

� 
�⇠ +

�LM

�gµ⌫
�⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.100) {dxiLM}{dxiLM}

=
�LM

� 
£⇠ +

�LM

�gµ⌫
£⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.101)

= £⇠LM + @µ✓̃
µ = @µ(⇠

µLM + ✓̃
µ) (F.102)

�⇠LM =
�LM

� 
�⇠ + @µ✓̃

µ(�⇠) (F.103) {dxiLM}{dxiLM}

=
�LM

� 
£⇠ + @µ✓̃

µ(�⇠) (F.104)

=
�LM

� 
£⇠ +

�LM

�gµ⌫
£⇠gµ⌫ � �LM

�gµ⌫
£⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.105)

= @µ(⇠
µLM + ✓̃

µ)� �LM

�gµ⌫
£⇠gµ⌫ . (F.106)

[⇠1, ⇠2] = f12@u + Y
A
12@A (F.107)

f = T +
u

2
DAY

A (F.108)

T12 =, Y
A
12 = [Y1, Y2]

A (F.109)

x
µ = (u, r, xA), u := t� r (F.110)

⌘µ⌫ =

0

@
�1 �1 0

0 0
r
2
qAB

1

A , (F.111)

T (xA) Y
A(xB) (F.112)

87

LM( , g) (F.98)

�LM =
�LM

� 
� +

�LM

�gµ⌫
�gµ⌫ + @µ✓̃

µ(�) (F.99) {dxiLM}{dxiLM}

�⇠LM =
�LM

� 
�⇠ +

�LM

�gµ⌫
�⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.100) {dxiLM}{dxiLM}

=
�LM

� 
£⇠ +

�LM

�gµ⌫
£⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.101)

= £⇠LM + @µ✓̃
µ = @µ(⇠

µLM + ✓̃
µ) (F.102)

�⇠LM =
�LM

� 
�⇠ + @µ✓̃

µ(�⇠) (F.103) {dxiLM}{dxiLM}

=
�LM

� 
£⇠ + @µ✓̃

µ(�⇠) (F.104)

=
�LM

� 
£⇠ +

�LM

�gµ⌫
£⇠gµ⌫ � �LM

�gµ⌫
£⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.105)

= @µ(⇠
µLM + ✓̃

µ)� �LM

�gµ⌫
£⇠gµ⌫ . (F.106)

[⇠1, ⇠2] = f12@u + Y
A
12@A (F.107)

f = T +
u

2
DAY

A (F.108)

T12 =, Y
A
12 = [Y1, Y2]

A (F.109)

x
µ = (u, r, xA), u := t� r (F.110)

⌘µ⌫ =

0

@
�1 �1 0

0 0
r
2
qAB

1

A , (F.111)

T (xA) Y
A(xB) l = 0, 1 (F.112)

87

An	asymptotic	symmetry	preserves	the	leading,	flat	metric:
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In terms of the unphysical metric, given by ⌘̂µ⌫ = ⌦2⌘µ⌫ :
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A . (2.99) {hatetaBondiOm}{hatetaBondiOm}

Under a general di↵eomorphism,

£⇠⌘̂µ⌫ = £⇠(⌦
2⌘µ⌫) = ⌦2£⇠⌘µ⌫ + 2⌦�1⌘̂µ⌫£⇠⌦. (2.100)

After the coordinate change, the di↵eos (2.82) corresponding to global Killing vectors read
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For these £⇠⌘µ⌫ = 0, hence
£⇠⌘̂µ⌫ = 2↵⇠⌘̂µ⌫ , (2.102) {GKVeq}{GKVeq}

where

↵⇠ = ⌦�1£⇠⌦ =
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2
DY �

⌦

2
D2f. (2.103)

We see that the global Killing vectors are exact conformal Killing vectors of the unphysical metric, to
all orders in ⌦ or 1/r.

We define the asymptotic symmetries as those di↵eomorphisms that preserve only the leading
order of the unphysical metric. That is,

£⇠⌘̂µ⌫ = 2↵⇠⌘̂µ⌫ + O(⌦). (2.104) {AKVeq}{AKVeq}

The result can be summarized in two e↵ects on (2.82). First, T can be an arbitrary function, and not
only made of the first 4 harmonics. Second, the vector fields are only fixed at leading order.
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The higher orders can be fixed requiring preservation of bulk coordinate choices, for instance.
If we start from a super-translated Minkowski, namely a Minkowski in Bondi coordinates which

are not necessarily the retarded time in good cuts,
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preserve it all, including the O(⌦�2); the asymptotic Killing only the first order. These include ST,
which don’t preserve even the O(⌦�1) (that is why they get mixed up with the shear) and furthermore
contribute to all orders.

2.9.1 Details

Let us parametrize the generic expansion as follows,

⇠ = f@u + Y A@A + ⌦⇠̄µ@µ + ⌦2 ¯̄⇠µ@µ + . . . (2.107) {xiParamOm}{xiParamOm}

20

The	result	is	similar	to	the	previous	one,	with	two	key	differences:

the	bulk	extension	is	now	free
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While	the	origin	of	super-translations	is	clear	from	a	geometric	perspective,

it	is	also	instructive	to	understand	how	it	arise	from	the	point	of	view	of	the	PM	expansion:


From	harmonic	coordinates	to	null	infinity
Blanchet-Compere-Faye-Oliveri-Seraj	‘20
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background	

outgoing	null	radiation:


first	correction,

e.g.	Schwarzschild:
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When	changing	coordinates	from	harmonic	gauge	to	the	Bondi	gauge

one	gets	an	ambiguity:	super-translations

•In	non-radiative	spacetimes	the	ambiguity	can	be	removed	

•In	radiative	spacetimes,	the	ambiguity	cannot	be	removed	without	removing	the	radiation!

as	we	move	away	from	the	flat	background,

the	null	cones	bend	according	to	the	curvature,

and	so	do	the	outgoing	null	directions

The	Bondi	gauge	is	defined	so	that	one	coordinates	describes	a	null	foliation	of	the	full	metric



The	BMS	algebra	is	an	infinite-dimensional	extension	of	the	Poincare	algebra:

The	BMS	algebra
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contains	the	usual	translation	dependence

of	angular	momentum	of	special	relativity:


But	now	enhanced	to	a	super-translation	dependence:

not	just	as	many	Lorentz	subgroups	as	choices	of	origin,

but	as	many	as	choices	of	`cuts’	of	Scri	

2 Minkowski

To do:

• Unphysical metric and asymptotic symmetries versus Killing vectors

• Discuss good and bad cuts

The Killing vectors of Minkowski span the Poincarè algebra. Let us fix our conventions.

2.1 Poincarè symmetry

In Cartesian coordinates, the ten isometries of Minkowski are given by the Killing vectors

⇠µ = aµ + bµ⌫x
⌫ (2.1) {xiP4}{xiP4}

where both a and b are constant and b[µ⌫] = 0. The translation generators form an ideal abelian
sub-algebra, and have the form @µ in any Cartesian frame. The Lorentz generators can be written as
Jµ⌫ = 2x[µ@⌫] in any Cartesian frame. They can be split into rotations and boosts, but the split is
not covariant and requires picking a frame. This can be done assigning a unit time-like vector ⌧µ, and
writing

Rµ := ⌧⌫✏µ⌫⇢
�x⇢@�, Bµ := qµ⌫x

⌫⌧⇢@⇢ � x⇢⌧⇢q
⌫
µ@⌫ (2.2) {RBcart}{RBcart}

with qµ⌫ = ⌘µ⌫ + ⌧µ⌧⌫ .
Choosing ⌧µ = (1, 0, 0, 0), we have

Ra = ✏ab
cxb@c, Ba = t@a + xa@t. (2.3)

They satisfy the algebra

[Ra, Rb] = �✏ab
cRc, [Ra, Bb] = �✏ab

cBc, [Ba, Bb] = ✏ab
cRc. (2.4)

This algebra can be completed to the full Poincaré algebra adding translations,

[Pµ, P⌫ ] = 0, [P0, Ra] = 0, [Pa, Rb] = �✏ab
cPc, [P0, Ba] = Pa, [Pa, Bb] = �abP0 (2.5) {P4}{P4}

Using these generators, we can decompose a generic Killing vector as

⇠ = aµPµ + baBa + raRa, ba = b0a = ba0, ra = �
1

2
✏abcb

b
c, bab = �✏abcr

c (2.6) {xidecGen}{xidecGen}

The corresponding finite transformations are

x0µ = ⇤µ
⌫x

⌫ + aµ, ⇤ = exp(raRa + baBa). (2.7) {finiteP4}{finiteP4}

E.g., taking ~r = (0, 0, �) and ~b = (0, 0, �),

Rµ
⌫(�, z) =

0

BB@

1 0 0 0
0 cos � � sin � 0
0 sin � cos � 0
0 0 0 1

1

CCA , Bµ
⌫(�, z) =

0

BB@

cosh b 0 0 sinh b
0 1 0 0
0 0 1 0

sinh b 0 0 cosh b

1

CCA . (2.8) {RBz}{RBz}

To make contact with the usual special relativity notation, we recall that b is related to the boost
velocity v and Lorentz factor � by

� =
1

p
1 � v2

= cosh b, �v = sinh b,
�2

� 1

v2
= �2. (2.9)

9

LM( , g) (F.98)

�LM =
�LM

� 
� +

�LM

�gµ⌫
�gµ⌫ + @µ✓̃

µ(�) (F.99) {dxiLM}{dxiLM}

�⇠LM =
�LM

� 
�⇠ +

�LM

�gµ⌫
�⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.100) {dxiLM}{dxiLM}

=
�LM

� 
£⇠ +

�LM

�gµ⌫
£⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.101)

= £⇠LM + @µ✓̃
µ = @µ(⇠

µLM + ✓̃
µ) (F.102)

�⇠LM =
�LM

� 
�⇠ + @µ✓̃

µ(�⇠) (F.103) {dxiLM}{dxiLM}

=
�LM

� 
£⇠ + @µ✓̃

µ(�⇠) (F.104)

=
�LM

� 
£⇠ +

�LM

�gµ⌫
£⇠gµ⌫ � �LM

�gµ⌫
£⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.105)

= @µ(⇠
µLM + ✓̃

µ)� �LM

�gµ⌫
£⇠gµ⌫ . (F.106)

[⇠1, ⇠2] = f12@u + Y
A
12@A (F.107)

f = T +
u

2
DAY

A (F.108)

T12 =
1

2
T1DY2 + Y1[T2]� 1 $ 2, Y

A
12 = [Y1, Y2]

A (F.109)

⇠ = (aµ + b
µ
⌫x

⌫)@µ (F.110)

gµ⌫ =

0

@
�1 �1 0

0 0
r
2
qAB

1

A+O(r�1) (F.111)

T (xA) Y
A(xB) l = 0, 1 (F.112)

£⇠gµ⌫ = O(r�1) (F.113)

r ! 1 I + I+ I �
i
+

i
� (F.114)

87

LM( , g) (F.98)

�LM =
�LM

� 
� +

�LM

�gµ⌫
�gµ⌫ + @µ✓̃

µ(�) (F.99) {dxiLM}{dxiLM}

�⇠LM =
�LM

� 
�⇠ +

�LM

�gµ⌫
�⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.100) {dxiLM}{dxiLM}

=
�LM

� 
£⇠ +

�LM

�gµ⌫
£⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.101)

= £⇠LM + @µ✓̃
µ = @µ(⇠

µLM + ✓̃
µ) (F.102)

�⇠LM =
�LM

� 
�⇠ + @µ✓̃

µ(�⇠) (F.103) {dxiLM}{dxiLM}

=
�LM

� 
£⇠ + @µ✓̃

µ(�⇠) (F.104)

=
�LM

� 
£⇠ +

�LM

�gµ⌫
£⇠gµ⌫ � �LM

�gµ⌫
£⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.105)

= @µ(⇠
µLM + ✓̃

µ)� �LM

�gµ⌫
£⇠gµ⌫ . (F.106)

[⇠1, ⇠2] = f12@u + Y
A
12@A (F.107)

⇠ =
⇣
T +

u

2
DY

⌘
@u + Y

A
@A (F.108)

T12 =
1

2
T1DY2 + Y1[T2]� 1 $ 2, Y

A
12 = [Y1, Y2]

A (F.109)

⇠ = (aµ + b
µ
⌫x

⌫)@µ (F.110)

gµ⌫ =

0

@
�1 �1 0

0 0
r
2
qAB

1

A+O(r�1) (F.111)

T (xA) Y
A(xB) l = 0, 1 (F.112)

£⇠gµ⌫ = O(r�1) (F.113)

gµ⌫ = ⌘µ⌫ + hµ⌫ + . . . (F.114)

u = t� r � 4GM ln
⇣

r

2M
� 1

⌘
+G

2
... (F.115)

r ! 1 I + I+ I �
i
+

i
� (F.116)

87

LM( , g) (F.98)

�LM =
�LM

� 
� +

�LM

�gµ⌫
�gµ⌫ + @µ✓̃

µ(�) (F.99) {dxiLM}{dxiLM}

�⇠LM =
�LM

� 
�⇠ +

�LM

�gµ⌫
�⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.100) {dxiLM}{dxiLM}

=
�LM

� 
£⇠ +

�LM

�gµ⌫
£⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.101)

= £⇠LM + @µ✓̃
µ = @µ(⇠

µLM + ✓̃
µ) (F.102)

�⇠LM =
�LM

� 
�⇠ + @µ✓̃

µ(�⇠) (F.103) {dxiLM}{dxiLM}

=
�LM

� 
£⇠ + @µ✓̃

µ(�⇠) (F.104)

=
�LM

� 
£⇠ +

�LM

�gµ⌫
£⇠gµ⌫ � �LM

�gµ⌫
£⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.105)

= @µ(⇠
µLM + ✓̃

µ)� �LM

�gµ⌫
£⇠gµ⌫ . (F.106)

[⇠1, ⇠2] = f12@u + Y
A
12@A (F.107)

⇠ =
⇣
T +

u

2
DY

⌘
@u + Y

A
@A (F.108)

T12 =
1

2
T1DY2 + Y1[T2]� 1 $ 2, Y

A
12 = [Y1, Y2]

A (F.109)

T =
X

l=0,1

TlmYlm P
4 = SO(3, 1)n T

4 (F.110)

T =
1X

l=0

TlmYlm BMS = SO(3, 1)n RS (F.111)

⇠ = (aµ + b
µ
⌫x

⌫)@µ (F.112)

gµ⌫ =

0

@
�1 �1 0

0 0
r
2
qAB

1

A+O(r�1) (F.113)

T (xA) Y
A(xB) l = 0, 1 (F.114)

£⇠gµ⌫ = O(r�1) (F.115)

gµ⌫ = ⌘µ⌫ + hµ⌫ + . . . (F.116)

u = t� r � 4GM ln
⇣

r

2M
� 1

⌘
+G

2
... (F.117)

r ! 1 I + I+ I �
i
+

i
� (F.118)

87

LM( , g) (F.98)

�LM =
�LM

� 
� +

�LM

�gµ⌫
�gµ⌫ + @µ✓̃

µ(�) (F.99) {dxiLM}{dxiLM}

�⇠LM =
�LM

� 
�⇠ +

�LM

�gµ⌫
�⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.100) {dxiLM}{dxiLM}

=
�LM

� 
£⇠ +

�LM

�gµ⌫
£⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.101)

= £⇠LM + @µ✓̃
µ = @µ(⇠

µLM + ✓̃
µ) (F.102)

�⇠LM =
�LM

� 
�⇠ + @µ✓̃

µ(�⇠) (F.103) {dxiLM}{dxiLM}

=
�LM

� 
£⇠ + @µ✓̃

µ(�⇠) (F.104)

=
�LM

� 
£⇠ +

�LM

�gµ⌫
£⇠gµ⌫ � �LM

�gµ⌫
£⇠gµ⌫ + @µ✓̃

µ(�⇠) (F.105)

= @µ(⇠
µLM + ✓̃

µ)� �LM

�gµ⌫
£⇠gµ⌫ . (F.106)

⇢
(F.107)

[⇠1, ⇠2] = f12@u + Y
A
12@A (F.108)

⇠ =
⇣
T +

u

2
DY

⌘
@u + Y

A
@A (F.109)

T12 =
1

2
T1DY2 + Y1[T2]� 1 $ 2, Y

A
12 = [Y1, Y2]

A (F.110)

T =
X

l=0,1

TlmYlm P
4 = SO(3, 1)n T

4 (F.111)

T =
1X

l=0

TlmYlm BMS = SO(3, 1)n RS (F.112)

⇠ = (aµ + b
µ
⌫x

⌫)@µ (F.113)

gµ⌫ =

0

@
�1 �1 0

0 0
r
2
qAB

1

A+O(r�1) (F.114)

T (xA) Y
A(xB) l = 0, 1 (F.115)

£⇠gµ⌫ = O(r�1) (F.116)

gµ⌫ = ⌘µ⌫ + hµ⌫ + . . . (F.117)

u = t� r � 4GM ln
⇣

r

2M
� 1

⌘
+G

2
... (F.118)

r ! 1 I + I+ I �
i
+

i
� (F.119)

87

The	phase	space	of	asymptotically	flat	solutions	of	general	relativity	should	contain	

canonical	generators	associated	with	this	symmetry,	

and	by	Noether’s	theorem,	flux-balance	laws	associated	with	them



In	special	relativity,	the	canonical	generators	of	the	Poincare	algebra	are	of	great	utility:

energy,	momentum,	and	relativistic	angular	momentum	(boosts/CoM	and	angular	momentum)

Canonical	generators	for	the	BMS	algebra
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Similarly,	we	expect	the	canonical	generators	of	the	BMS	algebra	to	be	of	great	utility	

in	general	relativity	:	energy,	momentum,	super-momentum,	and	relativistic	angular	momentum

Would	such	canonical	generators	provide	a	realization	of	the	algebra?

This	question	has	a	direct	relevance	to	quantum	gravity,	because	as	showed	in	Strominger	’14,

super-translations	show	up	as	Ward	identities	for	the	soft	graviton	theorem

soft	theorems

memory	effects asymptotic	symmetries
infrared	triangle



If	the	symmetries	transformations	correspond	to	Hamiltonian	vector	fields,	

then	it	is	guaranteed	that	there	exist	canonical	generators	associated	to	them,

and	that	they	realize	the	algebra	(up	to	at	most	a	central	extension)

Charge	algebra	and	cocycles
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If	the	symmetries	transformations	correspond	to	Hamiltonian	vector	fields,	

then	it	is	guaranteed	that	there	exist	canonical	generators	associated	to	them,

and	that	they	realize	the	algebra	(up	to	at	most	a	central	extension)

Charge	algebra	and	cocycles

The	problem	is	that	in	the	presence	of	radiation	the	system	is	dissipative,	

and	some	of	the	symmetry	transformations	are	not	Hamiltonian	vector	fields



Different	phase	spaces	and	the	problem	of	`integrability’
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In	the	presence	of	outgoing	or	incoming	flux,	

the	symplectic	form	is	not	conserved	in	time

This	situation	makes	also	the	notion	of	HVF	tricky:

there	are	non-HVF	which	carry	useful	physical	information!

e.g.	symmetries	producing	normal	deformations	of	the	corner	S
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k = 0
£lf = 0 (6.138)

(l, k) ⇠ (fl, fk +£lf) (6.139)

6.3 Radiation at I

Geroch’s tensor

Defining equations on I :

⇢[ab] = 0, ⇢abn
b = 0, D[a⇢b]c = 0, qab⇢ab = R. (6.140) {rhoCond}{rhoCond}

The second one implies it is ‘transverse’, or ‘horizontal’. It follows we can take the divergence without
ambiguity, and find

Db⇢ab = @aR, Db⇢habi =
1

2
@aR. (6.141) {rgradR}{rgradR}

Furthermore £n⇢ab = 0 from the Bondi condition. From the behaviour under conformal transformations
of D (C.7) and R (C.5), it follows that

⇢0ab = ⇢ab � 2!�1DaDb! + 4!�2Da!Db! � !�2gabD
c!Dc!. (6.142) {rhoconf}{rhoconf}

Linearization for ! = 1 +W
⇢0ab = ⇢ab � 2DaDbW +O(W 2). (6.143) {rhoconflin}{rhoconflin}

We also have
£⇠⇢ab = �2DaDb↵⇠. (6.144) {lierho}{lierho}

In Bondi frames,

⇢ab =

�
R
2

�
qab. (6.145) {rhoround}{rhoround}

In NP notation, we have

b :=
1

2
s̄as̄b⇢ab, ⇢ab = bsAsB + cc+

R
2
qab, ḃ = 0, gb = 1

2
ḡR. (6.146) {NPGeroch}{NPGeroch}
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c

•Different	phase	spaces	(Cauchy,	partial	Cauchy,	radiative)


Shown	explicitly	in	Iyer-Wald	’94



If	the	symmetries	transformations	correspond	to	Hamiltonian	vector	fields,	

then	it	is	guaranteed	that	there	exist	canonical	generators	associated	to	them,

and	that	they	realize	the	algebra	(up	to	at	most	a	central	extension)

Charge	algebra	and	cocycles

In	this	case	one	cannot	obtain	canonical	generators	in	the	usual	sense,	

and	an	additional	prescription	is	needed

The	problem	is	that	in	the	presence	of	radiation	the	system	is	dissipative,	

and	some	of	the	symmetry	transformations	are	not	Hamiltonian	vector	fields

For	the	BMS	case,	such	a	prescription	was	identified	in	two	complementary	approaches,	

with	the	same	end	result		:

1. Ashtekar-Streubel	’81	(generalized	in	Ashtekar-SSp	’24)

2. Wald-Zoupas	’99	(with	key	aspects	clarified	in	Grant-Prabhu-Shezhad	’21,	Odak-Rignon-Bret-SSp	’22	and					

Ashtekar-SSp	’24)
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The	problem	is	that	in	the	presence	of	radiation	the	system	is	dissipative,	

and	some	of	the	symmetry	transformations	are	not	Hamiltonian	vector	fields

For	the	BMS	case,	such	a	prescription	was	identified	in	two	complementary	approaches,	

with	the	same	end	result		:

Without	using	this	prescription,	Barnich-Troessaert	’11	computed	the	charge	algebra,

and	found	a	field-dependent	2-cocycle

1. Ashtekar-Streubel	’81	(generalized	in	Ashtekar-SSp	’24)

2. Wald-Zoupas	’99	(with	key	aspects	clarified	in	Grant-Prabhu-Shezhad	’21,	Odak-Rignon-Bret-SSp	’22	and					

Ashtekar-SSp	’24)

piece F⇠ vanishes. The split also determines the flux-balance law dq⇠ =̂F⇠ satisfied by the charges.
This makes it clear that a useful requirement for the split is that both F⇠ and F⇠ vanish around
solutions satisfying some notion of stationarity, otherwise it would be hard to relate the generator to
physical observables. For the charges (3.5) one finds the following flux,

Q
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✏I , (3.11)

with �⇠C
AB given in (2.50b). Accordingly, the charges are conserved if the time derivative of the shear

vanishes and if we restrict attention to Bondi frames, since then R is constant and (2.52) holds for
globally defined CKVs. These conditions are met by all non-radiative asymptotically flat spacetimes
in Bondi frames [1]. They are however not met by non-radiative spacetimes in arbitrary frames in
which qAB is not a round sphere. In this case none of the three terms vanishes: the news is not
the time derivative of the shear, @AR 6= 0, and (2.52) does not hold. We thus have a failure of the
stationarity condition, namely a non-zero flux in spite of the absence of radiation.

Another important requirement for the split is that the prescribed charges should realize the
symmetry algebra. This is a non-trivial property, because d! =̂ 0 guarantees that the symplectic two-
form is independent of ⌃ only in the absence of radiation, and the symmetries moving the corners of
⌃ don’t correspond to Hamiltonian vector fields. In general, two symmetries ⇠ and � give

I⇠I�⌦⌃ = ��Q⇠ � I�F⇠ 6= ��Q⇠. (3.12)

It was then proposed in [7] to define a bracket with the non-integrable term subtracted o↵,

{Q⇠, Q�}⇤ := ��Q⇠ � I⇠F� = I⇠I�⌦⌃ + I�F⇠ � I⇠F�. (3.13)

The second equality shows that {, }⇤ reduces to a Poisson bracket for the subspace with vanishing
non-integrable term F⇠. Applying this definition to (3.5) one finds [7]
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and J⇠,�K := [⇠,�] � �⇠� + ��⇠ is the modified Lie bracket needed to describe the algebra of field-
dependent di↵eomorphisms [7], here due to the choice of Tamborino-Winicour extension (2.46) (the
standard bracket is enough if one restricts attention to the vector fields on I only). The algebra is
thus realized, but only up to the 2-cocycle K

BT. It is field-dependent, hence not a central extension.
This is problematic, because it hinders the interpretation of the charges as canonical generators even
when F⇠ vanishes, and also makes it hard to find representations for quantization. It motivates the
search for a di↵erent split, whose charge prescription gives an algebra free of field-dependent cocycles.
A partial answer to this question was given in [46] in the more general context of the generalised BMS
symmetry [47, 11], where a split was found so that the cocycle vanishes at least in the limit u ! �1,
but not for arbitrary cross sections of I . We now show that it is possible to remove the cocycle for
arbitrary cross-sections of I .

As shown in [16, 17, 41, 48], a 2-cocycle signals the presence of non-covariant terms in the charge
prescription. To understand the origin of this loss of covariance, we begin by observing that the
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If	the	symmetries	transformations	correspond	to	Hamiltonian	vector	fields,	

then	it	is	guaranteed	that	there	exist	canonical	generators	associated	to	them,

and	that	they	realize	the	algebra	(up	to	at	most	a	central	extension)

Charge	algebra	and	cocycles

In	this	case	one	cannot	obtain	canonical	generators	in	the	usual	sense,	

and	an	additional	prescription	is	needed

The	problem	is	that	in	the	presence	of	radiation	the	system	is	dissipative,	

and	some	of	the	symmetry	transformations	are	not	Hamiltonian	vector	fields

For	the	BMS	case,	such	a	prescription	was	identified	in	two	complementary	approaches,	

with	the	same	end	result		:

If	the	prescription	is	correctly	implemented,	the	field-dependent	cocycle	is	removed	and	

covariance	restored.	

Furthermore,	the	calculations	show	that	the	cocycle	was	due	precisely

to	the	non-covariance	of	the	BT11	prescription,	in	the	sense	of	background-dependence


1. Ashtekar-Streubel	’81	(generalized	in	Ashtekar-SSp	’24)

2. Wald-Zoupas	’99	(with	key	aspects	clarified	in	Grant-Prabhu-Shezhad	’21,	Odak-Rignon-Bret-SSp	’22	and					

Ashtekar-SSp	’24)
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Remark:



This	is	not	the	end	of	the	story,	because	there	exist	other	infrared	triangles	!


Canonical	generators	for	the	extended	BMS	algebra

sub-leading	soft	theorems	Cachazo-Strominger	‘14

new	memory	effects

Pasterski-Strominger-Zhiboedov	‘16

new	asymptotic	symmetries

Barnich-Troessart	’10


subleading

infrared	triangle

It	is	also	possible	to	find	a	covariant	prescription	for	these	charges,	

and	this	requires	tapping	into	a	subtle	feature	of	the	covariant	phase	space:	

the	freedom	to	add	corner	terms	to	the	symplectic	2-form

(already	present	in	the	ADM	formulation)


The	new	prescription	for	the	extended	BMS	symmetry	proves	and	extends	

the	validity	of	an	ansatz	made	by	Campiglia-Peraza	’20	and	used	by	Donnay-Nguyen-Ruzziconi	’22


An	independent	justification	for	the	extra	corner	terms	is	still	missing


Cocycles	also	related	to	quantum	anomalies	c	Baulieu-Wetzstein	‘25



Finding	consistent	phase	space	realizations	for	the	symmetries	is	a	delicate	task,	typically

plagued	by	issues	of	coordinate	dependence/lack	of	covariance,	and	these	issues	show	up	

directly	in	field-dependent	2-cocycles	in	the	charge	algebra


A	realization	of	the	charges	that	respects	the	covariance	criteria	is	guaranteed	to	be	free	of	

field-dependent	2-cocycles

Conclusions

Asymptotic	and	boundary	symmetries	are	a	very	active	line	of	research	in	general	relativity

Adami,	Ashtekar,	Campiglia,	Chandrasekaran,	Compere,	Donnay,	Fiorucci,	Flanagan,	Freidel,	Geiller,	
Giribert,	Godazgar,	Grumiller,	Herfray,	Khera,	Laddha,	Lewandowski,	Mason,	Nguyen,	Pasterski,	
Peraza,	Perry,	Pino,	Pope,	Prabhu,	Pranzetti,	Raclariu,	Rignon-Bret,	Ruzziconi,	Seraj,	Strominger,	
Wieland,	Zwikel…

(and	more	generally	in	gauge	theories	as	well	as	modified	theories	of	gravity)

with	implications	for	

•classical	GR	(new	boundary	conditions,	new	solution	spaces…)

•observables	(new	memory	effects…)

•quantum	gravity	(relation	to	soft	theorems,	integrability,	twistor	theory…)


