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Introduction to cosmic strings



What is a cosmic string ?

Cosmic string

A cosmic string is a one dimensional topological defect1. May

form when the vacuum manifold has non-contractible loops.

Example: Mexican hat potential

• Vacuum manifold is a circle M = S1

• Fundamental group Π1(M) = Z

• We expect strings to be formed in most models of

spontaneous symmetry breaking2

1Kibble 1976
2Jeannerot, Rocher, and Sakellariadou 2003
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Cosmic string evolution

Energy scale Width Linear density

GUT : 1016 GeV 2× 10−32 m Gµ ≈ 10−6

3× 1010 GeV 5× 10−27 m Gµ ≈ 10−17

108 GeV 2× 10−24 m Gµ ≈ 10−22

EW : 100 GeV 2× 10−18 m Gµ ≈ 10−34

Nambu-Goto strings: one dimensional limit

• Width of the string very small compared to other length scales in the problem.

• String modeled as a line with mass per unit length µ ∝ η2

• The Nambu-Goto action which minimizes the area swept by the string

S = −µ

∫
dτ dσ

√
−det γ

γab: the induced metric on the string, τ is a time-like and σ a space-like coordinate along the string
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Nambu-Goto strings in flat spacetime

Cosmic string dynamics

In flat spacetime, it satisfies a wave equation whose solution is

X(t, σ) =
1

2
[a(t− σ) + b(t+ σ)], a′2 = b′2 = 1.

For a closed loop X(t, σ + ℓ) = X(t, σ): it oscillates with a period T =
ℓ

2
.

Cosmic strings emit gravitational waves:

• Oscillation

• Kink: when X′ is not continuous

• Kink-kink collision

• Cusp: when Ẋ2 = 1
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Signature in terms of gravitational waves (GW)

The waveform of the gravitational wave arriving at the detector is known1 and looked for in GW

detectors

The uncorrelated sum of all the GW signals produced by cosmic string loops constitutes a Stochastic

Background of GW.

ΩGW(ln f) =
1

ρc

dρGW

d ln f

1Vachaspati and Alexander Vilenkin 1985; Damour and Alexander Vilenkin 2000.
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Number of cosmic string loops N (ℓ, t)

Continuity equation for the loop distribution

∂

∂t

(
a3N

)
+

∂

∂ℓ

(
dℓ

dt
a3N

)
= a3(t) P(ℓ, t)
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Number of cosmic string loops N (ℓ, t)

Continuity equation for the loop distribution

∂

∂t

(
a3N

)
+

∂

∂ℓ

(
dℓ

dt
a3N

)
= a3(t) P(ℓ, t)

Loop production function

• One-scale model Kibble 1985

t5P(ℓ, t) = Cδ

(
ℓ

t
− α

)
• VOS model Martins and Shellard 1996

• CVOS model Auclair, Blasi, et al. 2023

t5P(ℓ, t) = Cδ

[
ℓ

t
− α(t)

]
• Power-law loop production function Lorenz, Ringeval, and Sakellariadou 2010; Auclair, Ringeval, et al. 2019

t5P(ℓ, t) = C

(
ℓ

t

)2χ−3
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Number of cosmic string loops N (ℓ, t)

Continuity equation for the loop distribution

∂

∂t

(
a3N

)
+

∂

∂ℓ

(
dℓ

dt
a3N

)
= a3(t) P(ℓ, t)

Decay rate

• dℓ/dt = −ΓGµ A. Vilenkin 1981

• Energy lost to cusps J. J. Blanco-Pillado and Olum 1999

• Energy lost to kinks Matsunami et al. 2019; Hindmarsh, Lizarraga, et al. 2021

• dℓ/dt = −J (ℓ)ΓGµ Auclair, Steer, and Vachaspati 2020

• Multiple populations Hindmarsh and Kume 2023 Ω
(AH)
gw = fNGΩ

(NG)
gw
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GW constraints on vanilla cosmic string

models



Constraints on Cosmic Strings Using Data from the Third Advanced LIGO–Virgo Observing Run
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Constraints on Cosmic Strings Using Data from the Third Advanced LIGO–Virgo Observing Run
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Scenarios / Interpretations of the PTA signal

Figure: Bayes factors for NANOGRAV 15 years Credits: Afzal et al. 2023
Figure: EPTA Credits: Antoniadis et al. 2023

• First-order phase transitions (PT)

• Cosmic strings (STABLE/META/SUPER)

• Domain walls (DW)

• Inspiraling supermassive black hole binaries

(SMBHBs)

• Scalar-induced GWs (SIGW)
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Future constraints on cosmic strings

from GWs



The Science of the Einstein Telescope 2503.12263
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Cosmic string gravitational wave backgrounds at LISA 2508.05395
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Cosmic string bursts in LISA and repeated bursts (2023) 2305.1165 (PRD), 2306.08331 (PRD)

Motivations

• New observational signature in LISA, complementary to other detectors

• Impact of repetitions on sky-localization and parameter reconstruction
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Is fragmentation important?



Fragmentation in Minkowski Copi and Vachaspati (2011)

• Family of artificial loops with no angular

momentum

• Loops fragment significantly

• Stable loops are ≈ squares with angular

momentum

Question?

• Realistic loops?

• Expanding background?

• Typical fragmentation scale?

• Scaling with time?
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The evolution of a network of cosmic string loops Copeland, Kibble, Steer (1998)

Figure: Rate equation including collisions and fragmentations of loops
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The evolution of a network of cosmic string loops Copeland, Kibble, Steer (1998)
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The evolution of a network of cosmic string loops Copeland, Kibble, Steer (1998)

Figure: Final lines of Danièle Steer’s PhD thesis
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Nambu-Goto simulations with a new twist (Preliminary)

Nambu-Goto simulations

• Loops are objects

• Fragmentations/collisions are events

• Can we store and use this information?
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Fragmentation in Nambu-Goto simulations (Preliminary)
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Fragmentation in Nambu-Goto simulations (Preliminary)
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Fragmentation in Nambu-Goto simulations (Preliminary)
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A model of cosmic string loop

fragmentation



Our simplified model 2508.11596

Copeland et al. 1998 but...

• No collisions A = 0

• Only sub-Hubble loops =⇒ loop production function

• Simplified ansatz for the fragmentation function B
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Our simplified model 2508.11596

Copeland et al. 1998 but...

• No collisions A = 0

• Only sub-Hubble loops =⇒ loop production function

• Simplified ansatz for the fragmentation function B

B(y > ξ, ℓ− y; ℓ) =
χℓ

(ξy)3/2
Θ(y − ξ) +

χℓ

ξ3

(
y

ξ

)σ

Θ(ξ − y) .

New Boltzmann equation - linear Integro-Differential Equation (IDE):

∂

∂t

[
a3(t)N

]
+

∂

∂ℓ

[
ℓ̇a3(t)N

]
= a3(t)P(t, ℓ)− a3(t)N (t, ℓ)

∫ ℓ/2

ξ

B(y, ℓ) dy

+a3(t)

∫ αt

2ℓ

B(ℓ, L)N (t, L) dL+ a3(t)

∫ 2ℓ

ℓ

B(L− ℓ, L)N (t, L) dL .

17



Unconnected Loop Model (ULM) – the idea 2508.11596

• Fragmentation rate = decay time

τ−1 =

∫ ℓ/2

ξ

B(y, ℓ) dy

• Probability to be still alive

G(t) = exp

[
−
∫ t

t⋆

τ−1 dt

]
• Lifetime

∆t = G−1(X), X ∈ U(0, 1)

• The size of the fragmented loop y satisfies∫ x

0

B(y, ℓ) dy = X

∫ ℓ/2

0

B(y, ℓ) dy , X ∈ U(0, 1)
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Unconnected Loop Model (ULM) – does it work? 2508.11596
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Integro-Differential Equation (IDE) solver in scaling units 2508.11596

Scaling units: γ = ℓ/t and n(γ) = t4N (ℓ, t)

ΓGµ
dn

dγ
− (3ν − 4)n(γ)− n(γ)

∫ γ/2

ξ

χγ

(ξcz)3/2
dz = −Cδ(γ − α)

−
∫ α

2γ

χ

(ξcγ)3/2
n(Z) dZ −

∫ 2γ

γ

χZ

[ξc(Z − γ)]3/2
n(Z) dZ .

Technical details

• Intermediate integrals

• Boundary at α

• Adaptative steps: convergence and integral reconstruction

• Solve for lnn(γ)

• Implicit scheme → W−1(x)
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Agreement between different methods 2508.11596
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Comparison between the two methods 2508.11596

ULM

• Parallelisable

• Not manifestly scaling

• Accurate on small scales

• Discrete - fine structure

• Numerical stability

IDE solver

• Adding new features is trivial: GW radiation,

particle production, etc...

• Accurate on large scales

• Fast and in finite time

• Access to full distribution
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Conclusion

• Observations are already here and will be more and more precise

• There are tensions in our current approach to cosmic string predictions

• There are hints that fragmentation may play a role

• Built a consistent (though idealized) model of fragmentation and numerical techniques to solve it

• ULM and IDE are complementary (consistency check, scaling VS non-scaling...)

Next steps

• Calibrate B on NG simulations

• Comparison with NG and AH simulations

23
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Thank you



Cosmic string interpretation: NANOGRAV

• NANOGRAV seems to favor Superstrings

but...

• ΩGW(f) → ΩGW(f)/P

• Not a detection of P

• Not a detection with SMBHB

BOS model =



STABLE-C Only cusp emission

STABLE-K Only kink emission

STABLE-M Only fundamental mode

STABLE-N Numerical GW emission

SUPER Factor 1/P
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Cosmic string interpretation: NANOGRAV

• NANOGRAV seems to favor Superstrings

but...

• ΩGW(f) → ΩGW(f)/P

• Not a detection of P

• Not a detection with SMBHB

BOS model =



STABLE-C Only cusp emission

STABLE-K Only kink emission

STABLE-M Only fundamental mode

STABLE-N Numerical GW emission

SUPER Factor 1/P

−12 −11
log10 Gµ

−2.5

−2.0

−1.5

−1.0

−0.5

lo
g

1
0
P

N
G

1
5

LVK

−2 −1
log10 P

super+smbhb

super

Figure: Afzal et al. 2023



Cosmic string interpretation: NANOGRAV

• NANOGRAV seems to favor Superstrings

but...

• ΩGW(f) → ΩGW(f)/P

• Not a detection of P

• Not a detection with SMBHB

BOS model =



STABLE-C Only cusp emission

STABLE-K Only kink emission

STABLE-M Only fundamental mode

STABLE-N Numerical GW emission

SUPER Factor 1/P

−12 −11
log10 Gµ

−2.5

−2.0

−1.5

−1.0

−0.5

lo
g

1
0
P

N
G

1
5

LVK

−2 −1
log10 P

super+smbhb

super

Figure: Afzal et al. 2023



Cosmic string interpretation: NANOGRAV

• NANOGRAV seems to favor Superstrings

but...

• ΩGW(f) → ΩGW(f)/P

• Not a detection of P

• Not a detection with SMBHB

BOS model =



STABLE-C Only cusp emission

STABLE-K Only kink emission

STABLE-M Only fundamental mode

STABLE-N Numerical GW emission

SUPER Factor 1/P

−12 −10
log10 Gµ

4

5

γ
B

H
B

−17

−16

−15

lo
g

1
0
A

B
H

B

−16 −15
log10 ABHB

4 5
γBHB

stable-n + smbhb

Figure: Afzal et al. 2023



Cosmic string interpretation: NANOGRAV

• NANOGRAV seems to favor Superstrings

but...

• ΩGW(f) → ΩGW(f)/P

• Not a detection of P

• Not a detection with SMBHB

BOS model =



STABLE-C Only cusp emission

STABLE-K Only kink emission

STABLE-M Only fundamental mode

STABLE-N Numerical GW emission

SUPER Factor 1/P
−12 −10

log10 Gµ

4

5

γ
B

H
B

−17

−16

−15

lo
g

1
0
A

B
H

B

−16 −15
log10 ABHB

4 5
γBHB

stable-n + smbhb

Figure: Afzal et al. 2023



Cosmic string interpretation: EPTA

• EPTA studied the BOSa and the LRSb

models

• Values of Gµ are comparable for both models

• EPTA does not favor a model in particular

with B ≈ 0.3c

aJose J. Blanco-Pillado, Olum, and Shlaer 2014.
bLorenz, Ringeval, and Sakellariadou 2010.
cQuelquejay Leclere et al. 2023.

Figure: Antoniadis et al. 2023
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What is the deal with Nambu-Goto

models?



Model LRS Lorenz, Ringeval, Sakellariadou (2010)

• Loop number density of all loops

• Analytical model of

Polchinski-Rocha

• Matching on the loop number

density

• 40 ppcl in initial conditions

Caveats

• Small-scales are very

model-dependent χ

• Less dynamic range

• “Energy balance”

• “Legacy code”
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Figure: (C,α, χ,ΓGµ, σ) = (1, 0.1, 0.2, 10−7, 8).
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Figure: (C,α, χ, ν, ξc) = (1, 0.1, 1/2, 10−2).
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Figure: (C,α, ν,ΓGµ, ξc) = (1, 0.1, 1/2, 10−7, 10−3).
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Impact of the boundary
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Figure: (χ,ΓGµ, ξc, σ) = (0.2, 10−7, 10−2, 8)
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