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Flavour physics and CP violation



When neutrinos are massive, possibility of flavour mixing : the neutrino to 
which a given charged lepton (e, µ or τ) couples via the W is not a mass 
eigenstate, but a coherent superpositions of mass eigenstates

Like in the quark sector, the origin of flavour mixing is the mismatch between 
the basis of gauge (or flavour) eigenstates and of mass eigenstates. The relative 
rotation is the lepton mixing matrix, known as PMNS matrix (Pontecorvo-
Maki-Nakagawa-Sakata)

Flavour mixing – PMNS matrix

Standard case (3 flavours):

Add a sterile neutrino:

  U = 4x4 unitary matrix

Only                   couple to electroweak gauge boson, but all four mass 
eigenstate are produced in a beta decay: 
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Physical parameters in UPMNS

U is a 3x3 unitary matrix ⇒ 3 mixing angles and 6 phases (not all physical) 

(i) if neutrinos are Dirac fermions : analogous to quarks and CKM

can rephase the lepton fields                                                     and absorb 
the phases in the PMNS matrix, so that CC interactions keep the same form

⇒ removes 2x3 - 1 = 5 relative phases ⇒ a single physical phase

(i) if neutrinos are Majorana fermions : cannot rephase the neutrino fields, 
since this would make neutrino masses complex

⇒ removes only 3 phases ⇒ 3 physical phases : 1 ‟Dirac” phase
and 2 ‟Majorana” phases
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Standard parametrization of the PMNS matrix

Analogous to CKM: written as the product of three rotations with angles
θ23, θ13 and θ12, the second (complex) rotation depending on the phase δ 

P is the unit matrix in the Dirac case, and a diagonal matrix of phases 
containing 2 independent phases      in the Majorana case

               ⇒  CP violation in oscillations:

The Majorana phases play a role only in               processes like neutrinoless 
double beta decay

U =

0

@
Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

U⌧1 U⌧2 U⌧3

1

A =

0

@
c12c13 s12c13 s13e�i�

�s12c23 � c12s13s23ei� c12c23 � s12s13s23ei� c13s23
s12s23 � c12s13c23ei� �c12s23 � s12s13c23ei� c13c23

1

AP

�i

cij = cos ✓ij , sij = sin ✓ij

✓ij 2 [0,⇡/2] , � 2 [0, 2⇡[ , �i 2 [0,⇡[

� 6= 0,⇡ P (⌫↵ ! ⌫�) 6= P (⌫̄↵ ! ⌫̄�)

�L = 2

U ⌘ U23U13U12P ⌘

0

@
1 0 0
0 c23 s23
0 �s23 c23

1

A

0

@
c13 0 s13e�i�

0 1 0
�s13ei� 0 c13

1

A

0

@
c12 s12 0
�s12 c12 0
0 0 1

1

AP



Flavour violation in the charged lepton sector (cLFV)

Lepton flavour mixing implies processes that violate lepton flavour (and CP) 
both in the neutrino and in the charged lepton sector

In the neutrino sector, this leads to flavour oscillations

In the charged lepton current, one would expect observable flavour violating 
processes such as the decays µ → e γ or µ → 3e, as well as µ → e 
conversion on nuclei

This is not the case due to a GIM mechanism: LFV is strongly suppressed 
(and in practice unobservable) in the Standard Model



Experimental status of charged lepton flavour violation

So far lepton flavour violation has been observed only in the neutrino 
sector (oscillations). Experimental upper bounds on LFV processes 
involving charged leptons:

[S. Davidson, talk at Planck 2022]
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This is consistent with the Standard Model,
in which LFV processes involving charged
leptons are suppressed by the tiny neutrino
masses (GIM mechanism much more
powerful as in the quark sector)

e.g. µ → e γ :

Using known oscillations parameters (U = PMNS lepton mixing matrix),    
this gives                                     : inaccessible to experiment!

This makes LFV a unique probe of new physics: the observation of e.g.         
µ → e γ would be an unambiguous signal of new physics (no SM background)

➞ very different from the hadronic sector

Conversely, the present upper bounds on LFV processes already put strong 
constraints on new physics
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Oscillations are a quantum-mechanical process due to neutrino mass and 
mixing.  An (ideal) oscillation experiment involves 3 steps:

1) production of a pure flavour state at t = 0   (e.g. a       from                     )

This flavour state is a coherent superposition of mass eigenstates determined 
by the PMNS matrix, e.g. in the 2 flavour case 

2) propagation
Each mass eigenstate, being an eigenstate of the Hamiltonian in vacuum, 
evolves with its own phase factor            ⇒ modifies the coherent 
superposition, which is no longer a pure flavour eigenstate:

3) detection via a CC interaction which identifies a specific flavour

probability amplitude :

oscillation probability :

Neutrino oscillations in vacuum and CP violation
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2-flavour oscillations in vacuum

Assuming ultra-relativistic neutrinos           ,

Amplitude of oscillations:

Oscillation length:

Ei =
p

p2 +m2
i ' p+ m2

i
2p ) E2�E1

2 ' m2
2�m2

1
4p

L ' ct m2
i ⌧ p2

<latexit sha1_base64="0EyHSWZlbcd6nrH6c+oZ4qJa0jY="></latexit><latexit sha1_base64="0EyHSWZlbcd6nrH6c+oZ4qJa0jY="></latexit><latexit sha1_base64="0EyHSWZlbcd6nrH6c+oZ4qJa0jY="></latexit><latexit sha1_base64="0EyHSWZlbcd6nrH6c+oZ4qJa0jY="></latexit>

✓
⌫↵
⌫�

◆
=

✓
cos ✓ sin ✓
� sin ✓ cos ✓

◆✓
⌫1
⌫2

◆
�m2 ⌘ m2

2 �m2
1

P (⌫↵ ! ⌫�) = sin2 2✓ sin2
✓
�m2L

4E

◆

sin2 2✓
Losc.

<latexit sha1_base64="tdVwNhQ6RFnbWDesXtkUcHU8cyU="></latexit><latexit sha1_base64="tdVwNhQ6RFnbWDesXtkUcHU8cyU="></latexit><latexit sha1_base64="tdVwNhQ6RFnbWDesXtkUcHU8cyU="></latexit><latexit sha1_base64="tdVwNhQ6RFnbWDesXtkUcHU8cyU="></latexit>

sin2 2✓
<latexit sha1_base64="LPaQRw8JzU7LM5uek02JKvn1evc="></latexit>

Losc.(km) = 2.48E(GeV)/�m2(eV2)



The above derivation gives the correct oscillation probability, but is a bit 
oversimplified

The propagating mass eigenstates     where described as plane waves with 
well-defined (and equal) momenta (            ) 

Should instead be described by wave packets with mean momenta 

Under appropriate coherence conditions at production and detection, and 
neglecting decoherence due to separation of the wave packets, the above 
oscillation formula is recovered (without the ad hoc assumption            )

[See e.g. Akhmedov and Smirnov, arXiv: 0905.1903 for details]
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N-flavour oscillations in vacuum

                                        (fields)   ⇒                                        (states)

                         and for antineutrinos

1) production:

2) propagation:                          

3) detection:

Assuming ultra-relativistic neutrinos, one obtains
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Oscillation probability = sum of oscillating terms with different « frequencies »
                             and amplitudes (which depend on the      and Dirac-type 
CP-violating phases)

For           ,                  is called appearance probability

For antineutrinos,  U → U* (δ → - δ) and the last term changes sign
if               ⇒                                               ➞  CP violation

For           (disappearance or survival probability), the last term vanishes
and the formula simplifies to

No CP violation in disappearance experiments:  

<latexit sha1_base64="5ba3QFBVoiEUVYvC2F6eSD+OuP8="></latexit>

P (! ! ! ! ! ) = 1 " 4
!

i<j

|U! i U! j |2 sin2

"
! m2

ji L

4E

#

! m2
ji ! m2

j " m2
i ! ij

<latexit sha1_base64="uCGsiQbwlL/UaMV+t7mojP7Z+KA="></latexit><latexit sha1_base64="uCGsiQbwlL/UaMV+t7mojP7Z+KA="></latexit><latexit sha1_base64="uCGsiQbwlL/UaMV+t7mojP7Z+KA="></latexit><latexit sha1_base64="uCGsiQbwlL/UaMV+t7mojP7Z+KA="></latexit>

! != 0 , " P(ø! ! ! ø! " ) "= P(! ! ! ! " )

<latexit sha1_base64="0Ef242Ai/mu8dL3bisM/q8BHXVo="></latexit>

P (! ! ! ! ! ) = P(ø! ! ! ø! ! )

<latexit sha1_base64="ZY2GUH9yp23eRoTcZdOaJi+yniQ="></latexit>

! != "

<latexit sha1_base64="ycvdIlvI3Fg5QATXaMIcnXqor3w="></latexit>

! = "

<latexit sha1_base64="6Um2eDvbL3Zs4L6xRwu7WuI19NI="></latexit>

P (! ! " )
<latexit sha1_base64="ivJQ950MQbzTMIvA4VhLT1xHxJs="></latexit>

P (! ! ! ! " ) = " 4
!

i<j

Re
"
U! i U!

" i U
!
! j U" j

#
sin2

$
! m2

ji L

4E

%

+ 2
!

i<j

Im
"
U! i U!

" i U
!
! j U" j

#
sin

$
! m2

ji L

2E

%



3-flavour oscillations

2 independent         :            (« atmospheric ») and           (« solar »)     

U contains 3 mixing angles                    and one phase δ

[ omitting possible « Majorana » phases, which are relevant only for lepton number violating 
processes such as neutrinoless double beta decay, and have no effect on oscillations, since 
they cancel in in the combinations            ]
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In many experiments, oscillations are dominated by a single         and can be 
described to a good approximation as 2-flavour oscillations:

     (*) matter effets dominate for high-energy solar neutrinos

Notes :   1)       is the only « small » leptonic angle

              2)

                  sign of           unknown ⇒  two types of spectra allowed

 - solar neutrinos (*), LBL reactors

 - atmospheric, LBL accelerators

 - SBL reactor experiments
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... mais encore de nombreuses questions ouvertes

1) Le mŽlange leptonique reß•te-t-il une symŽtrie sous-jacente?

    e.g. lÕangle        est-il maximal? (                     ) Sinon quel octant?

!  mesures de prŽcision (expŽriences long baseline)

2) Quelle est la hiŽrarchie de masse? 

                                               versus

!  distinguŽes par effets de mati•re (expŽriences long baseline, nu atmosph.)

3) Quelle est lÕŽchelle absolue de masse des neutrinos?

!  dŽsintŽgration b•ta, cosmologie, (double dŽsintŽgration b•ta)
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Fig. 15. Mass schemes for 3! oscillations

¥ Mixing e! ects because of the additional angle! 13
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The strength of these e! ects is controlled by the values of the ratio of mass
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This hierarchy implies that even though in general the transition probabil-
ities present an oscillatory behavior with two oscillationlengths, in present
experiments, such interference e! ects are not very visible.
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where we have used that for the relevant values of energy and distance, one can
safely neglect Earth matter e! ects. The second equality holds under the ap-
proximation " m2

21 ! E/L which can be safely made for" m2
21 $ 3%10" 4 eV2

Thus e! ectively the analysis of the CHOOZ reactor data involves two os-
cillation parameters the mass di! erence which drives the dominant atmo-
spheric and K2K oscillations," m2

31, and the angle! 13 which is severely con-
strained [119].
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... mais encore de nombreuses questions ouvertes

1) Le mŽlange leptonique reß•te-t-il une symŽtrie sous-jacente?

    e.g. lÕangle        est-il maximal? (                     ) Sinon quel octant?

!  mesures de prŽcision (expŽriences long baseline)

2) Quelle est la hiŽrarchie de masse? 

                                               versus

!  distinguŽes par effets de mati•re (expŽriences long baseline, nu atmosph.)

3) Quelle est lÕŽchelle absolue de masse des neutrinos?

!  dŽsintŽgration b•ta, cosmologie, (double dŽsintŽgration b•ta)
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The strength of these e! ects is controlled by the values of the ratio of mass
di! erences, the mixing angle! 13 and the CP phase"CP .

In this respect, as we have seen in the previous sections, theparameter space
of solutions for solar and atmospheric oscillations in Figs. 13 and 12 satisfy
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! ! " m2
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31| " |" m2
32|. (93)

This hierarchy implies that even though in general the transition probabil-
ities present an oscillatory behavior with two oscillationlengths, in present
experiments, such interference e! ects are not very visible.
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where we have used that for the relevant values of energy and distance, one can
safely neglect Earth matter e! ects. The second equality holds under the ap-
proximation " m2

21 ! E/L which can be safely made for" m2
21 $ 3%10" 4 eV2

Thus e! ectively the analysis of the CHOOZ reactor data involves two os-
cillation parameters the mass di! erence which drives the dominant atmo-
spheric and K2K oscillations," m2

31, and the angle! 13 which is severely con-
strained [119].
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spheric and K2K oscillations," m2

31, and the angle! 13 which is severely con-
strained [119].
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In many experiments, oscillations are dominated by a single         and can be 
described to a good approximation as 2-ßavour oscillations:

     (*) matter effets dominate for high-energy solar neutrinos
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... mais encore de nombreuses questions ouvertes

1) Le mŽlange leptonique reß•te-t-il une symŽtrie sous-jacente?

    e.g. lÕangle        est-il maximal? (                     ) Sinon quel octant?

!  mesures de prŽcision (expŽriences long baseline)

2) Quelle est la hiŽrarchie de masse? 

                                               versus

!  distinguŽes par effets de mati•re (expŽriences long baseline, nu atmosph.)

3) Quelle est lÕŽchelle absolue de masse des neutrinos?

!  dŽsintŽgration b•ta, cosmologie, (double dŽsintŽgration b•ta)
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The strength of these e! ects is controlled by the values of the ratio of mass
di! erences, the mixing angle! 13 and the CP phase"CP .

In this respect, as we have seen in the previous sections, theparameter space
of solutions for solar and atmospheric oscillations in Figs. 13 and 12 satisfy
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This hierarchy implies that even though in general the transition probabil-
ities present an oscillatory behavior with two oscillationlengths, in present
experiments, such interference e! ects are not very visible.

In this notation, the survival probability of reactor antineutrinos at CHOOZ
takes the form:
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where we have used that for the relevant values of energy and distance, one can
safely neglect Earth matter e! ects. The second equality holds under the ap-
proximation " m2

21 ! E/L which can be safely made for" m2
21 $ 3%10" 4 eV2

Thus e! ectively the analysis of the CHOOZ reactor data involves two os-
cillation parameters the mass di! erence which drives the dominant atmo-
spheric and K2K oscillations," m2

31, and the angle! 13 which is severely con-
strained [119].
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 CP violation in oscillations

                                                            at leading order in                       :

Jarlskog invariant

!  condition for CP violation : 

!  for CP violation to be observable, sub-dominant oscillations governed by
          must develop ⇒ long baseline oscillation experiments (> 100 km), also 
sensitive to matter effects (which can mimic a CP asymmetry)

CP violation is only possible in appearance experiments
e.g. electron (anti-)neutrino appearance in a muon (anti-)neutrino beam                              

Disappearance experiments, e.g. at reactors, have no sensitivity to   ,
implying 
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          appearance channel at long baseline experiments

Sensitivity to CP violation requires a long baseline (T2K, NOvA, DUNE, HK) 
such that subleading oscillations can develop

At leading order in           and       :

- first term: leading          -driven term, proportional to               and sensitive 
to the octant of       (i.e. whether                 or           )

- the third and fourth terms involve both           and           and are CP-even 
and CP-odd (changes sign for              oscillations), respectively 

- due to the long baseline, matter effects must be included (less important for 
T2K than for NOvA and DUNE)
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Relative size of the different terms in the               oscillation probability   
for the long baseline accelerator experiment T2K (Japan, 295 km), in which 
matter effects are small

Neutrinos and anti-neutrinos

!  

4

P(! µ ! ! e) = 4 C2
13S2
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23 sin2 " 31

+ 8C2
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(1 " 2S2
13) cos" 32 sin" 31

+ 8C2
13S2

13S2
23

a
! m2

13
(1 " 2S2

13) sin2 " 31

(3.1)

where Cij = cos $ij , Sij = sin $ij and " ji = ! m2
ji L/ 4E! . The terms that include a are a

consequence of the matter e" ects with a = 2
#

2GF neE! = 7 .56$ 10! 5[eV2](%/ (g/cm3)(E! /GeV ).
The term proportional to cos#CP is invariant for ! and ! whilst the term proportional to sin #CP

change if CP is violated. The equivalent term for P(! µ ! ! e) can be obtained by reversing the
signs of the terms proportional to sin#CP and to a: the combination of ! e and ! e appearance in
long baseline experiments allows to break the degeneracies and access to$13, #CP and the sign of
a.
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FIG. 16. Oscillation probabilities as a function of the neutrino energy for ! µ ! ! e (left) and ! µ ! ! e (right)

transitions with L=295 km and sin 2 2"13 = 0 .1. Black, red, green, and blue lines correspond to# = 0 , 1
2 $, $,

and " 1
2 $, respectively. Other parameters are listed in Table VII. Solid (dashed) line represents the case for

a normal (inverted) mass hierarchy.
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FIG. 17. Oscillation probability of ! µ ! ! e as a function of the neutrino energy with a baseline of 295 km.

Left: sin2 2"13 = 0 .1, right: sin2 2"13 = 0 .01. # = 1
2 $ and normal hierarchy is assumed. Contribution from

each term of the oscillation probability formula is shown separately.

TABLE VII. Parameters other than "13 and # assumed in this section.

Name Value

L 295 km

! m2
21 7.6# 10! 5 eV2

|! m2
32| 2.4# 10! 3 eV2

sin2 "12 0.31

sin2 "23 0.5

Density of the earth (%) 2.6 g/cm3

Figure 3.1: Oscillation probabilities as a function of neutrino energy with L=295 km, sin2(2$13)
= 0.1, #CP = &/ 2 and normal hierarchy. The contribution of the di" erent terms of the oscillation
probability is shown separately.

The interplay between the e" ect due to a and the e" ect due to #CP mainly depends on the
baseline, since the e" ect of a is proportional to the amount of matter crossed by neutrinos before
reaching the detector. In the case of T2K the baseline is relatively short and the matter e" ects
contribute to % 10% of the oscillation probability while the e" ect due to #CP is larger and as we

51

In case of  T2K where the 
baseline is short we have: 

! CP effect ±30% 
MH effect ~10%

E Detector calibration 35
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A. Accelerator based neutrinos

1. CP asymmetry measurement in a long baseline experiment

If a Þnite value of ! 13 is discovered by the ongoing and near-future accelerator and/or reactor

neutrino experiments [46Ð50], the next crucial step in neutrino physics will be the search forCP

asymmetry in the lepton sector. A comparison of muon-type to electron-type transition probabil-

ities between neutrinos and anti-neutrinos is one of the most promising methods to observe the

lepton CP asymmetry. Recent indication of a nonzero, rather large value of! 13 [1] makes this

exciting possibility more realistic with near-future experiments such as Hyper-Kamiokande.

In the framework of the standard three ßavor mixing, the oscillation probability is written using

the parameters of the MNS matrix (see Sec. I A 1), to the Þrst order of the matter e! ect, as [51]:

P(" µ ! " e) = 4 C2
13S2

13S2
23 ásin2 " 31

+8C2
13S12S13S23(C12C23 cos# " S12S13S23) ácos" 32 ásin" 31 ásin" 21
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+4S2
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4E!

(1 " 2S2
13) ácos" 32 ásin" 31

+8C2
13S2

13S2
23

a
" m2

31
(1 " 2S2

13) ásin2 " 31, (3)

where Cij , Sij , " ij are cos! ij , sin ! ij , " m2
ij L/ 4E! , respectively, and a[eV2] = 7 .56 # 10! 5 #

$[g/ cm3] # E! [GeV]. The parameter # is the complex phase that violatesCP symmetry. The

corresponding probability for " µ ! " e transition is obtained by replacing # ! " # and a ! " a.

The third term, containing sin #, is the CP violating term which ßips the sign between" and ø"

and thus introduces CP asymmetry if sin # is non-zero. The last two terms are due to thematter

e! ect; caused by coherent forward scattering in matter, they produce a fake (i.e., notCP-related)

asymmetry between neutrinos and anti-neutrinos. As seen from the deÞnition ofa, the amount

of asymmetry due to the matter e! ect is proportional to the neutrino energy at a Þxed value of

L/E ! .

Figure 16 shows the" µ ! " e and " µ ! " e oscillation probabilities as a function of the true

neutrino energy for a baseline of 295 km. The parameters other than! 13 and # assumed in

this section are summarized in Table VII. The value of sin2 ! 23 is set to the maximal mixing, as

Matter effects

! distance

CPV term

Leading term !  " 13

sin!  and a change
 sign from neutrino

 to antineutrino

Experimentally we 
measure an appearance 

probability
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First hints of CP violation at T2K

Long baseline accelerator experiment in Japan (295 km)

Observes more events in the neutrino mode                 and less events in 
the antineutrino mode                 than expected ⇒ suggests CP violation 
(CP conservation excluded at more than 90% C.L.) 

The long baseline accelerator experiment NOvA (USA, 810 km) does not confirm 
the hint for CPV in the NO case – more data / new experiments needed
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Parameter
With reactor constraint Without reactor constraint

Normal ordering Inverted ordering Normal ordering Inverted ordering

! CP (rad.) ! 1.97+ 0.97
! 0.62 ! 1.44+ 0.56

! 0.59 ! 2.22+ 1.25
! 0.81 ! 1.29+ 0.72

! 0.83

sin2 " 13/ 10! 3 Ñ Ñ 28.0+ 2.8
! 6.5 31.0+ 3.0

! 6.9

sin2 " 23 0.561+ 0.019
! 0.038 0.563+ 0.017

! 0.032 0.467+ 0.106
! 0.018 0.466+ 0.103

! 0.019

# m2
32/ 10! 3 (eV2) 2.494+ 0.041

! 0.058 Ñ 2.495+ 0.041
! 0.058 Ñ

|# m2
31|/ 10! 3 (eV2) Ñ 2 .463+ 0.042

! 0.056 Ñ 2 .463+ 0.043
! 0.055

Tab. 13: Results for the oscillation parameters from the Þt to data with and without the reactor constraint in the frequentist
analysis, with the conÞdence intervals estimated using the constant#$ 2 method.

ConÞdence ! CP (rad.) sin2 " 23

Level Normal ordering Inverted ordering Normal ordering Inverted ordering

1% [! 2.67, ! 1.00] Ñ [0.529,0.582] Ñ
90% [! 3.01, ! 0.52] [! 1.74, ! 1.07] [0.444,0.593] [0.536,0.584]
2% [! &, ! 0.28] " [3.10,&] [! 2.16, ! 0.74] [0.436,0.598] [0.512,0.592]
3% [! &,0.33] " [2.59,&] [! 2.83, ! 0.14] N/A N/A

Tab. 14: FC-corrected conÞdence intervals for! CP and sin2 " 23 from the Þt to data in the frequentist analysis, using the reactor
constraint on sin22" 13. The 3%FC correction was not computed for sin2 " 23.
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Fig. 28: The#$ 2 distribution in! CP from Þtting to the data
with the reactor constraint applied. The conÞdence intervals
in the shaded regions are calculated using the FC method.

8.2.2 Atmospheric oscillation parameters

The sin2 " 23 ! # m2
32 conÞdence intervals are presented in

Fig. 31. The contours are compatible for both mass order-
ings, with a slight shape change compared to the previous
T2K analysis, to now marginally prefer the upper octant.
Fig. 32 shows the contour from a Þt using only the 1Rµ
samples, which shows that the constraint is dominated by
the 1Rµ samples, with the 1Resamples providing the sensi-
tivity to the octant of" 23.
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30
A = [PRD 103, 112008]

B = A + new int. model, ND data

 constr. [PDG19]13%C = B + new 

D = C + FD reprocessing

E = D + run10 FD data

Normal ordering
Inverted ordering

Fig. 29: The#$ 2 distribution in ! CP for incremental mod-
iÞcations from the previous analysis [1] to this result, for
normal and inverted mass orderings. ÒEÓ corresponds to this
analysis, except that unlike the main frequentist result, the
µ-like samples do not use the scattering angle information
for better compatibility with the previous T2K analysis.

The evolution of the sin2 " 23 ! # m2
32 contour from the

Þt to data after introducing each update in the analysis is
shown inFig. 33. The most signiÞcant impact on the# m2

32
constraint comes from changing the cross-section model
and updating the ND constraint. For# m2

32, improvements in
the removal energy uncertainty have signiÞcantly reduced
the uncertaintybeforethe smearing based on simulated data
studies has been applied. Thanks to increased robustness of

constraints from SBL
reactor experiments
imposed (               )
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Matter effect versus CP violation

In long baseline experiments, cannot neglect the impact of matter effects 
(forward scatterings of neutrinos off e-, p and n) on oscillations (especially if 
want to make precision measurements)

Matter effects are different for neutrinos and antineutrinos, leading to 
different oscillation probabilities even in the absence of CP violation
⇒ must disentangle the two effects to establish CPV in the lepton sector

Oscillations in matter with constant density (which is the case in the Earth 
crust) are governed by the same formula as in vacuum, with the replacements

              ⇒ 

! ! ! m ,
! m2

4E
!

(E 2
m " E 1

m )
2

P(! ! ! ! " ) = sin 2 2"m sin2 (E 2
m " E 1

m )t
2



Oscillation parameters in matter

MSW resonance (Mikheev-Smirnov-Wolfenstein): 

(irrespective of the value of the mixing angle in vacuum θ)

Resonance condition:

When neutrino oscillations are enhanced, antineutrino oscillations are suppressed, 
and vice versa

P(! ! ! ! " ) = sin 2 2"m sin2 (E 2
m " E 1

m )t
2

for antineutrinos,

nres !
! m2 cos 2!

2
"

2GF E

n ! " n
(n = ne if only active neutrinos)

E m
2 ! E m

1 = ! m 2

2E

!
(1! n

n res )2
cos2 2! +sin 2 2!

sin 2! m = sin 2 !!
(1! n

n res )2
cos2 2! +sin 2 2!

cos 2! m = (1! n
n res ) cos 2!

!
(1! n

n res )2
cos2 2! +sin 2 2!

sin 2! m = 1 for n = nres

!
! m2 cos 2! > 0 for neutrinos
! m2 cos 2! < 0 for antineutrinos



Different regimes for oscillations in matter :

- low density (                ) :                             ⇒ vacuum oscillations

- resonance (               ) :

- high density (                ) :                                   ⇒ oscillations are
  suppressed by matter effects

sin 2! m ! sin 2!

sin 2! m = 1n = nres

n ! nres

n ! nres sin 2! m < (! ) sin 2!

nres > 0



Application: determination of the mass hierarchy in long-baseline experiments

Two mass orderings allowed by experiments:

In vacuum:

For long baselines (> several 100 km), matter effects cannot be neglected

If nres is close to the Earth crust density, neutrino (antineutrino) oscillations 
are enhanced for NH (IH), while antineutrino (neutrino) oscillations are 
suppressed

[may have to disentangle CP violation from matter effect]

P(! µ ! ! e) " sin2 "23 sin2 2"13 sin2
!

! m2
31L

4E

"

nres = ! m 2
31 cos 2! 13

2
!

2 GF E

!
nres > 0 for normal hierarchy
nres < 0 for inverted hierarchy
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Interlude: Dirac versus Majorana neutrinos

Neutrinos are the only SM fermions that do not carry electric charge
⇒ can be their own antiparticles (Majorana fermions)

Experimentally, only      (the “neutrino”) and its CP conjugate       (the 
“antineutrino”) have been observed.  We don’t know if the neutrino also
has a RH component       (which would be an SM gauge singlet, hence 
unobservable)

The observed (LH) neutrino and (RH) antineutrino can be described equally 
well by a Dirac or Majorana neutrino. The only difference is that the RH 
component of a Dirac neutrino,       , is independent of       and is an SM  
gauge singlet, while the RH component of a Majorana neutrino coincides  
with      , the CP conjugate of its LH component
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Dirac mass term

The simplest way to describe a massive neutrino is to add a       to the SM 
and to write a Dirac mass term, as for the other fermions:

The massive neutrino       is a Dirac fermion (2 independent chiralities)

not invariant under                         but can be generated from a Yukawa 
coupling to the SM Higgs doublet (which has weak isospin 1/2)

caveat :  possible to write  a Majorana mass term for       ⇒ end up with two 
Majorana neutrinos rather than one Dirac neutrino (see later)

Dirac and Majorana mass terms
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Majorana mass term

Preliminary remark: can form a RH spinor from 

                                    CP conjugate of 

C = charge conjugation matrix; enters the charge conjugate of a Dirac spinor

                                              describes the corresponding antifermion

⇒ the existence of a LH neutrino (     ) implies the existence of a RH 
antineutrino (                          )

Now, with      and      , can write a (Majorana) mass term :

The massive neutrino                        satisfies the Majorana condition
                 !  Majorana fermion

                              

A Majorana mass term violates lepton number (signature of a Majorana 
neutrino). It cannot be generated from a coupling to the SM Higgs doublet, 
which has a T = 1/2  ⇒ neutrino masses require an extension of the SM
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Dirac versus Majorana neutrino

A Dirac neutrino is different from its antiparticle (            )
⇒ describes 4 degrees of freedom:                                [or                        ] 

Described by a 4-component spinor                         , with independent LH 
and RH components         and 

A Majorana neutrino satisfies the condition
⇒ describes only 2 degrees of freedom:                  [or            ]

Can be described by a 4-component spinor                        , but its LH and RH

components are not independent, as                 ⇒

The Majorana condition is inconsistent with any conserved additive quantum 
number: if ψ possesses a conserved quantum number q, 

Thus only neutrinos (not quarks, charged leptons) can be Majorana fermions

For the same reason, one cannot rephase a Majorana neutrino
⇒ 2 additional physical phases in the PMNS matrix wrt the Dirac case
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How to distinguish Majorana from Dirac neutrinos?

Dirac and Majorana neutrinos have the same gauge interactions, since weak 
interactions only involve       and its CP conjugate      , which can be described 
either by a Dirac or a Majorana neutrino (      and      , if they exist, are SM 
gauge singlets and do not interact at all)

One commonly calls      ‟neutrino” and      ‟antineutrino”, irrespective of 
whether they are degrees of freedom of a Dirac or Majorana neutrino. This 
terminology is motivated by the fact that, via the charged weak interaction,
     (     ) creates a negatively charged (positively charged) lepton

In other words, one can define a U(1) charge – the lepton number L – which  
is preserved by SM interactions. This is done by assigning
and

Similarly, oscillations probabilities are the same for Dirac and Majorana 
neutrinos (production and detection are weak interaction processes:
only      and      can be produced and detected) (*)

(*) note:                                          corresponds to CP violation, not C violation, 
and is possible both for Dirac and Majorana neutrinos, precisely because
                    CP conjugate of 
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The only practical difference between Dirac and Majorana neutrinos lies in 
their mass term, which violates lepton number by 2 units in the Majorana case

!  the Majorana nature of neutrinos can be established in               processes 
such as neutrinoless double beta decay

(the only               process that is accessible to experiment, in practice, in the 
absence of other sources of lepton number violation than the masses of the 
SM Majorana neutrinos)

! L = 2

! L = 2



The simplest mechanism of neutrino mass generation

Simplest possibility:  add a RH neutrino       to the Standard Model

In addition to the Dirac mass term                              , must write a 
Majorana mass term for the RH neutrino, which is allowed by all (non-
accidental) symmetries of the SM (or justify its absence):

[only lepton number, if imposed, can forbid this term]

Mass eigenstates : write the mass terms in a matrix form and diagonalize

          where 
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Defining                               (such that                   ), one can see that the 
mass eigenstates are 2 Majorana neutrinos with masses m1 and m2 :

‟Seesaw” limit : 

(       = gauge singlet ⇒ M unconstrained by the electroweak symmetry)

!  the light Majorana neutrino is essentially the SM neutrino

!  natural explanation of the smallness of neutrino masses

New physics interpretation :  M = scale of the new physics responsible for 
lepton number violation – can a priori lie anywhere between
(a larger M would give                                        , unless            )
and the weak scale (low-scale seesaw mechanism), or even below
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3-generation (type I) seesaw mechanism (                                  )

                                                 ⇒ 

Light neutrino mass matrix:

        U = lepton mixing (PMNS) matrix

L I
seesaw = ! Yi! N Ri L ! H !

1
2

M i N Ri N c
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Natural realization of the seesaw mechanism in Grand Unified Theories 
(GUTs) based on the SO(10) gauge group

- SM quarks and leptons fit in a single 16-dimensional representation of 
SO(10), which also contains a right-handed neutrino:

- the scale of RH neutrino masses is associated with the breaking of the B-L 
symmetry, which is a generator of SO(10), and is typically broken at or a few 
orders of magnitude below the GUT scale MGUT

(≠ arbitrary scale, even if model dependent)

- natural values of the Dirac Yukawa coupling                           
                         (i.e.             ) give

                                      for                       ,
near the unification scale in supersymmetric
extensions of the SM,

16i = ( Qi , uc
i , dc

i , L i , ec
i , N c

i ) ( i = 1 , 2, 3)

M i !" M B ! L !" SO(10) gauge symmetry breaking
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Right-handed neutrinos imply a deep (even if minimal) modification of the SM

- without RHNs, gauge invariance and renormalizability imply that B and L are 
global symmetries of the SM, only broken by quantum effects (anomalies)

- with RHNs, this is no longer true: a              Majorana mass term is allowed 
both by gauge invariance and renormalizability

Dirac neutrinos remain a viable possibility, but lepton number has to be 
imposed: no longer automatic

Theoretical prejudices against Dirac neutrinos:

- must impose lepton number

- need very small Yukawa couplings:

[this makes the SM flavour puzzle, i.e. the unexplained hierarchy of fermion masses / 
Yukawa couplings even stronger, but it might be explained by a theory of flavour]
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Theoretical prejudices for Majorana neutrinos:

- lepton number violated in many extensions of the SM

- any mechanism generating neutrino masses without RHNs gives Majorana 
neutrinos

- natural in SO(10) Grand Unified Theories (GUTs), left-right symmetric 
theories (based on the gauge group
or larger), supersymmetry without R-parity

- possible explanation of the small neutrino masses (seesaw mechanism...)

- open the possibility of generating the baryon asymmetry of the Universe via 
leptogenesis (B-L violation and CP violation are necessary ingredients of 
baryogenesis) 

While Majorana neutrinos are theoretically compelling, only experiment 
(neutrinoless double beta decay, or possibly some other              leptonic 
process) will tell whether neutrinos are Dirac or Majorana particles

SU(3)C ! SU(2)L ! SU(2)R ! U(1)B ! L

! L = 2



violates lepton number by 2 units
⇒ possible only for Majorana neutrinos

Half-life:

Sensitive to the effective mass parameter:

possible cancellations in the sum (Majorana phases            in U)

(A, Z ) ! (A, Z + 2) + e! + e!

20 J.J. G «OMEZ-CADENAS, J. MART «IN-ALBO, M. MEZZETTO, F. MONRABAL and M. SOREL
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Fig. 9. Ð The standard mechanism for !! 0" decay, based on light Majorana neutrino exchange.

In other words, the value of the e! ective neutrino Majorana massm!! in eq. (27) can
be inferred from a non-zero!! 0" rate measurement, albeit with some nuclear physics
uncertainties. Conversely, if a given experiment does not observethe !! 0" process, the
result can be interpreted in terms of an upper bound onm!! .

If light Majorana neutrino exchange is the dominant mechanism for!! 0" , it is clear
from eq. (27) that !! 0" is in this case directly connected to neutrino oscillations phe-
nomenology, and that it also provides direct information on the absolute neutrino mass
scale, as cosmology and! decay experiments do (see sect.2.1). The relationship between
m!! and the actual neutrino massesmi is a! ected by:

1. the uncertainties in the measured oscillation parameters;

2. the unknown neutrino mass ordering (normal or inverted);

3. the unknown phases in the neutrino mixing matrix (both Dirac and Majorana).

For example, the relationship betweenm!! and the lightest neutrino mass mlight

(which is equal to m1 or m3 in the normal and inverted mass ordering cases, respectively)
is illustrated in Þg. 10. This graphical representation was Þrst proposed in [58]. The width
of the two bands is due to items 1 and 3 above, where the uncertainties in the measured
oscillation parameters (item 1) are taken as 3# ranges from a recent global oscillation Þt
[3]. Figure 10 also shows an upper bound onmlight from cosmology (mlight < 0.43 eV),
also shown in Þg. 2, and an upper bound onm!! from current !! 0" data (m!! <
0.32 eV), which we will discuss in sect.3.5. As can be seen from Þg. 10, current!! 0"
data provide a constraint on the absolute mass scalemlight that is almost as competitive
as the cosmological one.

In Þgs. 2 and 10, we have shown only upper bounds on various neutrino mass combi-
nations, coming from current data. The detection of positive results for absolute neutrino
mass scale observables would open up the possibility to further explore neutrino prop-
erties and lepton number violating processes. We give three examples in the following.
First, the successful determination of both m! in eq. (3) and m!! in eq. (27) via !

nuclear matrix element (NME)
(large theoretical uncertainty)

integrated phase-space factor
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The neutrino nature: neutrinoless double beta decay
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• need to reach 10 meV to exclude IH (lower bound on        )

• need to reach few meV to test NH (if no mass degeneracy)

• if unlucky (m1 ~ 1-10 meV), may not observe ββ0ν even if 
neutrinos are Majorana (cancellation in        due to          ) 

IH

NH

[Dell’Oro et al., arXiv:1404.2616]
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FIG. 1. Updated predictions on m!! from oscillations as a function of the lightest neutrino mass (left) and of the cosmological
mass (right) in the two cases of N H and IH . The shaded areas correspond to the 3! regions due to error propagation of the
uncertainties on the oscillation parameters.

three active neutrino masses (! ! m1 + m2 + m3). The
close connection between the neutrino masses measure-
ments obtained in the laboratory and those probed by
cosmological observations was outlined long ago [6]. Fur-
thermore, the measurements of! have recently reached
important sensitivities, as discussed below. For these rea-
sons, we also update the plot of the dependence of the
Majorana e" ective massm!! on the cosmological mass
! , using the representation originally introduced in [7].

From the deÞnition of ! , we can write:

! = ml +
!

m2
l + a2 +

!
m2

l + b2 (4)

where ml is the mass of the lightest neutrino anda and
b are di" erent constants depending on the neutrino mass
hierarchy. Through Eq. (4) one can establish a direct re-
lation between ! and ml and thus it is straightforward
to plot m!! as a function of ! . Concerning the treat-
ment of the uncertainties, we use again the assumption
of Gaussian ßuctuations and the prescription reported in
the Appendix. The result of the plotting in this case is
shown in the right panel of Fig. 1.

III. COMPARISON WITH THE
EXPERIMENTAL RESULTS

A. Experimental bounds

Recently, several experiments have obtained bounds
on t1/ 2 (exp.) above 1025yr. The results are summarized
in the upper part of Table I. They were achieved thanks
to the study of two nuclei: 76Ge and 136Xe. The 90%
C. L. bound from 76Ge, obtained by combining GERDA-
I, Heidelberg-Moscow and IGEX via the recipe of Eq.
(A.1), 3.2 á1025 yr, is almost identical to the one quoted
by the GERDA Collaboration, 3 .0á1025 yr, [11]. By com-
bining the Þrst KamLAND-Zen results on 0!"" (namely,

KamLAND-Zen-I [ 12]), and the new ones obtained after
the scintillator puriÞcation (KamLAND-Zen-II [ 13]), the
same procedure gives 2.3 á1025 yr, which di " ers a little
bit from the combined limit quoted by the Collabora-
tion [13], 2.6á1025 yr. When we combine the two results of
KamLAND-Zen and the one from EXO-200 using again
the procedure of Eq. (A.1), we get 2.6 á1025 yr, which
is equal to the KamLAND-Zen limit alone. In view of
the above discussion and in order to be as conservative
as possible, we will adopt as combined 90% C. L. bounds
the following values:

t1/ 2

Ge > 3.0 á1025 yr and t1/ 2

Xe > 2.6 á1025 yr. (5)

More experiments are also expected to produce impor-
tant new results in the coming years. A few selected
ones are also reported in the lower part of TableI.

B. Nuclear physics and 0"##

Assuming that the transition is dominated by the ex-
change of ordinary neutrinos with Majorana mass, the
theoretical expression of the half-life in ani th experiment
based on a certain nucleus is:

t1/ 2

i (th.) =
m2

e

G0" ,i M 2
i m2

!!
(6)

where me is the electron mass,G0" ,i the phase space fac-
tor (usually given in inverse years) andM i the nuclear
matrix element, an adimensional quantity of enormous
importance. In recent works, this last term is written
emphasizing the axial couplinggA :

M i = g2
A áM 0" ,i . (7)

M 0" ,i depends mildly ongA and can be evaluated by the-
oretically modeling the nucleus. This is independent on

light shaded areas
= 3σ regions due

to uncertainties on
oscillation parameters
(+ dependence on     )
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m1 (NH) / m3 (IH)

m!!
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currently here, around 100 meV
(experimental upper bounds
depend on NME calculations
⇒ 2 - 4 uncertainty factor)

Current best limit (90% C.L.) :
KamLAND-Zen (2024)

         -loaded liquid scintillator 

(uncertainty from NMEs)

136Xe
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around 40 meV

around 10 meV

(Legend, CUPID, nEXO…)
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T 0!
1/ 2 > 3.8 ! 1026 yr

m"" < (28" 122) meV


