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June 10th, 2005 on the garden side of this building

At the time, Emmanuel, Philippe and I had already written 9 papers together. But this was still
the beginning of the adventure...
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Back in time 6 years earlier (1999)

heaps

This paper by Emmanuel, Charlotte and Philippe marks the beginning of the application of
combinatorial theory to 2D quantum gravity.
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My first paper with Emmanuel and Philippe (2001-2002)

Still using the good old-fashioned matrix models to enumerate some decorated planar maps.
It involved interesting physics, and I still remember the morning where Emmanuel came up with
his simple combinatorial interpretation for the 6-matrix-chain model.
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Our discovery of the bijective approach (2002)
One day, Emmanuel told us that he saw an interesting paper on the arXiv...

It quickly inspired us a bijective proof of a 1997 result of Emmanuel, Philippe and Bertrand E.Nuclear Physics B 641 [FS] (2002) 519–532
www.elsevier.com/locate/npe

Counting colored random triangulations

J. Bouttier, P. Di Francesco, E. Guitter
Service de Physique Théorique, CEA/DSM/SPhT, Unité de recherche associée au CNRS, CEA/Saclay,

91191 Gif sur Yvette Cedex, France

Received 26 June 2002; accepted 15 July 2002

Abstract

We revisit the problem of enumeration of vertex-tricolored planar random triangulations solved
in [Nucl. Phys. B 516 [FS] (1998) 543–587] in the light of recent combinatorial developments
relating classical planar graph counting problems to the enumeration of decorated trees. We give
a direct combinatorial derivation of the associated counting function, involving tricolored trees. This
is generalized to arbitrary k-gonal tessellations with cyclic colorings and checked by use of matrix
models.
 2002 Elsevier Science B.V. All rights reserved.

1. Introduction

Graph-coloring problems are a classical subject of combinatorics, where the celebrated
4-color theorem is probably the most famous result. Parallely the statistics of randomly
generated colored graphs play an important role in physics in connection to various
statistical models.
Among the coloring problems, a fundamental one is that of generating and counting

vertex-tricolored random triangulations, a task completed recently in Ref. [1], where a
generating function for tricolored triangulations was obtained using matrix model tech-
niques. This generalized an earlier standard result by W. Tutte where these triangulations
were counted without colors [2].
The scope of the present paper is to revisit this problem of counting vertex-tricolored

random triangulations in the light of new combinatorial developments relating various
problems of graph enumeration to that, much simpler, of counting decorated trees [3,4].

E-mail addresses: bouttier@spht.saclay.cea.fr (J. Bouttier), philippe@spht.saclay.cea.fr (P. Di Francesco),
guitter@spht.saclay.cea.fr (E. Guitter).

0550-3213/02/$ – see front matter  2002 Elsevier Science B.V. All rights reserved.
PII: S0550-3213(02)00582-5
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Several papers on bijections between planar maps and trees followed.

Our most successful one is Planar maps as labeled mobiles (2004) which introduces what is
now known as “the” BDG bijection. It is Emmanuel’s (and my) most cited paper.
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As already noted by Chassaing and Schaeffer, bijections are useful to study distances in random
planar maps. In 2003 we came up with our first contribution on this topic:

Nuclear Physics B 663 [FS] (2003) 535–567
www.elsevier.com/locate/npe

Geodesic distance in planar graphs

J. Bouttier, P. Di Francesco, E. Guitter
Service de Physique Théorique, CEA/DSM/SPhT, Unité de recherche associée au CNRS,

CEA/Saclay, 91191 Gif-sur-Yvette cedex, France

Received 18 March 2003; accepted 23 April 2003

Abstract

We derive the exact generating function for planar maps (genus zero fatgraphs) with vertices of
arbitrary even valence and with two marked points at a fixed geodesic distance. This is done in a
purely combinatorial way based on a bijection with decorated trees, leading to a recursion relation
on the geodesic distance. The latter is solved exactly in terms of discrete soliton-like expressions,
suggesting an underlying integrable structure. We extract from this solution the fractal dimensions
at the various (multi)-critical points, as well as the precise scaling forms of the continuum two-
point functions and the probability distributions for the geodesic distance in (multi)-critical random
surfaces. The two-point functions are shown to obey differential equations involving the residues of
the KdV hierarchy.
 2003 Elsevier B.V. All rights reserved.

PACS: 02.10.Eb; 05.50.+q; 04.60.Nc; 64.60.Kw

1. Introduction

The study of the statistical properties of random graphs is relevant for many problems
in physics, such as two-dimensional quantum gravity or fluid membrane statistics. By
random graphs, we here mean graphs embedded in a surface of given genus, also known as
fatgraphs or maps. Indeed, these are the natural discretization of fluctuating surfaces, on
which matter systems may be defined. Much is known to this day on the enumeration of
maps of fixed genus either by combinatorial techniques [1] or by the use of matrix integrals
[2–4]. When applied to graphs of large size, these results give rise to various scaling
behaviors depending on the critical universality class at hand, described in the continuum

E-mail addresses: bouttier@spht.saclay.cea.fr (J. Bouttier), philippe@spht.saclay.cea.fr (P. Di Francesco),
guitter@spht.saclay.cea.fr (E. Guitter).

0550-3213/03/$ – see front matter  2003 Elsevier B.V. All rights reserved.
doi:10.1016/S0550-3213(03)00355-9
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Using a bijection and an unexpected integrability phenomenon, we were able to prove a
prediction of Ambjørn and Watabiki (1996) about the “two-point function” of pure 2D
quantum gravity.

Our paper also contained a conjectured formula that Emmanuel and I were only able to prove 7
years later... Sofia Tarricone will talk tomorrow about this and another even more recent proof.
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A few years and papers later...

Around 2007, Philippe moved to different topics, and we had the visit of
Mark Bowick with whom Emmanuel and I wrote our only common paper
not about maps: Vacancy localization in the square dimer model.

Also in 2007, a seminar on maps, first led by Grégory Miermont, started in
Orsay. It gathered people from there, Saclay, and Palaiseau. Several of them
are in this room today.

In the same year, Grégory wrote a paper introducing a new generalization of
the Cori-Vauquelin-Schaeffer bijection. Grégory had probabilistic
applications in mind, but Emmanuel and I were immediately puzzled about
the possible applications to enumeration...
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The three-point function of planar quadrangulations (2008)
Using Grégory’s bijection and some own tricks, we found an exact formula for the generating
function of planar quadrangulations with three marked vertices at prescribed distances:

Fs,t,u =
[3] ([s + 1][t + 1][u + 1][s + t + u + 3])2

[1]3[s + t + 1][s + t + 3][t + u + 1][t + u + 3][u + s + 1][u + s + 3]
, [ℓ] :=

(1 − xℓ)

(1 − x)
.

v
2 v

3

d 32

31
d1d 2

1v

v

12

d
23d 31

s t

u

1 2

3

v

v

d 3

F1

2F F

min ℓ(v) = 0

min ℓ(v) = 1− s

min ℓ(v) = 1− t min ℓ(v) = 1− u

min ℓ(v) = 0

min ℓ(v) = 0

Jérémie Bouttier L’aventure des cartes Emmanuel60, 15 May 2025 9 / 18



The three-point function of planar quadrangulations (2008)
Using Grégory’s bijection and some own tricks, we found an exact formula for the generating
function of planar quadrangulations with three marked vertices at prescribed distances:

Fs,t,u =
[3] ([s + 1][t + 1][u + 1][s + t + u + 3])2

[1]3[s + t + 1][s + t + 3][t + u + 1][t + u + 3][u + s + 1][u + s + 3]
, [ℓ] :=

(1 − xℓ)

(1 − x)
.

0.5 1 1.5 2 2.5 3 3.5 4

0.5

1

1.5

2

2.5

3

3.5

4

0

1

2

3

4 0

1

2

3

4

0

0.2

0.4

0

1

2

3

23

D31

D
23

D

31
D

12ρ(    ,     |     )D

23
D31

D

Jérémie Bouttier L’aventure des cartes Emmanuel60, 15 May 2025 9 / 18



From distance statistics in random planar maps to continued fractions
Between 2008 and 2010, Emmanuel and I wrote several papers studying distance statistics in
random planar maps, giving quantitative results about what is now called Brownian geometry
(geodesics and the phenomenon of confluence, separating loops, distance to a boundary...).

On the way, we discovered an unexpected connection
with the combinatorial theory of continued fractions
developed by Flajolet and Viennot.

It allowed us in 2010 to prove the formula that we
conjectured with Philippe back in 2003.
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What came next? Our friends inspired us again.

Jean-François Le Gall and Grégory Miermont
wrote in 2009 a nice paper about planar maps
“with large faces” and what is now called the
“stable map”.

Interestingly, this paper dared mentioning
motivations from physics!

64 J.-F. LE GALL AND G. MIERMONT

8. Some motivation from physics. In this section, we describe a motivation
for the models discussed in this article that comes from the physics literature. In
this discussion, we rely on a number of nonrigorous predictions and our only goal
is to isolate some possible directions for future work. A useful reference is Appen-
dix B in the survey by Duplantier [9] and the references therein.

As a starting point, we observe that models of random maps that are very sim-
ilar to ours appear when studying annealed statistical physics models on random
maps. These models are similar to more familiar models on regular lattices, such
as percolation and Ising or Potts models, but they are defined on a random map
that is chosen at the same time as the configuration of the model. To illustrate this,
we will first deal with the so-called O(N) model on a random planar quadrangula-
tion. Let q be a rooted quadrangulation. A loop configuration on q is a collection
L = {c1, . . . , ck}, where c1, . . . , ck are cycles, that is, paths on q starting and end-
ing at the same point and never visiting the same vertex twice. It is further required
that the paths ci do not intersect. We set

#L = k and lg(L) =
k∑

i=1

lg(ci),

where lg(ci) is the number of edges in the path ci ; see Figure 3 for an example.
Let N ! 0 be fixed. The annealed O(N) measure is the σ -finite measure over

the set of all pairs (q,L), where q is a rooted quadrangulation and L is a loop
configuration on q, defined by

WO(N)(q,L) = e−β#F(q)xlg(L)N#L,

FIG. 3. An O(N) configuration on a rooted quadrangulation, with 4 cycles of total length 30, and
the external gasket associated with this configuration, with shaded holes of degrees 6 and 14.
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The O(n) loop model on random planar maps (2010-2012)

We were intrigued by the “gasket” construction of Jean-François and
Grégory. We discovered a variant of their idea, where enumeration seemed
tractable. As the computations were quite intricate, we were happy to be
joined by Gaëtan Borot, who was a PhD student in Saclay at the time.

We wrote together three papers on the gasket
decomposition of planar maps decorated with loops,
thereby confirming the connection between the stable
map and loop models.
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Bijections again (2014)

With Éric Fusy, we wrote a paper introducing a common generalization of
the BDG and of the Miermont-Ambjørn-Budd bijections.

Éric was also working at the time with Olivier Bernardi on a unified
approach to bijections between planar maps and trees. Trying to understand
their results, we developed the formalism of slice decomposition.

In a nutshell, the idea is to cut recursively maps along leftmost geodesics.
Slices are our basic building blocks, which admit a recursive decomposition.
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Restarting our collaboration (2020-2025+)

In 2015 I moved to Lyon and my collaboration with Emmanuel was paused
for a while.

In 2019, I passed my habilitation, which led me to look back at my past
contributions and think about possible new directions to explore. One of
them was trying to extend the slice decomposition to maps with arbitary
topologies. The first unsolved case was that of pairs of pants.

I first talked about this problem to Grégory, my “neighbor” in Lyon. Then,
Emmanuel visited to give a seminar, and here was our new collaboration
which kept us busy during the 2020 lockdowns.
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Our collaboration nowadays

Emmanuel, Grégory and I have written three papers
together and we still have projects going on.

In 2023, Emmanuel talked at the Flajolet seminar and
was then contacted by a student named Hugo Manet.
We accepted to supervise his PhD thesis...

L’aventure des cartes continue!
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Thank you Emmanuel, looking forward to still many years of collaboration!
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