
Working with Emmanuel
How the presence of a knot in a 
polymer ring can affect its metric 

and entropic properties ?

Redeimeister moves



Voici a monstrous configuration sampled by 
Emmanuel’s Monte Carlo method and now sitting 

in the IphT coffe room
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3D-folding of Chromatin Transcription activity

Polymer models + Combinatorial arguments



Transcription in 1D: process through which an 
RNA polymerase “reads” DNA and produces 

an RNA transcript

Transcription and chromatin organisation

Polymer models of chromatin folding as valuable investigation tools 
to link transcription activity with DNA mammalian organisation 

P. Cook Science 1999, Image by A. Pombo, 

Polymerases and related proteins cluster in the so 
called “transcription factories” (0.1 -1 )μ

Transcription is not organised 
randomly inside the nucleousRole of the 3D chromatin structure on 

transcription: often promoters and enhancers are 
close in space (via looping ) to trigger transcription. 



Polymerases interact with most sites on 
the DNA weakly 

but strongly with some of them 
(promoters/enhancers of genes,TU)

What are the resulting chromatin structures ?

Simple model of 3D transcription within chromatin 

Chromatin: semi flexible polymer 
interacting with chromatin-binding proteins  

Important point:  
protein complexes can bind 

multivalently ==> Molecular bridges 

C. A. Brackley et al., PNAS (2013); see also M. Barbieri et al., PNAS (2012)

polymerase,Transcription factors, etc  
model: diffusing spherical particles



Spontaneous formation of several finite-size 
clusters of proteins and binding sites 

decorated by loops and separated by ties

Microphase separation can be explained  via a 
positive feedback loop known as  

bridging-induced attraction + entropy loos

The recruitment of chromatin-binding proteins 
increases bridging and loop formation

The presence of many  loops 
arrest the phase separation:

(i) corona of loops hinders kinetically the 
targeting of other binding proteins

(ii) the entropic cost to form many loops 
increases super linearly with their number 

D. Marenduzzo, E.O , J.Stat.Mech. (2009)B. Duplantier: J.Stat.Phys. (1989) 

Competition between gain in binding energy and entropy  loos 
=> clusters do not coarsen past a typical size



Typical 3D 
motifs of loops 

and clusters 
whose topology 

can be described 
in terms of  

simple graphs

Claim: The collection of these motifs  determine the 
3D structure of gene and their transcriptional activity

(i) Classify and enumerate these 3D motifs in terms of the 
topology of their underlying graphs; 

(ii) Predict their probability of occurrence along the genome by 
computing their multiplicity and configurational entropy.

Aim 



Focus on a stretch of chromatin with n=8   
highly sticky sites (TUs)  

(most gene loci have #TUs ~5-10)

No 
singletons

Chiang et al bioRxiv 2022

If one looks at the relative 
position of the TUs 

(transcriptional activity of 
the promoter)

Distinguishable 
vertices (Labelled 

graphs)

Polymer �eld theory: scaling analysis

Statistical weight

- asymptotic behaviour
- �nite size corrections
- epsilon expansion

limitations:

Phantom chains:

same exponent

We need to know the amplitude!

= number of ties 
(i.e. edges joining 
the two clusters)

= 7

= 3

= 1 Account for folding multeplicity

Account for self-avoidance of each chain 
(individually)
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k=2 OK k=3  NO
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N(n, 2) = S(n, 2)� n = 2n�1 � n� 1
# Partition 

of 8  letters 
into 2 groups

Stirling number 
of second kind Singletons

# of inequivalent  
labelled topologies

Case with 2 clusters only (k=2)
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(i) n joins an existing cluster (with at least two TUs in it), and there are kf(n ≠ 1, k, ¸) possibilities in this case;

(ii) n is a singleton, and there are f(n ≠ 1, k, ¸ ≠ 1) possibilities in this case;

(iii) n forms a cluster with precisely one other TU, in which case there are (¸ + 1)f(n ≠ 1, k ≠ 1, ¸ + 1) possibilities.

By iterating the recursion relation (13) with the easily checkable base f(1, 0, 1) = 1 and f(1, k, ¸) = 0 otherwise, we
obtain

(i) f(2, 0, 1) = 0, f(2, 0, 2) = 1, f(2, 1, 0) = 1, recovering the total number of configurations with two TUs, B2 = 2;

(ii) f(3, 0, 2) = 0, f(3, 0, 3) = 1, f(3, 1, 0) = 1, f(3, 1, 1) = 3, recovering the total number of configurations with three
TUs, B3 = 5;

(iii) f(4, 0, 4) = 1, f(4, 1, 0) = 1, f(4, 1, 1) = 4, f(4, 1, 2) = 6, f(4, 2, 0) = 3, recovering the total number of
configurations with four TUs, B4 = 15;

(iv) f(5, 0, 5) = 1, f(5, 1, 0) = 1, f(5, 1, 1) = 5, f(5, 1, 2) = 10, f(5, 1, 3) = 10, f(5, 2, 0) = 10, f(5, 2, 1) = 15
recovering the total number of configurations with five TUs, B5 = 52, and so on.

By using a similar approach as in Section IIC, we can define the following exponential generating function,

F (t, x, y) =
ÿ

n,k,¸Ø0
f(n, k, ¸) t

n

n!x
k
y

¸
, (14)

which obeys the following partial di�erential equation,

ˆ

ˆt
F (t, x, y) ≠ x

ˆ

ˆx
F (t, x, y) ≠ x

ˆ

ˆy
F (t, x, y) = yF (t, x, y). (15)

Quite remarkably, the physically relevant solution of this more complex equation can also be found explicitly and is
given by

F (t, x, y) = e
yt

e
x(et≠1≠t)

. (16)

Note that this solution satisfies the following boundary conditions: (i) F (0, x, y) = 1; (ii) F (t, 0, y) = e
yt; (iii)

F (t, x, 0) = e
x(et≠1≠t). Once more, Eq. (16) can be expanded to yield coe�cients f(n, k, ¸), therefore solving the

problem of enumerating all configurations with a fixed number of TUs, clusters, and singletons.

E. Results for networks without singletons

It is sometimes useful, or of interest, to consider the case where there are no singletons in the configuration. This
is, for instance, the case that is considered in the companion paper [17]. If we denote by N(n, k) the number of
configurations with n TUs, k clusters and no singletons, such that N(n, k) = f(n, k, 0), we find that for k = 2

N(n, 2) = 2n≠1 ≠ n ≠ 1 = f(n ≠ 1, 1) ≠ 1 = f(n ≠ 1, 1) ≠ N(n ≠ 1, 1). (17)

This equation can be derived by noting that the configurations of the chain can be constructed by assigning the first
bead to cluster 0, and computing the number of configurations of the rest of the TUs with a single cluster and an
arbitrary number of singletons. The singletons are then put in the same cluster as the first bead. In this way, we
obtain all configurations with two clusters and no singletons once we subtract the single configuration which has no
singletons in the rest of the chain (as this would lead to a configuration where the first TU is a singleton, which does
not contribute to N(n, 2)).

A similar argument leads to the general identity

N(n, k) = f(n ≠ 1, k ≠ 1) ≠ N(n ≠ 1, k ≠ 1), (18)

linking the number of configurations with a given number of clusters with and without singletons.
The quantities N(n, k) obey the following recursion relation [21–23]

N(n, k) = kN(n ≠ 1, k) + (n ≠ 1)N(n ≠ 2, k ≠ 1). (19)

For a model with n TUs and k clusters, the number of 
inequivalent topologies (without singletons) obeys the recursion

7

FIG. 3. Example of a reducible network, and of its decomposition into irreducible blocks (here separated by dashed vertical
lines). The configuration shown is a string of rosettes.

Similarly to what done previously, starting from Eq. (19) we can find the following exponential generating function
for N(n, k),

G(t, x) =
ÿ

nØ0
N(n, k) t

n

n!x
k
, (20)

to be given by

G(t, x) = e
x(et≠1≠t)

. (21)

The related quantities

gk(t) =
ÿ

nØ0
N(n, k) t

n

n! , (22)

can now be found exactly for each k, and are given by [21]

gk(t) =
!
e

t ≠ 1 ≠ t
"k

k! . (23)

F. String of rosettes and reducible networks

A natural question is whether a particular configuration can be broken up, or reduced, into a series of simpler
configurations. To characterise such states, we call a configuration with n TUs irreducible if it contains no cluster and
only singletons, or it has k clusters, one of which contains TU n, and it is not possible to separate the k clusters into
two groups by cutting a single polymer segment.

An example of a reducible network is a string of rosettes, shown in Fig. 3, where each irreducible component has a
single cluster at most. The decomposition into irreducible blocks is always unique assuming that if the configuration
has at least one cluster, then the leftmost irreducible block has a cluster.

We next derive the ordinary generating function A(t) for the number of configurations in a string of rosettes. Note
that there are 2n≠1 ≠ 1 irreducible configurations with n TUs with a cluster as this is precisely the number of ways to
choose at least one TU to join n in the cluster. The generating function for these numbers is

I(t) =
ÿ

nØ2
(2n≠1 ≠ 1)tn = t

ÿ

nØ2
(2t)n≠1 ≠

ÿ

nØ2
t
n (24)

= t

3
1

1 ≠ 2t
≠ 1

4
≠

3
1

1 ≠ t
≠ t ≠ 1

4
= t

2

(1 ≠ 2t)(1 ≠ t) .

From this relation we can compute the generating function
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If interested to  the statistical 
weights of different topologies the 
labelling of the TUs can be omitted

Focus on graphs  with 
indistinguishable 

vertices 
(Unlabelled graphs) 

but if k=2

Very challenging to compute 
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Nu(n, k) for k generic
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2
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Nu(n = 8, 2) = 20Our specific case

Constraints

to satisfy

Connectivity

Traversability



Polymer �eld theory: scaling analysis

Statistical weight

- asymptotic behaviour
- �nite size corrections
- epsilon expansion

limitations:

Phantom chains:

same exponent

We need to know the amplitude!
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Account for self-avoidance of each chain 
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Combinatorial weight or multiplicity
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⌦i

Unlabeled network topology 

Multiple labeled graphs 

Number of different labelled networks corresponding to 
the i-esim unlabelled one.  

N.B. This is different for different topologies.
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⌦i = 16

N.B. Multiplicity tends to be larger 
for hybrid networks  

(intermediates between R and W)
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nt = 7, nl = 0

Extreme cases: rosettes 
and watermelon

Do they also occur 
more often ?

This should depend in the competition 
between combinatorics multiplicity and 

entropic cost to form loops or ties

: node degree
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L1, L2

 number of loops; 
number of ties
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Entropy estimate by MD simulations

Several topologies occur but we focus on those with k=2

Diffusing beads are binding to specific sites (red beads)  
Non-specific (weak) interactions are neglected



Networks 
with large nt 
(W-like) are 
much less 
populated 
than R-like 
ones
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L1 = 8

L2 = 8

How about the statistical weight  of each network (entropy) ?

D Diagram nt nl L1 L2 B œD œI

–

1 6 8 8 1 1

2 5 8 8 3 2

3 4 8 8 9 6

4 3 8 8 9 5

5 2 8 8 9 6
6 1 8 8 3 2
7 0 8 8 1 1

—

1 6 6 10 a 2 1

2 5 10 6 b 4 2

2 5 6 10 a 2 1

3 4 6 10 a 16 8

4 3 10 6 b 12 6

4 3 6 10 a 4 2

5 2 6 10 a 12 6

6 1 10 6 b 4 2

“

1 6 4 12 a 2 1

2 5 12 4 b 5 3

2 5 4 12 a 1 1

3 4 4 12 a 10 5

4 3 12 4 b 10 6

Table 3.3: Topology summary table. All topologies with ns = 8 binding sites and nv = 2
vertices are listed, with their Duplantier equivalence class (D), number of ties (nt), number
of loops (nl), nontrivial vertex orders (Li), symmetry breaking (B), and multiplicities
(œD, œI).
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i ii iii

C

D Diagram nt nl B œD œI Ác/ kBT CI/ kBT f/% CI/%

–

1 6 1 1 9.1 [ 9.0, 9.5] 12.6 [11.0, 14.1 ]

2 5 3 2 9.7 [ 9.5, 10.1] 12.4 [10.9, 14.0 ]

3 4 9 6 9.8 [ 9.5, 10.2] 12.5 [11.0, 14.1 ]

4 3 9 5 10.4 [10.1, 10.5] 3.6 [ 2.8, 4.5 ]

5 2 9 6 11.1 [10.0, 11.1] 0.8 [ 0.5, 1.3 ]
6 1 3 2 10.9 [10.6, 11.5] 0.2 [ 0.0, 0.4 ]
7 0 1 1 11.2 [11.0, 11.4] 0.0 [ 0.0, 0.0 ]

—

1 6 a 2 1 8.8 [ 8.7, 9.3] 17.7 [16.0, 19.5 ]

2 5 b 4 2 9.6 [ 9.4, 10.0] 11.4 [10.0, 12.9 ]

2 5 a 2 1 9.0 [ 8.8, 9.3] 4.5 [ 3.6, 5.4 ]

3 4 a 16 8 9.3 [ 8.9, 9.4] 12.2 [10.7, 13.8 ]

4 3 b 12 6 10.1 [10.0, 11.0] 3.3 [ 2.5, 4.1 ]

4 3 a 4 2 9.2 [ 9.2, 9.5] 1.4 [ 0.9, 2.0 ]

5 2 a 12 6 9.8 [ 9.5, 10.2] 1.0 [ 0.6, 1.5 ]

6 1 b 4 2 10.6 [10.5, 11.3] 0.2 [ 0.0, 0.4 ]

“

1 6 a 2 1 8.7 [ 8.6, 9.0] 2.8 [ 2.0, 3.6 ]

2 5 b 5 3 9.1 [ 8.8, 9.3] 1.8 [ 1.2, 2.5 ]

2 5 a 1 1 8.8 [ 8.5, 9.0] 0.2 [ 0.0, 0.4 ]

3 4 a 10 5 9.0 [ 8.5, 9.3] 1.2 [ 0.7, 1.8 ]

4 3 b 10 6 9.3 [ 9.1, 9.3] 0.2 [ 0.1, 0.5 ]

Table 4.4: Results summary table. All topologies with ns = 8 binding sites and nv = 2
vertices are listed, with their Duplantier equivalence class (D), number of ties (nt), number
of loops (nl), and multiplicities (œD, œI). Results are tabulated for the transition a�nity
(Ác) and the relative frequency as a percentage (f), each with their respective bootstrapped
95 % confidence intervals.
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of loops (nl), and multiplicities (œD, œI). Results are tabulated for the transition a�nity
(Ác) and the relative frequency as a percentage (f), each with their respective bootstrapped
95 % confidence intervals.
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D Diagram nt nl B œD œI Ác/ kBT CI/ kBT f/% CI/%

–

1 6 1 1 9.1 [ 9.0, 9.5] 12.6 [11.0, 14.1 ]

2 5 3 2 9.7 [ 9.5, 10.1] 12.4 [10.9, 14.0 ]

3 4 9 6 9.8 [ 9.5, 10.2] 12.5 [11.0, 14.1 ]

4 3 9 5 10.4 [10.1, 10.5] 3.6 [ 2.8, 4.5 ]

5 2 9 6 11.1 [10.0, 11.1] 0.8 [ 0.5, 1.3 ]
6 1 3 2 10.9 [10.6, 11.5] 0.2 [ 0.0, 0.4 ]
7 0 1 1 11.2 [11.0, 11.4] 0.0 [ 0.0, 0.0 ]
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1 6 a 2 1 8.8 [ 8.7, 9.3] 17.7 [16.0, 19.5 ]

2 5 b 4 2 9.6 [ 9.4, 10.0] 11.4 [10.0, 12.9 ]
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3 4 a 10 5 9.0 [ 8.5, 9.3] 1.2 [ 0.7, 1.8 ]

4 3 b 10 6 9.3 [ 9.1, 9.3] 0.2 [ 0.1, 0.5 ]

Table 4.4: Results summary table. All topologies with ns = 8 binding sites and nv = 2
vertices are listed, with their Duplantier equivalence class (D), number of ties (nt), number
of loops (nl), and multiplicities (œD, œI). Results are tabulated for the transition a�nity
(Ác) and the relative frequency as a percentage (f), each with their respective bootstrapped
95 % confidence intervals.
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“

1 6 a 2 1 8.7 [ 8.6, 9.0] 2.8 [ 2.0, 3.6 ]
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3 4 a 10 5 9.0 [ 8.5, 9.3] 1.2 [ 0.7, 1.8 ]

4 3 b 10 6 9.3 [ 9.1, 9.3] 0.2 [ 0.1, 0.5 ]

Table 4.4: Results summary table. All topologies with ns = 8 binding sites and nv = 2
vertices are listed, with their Duplantier equivalence class (D), number of ties (nt), number
of loops (nl), and multiplicities (œD, œI). Results are tabulated for the transition a�nity
(Ác) and the relative frequency as a percentage (f), each with their respective bootstrapped
95 % confidence intervals.
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5 2 9 6 11.1 [10.0, 11.1] 0.8 [ 0.5, 1.3 ]
6 1 3 2 10.9 [10.6, 11.5] 0.2 [ 0.0, 0.4 ]
7 0 1 1 11.2 [11.0, 11.4] 0.0 [ 0.0, 0.0 ]
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1 6 a 2 1 8.8 [ 8.7, 9.3] 17.7 [16.0, 19.5 ]

2 5 b 4 2 9.6 [ 9.4, 10.0] 11.4 [10.0, 12.9 ]

2 5 a 2 1 9.0 [ 8.8, 9.3] 4.5 [ 3.6, 5.4 ]

3 4 a 16 8 9.3 [ 8.9, 9.4] 12.2 [10.7, 13.8 ]

4 3 b 12 6 10.1 [10.0, 11.0] 3.3 [ 2.5, 4.1 ]

4 3 a 4 2 9.2 [ 9.2, 9.5] 1.4 [ 0.9, 2.0 ]

5 2 a 12 6 9.8 [ 9.5, 10.2] 1.0 [ 0.6, 1.5 ]

6 1 b 4 2 10.6 [10.5, 11.3] 0.2 [ 0.0, 0.4 ]
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1 6 a 2 1 8.7 [ 8.6, 9.0] 2.8 [ 2.0, 3.6 ]

2 5 b 5 3 9.1 [ 8.8, 9.3] 1.8 [ 1.2, 2.5 ]

2 5 a 1 1 8.8 [ 8.5, 9.0] 0.2 [ 0.0, 0.4 ]

3 4 a 10 5 9.0 [ 8.5, 9.3] 1.2 [ 0.7, 1.8 ]

4 3 b 10 6 9.3 [ 9.1, 9.3] 0.2 [ 0.1, 0.5 ]

Table 4.4: Results summary table. All topologies with ns = 8 binding sites and nv = 2
vertices are listed, with their Duplantier equivalence class (D), number of ties (nt), number
of loops (nl), and multiplicities (œD, œI). Results are tabulated for the transition a�nity
(Ác) and the relative frequency as a percentage (f), each with their respective bootstrapped
95 % confidence intervals.
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1 6 1 1 9.1 [ 9.0, 9.5] 12.6 [11.0, 14.1 ]

2 5 3 2 9.7 [ 9.5, 10.1] 12.4 [10.9, 14.0 ]

3 4 9 6 9.8 [ 9.5, 10.2] 12.5 [11.0, 14.1 ]

4 3 9 5 10.4 [10.1, 10.5] 3.6 [ 2.8, 4.5 ]

5 2 9 6 11.1 [10.0, 11.1] 0.8 [ 0.5, 1.3 ]
6 1 3 2 10.9 [10.6, 11.5] 0.2 [ 0.0, 0.4 ]
7 0 1 1 11.2 [11.0, 11.4] 0.0 [ 0.0, 0.0 ]

—

1 6 a 2 1 8.8 [ 8.7, 9.3] 17.7 [16.0, 19.5 ]

2 5 b 4 2 9.6 [ 9.4, 10.0] 11.4 [10.0, 12.9 ]

2 5 a 2 1 9.0 [ 8.8, 9.3] 4.5 [ 3.6, 5.4 ]

3 4 a 16 8 9.3 [ 8.9, 9.4] 12.2 [10.7, 13.8 ]

4 3 b 12 6 10.1 [10.0, 11.0] 3.3 [ 2.5, 4.1 ]

4 3 a 4 2 9.2 [ 9.2, 9.5] 1.4 [ 0.9, 2.0 ]

5 2 a 12 6 9.8 [ 9.5, 10.2] 1.0 [ 0.6, 1.5 ]

6 1 b 4 2 10.6 [10.5, 11.3] 0.2 [ 0.0, 0.4 ]

“

1 6 a 2 1 8.7 [ 8.6, 9.0] 2.8 [ 2.0, 3.6 ]

2 5 b 5 3 9.1 [ 8.8, 9.3] 1.8 [ 1.2, 2.5 ]

2 5 a 1 1 8.8 [ 8.5, 9.0] 0.2 [ 0.0, 0.4 ]

3 4 a 10 5 9.0 [ 8.5, 9.3] 1.2 [ 0.7, 1.8 ]

4 3 b 10 6 9.3 [ 9.1, 9.3] 0.2 [ 0.1, 0.5 ]

Table 4.4: Results summary table. All topologies with ns = 8 binding sites and nv = 2
vertices are listed, with their Duplantier equivalence class (D), number of ties (nt), number
of loops (nl), and multiplicities (œD, œI). Results are tabulated for the transition a�nity
(Ác) and the relative frequency as a percentage (f), each with their respective bootstrapped
95 % confidence intervals.
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D Diagram nt nl B œD œI Ác/ kBT CI/ kBT f/% CI/%

–

1 6 1 1 9.1 [ 9.0, 9.5] 12.6 [11.0, 14.1 ]

2 5 3 2 9.7 [ 9.5, 10.1] 12.4 [10.9, 14.0 ]

3 4 9 6 9.8 [ 9.5, 10.2] 12.5 [11.0, 14.1 ]

4 3 9 5 10.4 [10.1, 10.5] 3.6 [ 2.8, 4.5 ]

5 2 9 6 11.1 [10.0, 11.1] 0.8 [ 0.5, 1.3 ]
6 1 3 2 10.9 [10.6, 11.5] 0.2 [ 0.0, 0.4 ]
7 0 1 1 11.2 [11.0, 11.4] 0.0 [ 0.0, 0.0 ]

—

1 6 a 2 1 8.8 [ 8.7, 9.3] 17.7 [16.0, 19.5 ]

2 5 b 4 2 9.6 [ 9.4, 10.0] 11.4 [10.0, 12.9 ]

2 5 a 2 1 9.0 [ 8.8, 9.3] 4.5 [ 3.6, 5.4 ]

3 4 a 16 8 9.3 [ 8.9, 9.4] 12.2 [10.7, 13.8 ]

4 3 b 12 6 10.1 [10.0, 11.0] 3.3 [ 2.5, 4.1 ]

4 3 a 4 2 9.2 [ 9.2, 9.5] 1.4 [ 0.9, 2.0 ]

5 2 a 12 6 9.8 [ 9.5, 10.2] 1.0 [ 0.6, 1.5 ]

6 1 b 4 2 10.6 [10.5, 11.3] 0.2 [ 0.0, 0.4 ]

“

1 6 a 2 1 8.7 [ 8.6, 9.0] 2.8 [ 2.0, 3.6 ]

2 5 b 5 3 9.1 [ 8.8, 9.3] 1.8 [ 1.2, 2.5 ]

2 5 a 1 1 8.8 [ 8.5, 9.0] 0.2 [ 0.0, 0.4 ]

3 4 a 10 5 9.0 [ 8.5, 9.3] 1.2 [ 0.7, 1.8 ]

4 3 b 10 6 9.3 [ 9.1, 9.3] 0.2 [ 0.1, 0.5 ]

Table 4.4: Results summary table. All topologies with ns = 8 binding sites and nv = 2
vertices are listed, with their Duplantier equivalence class (D), number of ties (nt), number
of loops (nl), and multiplicities (œD, œI). Results are tabulated for the transition a�nity
(Ác) and the relative frequency as a percentage (f), each with their respective bootstrapped
95 % confidence intervals.
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D Diagram nt nl B œD œI Ác/ kBT CI/ kBT f/% CI/%

–

1 6 1 1 9.1 [ 9.0, 9.5] 12.6 [11.0, 14.1 ]

2 5 3 2 9.7 [ 9.5, 10.1] 12.4 [10.9, 14.0 ]

3 4 9 6 9.8 [ 9.5, 10.2] 12.5 [11.0, 14.1 ]

4 3 9 5 10.4 [10.1, 10.5] 3.6 [ 2.8, 4.5 ]

5 2 9 6 11.1 [10.0, 11.1] 0.8 [ 0.5, 1.3 ]
6 1 3 2 10.9 [10.6, 11.5] 0.2 [ 0.0, 0.4 ]
7 0 1 1 11.2 [11.0, 11.4] 0.0 [ 0.0, 0.0 ]

—

1 6 a 2 1 8.8 [ 8.7, 9.3] 17.7 [16.0, 19.5 ]

2 5 b 4 2 9.6 [ 9.4, 10.0] 11.4 [10.0, 12.9 ]

2 5 a 2 1 9.0 [ 8.8, 9.3] 4.5 [ 3.6, 5.4 ]

3 4 a 16 8 9.3 [ 8.9, 9.4] 12.2 [10.7, 13.8 ]

4 3 b 12 6 10.1 [10.0, 11.0] 3.3 [ 2.5, 4.1 ]

4 3 a 4 2 9.2 [ 9.2, 9.5] 1.4 [ 0.9, 2.0 ]

5 2 a 12 6 9.8 [ 9.5, 10.2] 1.0 [ 0.6, 1.5 ]

6 1 b 4 2 10.6 [10.5, 11.3] 0.2 [ 0.0, 0.4 ]

“

1 6 a 2 1 8.7 [ 8.6, 9.0] 2.8 [ 2.0, 3.6 ]

2 5 b 5 3 9.1 [ 8.8, 9.3] 1.8 [ 1.2, 2.5 ]

2 5 a 1 1 8.8 [ 8.5, 9.0] 0.2 [ 0.0, 0.4 ]

3 4 a 10 5 9.0 [ 8.5, 9.3] 1.2 [ 0.7, 1.8 ]

4 3 b 10 6 9.3 [ 9.1, 9.3] 0.2 [ 0.1, 0.5 ]

Table 4.4: Results summary table. All topologies with ns = 8 binding sites and nv = 2
vertices are listed, with their Duplantier equivalence class (D), number of ties (nt), number
of loops (nl), and multiplicities (œD, œI). Results are tabulated for the transition a�nity
(Ác) and the relative frequency as a percentage (f), each with their respective bootstrapped
95 % confidence intervals.
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D Diagram nt nl B œD œI Ác/ kBT CI/ kBT f/% CI/%

–

1 6 1 1 9.1 [ 9.0, 9.5] 12.6 [11.0, 14.1 ]

2 5 3 2 9.7 [ 9.5, 10.1] 12.4 [10.9, 14.0 ]

3 4 9 6 9.8 [ 9.5, 10.2] 12.5 [11.0, 14.1 ]

4 3 9 5 10.4 [10.1, 10.5] 3.6 [ 2.8, 4.5 ]

5 2 9 6 11.1 [10.0, 11.1] 0.8 [ 0.5, 1.3 ]
6 1 3 2 10.9 [10.6, 11.5] 0.2 [ 0.0, 0.4 ]
7 0 1 1 11.2 [11.0, 11.4] 0.0 [ 0.0, 0.0 ]

—

1 6 a 2 1 8.8 [ 8.7, 9.3] 17.7 [16.0, 19.5 ]

2 5 b 4 2 9.6 [ 9.4, 10.0] 11.4 [10.0, 12.9 ]

2 5 a 2 1 9.0 [ 8.8, 9.3] 4.5 [ 3.6, 5.4 ]

3 4 a 16 8 9.3 [ 8.9, 9.4] 12.2 [10.7, 13.8 ]

4 3 b 12 6 10.1 [10.0, 11.0] 3.3 [ 2.5, 4.1 ]

4 3 a 4 2 9.2 [ 9.2, 9.5] 1.4 [ 0.9, 2.0 ]

5 2 a 12 6 9.8 [ 9.5, 10.2] 1.0 [ 0.6, 1.5 ]

6 1 b 4 2 10.6 [10.5, 11.3] 0.2 [ 0.0, 0.4 ]

“

1 6 a 2 1 8.7 [ 8.6, 9.0] 2.8 [ 2.0, 3.6 ]

2 5 b 5 3 9.1 [ 8.8, 9.3] 1.8 [ 1.2, 2.5 ]

2 5 a 1 1 8.8 [ 8.5, 9.0] 0.2 [ 0.0, 0.4 ]

3 4 a 10 5 9.0 [ 8.5, 9.3] 1.2 [ 0.7, 1.8 ]

4 3 b 10 6 9.3 [ 9.1, 9.3] 0.2 [ 0.1, 0.5 ]

Table 4.4: Results summary table. All topologies with ns = 8 binding sites and nv = 2
vertices are listed, with their Duplantier equivalence class (D), number of ties (nt), number
of loops (nl), and multiplicities (œD, œI). Results are tabulated for the transition a�nity
(Ác) and the relative frequency as a percentage (f), each with their respective bootstrapped
95 % confidence intervals.
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D Diagram nt nl B œD œI Ác/ kBT CI/ kBT f/% CI/%

–

1 6 1 1 9.1 [ 9.0, 9.5] 12.6 [11.0, 14.1 ]

2 5 3 2 9.7 [ 9.5, 10.1] 12.4 [10.9, 14.0 ]

3 4 9 6 9.8 [ 9.5, 10.2] 12.5 [11.0, 14.1 ]

4 3 9 5 10.4 [10.1, 10.5] 3.6 [ 2.8, 4.5 ]

5 2 9 6 11.1 [10.0, 11.1] 0.8 [ 0.5, 1.3 ]
6 1 3 2 10.9 [10.6, 11.5] 0.2 [ 0.0, 0.4 ]
7 0 1 1 11.2 [11.0, 11.4] 0.0 [ 0.0, 0.0 ]

—

1 6 a 2 1 8.8 [ 8.7, 9.3] 17.7 [16.0, 19.5 ]

2 5 b 4 2 9.6 [ 9.4, 10.0] 11.4 [10.0, 12.9 ]

2 5 a 2 1 9.0 [ 8.8, 9.3] 4.5 [ 3.6, 5.4 ]

3 4 a 16 8 9.3 [ 8.9, 9.4] 12.2 [10.7, 13.8 ]

4 3 b 12 6 10.1 [10.0, 11.0] 3.3 [ 2.5, 4.1 ]

4 3 a 4 2 9.2 [ 9.2, 9.5] 1.4 [ 0.9, 2.0 ]

5 2 a 12 6 9.8 [ 9.5, 10.2] 1.0 [ 0.6, 1.5 ]

6 1 b 4 2 10.6 [10.5, 11.3] 0.2 [ 0.0, 0.4 ]

“

1 6 a 2 1 8.7 [ 8.6, 9.0] 2.8 [ 2.0, 3.6 ]

2 5 b 5 3 9.1 [ 8.8, 9.3] 1.8 [ 1.2, 2.5 ]

2 5 a 1 1 8.8 [ 8.5, 9.0] 0.2 [ 0.0, 0.4 ]

3 4 a 10 5 9.0 [ 8.5, 9.3] 1.2 [ 0.7, 1.8 ]

4 3 b 10 6 9.3 [ 9.1, 9.3] 0.2 [ 0.1, 0.5 ]

Table 4.4: Results summary table. All topologies with ns = 8 binding sites and nv = 2
vertices are listed, with their Duplantier equivalence class (D), number of ties (nt), number
of loops (nl), and multiplicities (œD, œI). Results are tabulated for the transition a�nity
(Ác) and the relative frequency as a percentage (f), each with their respective bootstrapped
95 % confidence intervals.
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D Diagram nt nl B œD œI Ác/ kBT CI/ kBT f/% CI/%

–

1 6 1 1 9.1 [ 9.0, 9.5] 12.6 [11.0, 14.1 ]

2 5 3 2 9.7 [ 9.5, 10.1] 12.4 [10.9, 14.0 ]

3 4 9 6 9.8 [ 9.5, 10.2] 12.5 [11.0, 14.1 ]

4 3 9 5 10.4 [10.1, 10.5] 3.6 [ 2.8, 4.5 ]

5 2 9 6 11.1 [10.0, 11.1] 0.8 [ 0.5, 1.3 ]
6 1 3 2 10.9 [10.6, 11.5] 0.2 [ 0.0, 0.4 ]
7 0 1 1 11.2 [11.0, 11.4] 0.0 [ 0.0, 0.0 ]

—

1 6 a 2 1 8.8 [ 8.7, 9.3] 17.7 [16.0, 19.5 ]

2 5 b 4 2 9.6 [ 9.4, 10.0] 11.4 [10.0, 12.9 ]

2 5 a 2 1 9.0 [ 8.8, 9.3] 4.5 [ 3.6, 5.4 ]

3 4 a 16 8 9.3 [ 8.9, 9.4] 12.2 [10.7, 13.8 ]

4 3 b 12 6 10.1 [10.0, 11.0] 3.3 [ 2.5, 4.1 ]

4 3 a 4 2 9.2 [ 9.2, 9.5] 1.4 [ 0.9, 2.0 ]

5 2 a 12 6 9.8 [ 9.5, 10.2] 1.0 [ 0.6, 1.5 ]

6 1 b 4 2 10.6 [10.5, 11.3] 0.2 [ 0.0, 0.4 ]

“

1 6 a 2 1 8.7 [ 8.6, 9.0] 2.8 [ 2.0, 3.6 ]

2 5 b 5 3 9.1 [ 8.8, 9.3] 1.8 [ 1.2, 2.5 ]

2 5 a 1 1 8.8 [ 8.5, 9.0] 0.2 [ 0.0, 0.4 ]

3 4 a 10 5 9.0 [ 8.5, 9.3] 1.2 [ 0.7, 1.8 ]

4 3 b 10 6 9.3 [ 9.1, 9.3] 0.2 [ 0.1, 0.5 ]

Table 4.4: Results summary table. All topologies with ns = 8 binding sites and nv = 2
vertices are listed, with their Duplantier equivalence class (D), number of ties (nt), number
of loops (nl), and multiplicities (œD, œI). Results are tabulated for the transition a�nity
(Ác) and the relative frequency as a percentage (f), each with their respective bootstrapped
95 % confidence intervals.
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3 4 a 10 5 9.0 [ 8.5, 9.3] 1.2 [ 0.7, 1.8 ]

4 3 b 10 6 9.3 [ 9.1, 9.3] 0.2 [ 0.1, 0.5 ]

Table 4.4: Results summary table. All topologies with ns = 8 binding sites and nv = 2
vertices are listed, with their Duplantier equivalence class (D), number of ties (nt), number
of loops (nl), and multiplicities (œD, œI). Results are tabulated for the transition a�nity
(Ác) and the relative frequency as a percentage (f), each with their respective bootstrapped
95 % confidence intervals.
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Very few topologies are highly populated 
top six topologies account for ~ 80% of 
the total structures

Stat weight of R is over two-order of 
magnitude larger than that of W



Duplantier’ theory of self-avoiding networks
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` ⇠ (50� 100) kbp Human chromatin
P. Cook “Principles of nuclear structure and function” Wiley (2001) 

C. Brackley et al Nat Comm 2021
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AGAmplitude becomes relevant ! 

(B. Duplantier: J.Stat.Phys. 1989) 
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Excluded volume interactions sharpen the 
difference between the topological weights, 
rendering predictions closer to the values 
observed in simulations.
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Q: Are these predictions confirmed by more realistic models of 
chromatin organisation ?
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Highly Predictive Heteromorphic Polymer (HiP-HoP) model 
(Buckle et al Molecular Cell 72, 2018; Chiang et al bioRxiv 2022) 

Chromosome region: bead-and-spring polymer. 
Each bead represent a 1kbP of chromatin.

Three different mechanisms at work

(i) Proteins (RNA polymerises, TFs) 
diffuse and interact multivalently 
with chromatin at specific binding 

sites (epigenetic marks)

Bridging induced 
attraction and 

microphase 
separation

(ii) Loop extrusion by 
cohesin & CTCF

(iii) Heteromorphic 
polymer local 
variation in 
compaction



Highly Predictive Heteromorphic Polymer (HiP-HoP) model 
(Buckle et al Molecular Cell 72, 2018; Chiang et al bioRxiv 2022) 

(i) Multiple species of proteins 
diffusing and binding

Multivalent binding: 
Bridging induced attraction 
and microphase separation

Input data:

ATAC-seq peaks identifies accessible DNA 
regions (promoter and enhancers) 

H3K27ac (open or euchromatin)
H3K27me3, H3K9me3  (heterochromatic, transcriptional 
non-active regions)

ChIP-seq: method to analyze protein-DNA  
interactions. Histone ChIP-seq pipeline (ENCODE)

ATAC: Assay for Transposable Accessible Chromatin 

(determine chromatin accessibility). Based on the binding of TN5 transposes



Highly Predictive Heteromorphic Polymer (HiP-HoP) model 
(Buckle et al Molecular Cell 72, 2018; Chiang et al bioRxiv 2022) 

Bridging induced 
attraction and 

microphase 
separation

(ii) Loop extrusion 
mechanism mediated by 

cohesion complex and CTCF

Input data for cohesion and CTCF

RAD21: sub-component of the cohesin complex)

Chip-seq analysis



Highly Predictive Heteromorphic Polymer (HiP-HoP) model 
(Buckle et al Molecular Cell 72, 2018; Chiang et al bioRxiv 2022) 

Bridging induced 
attraction and 

microphase 
separation

(iii) Heteromorphic polymer It 
takes into account local variation 
in degree of compaction, active 

euchromatin vs inactive 
heterochromatin regions

Input data:
ChIP-seq

H3K27ac mark: associated with 
transcriptional active chromatin that 

typically adopts a more open and disrupted 
structure

Model: add next-to-
nearest harmonic spring



Highly Predictive Heteromorphic Polymer (HiP-HoP) model 
(Buckle et al Molecular Cell 72, 2018; Chiang et al bioRxiv 2022) 

Analysed two  
gene loci in 

lymphoblast cells:

VAPA (in HSA 18, gene poor)

MCOLN1  (in HSA 19,gene rich)

Similar size and 
both with 8 highly 
interacting TUs

Model Input data Simulation workflow



Chromatin TU Promoter TUCoding region

HSA18: VAPA

23.1%

17.4%

9.9%

8.4%

5.4%

(i)
(ii)

(iii)

(iv)
(v)

(i) (ii) (iii) (iv) (v)

HSA19: MCOLN1

30.8%12.1%

11.6%

9.3%

8.5%

(i)(ii)

(iii)

(iv)
(v)

(i) (ii) (iii) (iv) (v)

A

B

300 independent simulations per gene loci

Rosette-like structures with local loops are dominant genome-wide

TU partners are those that >10% interacting with the chosen TU



Conclusions

Studied topological spectrum of chromatin loop networks that 
emerge from 3D folding of polymer models of chromatin

Out of all possible topologies only a small fraction is largely frequent 

Prediction:  
gene loci are overwhelmingly organised in rosette-like structures 

Dominance of rosettes is also found in more realistic models of human 
chromatin (HiP-HoP) where ATP-regulated loop extrusion, heteromorphic 

structures and epigenetic marks are considered.

Theory of partition provides a general way to enumerate the topologies  
of labelled networks. Counting unlabelled ones is more challenging (k=2)
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