
     Excursions with Emmanuel into
Foldings, Colorings, Loops and Paths

(Philippe DI FRANCESCO)

· Prehistory 1987

students O IPHT/Brasov Summer School

· On the peeks ofsharing an office 1992 -2001

Membrane Folding /QuantumGravity/Meaders/Hamittania-cycle
· On the packs ofstaring astudent 2002 -2007

Maps and Trees

· Many happy returns 2018-2023

Limit shapes of 2D Path models/20 Vertex



PREHISTORY



ON THE PERKS OF SHARING AN OFFICE

· More windows
, larger blackboard

· More visitors



ON THE PERKS OF SHARING AN OFFICE

· More windows
, larger blackboard

· More visitors

⑨ Emmanuel

Membrane folding meets Integrable Lattice Models



From 11-Ventex model

--

To thehicolor model



Flat sheet Folded sheet



Flat sheet Folded sheet

Fully-packed toop gas 0(n =2)
[Baxter'70]



-> 96 ventex model !
No exact entropy but bounds





2D, 3D, What about 1 D?

"Le probleme des timbres-poste"
[Edward Lucas 1891

, Citing Emite Lemane]

[Poincare 1912] [Arnold 1991] Lando-Zvonkin 1992-1993)
self avoiding folding ofa 1-D polymer .



· closed meander

= meander Mn

A open meander

= semi-meanderIn

Questions :· can't these for fixed n

· asymptotics ? universality classes ?



COUNTING : Golinelli's algorithm
2 Moves :

⑪

⑪

Tree of semi-meanders



ALTERNATIVE DESCRIPTIONS
· Mahix Integrals
· Temperley-Lieb Algebra

Meander determinant =

S9)
WizChethere

a suivree...



QUANTUM GRAVITY: NEW DIRECTIONS
LEPISODE 1) Vatex - Tricoloring

T SofRandom riangulation
E compactly foldable ->t

z= [ N22g
~ pVVV/AutA

MGiangulations
↑iT I

#
· planar free energy (matix model) genus(A) edges of#RBCes A

tlogz = U. UzUs(1 - U, -Uz-Us)
Juses rectangular

U
, (1 - Uz- Us) = pt maticIntegrats)

Vz(l - U
,
- Us) = qt 4,9 = potential

Us(1 - U
, - (2) = rt r= N/M



(EPISODE 2)

Eulerian Giangulation =
face-biroorable
= foldable!

· dream = solve FPL/n=2) = folding of random E
.

T

.
-

· reality = predictionson FPL(n=0) = 1 Hamiltarian
-

cycle visiting all triangles exactly once.

·First = understand the physics of the FPL(n)

model on a (flat) lattice



/ V Fully-packed
M loops

Dual
Rhombus Tiling

=> extra height (scorefield !)

Conformal theory description :CFP) =
Dense
+

[af Blote Nienhuis] y
dense loop height
model degree offreedom

·Next = switch an quantum gravity



KPZ formula = relates flat space scating to

random surface scaling
.

(
Based on the coupling of metic (Liavitha) field to

Iconformal (matter) field.

MN
z>NhangeaA e/is ;

V=(25 -2

FPL(n=0

&
Desse

= -2

CFP = - 1
=> V = #



SOME FUN COMBINATORICS

- The Hamiltarian de
cy
· = on the dual of A

= $3 graph .

⑩ : ifwe relax vertex bicatoration we kill

te extra degree offreedom => C = <Dense=-2

V = -

= CnCn+Zan =Cm
Y↑ 2-* Catalan numbers



MANY HAPPY
RETURNS

At= 24 years,

new subtlety : KPZ

must be tweaked !

= different "stiffness" for the two

fields. (by looking atoperators) -



MEANDERS: THE ENDCEPISODE 3)

2-loop FPL (n ,
=n0) on

a random quadrangulation

ctypesofes -r
crossing tangent

Dense Dense extra

↓ ↓ ↓
· Eulerian ? ife c = (2)++2) + 1 =3

(vetex-bicolored) draf height IR3=<A
,

B
,
C >

·ButNot : c = -4 (noextadf) butstill 2 typesofractices

2dual height-fIR andanges tvalex irreferent !
Field description : A h

RECA
,

B > AA- hB



KPZ
Conclusion : c=-4 =

Mineai X=
29 + N45

12

meander exponent

·numerical evidence

(third digit x= 3
. 420E))

(also I
.Jensen

,
T.Guttman)

· more exponents !
associated /multisaices/sinks



LORENTZIAN GRAVITY
· time -ordered random I+1D

surfaces= trees !

· Integratifity (commuting
hensfer matrices) -

Viennot's heaps ofpieces



TO SUMMARIZE:



ON THE PERKS OF SHARING A STUDENT
(especially if it's Jeremie

!)
↳ see his talk....

· a new subject

· 11 papers

· as of lastweek
,
a brand new IHP director !



LIMIT SHAPES
Non-intersecting fattice Paths (NILP) zo/fixed ends

-

xed ends->distribution

The tangent method - 3 I singlepat e
(Coloma - Sportieffo) ↓

one-pointS function w/exitatw



The tangentmethod

applies but single path
follows geodesics in curved

background.

In all cases = arctic curve analytic for obitrary end distributions

Iso-called free-formiar case)



Twenty Vertex Model

· ice model (like GV) on Gangularlattice
= osculating paths
· integrable weights from Kagome

13 parameters)



DOMAIN WALL BOUNDARY CONDITIONS

DWB1 : 1
,

3
,

23
,

433
,

19705
-
-- DWB3 : 1

,
3
,

29
,

901, 89893
,
---

· enumeration of 20VDWBC1 configurations

by "mapping" to the GVmodel



1Integrable
20V=

Kagome GV
,2,3

Yang-Baxter :

=

GVz
i

2 1
Il Il

uniform 201-> GV weights



A lattice of KAGOME (Daikokuya , Kitashirakawa)



A lattice of KAGOME (Daikokuya , Kitashirakawa)



A lattice of KAGOME (Daikokuya , Kitashirakawa)



NON-BIJECTIONS
201
-DWBC 1

zoV

DWBC3 ->

# ↑ conjecture !
- QTSHADT

Pachter triangle-
damino tiling



ARCTIC CURVES

· use tangentmethod

+ mapping to theSu

+ refinements .

uniform weights



UNIFORM CASE : AN ASYMPTOTIC BIJECTION
11 I/

VS

20V+DWBC1 QSHADT

E

same portion of
arcticcerve!



THE MANY TALENTS OF EMMANUEL

· A master of bijection/ reformulation

· A fantastic intuition for field theory descriptions

· A true physicist/always asks the right questions
· A meticulars (and unstoppable) calculator

· An artist (see next)





32 years ago...



June2024


