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Topological charges: fundamental invariants of a theory.

→ Lorentz-invariance, basis-independence, metric-independence...

Question: are Noether charges of topological nature?
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Aim of the presentation
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Classical electromagnetism + magnetic charges

∇ · B⃗ = ρm B⃗ = ∇× A⃗ (1)

however ∇ ·∇× A⃗ = 0 ̸= ρm ...

−→ Dirac string: string attached to a Dirac monopole, where A⃗ is singular.

Lint = Aµjµ (2)

−→ Dirac veto: impossibility to multiply two singular fields, and hence to
deform the Dirac string through j.
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Maxwell-Dirac theory
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Boundary: submanifold that is the frontier of another submanifold.

Cycle: compact submanifold that has no boundary (like a closed loop).

Homology: collection of all cycles that are not boundaries.

Gauss theorem

‹
E⃗ · dS⃗ = qe (3)

Thus, static charges are topological invariants. What about dynamical charges?
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Homology theory
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Finding holes: a local-to-global matching problem.

Sheaf (of vector spaces): association rule U 7−→ A(U) with
• U any open subset of spacetime
• A(U) a vector space (of field configurations)

with consistency conditions on inclusions and intersections.

We can do sheaf cohomology to find holes in the field configurations.

−→ Dynamical charges are treated as topological without having to dig them
out of spacetime.
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Sheaf theory
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This sheaf-theoretic framework might allow for the study of

• charged branes dynamics;
• charged branes quantisation;
• quantum electromagnetodynamics;
• topological quantisation of coupling constants;
• path integrals (a project with Simon Beaudoin).
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Consequences
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