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Warm Inflation

▶ In warm inflation, dissipative effects are significant during inflation, leading to radiation
production concurrently with accelerated expansion.

▶ The equation of motion for the inflaton:

ϕ̈+ (3H +Υ)ϕ̇+ V,ϕ = 0

where Υ is the dissipation coefficient which has a general form
Υ(ϕ,T ) = CΥT

pϕcM1−c−p.

▶ The radiation energy density evolves as:

ρ̇R + 4HρR = Υϕ̇2

▶ Einstein equations:

3M2
PlH

2 = ρϕ + ρr =
ϕ̇2

2
+ V (ϕ) + ρr

−2M2
PlḢ = ρϕ + ρr + pϕ + pr = ϕ̇2 +

4

3
ρr

P2I Conference November 19, 2025 3 / 28



Thermalization

▶ Thermalized radiation:Typically, the study of warm inflation assumes the
radiation to be thermalized, i.e.

ρr =
π2g∗
30

T 4

where g∗ being the number of relativistic degrees of freedom for the radiation
bath.

▶ In the following, we will be working mainly with the dissipation coefficient ratio Q,
defined as where Q ≡ Υ

3H .

▶ In WI, the inflaton’s dissipative energy sustains a nearly constant radiation bath,
so ρ̇r ≈ 0 and ρr ≃ 3

4Qϕ̇2.

▶ Unlike cold inflation, inflation ends naturally and smoothly transitions to radiation
domination without a separate reheating phase.
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Constant-roll WI: Basic Equations

▶ Constant-roll condition:
ϕ̈+ 3βHϕ̇ = 0,

where β is constant.

▶ Solution for ϕ̇:
ϕ̇ = ϕ̇0e

−3β
∫
Hdt = ϕ̇0e

−3βN ,

with ϕ̇0 = initial value of ϕ̇, and N = number of e-folds.

▶ Inflaton EoM:

V,ϕ = 3Hϕ̇ [β − (1 + Q)] = 3Hϕ̇0e
−3βN [β − (1 + Q)] .

▶ Energy density and pressure of the inflaton:

ρϕ =
1

2
ϕ̇2
0e

−6βN + V (ϕ),

pϕ =
1

2
ϕ̇2
0e

−6βN − V (ϕ).
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Constant-roll WI: Friedmann Equations

▶ Friedmann equations:

3M2
PlH

2 =
1

2
ϕ̇2 + V (ϕ) + ρr ,

−2M2
PlḢ = ϕ̇2 +

4

3
ρr = ϕ̇2

0e
−6βN +

4

3
ρr .

▶ Radiation thermalization:

ρr =
π2g∗
30

T 4 = 3pr ,

where g∗ is the number of relativistic degrees of freedom.

▶ Near thermal equilibrium assumption:

ρ̇r ≈ 0 ⇒ ρr =
3

4
Qϕ̇2, Q ≡ Υ

3H
.

▶ ⇒
3M2

PlH
2 =

1

2
ϕ̇2 + V (ϕ) +

3

4
Qϕ̇2, −2M2

PlḢ = (1 + Q)ϕ̇2
0e

−6βN .
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Graceful Exit in Constant-Roll Warm Inflation

For an inflationary phase, we require ϵ1 < 1, while ϵ1 ≃ 1 marks the end of inflation.
Thus, a graceful exit demands ϵ1 to grow from below unity to unity:

dϵ1
dN

=
ϵ̇1
H

> 0

Since H > 0 in an expanding Universe, this condition reduces to:

ϵ̇1 > 0

From the definition of ϵ1,

ϵ̇1 = − 1

H2

(
Ḧ − 2Ḣ2

H

)
This requirement holds for both slow-roll and beyond-slow-roll regimes, in either cold
or warm inflation.
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Graceful Exit in Constant-Roll Warm Inflation

1. Case 1: Ḧ < 0 is sufficient for exit. From the background equations:

M2
PlḦ = −

(
−3Hβϕ̇2 +

2

3
ρ̇r

)
= 3H

(
β − 2

3
Q

)
ϕ̇2 +

8

3
Hρr .

This leads to:

β <
2

3
Q − 8

9

ρr

ϕ̇2
.

Since Q > 0, both negative and positive β are allowed, but the condition must
hold at all times.

2. Case 2: If Ḧ > 0 but Ḧ < 2Ḣ2/H, ϵ1 still grows. No simple inequality — must
be verified throughout inflation.
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Constant Q and β > 0 Case

For thermal stabilisation:
Ṫ

HT
= −3

2
β − 9

4
βQ,

we also need |β| ≪ 1.

If Q is constant and β > 0, we obtain the potential:

V (ϕ) = V0

[
2(1 + Q)− 2β − 3βQ

2(1 + Q)
cosh2

(
3

MPl

√
(1 + Q)β

6
(ϕ0 − ϕ)

)
− 1

]
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Numerical analysis: strong dissipative regime, β > 0

We evolve the CRWI model for positive β fully numerically, with parameters: β = 10−4, Q = 2.8× 102,
g∗ = 106.75, ϕ0 = 0, T (0) = 0.6× 10−6 MPl, ϕ̇0 = 8.59× 10−14 M2

Pl, |V0| ≈ 10−20 M4
Pl, and ϕ(0) = −1MPl.
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(a) Evolution of ϵ1
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(b) Evolution of ϵ2

Figure: ϵ1 remains below unity; ϵ2 starts above unity but quickly drops and stays below unity for the remainder
of inflation.
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Numerical analysis: strong dissipative regime, β > 0

Evolution for the same parameter set.
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(a) Graceful exit condition
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(b) Thermalization condition T > H

Figure: Ḧ > 0 but the condition Ḧ < 2Ḣ2/H holds, ensuring graceful exit; T > H throughout indicates
near-thermal evolution.
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Case: Q constant, β = −β̃

Similarly when Q is constant and we take β = −β̃, we find:

V (ϕ) = V0

1− 2(1 + Q) + 2β̃ + 3β̃Q

2(1 + Q)
sin2

 3

MPl

√
(1 + Q)β̃

6
(ϕ0 + ϕ)


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Figure: The form of the potential for constant Q and negative β, with β = −10−2, Q = 10−2

and ϕ0 = 0.
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Numerical analysis: strong dissipative regime, β < 0

We evolve the solution for negative β fully numerically, with parameters: β = −10−4, Q = 2.8× 102,
g∗ = 106.75, ϕ0 = 7.65, T (0) = 1.56× 10−6 MPl, ϕ̇0 = 8.28× 10−12 M2

Pl, V0 ≈ 10−16 M4
Pl, and

ϕ(0) = −1MPl.
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(a) Evolution of ϵ1
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(b) Evolution of ϵ2

Figure: Strong dissipative regime: ϵ1 and ϵ2 remains below unity.
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Numerical analysis: strong dissipative regime, β < 0

Continuing from previous slide — we now examine Graceful exit condition and the thermalization condition.
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(a) Graceful exit condition
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(b) Thermalization condition T > H

Figure: Strong dissipative regime: graceful exit is guaranteed as Ḧ < 0 throughout ; the system maintains
T > H indicating near-thermal evolution.
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Dissipation Coefficient: Temperature and Field Dependence

▶ If Υ = Υ(T ): Constant–roll warm inflation behaves exactly like the constant-Q
case (thermal stability maintained; dynamics consistent for any p).

▶ If Υ = Υ(ϕ): Imposing constant–roll + near thermal equilibrium makes H acquire
an explicit ϕ–dependence not sourced by the potential. This contradicts the
Friedmann equation.

▶ Conclusion: Constant–roll warm inflation is only consistent when Υ does
not depend on ϕ. Any model with Υ(ϕ) cannot maintain thermal
equilibrium under constant–roll.
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Future Work

▶ Extend stability analysis to broader classes of potentials.

▶ Explore observational predictions of warm constant roll inflation models.

▶ Propose a systematic framework to study the growth of inflationary perturbations
for warm constant roll inflation models.

Thank you!
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Backup Slides



Constant Q and β > 0 Case

If Q is constant and β > 0, the second Friedmann equation gives

3M2
PlH

2 =
(1 + Q)

2β
ϕ̇2
0e

−6βN − V0.

If Q is constant and β > 0, we obtain the potential:

= 3H ϕ̇0e
−3βN

[
β +

3

2
βQ − (1 + Q)

]
.

For the positivity of V , we require

2(1 + Q)− 2β − 3βQ

4β
> V0.

As inflation progresses, the first term in V decreases, so the potential must be truncated before
it becomes negative.
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Constant Q and β > 0 Case

From the EOM of the inflaton field we must have

V,ϕ = 3Hϕ̇0e
−3βN [β − (1 + Q)] .

For these two to be nearly equal, we must have Q ≫ β and Q ≫ Qβ, which implies
|β| ≪ 1.
Also, for thermal stabilisation:

Ṫ

HT
= −3

2
β − 9

4
βQ,

we also need |β| ≪ 1.
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Constant Q and β > 0 Case

To find ϕ as a function of N we note that

ϕ(N) = ϕ̇0

∫
e−3βN

H
dN

= ϕ0 −
1

3

√
6

(1 + Q)β
MPl arccosh

(
ϕ̇0e

−3βN
√
1 + Q√

2V0β

)
which yields

ϕ̇0e
−3βN =

√
2V0β

1 + Q
cosh

(
3

MPl

√
(1 + Q)β

6
(ϕ0 − ϕ)

)
and the potential becomes

V (ϕ) = V0

[
2(1 + Q)− 2β − 3βQ

2(1 + Q)
cosh2

(
3

MPl

√
(1 + Q)β

6
(ϕ0 − ϕ)

)
− 1

]
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Numerical analysis: weak dissipative regime, β > 0

We evolve a CRWI scenario in the weak dissipative regime, with parameters: β = 10−3, Q = 10−2, g∗ = 106.75,
ϕ0 = 15, T (0) = 2.79× 10−6 MPl, ϕ̇0 = 5.33× 10−10 M2

Pl, |V0| ≈ 10−16 M4
Pl, and ϕ(0) = −1MPl.
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(b) Evolution of ϵ2

Figure: Both ϵ1 and ϵ2 remain less than unity throughout the evolution, satisfying slow-roll conditions.
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Numerical analysis: weak dissipative regime, β > 0

Evolution for the same parameter set.
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(a) Graceful exit condition
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(b) Thermalization condition T > H

Figure: Ḧ > 0 but the condition Ḧ < 2Ḣ2/H holds, ensuring graceful exit; T > H is maintained, indicating
near-thermal evolution.
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Case: Q constant, β = −β̃

Similarly when Q is constant and we take β = −β̃, we find:

3M2
PlH

2 = − (1 + Q)

2β̃
ϕ̇2
0e

6β̃N + V0

V = V0 −
2(1 + Q) + 2β̃ + 3β̃Q

4β̃
ϕ̇2
0e

6β̃N

V,ϕ = −3Hϕ̇0e
3β̃N

[
β̃ +

3

2
β̃Q + (1 + Q)

]

▶ Positivity Condition : 2(1+Q)−2β̃−3β̃Q

4β̃
< V0

▶ As inflation proceeds, the second term in V increases, we need to cut off the potential
before it becomes negative.
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Case: Q constant, β = −β̃

In a similar manner

ϕ(N) = ϕ̇0

∫
e3β̃N

H
dN =

1

3

√
6

(1 + Q)β̃
MPl arcsin

 ϕ̇0e
3β̃N

√
1 + Q√

2V0β̃

− ϕ0

From this, we find:

ϕ̇0e
3β̃N =

√
2V0β̃

1 + Q
sin

 3

MPl

√
(1 + Q)β̃

6
(ϕ0 + ϕ)


Substituting back, the potential becomes:

V (ϕ) = V0

1− 2(1 + Q) + 2β̃ + 3β̃Q

2(1 + Q)
sin2

 3

MPl

√
(1 + Q)β̃

6
(ϕ0 + ϕ)


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Numerical analysis: Weak Regime dissipative regime, β < 0

The corresponding Hubble parameter can be expressed as

H =

√
V0

3M2
Pl

cos

√3β̃(1 + Q)

2

(ϕ+ ϕ0)

MPl

 .
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Figure: The form of the potential for constant Q and negative β, with β = −10−2, Q = 10−2

and ϕ0 = 0.
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Numerical analysis: Weak Regime dissipative regime , β < 0

Main observations:

▶ ϵ1, ϵ2 < 1 during entire evolution
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Figure: (a)Left: Evolution of ϵ1, (b) Right: Evolution of ϵ2. Parameters: β = −10−2, Q = 10−2, g∗ = 106.75,
ϕ0 = 0, T (0) = 1.56× 10−6MPl, ϕ̇0 = 1.7× 10−10M2

Pl, V0 ≈ 10−16M4
Pl, ϕ(0) = 1MPl.
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Numerical Evolution, β < 0

▶ Ḧ < 0 throughout ⇒ graceful exit guaranteed

▶ T nearly constant in inflationary phase, with T > H satisfied

0 10 20 30 40 50 60 70

-2.×10-28

-1.5×10-28

-1.×10-28

-5.×10-29

0

N

H¨
(n
M
P
l3
)

H

T

0 10 20 30 40 50 60 70

0

1.×10-6

2.×10-6

3.×10-6

4.×10-6

N

(in
M
P
l)

Figure: (a)Left: Graceful exit condition, (b) Right: Thermalization condition T > H satisfied throughout the
evolution. Here β = −10−2, Q = 10−2, g∗ = 106.75, ϕ0 = 0, T (0) = 1.56× 10−6MPl, ϕ̇0 = 1.7× 10−10M2

Pl,

V0 ≈ 10−16M4
Pl, ϕ(0) = 1MPl.
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