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Asymptotic symmetries and observables in 4d gravity



The holographic principle

SBH =
A

4GN
∼ L2M2

PBlack hole entropy in (3+1) dimensions scales like the entropy of a 3d QFT

 gravity has the same number of d.o.f. as a quantum theory in one lower number of dimensions⟹
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The holographic principle

SBH =
A

4GN
∼ L2M2

PBlack hole entropy in (3+1) dimensions scales like the entropy of a 3d QFT

Short distances Long distances

Holography in asymptotically flat spacetimes?

— infinity of ``infrared’’ symmetries in 3+1 dimensions ~ symmetries of 2d CFT

— related to observables, such as gravitational memory effects

— rich vacuum structure  observables beyond quantized linearized metric perturbation (graviton) →

?

 gravity has the same number of d.o.f. as a quantum theory in one lower number of dimensions⟹

Outline

[’t Hooft’ 93; Susskind ’94]



Asymptotically flat spacetimes (4d)

r →
∞

u = t − r

v = t + r

ℐ+

ℐ−

• Gauge fix:  (radial propagation of GW) 

             (spherical wavefronts)

grr = grA = 0

∂r det (r−2gAB) = 0

xA = (z, z̄)

[BBMS ’62]

⟹ ds2 = e2βVdu2 − 2e2βdudr + gAB(dxA − UAdu)(dxB − UBdu)
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Asymptotically flat spacetimes (4d)

r →
∞

u = t − r

v = t + r

ℐ+

ℐ−

• Gauge fix:  (radial propagation of GW) 

             (spherical wavefronts)

grr = grA = 0

∂r det (r−2gAB) = 0

xA = (z, z̄)

[BBMS ’62]

⟹ ds2 = e2βVdu2 − 2e2βdudr + gAB(dxA − UAdu)(dxB − UBdu)

• Solve the Einstein equations

• Impose boundary conditions:  

   — allow for gravitational waves (not too fast fall-off in ) 

   — finite asymptotic charges (energy, angular momentum, …) 

r−1

⟹ asymptotic expansion of V, β, UA and gAB in r−1



Asymptotically flat spacetimes (4d)

Expand  (no matter) in powers of :Gμν ≡ Rμ −
1
2

gμνR = 0 r−1

Grμ = 0 @ 𝒪(r−2) :

V = −
R̄[γ]

2
+

2M
r

+ 𝒪(r−2)

ds2 = e2βVdu2 − 2e2βdudr + gAB(dxA − UAdu)(dxB − UBdu)

gAB = r2γAB + rCAB + ⋯ +
TAB

r
+ 𝒪(r−2)

UA = −
1

2r2
DBCBA −

2
3r3 (NA −

1
2

CABDCCBC) + 𝒪(r−4)
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Guu = GuA = GAB = 0 @ 𝒪(r−2) : time evolution equations for , eg.M, NA and TAB

∂uM =
1
4

DADBNAB −
1
8

NABNAB [flux-balance law for Bondi mass aspect]

Bondi mass aspect (ADM mass - radiation)

Angular momentum aspect



Towers of symmetries

• Analysis increasingly tedious at subleading orders in r−1

• Simplification in the Newman-Penrose formalism  non-trivial components of the gravitational field encoded in 

    the Weyl tensor components:

→

Ψ0 = Cμνρσℓμmνℓρmσ ≡ Cℓmℓm

Ψ1 = Cℓnℓm, Ψ2 = − Cℓmm̄n, Ψ3, Ψ4

{ℓ, n, m, m̄} null frame:

gab = − ℓanb − naℓb + mam̄b + mbm̄a
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{ℓ, n, m, m̄} null frame:

gab = − ℓanb − naℓb + mam̄b + mbm̄a

[Freidel, Pranzetti ’21]

• Leading components  of  in a  expansion are 4d Lorentz primaries at retarded time :Ψ(0)
i Ψi r−1 u = 0

ℒYΨ(0)
i = (YA∂A + h∂zYz + h̄∂z̄Yz̄)Ψ(0)

i , i = 0,1,2

ξY = YA∂A + ⋯ generate 4d Lorentz transformations   2d global conformal transformations∼For Yz ∈ {1,z, z2}, Yz̄ ∈ {1,z̄, z̄2},



Towers of symmetries

ReΨ(0)
2 = ℳ ≡ Q0

Ψ(0)
1 = mA𝒥A ≡ Q1

Ψ(0)
2 = mAmB𝒯AB ≡ Q2

M → ℳ = M +
1
8

CABNAB

NA → 𝒥A = ⋯

TAB → 𝒯AB = ⋯

Δ = h + h̄ s = h − h̄

3

3

3

0

2

1

[Freidel, Pranzetti ’21]

In terms of the Newman-Penrose variables, the flux balance laws become:

d𝒬s

du
= D𝒬s−1 +

(1 + s)
2

C𝒬s−2 , s = 0,1,2
Q−1 =

1
2

DN, Q−2 ≡
1
2

∂uN

N = m̄Am̄B∂uCAB



Quantization

• Flux-balance laws impose a constraint on asymptotic states (phase space)

•  are canonically conjugate variables: C, N [Ashtekar ‘ 82; Iyer, Wald, Zoupas ’92]{N(u, z, z̄), C(u′ , z′ , z̄′ )} = 16πGδ(u − u′ )δ(2)(z − z̄′ )

d𝒬s

du
= D𝒬s−1 +

(1 + s)
2

C𝒬s−2 , s = 0,1,2
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⟹ lim
u→−∞
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, Qξ2

} = Q[ξ1,ξ2]

ξ = f(z, z̄)∂u + YA(z, z̄)∂A + ⋯eBMS generators: 

Superrotations

d𝒬s

du
= D𝒬s−1 +

(1 + s)
2

C𝒬s−2 , s = 0,1,2

[Barnich, Troessaert 2011]



Physical implication I: gravitational memory

QST ≡ ∫S2

d2z f(z, z̄)q0(z, z̄) ∝
1
4 (D2

z ΔCzz + D2
z̄ ΔCz̄z̄) −

1
4 ∫ duNzzNzz

t1 t2 Time

Czz

ΔCzz ⟹
Net	relative	displacement		
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ℐ+

ℐ−

(z, z̄)

r
=

0

r →
∞

r →
∞

u



Physical implication I: gravitational memory

QST ≡ ∫S2

d2z f(z, z̄)q0(z, z̄)

t1 t2 Time

Czz

ΔCzz ⟹
Net	relative	displacement		

between	asymptotic	observers	

ℐ+

ℐ−

(z, z̄)

r
=

0

r →
∞

r →
∞

u

Qsoft
ST = ∫S2

d2z f(z, z̄)
1
4 (D2

z ΔCzz + h . c . ) generates the transformation:

Czz(u, z, z̄) → Czz(u, z, z̄) + D2
z f(z, z̄)

∝
1
4 (D2

z ΔCzz + D2
z̄ ΔCz̄z̄) −

1
4 ∫ duNzzNzz



Physical implication II: soft graviton theorem

q−
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0 (z, z̄)

ℐ+

ℐ−

• a-priori supertranslations act independently at ℐ±
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Physical implication II: soft graviton theorem

• antipodal matching   supertranslations are a symmetry of scattering:⟹



q−
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q+
0 (z, z̄)

• a-priori supertranslations act independently at ℐ±

=

• antipodal matching   supertranslations are a symmetry of scattering:⟹

use the constraints under the assumption that  vanish at Q0 ℐ±
±

 charges are conserved in time, so they should commute with S-matrix⟹

⟨out |q+
0 𝒮 − 𝒮q−

0 | in⟩ = 0

Physical implication II: soft graviton theorem



q0 ∝
1
4 (D2

z ΔCzz + D2
z̄ ΔCz̄z̄) −

1
4 ∫ duNzzNzz

q−
0 (z, z̄)

q+
0 (z, z̄)

=
 charges are conserved in time, so they should commute with S-matrix⟹

⟨out |q+
0 𝒮 − 𝒮q−

0 | in⟩ = 0

=
n

∑
i=1

pμ
i pν

i ϵ±
μν

pi ⋅ q
× +𝒪(q0)lim

q→0
[Weinberg ’65; Strominger et. al ‘14]

Zero energy graviton

• a-priori supertranslations act independently at ℐ±

use the constraints under the assumption that  vanish at Q0 ℐ±
±

Physical implication II: soft graviton theorem

• antipodal matching   supertranslations are a symmetry of scattering:⟹



Tower of soft theorems

d𝒬s

du
= D𝒬s−1 +

(1 + s)
2

C𝒬s−2 , s = 0,1,2

Imply new soft theorems: • conservation of superrotation charge   subleading soft graviton theoremq1 ⟹

[Cachazo, Strominger ’14]

• conservation of    sub-subleading soft graviton theoremq2 ⟹

[Freidel, Pranzetti, A.R. ’21]
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s ≥ 3

• conservation of tower of (sub) - leading soft graviton theoremsqs, s ≥ 3 ⟹ s

=
∞

∑
n=−1

ωnS(n)(pi) × + loop + other corrections

[Freidel, Pranzetti, A.R. ’22]
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• conservation of tower of (sub) - leading soft graviton theoremsqs, s ≥ 3 ⟹ s

=
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∑
n=−1

ωnS(n)(pi) × + loop + other corrections

Bracket of linear and 

quadratic components

[Freidel, Pranzetti, A.R. ’22]

•  generate a  algebra on the gravitational phase space:qs w1+∞

{qs(z), qs′ (z′ )}(1) = (s + 1)q(1)
s+s′ −1(z)Dz′ δ(2)(z − z′ ) − (s′ + 1)q(1)

s+s′ −1(z′ )Dzδ(2)(z − z′ )



Tower of soft theorems

d𝒬s

du
= D𝒬s−1 +

(1 + s)
2

C𝒬s−2 + ⋯ , s ≥ 3

• conservation of tower of (sub) - leading soft graviton theoremsqs, s ≥ 3 ⟹ s

=
∞

∑
n=−1

ωnS(n)(pi) × + loop + other corrections

•  generate a  algebra on the gravitational phase space:qs w1+∞

{qs(z), qs′ (z′ )}(1) = (s + 1)q(1)
s+s′ −1(z)Dz′ δ(2)(z − z′ ) − (s′ + 1)q(1)

s+s′ −1(z′ )Dzδ(2)(z − z′ )
Bracket of linear and 

quadratic components

All orders in  ~ 

finite-energy graviton!

ω [Freidel, Pranzetti, A.R. ’22]



From IR to UV and back

Guu = GuA = GAB = 0 @ 𝒪(r−2) ⟹ {qs(z), qs′ (z′ )}(1) = (s + 1)q(1)
s+s′ −1(z)Dz′ δ(2)(z − z′ ) − (s′ + 1)q(1)

s+s′ −1(z′ )Dzδ(2)(z − z′ ), s + s′ < 3

• Bracket for  !  For algebra to close need tower of generators s = s′ = 2 ⟹ q3 qs ∀s ∈ ℕ

•  charges are related to  components to higher orders in a  expansion;  

    linear components = multipole moments of the gravitational field

s ≥ 2 Ψ0 r−1

[Compere, Oliveri, Seraj, ’22]
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s+s′ −1(z)Dz′ δ(2)(z − z′ ) − (s′ + 1)q(1)

s+s′ −1(z′ )Dzδ(2)(z − z′ ), s + s′ < 3

• Bracket for  !  For algebra to close need tower of generators s = s′ = 2 ⟹ q3 qs ∀s ∈ ℕ

[Compere, Oliveri, Seraj, ’22]

•  from increasingly subleading terms in the collinear expansion of two conformal primary gravitons:qs

G−−
Δ1

(z1)G
±±
Δ2

(z2) ∼ −
κ
2

1
z̄12

∞

∑
n=0

B(2h1 + 1 + n,2h2± + 1)
zn+1
12

n!
∂n

z2
G±±

Δ1+Δ2
(z2) + 𝒪(z̄0

12),

 : (sub) -leading soft mode,     Δ = 1 − s s qs(z, z̄) ∼ ResΔ=1−s∂s+2
z G−−

Δ (z, z̄)

(z1, z̄1)

(z2, z̄2)

×

×

[Guevara, Himwich, Pate, Strominger ’21]

•  charges are related to  components to higher orders in a  expansion;  

    linear components = multipole moments of the gravitational field

s ≥ 2 Ψ0 r−1



From IR to UV and back

•  from increasingly subleading terms in the collinear expansion of two conformal primary gravitons:qs
(z1, z̄1)

(z2, z̄2)

×

×

subleading term in  ~ long-distance effect in CFT  z12 2

2d CFT picture

subleading term in  ~ short-distance effect in 4d AFSr−1

Seems to resonate with UV-IR relation in AdS/CFT?

4d gravity picture

[Compere, Oliveri, Seraj, ’22]
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12

n!
∂n

z2
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(z2) + 𝒪(z̄0

12),

•  charges are related to  components to higher orders in a  expansion;  

    linear components = multipole moments of the gravitational field

s ≥ 2 Ψ0 r−1

 : (sub) -leading soft mode,     Δ = 1 − s s qs(z, z̄) ∼ ResΔ=1−s∂s+2
z G−−

Δ (z, z̄)

[Guevara, Himwich, Pate, Strominger ’21]



Quantum spacetime fluctuations?

•  and correlators thereof may capture quantum features of spacetimeqs

• Leading soft sector: Czz = − 2D2
z C(z, z̄) + D2

z N(z, z̄)Θ(u − u0)

 (memory mode)qsoft
0 (Goldstone mode)C are canonically paired



Quantum spacetime fluctuations?

•  and correlators thereof may capture quantum features of spacetimeqs

• Leading soft sector:

• Fixing  ~ fixing an asymptotic BMS frame; in quantum gravity ~ compute observables in  eigenstates (infinity of BMS vacua)C C

•  eigenstates ~ infinity of BMS memory eigenstates qsoft
0

Define the quantum operator Q̂0 =
1

16πGN ∫S2

d2zĈ(z, z̄) □̄2 N̂(z, z̄) s.t. Q̂0 |C⟩ = qsoft
0 |C⟩

linearbi-linear

Czz = − 2D2
z C(z, z̄) + D2

z N(z, z̄)Θ(u − u0)

 (memory mode)qsoft
0 (Goldstone mode)C are canonically paired



Quantum spacetime fluctuations?

Shares similarities with area operator whose fluctuations ⟨0 |ΔQ̂2
0 |0⟩ ∝

A
ℓ2

p
seem to be enhanced by IR scale… [He, A.R., Zurek ’24]

•  and correlators thereof may capture quantum features of spacetimeqs

• Leading soft sector: Czz = − 2D2
z C(z, z̄) + D2

z N(z, z̄)Θ(u − u0)

 (memory mode)qsoft
0 (Goldstone mode)C are canonically paired

• Fixing  ~ fixing an asymptotic BMS frame; in quantum gravity ~ compute observables in  eigenstates (infinity of BMS vacua)C C

•  eigenstates ~ infinity of BMS memory eigenstates qsoft
0

Define the quantum operator Q̂0 =
1

16πGN ∫S2

d2zĈ(z, z̄) □̄2 N̂(z, z̄) s.t. Q̂0 |C⟩ = qsoft
0 |C⟩

linearbi-linear



Outlook

• Infrared sector of gravity in 3+1-dimensions is very rich:

— infinite-dimensional asymptotic symmetry algebra [eBMS]

— modes of graviton to all orders in a low energy expansion ~ higher-spin symmetry on phase space

— phase-space symmetries related to chiral algebras in 2d CFT holography, UV-IR connection?

• Correlators of towers of charges in infinity of gravitational vacua are potentially observables of quantum gravity

— fluctuations in quantum soft BMS charges naively enhanced by IR scale

— can we measure them?
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Thank you!


