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• Phase diagram and thermodynamics of QCD

• The early universe at the QCD epoch

• Was the temperature ever  MeV?

• Trajectories in the QCD phase diagram in standard and non-
standard scenarios

• A partial and probably biased perspective. My apologies for all 
relevant work I may have missed

T ≳ 200
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Fig. 1.: The QCD phase diagram as conjectured based on the current understand-
ing. Red circles mark the location of freeze-out points determined experimentally.
Trajectories followed by hydrodynamically expanding matter in the fireball are
indicated schematically by white lines. These trajectories are labeled by the
initial collision energies

→
sNN in GeV, demonstrating how a beam-energy scan

translates into the scan of the QCD phase diagram. The range covered by the
second phase of the Beam Energy Scan program is marked as “BES-II” (collider
mode) and “FXT” (fixed target). Figure modified from Ref.7

Quark-Gluon Plasma (QGP) and Hadron Resonance Gas (HRG) — occur
(see Fig. 1). Another avenue for exploration of the QCD phase diagram
has been recently opened by gravitational wave observations of neutron
star mergers.8,9 While, in contrast to laboratory experiments, these natu-
ral phenomena cannot be planned or controlled, they have the advantage
of probing the QCD phase diagram in the regime complementary to that
explored by heavy-ion collisions, that is at high baryon densities and low
temperatures as well as at substantial isospin fractions.

The ultimate goal of research centered on the QCD phase diagram is
to determine the QCD EOS quantitatively. In using heavy-ion collision
experiments to explore the QCD phase diagram, the challenge for theory is
predicting the experimental signatures of the phenomena associated with
the QCD phase structure and interpreting experimental observations in
terms of the QCD EOS. The task of connecting theory and experiment is

Bzdak et al 1906.00936
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The QCD phase diagram

• Most solid theory knowledge 
at  (lattice QCD, mostly)

• Region explored by highest-
 heavy-ion collisions 

(LHC, 200 AGeV RHIC)

•  is also the scenario in 
standard cosmology (more 
later)

μB ≈ 0

sNN

μB ≈ 0
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The QCD transition at vanishing μB
14 H.-T. Ding, F. Karsch and S. Mukherjee
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Fig. 3. A sketch of the nature of the QCD transition as functions of the two degenerate light (up
and down) quarks with masses, mu,d ⌘ ml, and a heavier strange quark with mass, ms, at zero
baryon chemical potential.

known to be first order.65,66 Recent lattice QCD studies67,68 with improved actions
suggest that the extent of this first order region is quite small, i.e. limited to
ml = ms . m

phys

s
/270 where m

phys

s
is the physical value of the strange quark mass.

An additional ingredient in the discussion of the order of the transition in the
chiral limit arises from the role of the axial anomaly. The nature of the chiral
transition for the massless Nf = 2 theory , i.e. for ml ! 0 and ms ! 1, depends
on the magnitude of the axial UA(1) symmetry breaking. If this remains significant
close to the transition temperature then the relevant symmetry becomes isomorphic
to that of the 3-d O(4) spin model and the transition is expected to be second order
belonging to that universality class.10,69 However, if UA(1) symmetry breaking
becomes negligible near the chiral transition temperature, the relevant symmetry
becomes isomorphic to O(2) ⇥ O(4) and the transition be either first order10 or
second order.70,71 In the intermediate quark mass region there is no true phase
transition, rather a crossover takes place from the hadronic to the quark-gluon
plasma phase.

All the first order regions are separated from the crossover region by lines of
second order phase transitions belonging to the 3-d Z(2) universality class. The
first order region for the Nf = 2 + 1 case, the second order Z(2) line separating
the Nf = 2 + 1 first order and the crossover regions and the second order O(4) line
for the Nf = 2 case are supposed to meet at a tri-critical point characterized by a
certain value of the strange quark mass, m

tric

s
. Although, it is well established that

in the real world, i.e. for the physical values of the quark masses, the transition
is a crossover,61,72 the location of the physical point with respect to m

tric

s
has not

been established and even m
tric

s
! 1 cannot be ruled out. More specifically, it

5
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suggest that the extent of this first order region is quite small, i.e. limited to
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/270 where m
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s
is the physical value of the strange quark mass.

An additional ingredient in the discussion of the order of the transition in the
chiral limit arises from the role of the axial anomaly. The nature of the chiral
transition for the massless Nf = 2 theory , i.e. for ml ! 0 and ms ! 1, depends
on the magnitude of the axial UA(1) symmetry breaking. If this remains significant
close to the transition temperature then the relevant symmetry becomes isomorphic
to that of the 3-d O(4) spin model and the transition is expected to be second order
belonging to that universality class.10,69 However, if UA(1) symmetry breaking
becomes negligible near the chiral transition temperature, the relevant symmetry
becomes isomorphic to O(2) ⇥ O(4) and the transition be either first order10 or
second order.70,71 In the intermediate quark mass region there is no true phase
transition, rather a crossover takes place from the hadronic to the quark-gluon
plasma phase.

All the first order regions are separated from the crossover region by lines of
second order phase transitions belonging to the 3-d Z(2) universality class. The
first order region for the Nf = 2 + 1 case, the second order Z(2) line separating
the Nf = 2 + 1 first order and the crossover regions and the second order O(4) line
for the Nf = 2 case are supposed to meet at a tri-critical point characterized by a
certain value of the strange quark mass, m

tric
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. Although, it is well established that

in the real world, i.e. for the physical values of the quark masses, the transition
is a crossover,61,72 the location of the physical point with respect to m

tric

s
has not

been established and even m
tric

s
! 1 cannot be ruled out. More specifically, it

• Center symmetry in the Lagrangian 
explicitly broken by dynamical quarks: 
no deconfinement phase transition but 
crossover

• No confinement as in “infinite energy to 
break apart hadron” in real QCD because 
of quark-induced string breaking, so no 
phase transition 

• Would-be order parameter: Polyakov 
loop ⟨Tr L⟩

The purpose of this paper is to complete the next-to-leading result for the Polyakov

correlator and address its short distance behavior. We also revisit the calculation of the

expectation value of the Polyakov loop at next-to-leading order and find a result which is

different from the next-to-leading result of Gava and Jengo [19]. The rest of the paper is

organized as follows. In the next section we discuss the gluon propagator in static gauge

at 1-loop level. Section III contains the calculation of the Polyakov loop at next to leading

order, while in section IV we discuss Polyakov loop correlators. Finally Section VI contains

the summary and conclusion.

II. THE STATIC GAUGE AND THE SELF-ENERGY

The calculations in this paper have been performed in static gauge [20] defined as

∂0A
0(x) = 0 (1)

The reason for using the static gauge is the fact that the Polyakov line has a very simple

form

L = P exp

�
ig

� β

0

dτA0(τ,x)

�
= exp(igβA0(x)) (2)

The Feynman rules in this gauge have been discussed in Refs. [20–22]. The spatial part of

the gluon propagator reads

Dij(ωn,k) =
1

k2

�
δij +

kikj
ω2
n

�
(1− δn0) +

1

k2

�
δij − (1− ξ)

kikj
k2

�
δn0, (3)

where ωn = 2πTn are the bosonic Matsubara frequencies and k2 = ω2
n+k2. Throughout the

paper italic letters refer to Euclidean four-vectors and bold letters to the spatial components.

We call non-static modes those propagating with nonzero Matsubarara frequencies and con-

versely we employ the term static mode for the zero mode. The first term in the r.h.s. of Eq.

(3) is then the non-static part (∝ (1− δn0)), whereas the second is the static part (∝ δn0).

We then have the free temporal propagator

D00(ωn,k) =
δn0
k2

, (4)

which is purely static. The Feynman rules in this gauge are briefly presented in App. A

together with our Feynman diagrams conventions.

3

!
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width of this band and those for other observables indicate the statistical and systematic

uncertainties of the continuum extrapolation).

The Polyakov loop is the order parameter related to the deconfinement phase tran-

sition of QCD in the pure gauge sector. In this case, the Z3 symmetry is exact at small

temperatures, where the Polyakov loop expectation value is zero. In the deconfined phase,

this symmetry is spontaneously broken by the expectation value of the Polyakov loop,

which jumps to a finite value. When quarks are included in the system, the Z3 symmetry

is explicitly broken by their presence. In this case, the Polyakov loop is no longer a real

order parameter. Nevertheless, it is still considered as an indicator for the transition, since

it exhibits a rise in the transition region. This is evident from the right panel of Fig. 3,

where we plot the renormalized Polyakov loop as a function of the temperature. The need

to renormalize it comes from the fact that there are self-energy contributions to the static

quark free energy that need to be eliminated. To that end, we use our renormalization

procedure of [7]. In order to compare our results with those obtained by the hotQCD

collaboration [5] (which will be done in the next Section), the renormalization constant is

obtained slightly di↵erently from the condition V (1.5r0) = Vstring(1.5r0) where V is the

zero temperature quark-antiquark potential and Vstring(r) = �⇡/12r+ �r. In addition, we

included the factor 1
3 in the trace definition.

The right panel of Figure 3 shows the di↵erentNt data sets together with the continuum

extrapolated result, for which we give numerical data in the Table of Appendix B. As it is

expected from a broad cross-over the rise of the Polyakov loop is pretty slow as we increase

the temperature (c.f. [5, 7, 8]).
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Figure 3: Left: strange quark number susceptibility as a function of the temperature. Right:
renormalized Polyakov loop as a function of the temperature. In both figures, the di↵erent symbols
correspond to di↵erent Nt. The gray band is the continuum extrapolated result.

The chiral condensate is defined in the following way:

h ̄ iq =
T

V

@ lnZ

@mq

, q = u, d, s. (4.2)

In the case of a real chiral phase transition, the chiral condensate is the corresponding

order parameter. However, with physical quark masses there is no real phase transition,

– 9 –

The deconfinement transition at vanishing μB

⟨Tr L⟩

4

 0
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 0  5  10  15  20  25
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3

T/Tc

Nτ=4
Nτ=8

FIG. 3: The renormalized fundamental Polyakov loop in
SU(3) pure gauge theory for two values of the temporal lattice
extend Nτ . The lines show the perturbative result (11) and
are explained in the text. The arrow represents the asymp-
totic high temperature limit, Lr

3 = 1.

any representation D. The test of Casimir scaling would
be to assume that the bare loops in different represen-
tations at Tref are related by eq. (5), and then check
whether the renormalized loops at all T are related in
the same way. We discuss this further in Section IV.
Second, in the confined phase of the pure gauge theory
the bare Polyakov loop, in any representation with non-
vanishing triality, vanishes in the thermodynamic limit;
as a result the direct renormalization procedure can only
be used above Tc for such representations. Third, a
reverse iteration can always be performed by choosing
Ti+1 = 1/ai,αNα

τ = (Nα
τ /N

β
τ )Ti > Ti. Finally, although

we discussed the procedure for two values of Nτ , it can
be easily extended to a larger number of values for the
temporal extent.
The renormalized Polyakov loop in the fundamental rep-
resentation obtained by the direct procedure described
here is shown in Figure 1. Also shown, for compari-
son, are the results obtained from a completely differ-
ent renormalization procedure [22] based on a matching
of the short distance behavior of heavy quark-antiquark
free energies to the zero temperature potential (labeled as
QQ̄-renormalization). Both these procedures allow a one
parameter family of renormalization schemes, and the

schemes have been chosen so that the value of L(r)
3 (Tref )

match. Figure 2 shows the results for the renormalization
constant. These figures indicate the functional equiva-
lence of the two renormalization procedures.

C. Fundamental Polyakov loops

We have extended previous measurements of the fun-
damental Polyakov loop [22] to temperatures as high as

 1

 1.1

 1.2

 1.3

 1.4

 0.6  0.8  1  1.2  1.4  1.6

Z3(g2)

g2=6/β

Nτ
4
8

FIG. 4: The renormalization constants Z3(g
2) as a function

of the bare coupling g2 = 6/β calculated on lattices of size
323 × Nτ with Nτ = 4 and 8. The line comes from a fit to
(13) as explained in the text.

Nτ T/Tc Lr
3 Nτ T/Tc Lr

3

4 1.012 0.4070(11) 4 6.001 1.0897(4)

4 1.031 0.4600(7) 4 8.002 1.0986(5)

4 1.049 0.4927(22) 4 10.00 1.1011(7)

4 1.099 0.5649(14) 4 12.13 1.1014(6)

4 1.144 0.6049(3) 4 14.00 1.1000(3)

4 1.151 0.6114(16) 4 16.00 1.0988(6)

4 1.200 0.6494(12) 4 18.01 1.0966(5)

4 1.241 0.6759(15) 4 20.00 1.0954(8)

4 1.301 0.7095(13) 4 22.00 1.0939(10)

4 1.499 0.7953(13) 4 24.00 1.0924(12)

4 1.549 0.8115(8)

4 1.600 0.8288(9) 8 1.03 0.4818(99)

4 1.684 0.8523(2) 8 1.18 0.6330(125)

4 2.214 0.9475(3) 8 1.48 0.7763(116)

4 2.858 1.0087(1) 8 2.95 1.0149(68)

4 2.999 1.0169(1) 8 6.00 1.0961(33)

4 3.987 1.0591(2) 8 9.00 1.1049(27)

4 5.001 1.0791(2) 8 12.00 1.1060(26)

TABLE I: The renormalized fundamental Polyakov loop
Lr

3(T ) obtained on lattices of size 323 × Nτ with Nτ = 4
and 8. T/Tc denotes the temperature in units of the critical
temperature.

24Tc. The results for Lr
3(T ) are shown in Figure 3 and

listed in Table I. The corresponding renormalization con-
stants are plotted in Figure 4 and listed in Table II.
The direct renormalization procedure for the fundamen-
tal Polyakov loop stops at g2 corresponding to Tc on the
lattice with the smallest Nτ . Since the QQ procedure
gives identical results upto this point, and can be con-
tinued to larger g2, the tables contain results obtained

Gupta et al 0711.2251
Actual Tc

FO discontinuity
⟨Tr L⟩

With                         or      without u (d,s)
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Fig. 3. A sketch of the nature of the QCD transition as functions of the two degenerate light (up
and down) quarks with masses, mu,d ⌘ ml, and a heavier strange quark with mass, ms, at zero
baryon chemical potential.

known to be first order.65,66 Recent lattice QCD studies67,68 with improved actions
suggest that the extent of this first order region is quite small, i.e. limited to
ml = ms . m

phys

s
/270 where m

phys

s
is the physical value of the strange quark mass.

An additional ingredient in the discussion of the order of the transition in the
chiral limit arises from the role of the axial anomaly. The nature of the chiral
transition for the massless Nf = 2 theory , i.e. for ml ! 0 and ms ! 1, depends
on the magnitude of the axial UA(1) symmetry breaking. If this remains significant
close to the transition temperature then the relevant symmetry becomes isomorphic
to that of the 3-d O(4) spin model and the transition is expected to be second order
belonging to that universality class.10,69 However, if UA(1) symmetry breaking
becomes negligible near the chiral transition temperature, the relevant symmetry
becomes isomorphic to O(2) ⇥ O(4) and the transition be either first order10 or
second order.70,71 In the intermediate quark mass region there is no true phase
transition, rather a crossover takes place from the hadronic to the quark-gluon
plasma phase.

All the first order regions are separated from the crossover region by lines of
second order phase transitions belonging to the 3-d Z(2) universality class. The
first order region for the Nf = 2 + 1 case, the second order Z(2) line separating
the Nf = 2 + 1 first order and the crossover regions and the second order O(4) line
for the Nf = 2 case are supposed to meet at a tri-critical point characterized by a
certain value of the strange quark mass, m

tric

s
. Although, it is well established that

in the real world, i.e. for the physical values of the quark masses, the transition
is a crossover,61,72 the location of the physical point with respect to m

tric

s
has not

been established and even m
tric

s
! 1 cannot be ruled out. More specifically, it

• Chiral symmetry in the Lagrangian 
explicitly broken by nonzero quark 
masses: no chiral phase transition  
 

• Lots of intricacies related to the relative 
strength of the axial anomaly 

• Would-be order parameter:  chiral 
condensate ⟨ψ̄ψ⟩

<latexit sha1_base64="66OlsqqvJU+0CKohsWZGWPmv5wY="></latexit>

f2
ωm

2
ω = 1/2(mu+md)→ω̄ω↑

8



The chiral transition at vanishing μB

• Chiral symmetry in the Lagrangian 
explicitly broken by nonzero quark 
masses: no chiral phase transition  
 

• Lots of intricacies related to the relative 
strength of the axial anomaly 

• Would-be order parameter:  chiral 
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Figure 3. Left: strange quark number susceptibility as a function of the temperature. Right:
renormalized Polyakov loop as a function of the temperature. In both figures, the di↵erent symbols
correspond to di↵erent Nt. The gray band is the continuum extrapolated result.
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Figure 4. Left: renormalized chiral condensate h ̄ iR defined in eq. (4.3). Right: subtracted
chiral condensate �l,s defined in eq. (4.4). In both figures, the di↵erent symbols correspond to
di↵erent Nt. The gray band is our continuum estimate.

is properly renormalized and the continuum limit can be safely taken [9]. The individual

results and the continuum extrapolation are shown in figure 4.

In order to compare our results to those of the hotQCD collaboration, we also calculate

the quantity �l,s, which is defined as

�l,s =
h ̄ il,T � ml

ms
h ̄ is,T

h ̄ il,0 � ml
ms

h ̄ is,0
l = u, d. (4.4)

Since the results at di↵erent lattice spacings are essentially on top of each other, we connect

them to lead the eye and use this band in later comparisons (c.f. figure 4).

Finally, we present the light quark chiral susceptibility (� ̄ ), which is defined as mi-

nus one times the second derivative of the free energy with respect to the light quark mass.

– 10 –

Figure 3: Chiral condensate hq̄qi as function of temperature from Lattice QCD (see text and footnote 4 for details). Nt is the temporal lattice size
used in a calculation. Figure adopted from [51].

2.2. Anomaly
In the classical limit, the axial U(1)A symmetry would lead to a conserved current (i.e. its corresponding Noether

current) Jµ5 =  ̄�
µ�5 in the case of massless quarks. In quantum field theory, however, the anomaly gives rise to yet

another type of symmetry breaking, in addition to the explicit or the spontaneous breaking discussed previously. Even
if the quarks are massless, upon the quantization of the Dirac field when coupled to any (Abelian or non-Abelian)
gauge theory, the axial symmetry is explicitly broken and the axial current is thus not conserved. This phenomenon,
which is di↵erent from the aforementioned spontaneous symmetry breaking, is the well-known chiral anomaly, often
also referred to as axial anomaly or triangle anomaly. It was first discovered in the 1960’s in the e↵ort to try to
understand the neutral pion decay, ⇡0

! 2�, with pioneering works from Adler as well as from Bell and Jackiw
(thus sometimes also called ABJ anomaly) in the QED context [55, 56]. It was shown later in an insightful paper by
Fujikawa in the path integral formalism that the chiral anomaly is an essential and general feature for the quantum
description of chiral fermions with gauge interaction [57]. The chiral anomaly has now become an indispensable and
integral ingredient in many basic aspects of quantum field theories and string theories.

Let us examine the chiral anomaly in a more concrete situation, with a single species of massless Dirac fermions
of electric charge qe coupled to an electromagnetic field Aµ. The anomaly relation reads:

@µJ
µ
5 =

 
1

2⇡2

!
(qeE) · (qeB) (11)

where E and B are the electric and magnetic fields. The constant in front of the right-hand side is the anomaly
coe�cient CA =

1
2⇡2 . Clearly this implies that the axial charge, N5 ⌘

R
V d3r J0

5 , is no longer conserved. This is evident
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The QCD EoS at vanishing μB

stout: Borsanyi et al 1309.5258
HISQ: HOTQCD collab. 14076387
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Fig. 10. (Left) Comparison of the trace anomaly (✏ � 3P )/T
4, pressure and entropy density

calculated with the HISQ (colored)114 and stout (grey)113 discretization schemes for staggered
fermions. (Right) Continuum extrapolated results for pressure, energy density and entropy den-
sity obtained with the HISQ action.114 Solid lines on the low temperature side correspond to
results obtained from hadron resonance gas (HRG) model calculations. The dashed line at high
temperatures shows the result for a non-interacting quark-gluon gas.

This allows to reconstruct the energy density as well as the entropy density s/T
3 =

(✏ + P )/T
4.

The determination of thermodynamic quantities in QCD is a parameter free
calculation. All input parameters needed in the calculation, e.g. the quark masses
(mu = md, ms) and the relation between the lattice cut-o↵, a, and the bare gauge
coupling, � = 6/g

2, are determined through calculations at zero temperature. Like-
wise, there is only a single independent thermodynamic observable that is calculated
in a lattice QCD calculation, for instance the trace anomaly, ⇥µµ(T ). All other bulk
thermodynamic observables are obtained from ⇥µµ(T ) through standard thermo-
dynamic relations. In Fig. 10 (left) we show recent results for the trace anomaly
of (2+1)-flavor QCD113,114 obtained with two di↵erent discretization schemes by
two di↵erent groups. The results are extrapolated to the continuum limit and are
obtained with a strange quark mass tuned to its physical value and light quark
masses that di↵er slightly (ms/ml = 27113 and 20114). The right hand panel in this
figure shows results for the pressure, energy density and entropy density obtained
from the trace anomaly by using Eqs. 39 and 40.

Also shown in Fig. 10 are results obtained from a hadron resonance gas (HRG)
model calculation of bulk thermodynamics. As can be seen this describes the QCD
equation of state quite well also in the transition region, although it may be noted
that the HRG calculations yield results for all observables that are at the lower error
band of the current QCD results. It has been speculated that this may indicate
contributions from additional, experimentally not yet observed resonances which
could contribute to the thermodynamics.115 Indeed evidence for the contribution
of a large number of strange baryons has recently been found in lattice QCD calcu-
lations of conserved charge fluctuations116 (see also the discussion in Section 5 and
7).
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The QCD EoS at vanishing μB

stout: Borsanyi et al 1309.5258
HISQ: HOTQCD collab. 14076387

• In the non-interacting limit we have a 
Stefan-Boltzmann form 
 
 
with
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Figure 5: Spline fits to the trace anomaly for several values of the lattice spacing aT = 1/N⌧ and the result of our continuum
extrapolation (left). Note that the error bands shown here do not include the 2% scale error. The right hand panel shows
suitably normalized pressure, energy density, and entropy density as a function of the temperature. In this case the 2% scale
error is included in the error bands. The dark lines show the prediction of the HRG model. The horizontal line at 95⇡2/60
in the right panel corresponds to the ideal gas limit for the energy density and the vertical band marks the crossover region,
Tc = (154± 9) MeV.

Figure 6: The comparison of the HISQ/tree and stout results
for the trace anomaly, the pressure, and the entropy density.

fixing cn = cd = 0 gives an excellent parametrization of
all our numerical data and is in good agreement with the
HRG estimate, at least down to T = 100 MeV. Further-
more, this parametrization agrees with the N⌧ = 8 data
well beyond T = 400 MeV.

The values of the parameters in our ansatz for the pres-
sure, Eq. (16), are summarized in Table II. The results
of this ansatz for the speed of sound, energy density, and
specific heat are compared with our continuum extrapo-
lated error bands in Figs. 7 and 8.

V. SPECIFIC HEAT, THE SPEED OF SOUND
AND DECONFINEMENT

All thermodynamic quantities, for fixed light and
strange quark masses, depend on a single parameter—
the temperature. In Section IV, we derived the basic
thermodynamic observables (✏, p, s) from the contin-
uum extrapolated trace anomaly ⇥µµ(T ). We now dis-
cuss two closely related observables that involve second
order derivatives of the QCD partition function with re-
spect to the temperature, i.e., the specific heat,

CV =
@✏

@T

����
V

⌘

✓
4

✏

T 4
+ T

@(✏/T 4)

@T

����
V

◆
T

3
, (17)

and the speed of sound,

c
2
s
=

@p

@✏
=

@p/@T

@✏/@T
=

s

CV

. (18)

The quantity Td(✏/T 4)/dT can be calculated directly
from the trace anomaly and its derivative with respect
to temperature,

T
d✏/T 4

dT
= 3

⇥µµ

T 4
+ T

d⇥µµ
/T

4

dT
. (19)

These identities show that the estimates for the specific
heat and the speed of sound should be of a quality similar
to ✏/T

4 or p/T
4. In Figs. 7 and 8, we show the agree-

ment between the bootstrap error bands for these quan-
tities and the estimates obtained by taking second or-
der derivatives of the analytic parameterization for p/T 4

given in Eq. 16. The latter are shown as dark lines inside
the bootstrap error bands.

" ⌘ U/V
non�int

=
Ndof⇡2

15

k4b
(~c)3T

4 T⇡400 MeV
= 8⇥ 1036

J

m3
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Ndof = 2→ 8 +
7

8
→ 2→ 2→ 3→ 3 = 47.5

• Deep in the QGP phase bulk 
thermodynamics is never  far from 
the ideal gas. In  AdS/CFT at 
infinite coupling  
Gubser Klebanov Polyakov hep-th/9802109

𝒪(1)
𝒩 = 4
s = 3/4snon−int
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The QCD EoS at vanishing μB

pQCD review: JG Kurkela Strickland Vuorinen Phys. Rep. 880 (2020)
Lattice: Budapest-Wuppertal, Borsanyi et al JHEP1011 (2010)
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Figure 39: The QCD pressure and trace anomaly at µB = 0. In both panels we compare the
perturbative results with lattice data from the Wuppertal-Budapest (WB) collaboration [293].

crucial extra ingredient is the resummation proposed in [247, 248]. This resum-
mation amounts to presenting the result as a function of the EQCD parameters,
and not expanding it in powers of the full-theory coupling, which has been seen
to significantly improve its convergence properties.

In connection with the QCD pressure, we note that the g
6 ln g term in the

weak coupling expansion of the quantity has been determined in [240], and even
certain parts of the full four-loop result of O(g6) are known by now [242, 243,
246]. We have, however, decided to not use these terms in our results, owing
to the ambiguity related to choosing the “constant inside the log” within the
g
6 ln g term that has a sizable impact on the result. It has been demonstrated

in [248] that fitting this single parameter to lattice results at low temperatures
leads to excellent agreement with lattice data over a wide temperature range,
and to this end, the DR results we display may be rightfully considered to not
represent the current state of the art. The upshot of our convention is, however,
that no optimization of the result is required — or even possible — and that
no complications arise when proceeding to nonzero density or quark number
susceptibilities. In this respect, our results di!er from those presented in [292],
and are in fact presented here for the first time.

In fig. 39, we display the two most important quantities characterizing the
bulk thermodynamic properties of zero-density QGP: the pressure and trace
anomaly as functions of temperature. We observe that the HTLpt and DR pre-
dictions are in remarkably good agreement with each other, and furthermore
that they correctly capture the behavior of the lattice results of [293] down to
temperatures of the order of 200 MeV. The midpoint values of the renormaliza-
tion scale even turn out to reside extremely close to the datapoints for a wide
temperature range, but this is likely a fortuitous coincidence and should not be
given too much weight.
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The QCD phase diagram at finite μB
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Figure 3: Left: Schematic phase diagram for Nf = 2+1 at µ = 0. Temperature is implied to be (pseudo-)
critical, T0(mu,d ,ms), everywhere. Right: The same with finite quark density.

of the critical point in the bare mass diagram is very sensitive to renormalisation effects. To date
only Nt = 4 calculations (a∼ 0.3 fm) have been performed, but simulations with improved actions
give values for mc which are about ∼ 1/4 of the standard action result [4]. The critical line for
non-degenerate quark masses is being calculated presently, cf. [7] and Section 8.3. All available
results are consistent with the physical point lying on the crossover side of the boundary. This has
also been found in a recent simulation with standard staggered quarks with a pion to rho mass ratio
tuned to its physical value [8].

When a finite quark number density is switched on, a µ-axis for the chemical potential has to
be added to the diagram, and the critical line separating the first order region from the crossover
region turns into a critical surface, as indicated in Fig. 3 (right). The standard scenario with mc(µ)

being an increasing function of the chemical potential then implies that this surface bends towards
larger quark masses. Consequently, tuning the quark masses to the physical point and switching
on a chemical potential, the intersection with the critical surface marks the critical value µc of the
end point, beyond which there is a first order transition. Thus, a determination of the QCD phase
diagram in the full parameter space {mu,d ,ms,T,µ} entails mapping out these critical surfaces and
understanding how they are joining up in the different limit theories.

1.2 Lattice QCD at finite temperature and density

Standard Monte Carlo simulations at finite density are made impossible by the so-called sign
problem of the lattice grand canonical partition function,

Z =
∫

DUDψ̄Dψ e−Sg[U ]−Sf [U,ψ ,ψ̄ ] =
∫

DU [detM(µ)] f e−Sg[U ], Sf =∑
f
ψ̄Mψ . (1.1)

For µ = 0, the relation γ5Mγ5 =M† guarantees positivity of the fermion determinant, detM ≥ 0, in
every gauge background. For the gauge group SU(3), the fermion determinant becomes complex as
soon as a non-zero quark chemical potential µ = µB/3 is switched on. Thus it cannot be interpreted
as a probability distribution, which rules out standard importance sampling.

016 / 4

Fig. Owe Philipsen

• A critical point and a first-
order PT expected to emerge 
at finite 

• Lattice QCD in its current 
numerical form hampered by a 
sign problem. Employ effective 
models or functional methods

• Currently searched in heavy-
ion collisions at lower 
energies, keywords: 
fluctuations, correlations, 
cumulants, …

μB
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The QCD phase diagram at finite μB
• A critical point and a first-

order PT expected to emerge 
at finite 

• Lattice QCD in its current 
numerical form hampered by a 
sign problem for . 
Employ effective models or 
functional methods

• Will we have early-universe 
input on this plot at some 
point?

μB

μB ≠ 0

Fig. 1 Regions of the QCD phase diagram where constraints from heavy-ion collisions (HIC), lattice
QCD (LQCD), perturbative QCD (pQCD), low-energy heavy-ion collisions (LENP), chiral e!ective
field theory (ωEFT), and astrophysics (neutron stars, NS) are available.

then means that higher
→
sNN reaches larger nB whereas lower

→
sNN reach a smaller

range of nB . The exact switching point from a quark-gluon plasma dominated- to
hadronic-dominated dynamical description is unknown and still hotly debated within
the community. The initial collision temperature T0 is model-dependent, so we do
not include estimates for it in this work. The freeze-out temperature, however, can
be more directly extracted from experimental data (with certain caveats that we will
explain here) using particle yields and assuming thermal equilibrium at freeze-out.
Additionally, the emission of photons and lepton pairs (dileptons), which are immune
to strong interactions and can traverse the QGP, can be used to extract average
temperatures at di!erent points in the heavy-ion collision evolution, which can be used
to pin down the temperature evolution (Strickland, 1994; Schenke and Strickland,
2007; Martinez and Strickland, 2008; Dion et al, 2011; Shen et al, 2014; Gale et al,
2015; Bhattacharya et al, 2016; Ryblewski and Strickland, 2015; Paquet et al, 2016;
Kasmaei and Strickland, 2019, 2020). On the other hand, the extraction of nB is more
model dependent. If a QCD critical point exists, then susceptibilities of the pressure
will diverge exactly at the critical point and may have non-trivial behavior in the
surrounding critical region (Stephanov, 2009; Parotto et al, 2020; Mroczek et al, 2021).
In equilibrium, these would determine the cumulants of the distribution of protons,

12

not the chemical potential
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The QCD phase diagram at finite μB
Critical point predictions from theory as of previous QM

4

Figure adapted from A. Pandav, D. Mallick, B. Mohanty, Prog. Part. Nucl. Phys. 125 (2022) 

Including the possibility that the QCD critical point does not exist at all
de Forcrand, Philipsen, JHEP 01, 077 (2007); VV, Steinheimer, Philipsen, Stoecker, PRD 97, 114030 (2018) 

from V. Vovchenko’s slides at Quark Matter 2023
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The QCD phase diagram at finite μB
Critical point predictions from theory as of previous QM
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Including the possibility that the QCD critical point does not exist at all
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QCD and the standard cosmological history

• Does the universe go through  MeV ?

• If so, at which values of ?

T ∼ 150
μB
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The Early Universe

17

2.2. The Hot Thermal Phase

Figure 2.1: Timeline of the hot thermal phase of the early universe illustrating (i) the

relation between the temperature of the thermal bath T and the cosmic time t (cf. Eq. (2.23)),

(ii) the chronology of several important, partly hypothetical nonequilibrium processes, (iii)

a representative selection of those forms of matter or energy that are respectively involved

in these processes, and (iv) several possibilities for the reheating temperature after inflation

(cf. Sec. 3.1).

2.2 The Hot Thermal Phase

The hot early universe represents the stage for a great variety of physical processes taking

place over an enormous range of energy scales (cf. Fig. 2.1 for an overview of the main events

in its thermal history). As a final preparation before turning to our own scenario, we shall

now discuss in more detail the decoupling of the CMB, primordial nucleosynthesis, the QCD

and the electroweak phase transition as well as electroweak sphalerons.

2.2.1 The Cosmic Microwave Background

Towards the end of the radiation-dominated phase, at temperatures of O(1) eV, protons,

i.e. hydrogen nuclei, are kept in thermal equilibrium via the steady interplay of radiative

recombination and photoionization processes. However, as the plasma cools in the course

of the expansion, photoionization becomes less efficient, the hydrogen nuclei begin to bind

21
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Figure 2.1: Timeline of the hot thermal phase of the early universe illustrating (i) the

relation between the temperature of the thermal bath T and the cosmic time t (cf. Eq. (2.23)),

(ii) the chronology of several important, partly hypothetical nonequilibrium processes, (iii)

a representative selection of those forms of matter or energy that are respectively involved

in these processes, and (iv) several possibilities for the reheating temperature after inflation

(cf. Sec. 3.1).

2.2 The Hot Thermal Phase

The hot early universe represents the stage for a great variety of physical processes taking

place over an enormous range of energy scales (cf. Fig. 2.1 for an overview of the main events

in its thermal history). As a final preparation before turning to our own scenario, we shall

now discuss in more detail the decoupling of the CMB, primordial nucleosynthesis, the QCD

and the electroweak phase transition as well as electroweak sphalerons.

2.2.1 The Cosmic Microwave Background

Towards the end of the radiation-dominated phase, at temperatures of O(1) eV, protons,

i.e. hydrogen nuclei, are kept in thermal equilibrium via the steady interplay of radiative

recombination and photoionization processes. However, as the plasma cools in the course

of the expansion, photoionization becomes less efficient, the hydrogen nuclei begin to bind
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in its thermal history). As a final preparation before turning to our own scenario, we shall

now discuss in more detail the decoupling of the CMB, primordial nucleosynthesis, the QCD

and the electroweak phase transition as well as electroweak sphalerons.

2.2.1 The Cosmic Microwave Background

Towards the end of the radiation-dominated phase, at temperatures of O(1) eV, protons,

i.e. hydrogen nuclei, are kept in thermal equilibrium via the steady interplay of radiative

recombination and photoionization processes. However, as the plasma cools in the course

of the expansion, photoionization becomes less efficient, the hydrogen nuclei begin to bind
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• Long thermal history, but how long?

• Reheating at the earliest at  
GeV from Planck constraints

• Reheating at the latest at  MeV 
for Big Bang Nucleosynthesis 
Hannestad astro-ph/0403291

T ≲ 1016

T ≳ 4
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4 24. Big Bang Nucleosynthesis
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Figure 24.1: The primordial abundances of 4He, D, 3He, and 7Li as predicted by the standard
model of Big-Bang nucleosynthesis — the bands show the 95% CL range [44]. Boxes indicate the
observed light element abundances. The narrow vertical band indicates the CMB measure of the
cosmic baryon density, while the wider band indicates the BBN D+4He concordance range (both
at 95% CL).

He and H in the most metal-poor extragalactic HII (ionized) regions, viz. blue compact galaxies,
generally found at low redshift. There is now a large body of data on 4He and CNO in these galaxies,

31st May, 2024

• Earliest data point: Big Bang Nucleosynthesis. 
Successful prediction (except for lithium) of light-
nuclei abundance from equilibrium plasma at 
sub-MeV T

• It tells us that at sub-MeV temperatures the 
baryon density was in excellent agreement with 
that at the much later CMB epoch

•  means “5% baryonic matter” or  
6 10-10 baryons per (CMB) photon

• Whatever creates the baryon asymmetry in the 
universe, it must do it before

Ωbh2 ≈ 0.022

Fields et al PDG



Before Big Bang Nucleosynthesis

• What happens before BBN? We need to address baryogenesis and dark 
matter production, which strongly suggest (much) higher reheating 
temperatures

20
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energy scale event
100 GeV t non-relativistic

1 GeV b non-relativistic
500 MeV c, · non-relativistic
200 MeV QCD phase transition
30 MeV µ non-relativistic
2 MeV ‹ freeze-out

0.2 MeV e non-relativistic
1 eV matter-radiation equality

0.1 eV photon decoupling

Table 2: An overview over events happening at di�erent energy scales in the early universe.
These determine the e�ective number of degrees of freedom in the Standard Model at a certain
energy scale.

Figure 3: This figure shows the e�ective number of relativistic degrees of freedom ge� of a
Standard Model plasma as a function of temperature, taking into account interactions between
particles, with both perturbative and lattice methods [24].

The relation of the ci to the standard coupling constants of the Standard Model are given for
the most massive fields in Tab. 1. One can see that for these fields, the values of ci are all
O(1). For the other fields of the standard model, ci π 1.

The Higgs particle is a quantised fluctuation around the ground state, with mass

MH =
Ò

V
ÕÕ

0 (vEW) =
Ô

2⁄vEW.

The Higgs field is unique in that its mass does not in general depend linearly on „. At this
level of treatment, we will not need to know that in the Standard Model, the Higgs field is
a two-component vector of complex scalar fields �, but for completeness we mention that
„

2 = �†�/2.
The free energy density f of a gas of Standard Model particles is given by the zero

temperature result (3.2), plus terms that arise due to the interaction with the Higgs according

9
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Before Big Bang Nucleosynthesis

• At  MeV, . Very different from heavy-ion collisions, 
early universe is an effectively static and infinite system.

T ≈ 200 H/T ∼ 10−19
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9

Before Big Bang Nucleosynthesis

• And baryogenesis? Needs BSM, but SM can tell us something about  
at the QCD epoch

μB

<latexit sha1_base64="KuIdCYqn3AXa/01gKlknBSzCT4A="></latexit>
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• Need to satisfy Sakharov’s conditions

• B violation

• C and CP violation

• Deviations from thermal equilibrium

Baryogenesis
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• Need to satisfy Sakharov’s conditions

• B violation

• C and CP violation

• Deviations from thermal equilibrium

• Feynman rules always conserve B, but sphaleron 
processes violate B+L and conserve B-L 
Non-perturbative solutions, in equilibrium at T>TEW, 
exponentially suppressed below. Decouple at T~130 
GeV D’Onofrio Rummukainen Tranberg PRL113 (2014)

3
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perturbative

FIG. 2: The Higgs expectation value as a function of tem-
perature, compared with the perturbative result [2].

sphaleron barrier (∼ sphaleron energy), and special real-
time runs are performed to calculate the dynamical pref-
actors of the tunneling process. The physical rate is then
obtained by reweighting the measurements. For details
of this intricate technique, we refer to [12, 27]. As we will
observe, in the temperature range where both methods
work, these overlap smoothly.
Simulation results: We perform the simulations using lat-
tice spacing a = 4/(9g23) (i.e. βG = 4/(g23a) = 9 in
conventional lattice units), and volume V = 323a3. In
ref. [12] we observed that the rate measured with this
lattice spacing in the symmetric phase is in practice in-
distinguishable from the continuum rate, and deep in the
broken phase it is within a factor of two of our estimate
for the continuum value, well within our accuracy goals.
In fact, algorithmic inefficiencies in multicanonical simu-
lations become severe at significantly smaller lattice spac-
ing, making simulations there very costly in the broken
phase. The simulation volume is large enough for the
finite-volume effects to be negligible [12].
The expectation value of the square of the Higgs field,

v2/T 2 = 2〈φ†φ〉/T (here φ is in 3d units), measures the
“turning on” of the Higgs mechanism, see Fig. 2. As
mentioned above, there is no proper phase transition and
v2(T ) behaves smoothly as a function of the tempera-
ture. Nevertheless, the cross-over is rather sharp, and
the pseudocritical temperature can be estimated to be
Tc = 159± 1GeV. If the temperature is below Tc, v2(T )
is approximately linear in T , and at T > Tc, it is close to
zero. The observable 〈φ†φ〉 is ultraviolet divergent and
is additively renormalized; because of additive renormal-
ization, v2(T ) can become negative.
We also show the two-loop RG-improved perturbative

130 140 150 160 170
T / GeV

-45
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-10

lo
g 
Γ
/Τ

4

standard
multicanonical
fit
perturbative

pure gauge

log[αH(T)/T]

FIG. 3: The measured sphaleron rate and the fit to the broken
phase rate, Eq. (7), shown with a shaded error band. The
perturbative result is from Burnier et al. [11] with the non-
perturbative correction used there removed; see main text.
Pure gauge refers to the rate in hot SU(2) gauge theory [19].
The freeze-out temperature T∗ is solved from the crossing of
Γ and the appropriately scaled Hubble rate, shown with the
almost horizontal line.

result [2] for v2(T ) in the broken phase. Perturbation
theory reproduces Tc perfectly, and v2 is slightly larger
than the lattice measurement. In the continuum limit we
expect this difference to decrease for this observable; in
ref. [12] we extrapolated v2(T ) to the continuum at a few
temperature values and with Higgs mass 115GeV. The
continuum limit in the broken phase was observed to be
about 6% larger than the result at βG = 9. Thus, for
v2(T ) perturbation theory and lattice results match very
well.
Finally, in Fig. 3 we show the sphaleron rate as a func-

tion of temperature. The straightforward Langevin re-
sults cover the high-temperature phase, where the rate
is not too strongly suppressed by the sphaleron barrier.
In fact, we were able to extend the range of the method
through the cross-over and into the broken phase, down
to relative suppression of 10−3.
Using the multicanonical simulation methods we are

able to compute the rate 4 orders of magnitude further
down into the broken low-temperature phase. The results
nicely interpolate with the canonical simulations in the
range where both exist. In the interval 140<∼T<∼155GeV
the broken phase rate is very close to a pure exponential,
and can be parametrized as

log
ΓBroken

T 4
= (0.83± 0.01)

T

GeV
− (147.7± 1.9). (7)

The error in the second constant is completely dominated

B violation in the SM
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• Need to satisfy Sakharov’s conditions

• B violation

• C and CP violation

• Deviations from thermal equilibrium

• The CKM phase violates CP

• A strong first order electroweak phase transition is needed. Sphaleron rate 
suppressed in bubbles of the broken phase nucleating within the symmetric phase 

• Bubble dynamics would also create a gravitational wave signature, potentially 
observable by LISA

SciPost Physics Lecture Notes Submission

T>Tc

T=T2

T=T1

T=0

+v

VT

T=Tc

Figure 4: The figure shows the thermal e�ective Higgs potential VT („) at di�erent temper-
atures. For large temperatures T ∫ Tc (red) the potential has a minimum at „ = 0 and the
ground state is symmetric. Below the temperature T1 > Tc (dark green) a second, but higher
lying minimum develops. At the critical temperature Tc (green) both minima are degener-
ate. Below the critical temperature, the new minimum at non-zero field value is the global
minimum representing the true (stable) ground state.

with g
2 an arbitrary dimensionless coupling constant. We leave the mass of this scalar field

free. Weak coupling means that g
2

π 1.
We can then try to compute the partition function

Z = Tr
Ë
e

≠—(Ĥ0+ĤI)
È

, (3.15)

by expanding in powers of the coupling constant. This is a non-trivial exercise, but it turns
out that we are in fact expanding in the parameter

Á = g
2
f(k̨) (3.16)

with f the phase space density. For a boson,

f(k̨) = 1
e

—Ê
k̨ ≠ 1

(3.17)

which approaches T/Ê
k̨

for frequencies low compared with the temperature, Ê
k̨

π T . In this
limit, the expansion parameter reads

Á = g
2
T

Ê
k̨

(3.18)

which is greater than unity for k . g
2
T . The expansion parameter diverges as |̨k| æ 0 (in the

“infrared”) for massless bosons, cf. Eq. (2.13). We therefore learn that in the case of massless
bosons at zero chemical potential a perturbative expansion in powers of g breaks down in a
thermal state, at any temperature [32], for momenta k . g

2
T .

However, thermal corrections contribute to the mass of a thermal state which have to
be taken into account. One can apply the above argument to the W , Z and gluons of the
Standard Model, which have an interaction term of a similar form.2

2
Indeed, this infrared problem was first pointed out for gauge bosons [32].
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Electroweak baryogenesis
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• Need to satisfy Sakharov’s conditions

• B violation

• C and CP violation

• Deviations from thermal equilibrium

• The CKM phase violates CP

• A strong first order electroweak phase transition is needed. Sphaleron rate 
suppressed in bubbles of the broken phase nucleating within the symmetric phase 

• Very active community effort in BSM extensions with EW phase transitions, GWs 
and baryogenesis

Plot from Hindmarsh 
2008.09136 

see original refs there

Electroweak baryogenesisSciPost Physics Lecture Notes Submission
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Figure 5: The phase diagram of the Standard model. For Higgs masses of mH . 75 GeV the
Standard Model undergoes a first-order phase transition. For larger Higgs masses, there is
no phase transition between the symmetric phase „ = 0 and the Higgs phase „ = vEW, but a
cross-over. Including higher-order interactions changes the picture significantly.

For gauge fields, one distinguishes between the electric mass (a mass parameter appearing
in the wave equation for the timelike component of the gauge field A0) and the corresponding
magnetic mass for the spacelike components Ai. The timelike component of the gauge field
behaves like a scalar field, both of which have a mass-temperature relation as

m
2(T ) = m

2
0 + cg

2
T

2
, (3.19)

where c is a theory-dependent constant, and m0 is the mass of the field at zero temperature.
Therefore, the expansion parameter ‘ for massless gauge bosons (such as the photon) with
m0 = 0 is of the order of the coupling constant, ‘ ≥ g π 1. This means that for fields
with electric mass perturbation theory is trustworthy at any temperature for small coupling
constants. Physically, the electric mass makes the electric field at a distance r from a static
charge behave as r

≠1 exp[≠m(T )r], that is, the electric field is screened. The electric mass is
none other than the inverse Debye length: the free charges in the plasma become polarised
around a source.

The magnetic mass, on the other hand, vanishes in perturbation theory. Therefore, the
expansion parameter ‘ is divergent in the IR and one should be suspicious of perturbation the-
ory. The vanishing of the perturbative magnetic mass turns out not to matter for the photon,
as it has no self-interaction terms in its Hamiltonian, but for the other gauge bosons of the
Standard Model our naive perturbation theory definitely breaks down. To study phase tran-
sitions, more involved methods such as a combination of advanced resummation techniques
and lattice simulations are required.

3.3 Beyond weak coupling and the Standard Model

In more advanced calculations based on numerical computations of the partition function,
the following picture emerges [11, 33–37]. One can study the Standard Model (in fact any
gauge theory with spontaneous symmetry-breaking) in the 2-dimensional space spanned by

13
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• Need to satisfy Sakharov’s conditions

• B violation

• L, C and CP violation: extend SM with massive right-handed neutrinos, with 
CP phases in Yukawa couplings to leptons and Higgs

• Deviations from thermal equilibrium

• In (possibly resonant) decays after freeze-out for  
Fukugita Yanagida PLB174 (1986)

• Oscillating during freeze-in production before equilibrium 
Akhmedov Rubakov Smirnov PRL81 (1998) 

M ≫ TEW

Leptogenesis

28



• Post-sphaleron baryogenesis through

• Higher-dimension  operators

• Mesogenesis: matter-dominated universe at the QCD epoch through a 
massive scalar that later decays to produce  

|ΔB | = 2

nB

Other testable (low-energy) ideas

brief Snowmass review in Barrow et al 2203.07059
29



• Assume baryogenesis somehow takes place before sphaleron freeze out

•  At  GeV  is then fixed to today’s value (8.7 10-11). Hubble 
expansion conserves entropy S and thus any number density/entropy density 

•  Sphalerons will equilibrate B+L (conserving B-L)

•  but rather , with   accounting for 

hypercharge neutrality of the plasma.  (at tree level)

• In the standard scenario we thus have that   and  are very small 
constants at the QCD epoch. But what about the chemical potentials?

TB > 130 nB/s
s

nB ≠ − ∑
a

nLa
nB = − Csphal ∑

a
nLa

Csphal 𝒪(1)

CSM
sphal = 28/51

nB/s nL /s

Baryogenesis: intermediate summary
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• Reminder 

• What are the ? Baryon and lepton chemical potentials only?

• In EM any conductor is charged on the boundary only and has a non-zero 
electrostatic potential in the bulk

• A plasma such as in the Early Universe must behave  
as the bulk of our conductor

• We then have nonzero charge chemical potentials,  
e.g. , which correspond to the “electrostatic”  
potential

ni = ∂p/∂μi

μi

μY = g1⟨B0⟩

Chemical potentials, densities and pressure
<latexit sha1_base64="VBHciYbHeyv7ABwiMu/hHCDUDfk="></latexit>
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• Reminder 

• E.g. = + , = -  
 
 

• By setting charge chemical potentials so that corresponding charge densities 
vanish we fix charge neutrality of the bulk

• Important consequence: a vanishing  does not imply , as charge gets 
redistributed among carriers

ni = ∂p/∂μi

μQL
μB/3 μY /6 μeR

μ1 μY

nB μB = 0

Chemical potentials, densities and pressure

<latexit sha1_base64="YBEpD2GAf39epfE1fK4vWZZwN60="></latexit>

pidealSM (T > TEW) =
106.75T 4

90ω2
+

T 2

6

[
2µ2

B + 2µY µB +
∑

a

(
3

2
µ2
a → 2µY µa

)
+

11

2
µ2
Y

]
+O(µ4)
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 in the standard scenarioμB 4
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l=-(51/28)b l=-1⨯10-8 l=-1⨯10-6 l=-1⨯10-4 l=-1⨯10-2

FIG. 1. Temperature evolution of chemical potentials for
different negative total lepton asymmetries l. (Top) Baryon
chemical potential µB . (Middle) Electric charge chemical po-
tential −µQ. (Bottom) Electron lepton flavor chemical poten-
tial −µLe . Continuous lines for high temperatures are results
for the ideal quark gas, for low temperatures for the HRG.
The symbols • and ! indicate results obtained by using 2+1
and 2+1+1 flavor lattice QCD susceptibilities, respectively.
The magnitude of the lepton asymmetry increases from left
to right. The pseudocritical temperature TQCD ≈ 154 MeV
is displayed by a horizontal dotted line. The standard cosmic
trajectory of the early Universe is given by l = −(51/28)b.

- - -    
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l=-1⨯10-2 l=1⨯10-2 ■ ■

FIG. 2. Temperature evolution of baryon chemical potential
µB and electric charge chemical potential µQ for both signs
of a large lepton asymmetry. Continuous and dashed lines
for high temperatures are results for the ideal quark gas, for
low temperatures for the HRG. The symbols • and ! indicate
results obtained by using 2+1 and 2+1+1 flavor lattice QCD
susceptibilities, respectively.

diagram. In Fig. 1 we show two-dimensional projections
of the phase diagram.
It can also be seen that, for large lepton asymmetries

l > O(b) (see Figs. 1 and 2), the electric charge chemical
potential becomes larger than the baryon chemical po-
tential at nonvanishing temperature. This can be under-
stood as follows. The electric charges of the three light
quarks add up to zero. If their masses were degener-
ate (and heavier quarks are neglected), the susceptibility
χBQ would vanish, so that no µB is induced. Thus, for
T " mstrange, µB remains small. Furthermore, this is
why the charm quark is important here, despite its large
mass.
Figure 2 shows the effect of the sign of a lepton asym-

metry. For positive l, µB is negative at high temperatures
and proceeds to the nucleon mass for lower temperatures.
For an equally distributed lepton asymmetry, we find

that for |l| " 0.15 we get |µQ| " mπ, which might enable
pion condensation in the early Universe [31, 32]. Such a
large lepton asymmetry would exceed the observational
constraint by an order of magnitude. However, unequally
distributed lepton asymmetries would admit the possibil-
ity of |µQ| " mπ, while satisfying |l| < 0.012.
In this Letter, we have studied the evolution of chem-

ical potentials as a function of temperature during the
cosmic QCD epoch and investigated its dependence on
a lepton asymmetry. For the first time, we used lat-
tice QCD results to properly account for the temperature
regime around TQCD in order to connect the approxima-
tions of an ideal quark gas with the HRG. We provide the
standard cosmic trajectory through the 5+1-dimensional
QCD phase diagram for l = −(51/28)b and, furthermore,
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l=-(51/28)b l=-1⨯10-8 l=-1⨯10-6 l=-1⨯10-4 l=-1⨯10-2

FIG. 1. Temperature evolution of chemical potentials for
different negative total lepton asymmetries l. (Top) Baryon
chemical potential µB . (Middle) Electric charge chemical po-
tential −µQ. (Bottom) Electron lepton flavor chemical poten-
tial −µLe . Continuous lines for high temperatures are results
for the ideal quark gas, for low temperatures for the HRG.
The symbols • and ! indicate results obtained by using 2+1
and 2+1+1 flavor lattice QCD susceptibilities, respectively.
The magnitude of the lepton asymmetry increases from left
to right. The pseudocritical temperature TQCD ≈ 154 MeV
is displayed by a horizontal dotted line. The standard cosmic
trajectory of the early Universe is given by l = −(51/28)b.
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FIG. 2. Temperature evolution of baryon chemical potential
µB and electric charge chemical potential µQ for both signs
of a large lepton asymmetry. Continuous and dashed lines
for high temperatures are results for the ideal quark gas, for
low temperatures for the HRG. The symbols • and ! indicate
results obtained by using 2+1 and 2+1+1 flavor lattice QCD
susceptibilities, respectively.

diagram. In Fig. 1 we show two-dimensional projections
of the phase diagram.
It can also be seen that, for large lepton asymmetries

l > O(b) (see Figs. 1 and 2), the electric charge chemical
potential becomes larger than the baryon chemical po-
tential at nonvanishing temperature. This can be under-
stood as follows. The electric charges of the three light
quarks add up to zero. If their masses were degener-
ate (and heavier quarks are neglected), the susceptibility
χBQ would vanish, so that no µB is induced. Thus, for
T " mstrange, µB remains small. Furthermore, this is
why the charm quark is important here, despite its large
mass.
Figure 2 shows the effect of the sign of a lepton asym-

metry. For positive l, µB is negative at high temperatures
and proceeds to the nucleon mass for lower temperatures.
For an equally distributed lepton asymmetry, we find

that for |l| " 0.15 we get |µQ| " mπ, which might enable
pion condensation in the early Universe [31, 32]. Such a
large lepton asymmetry would exceed the observational
constraint by an order of magnitude. However, unequally
distributed lepton asymmetries would admit the possibil-
ity of |µQ| " mπ, while satisfying |l| < 0.012.
In this Letter, we have studied the evolution of chem-

ical potentials as a function of temperature during the
cosmic QCD epoch and investigated its dependence on
a lepton asymmetry. For the first time, we used lat-
tice QCD results to properly account for the temperature
regime around TQCD in order to connect the approxima-
tions of an ideal quark gas with the HRG. We provide the
standard cosmic trajectory through the 5+1-dimensional
QCD phase diagram for l = −(51/28)b and, furthermore,

Wygas Oldengott Bödeker Schwarz 1807.10815
<latexit sha1_base64="7/EWjS/o15e2q4SXnnxhKMS+kU0="></latexit>

nB

s
= →28

51

∑

a

nLa

s
= 8.7↑ 10→11

Not close, definitely no cigar
symbols: using 
susceptibilities 
from lQCD

χab

p(T, μ) = p(T,0) + μaχabμb + 𝒪(μ4)

id
ea

l q
ua

rk
 g

as

hadron resonance gas

 in the standard scenarioμB

34



 in not-so-standard scenariosμB

• What could we do to turn the table?

• Exploit potentially large lepton densities

• Invoke cosmological magnetic fields or vorticities at the QCD epoch, which 
can alter the phase diagram

• …

• Reminder: obey all constraints from BBN, CMB, particle and nuclear physics, 
etc

35



 from large lepton densitiesμB
• Main idea: total lepton density  poorly constrained (can “hide” in neutrinos) 

 Oldengott Schwarz 1706.01705 from Planck data

• There can be scenarios where a significant  is generated post-sphaleron, 
evading . For instance in leptogenesis with GeV-scale right-handed 
neutrinos

•   means e.g.  is possible

nL
nL

s
< 0.012

nL
nL ∼ nB

nL

s
< 0.012 |nL1

| ≫ |nL1
+ nL2

+ nL3
| < 0.012s

Schwarz Stuke 0906.3434 
Wygas Oldengott Bödeker Schwarz 1807.10815 2009.00036 
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•  up to 
maximum value with 

• We can get to 2ish 
orders of magnitude 
below the critical-point 
region

l ≡ nL /s

nLa
= nL /3

 from large lepton densitiesμB
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l=-(51/28)b l=-1⨯10-8 l=-1⨯10-6 l=-1⨯10-4 l=-1⨯10-2

FIG. 1. Temperature evolution of chemical potentials for
different negative total lepton asymmetries l. (Top) Baryon
chemical potential µB . (Middle) Electric charge chemical po-
tential −µQ. (Bottom) Electron lepton flavor chemical poten-
tial −µLe . Continuous lines for high temperatures are results
for the ideal quark gas, for low temperatures for the HRG.
The symbols • and ! indicate results obtained by using 2+1
and 2+1+1 flavor lattice QCD susceptibilities, respectively.
The magnitude of the lepton asymmetry increases from left
to right. The pseudocritical temperature TQCD ≈ 154 MeV
is displayed by a horizontal dotted line. The standard cosmic
trajectory of the early Universe is given by l = −(51/28)b.
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FIG. 2. Temperature evolution of baryon chemical potential
µB and electric charge chemical potential µQ for both signs
of a large lepton asymmetry. Continuous and dashed lines
for high temperatures are results for the ideal quark gas, for
low temperatures for the HRG. The symbols • and ! indicate
results obtained by using 2+1 and 2+1+1 flavor lattice QCD
susceptibilities, respectively.

diagram. In Fig. 1 we show two-dimensional projections
of the phase diagram.
It can also be seen that, for large lepton asymmetries

l > O(b) (see Figs. 1 and 2), the electric charge chemical
potential becomes larger than the baryon chemical po-
tential at nonvanishing temperature. This can be under-
stood as follows. The electric charges of the three light
quarks add up to zero. If their masses were degener-
ate (and heavier quarks are neglected), the susceptibility
χBQ would vanish, so that no µB is induced. Thus, for
T " mstrange, µB remains small. Furthermore, this is
why the charm quark is important here, despite its large
mass.
Figure 2 shows the effect of the sign of a lepton asym-

metry. For positive l, µB is negative at high temperatures
and proceeds to the nucleon mass for lower temperatures.
For an equally distributed lepton asymmetry, we find

that for |l| " 0.15 we get |µQ| " mπ, which might enable
pion condensation in the early Universe [31, 32]. Such a
large lepton asymmetry would exceed the observational
constraint by an order of magnitude. However, unequally
distributed lepton asymmetries would admit the possibil-
ity of |µQ| " mπ, while satisfying |l| < 0.012.
In this Letter, we have studied the evolution of chem-

ical potentials as a function of temperature during the
cosmic QCD epoch and investigated its dependence on
a lepton asymmetry. For the first time, we used lat-
tice QCD results to properly account for the temperature
regime around TQCD in order to connect the approxima-
tions of an ideal quark gas with the HRG. We provide the
standard cosmic trajectory through the 5+1-dimensional
QCD phase diagram for l = −(51/28)b and, furthermore,

Wygas Oldengott Bödeker Schwarz 1807.10815
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l=-(51/28)b l=-1⨯10-8 l=-1⨯10-6 l=-1⨯10-4 l=-1⨯10-2

FIG. 1. Temperature evolution of chemical potentials for
different negative total lepton asymmetries l. (Top) Baryon
chemical potential µB . (Middle) Electric charge chemical po-
tential −µQ. (Bottom) Electron lepton flavor chemical poten-
tial −µLe . Continuous lines for high temperatures are results
for the ideal quark gas, for low temperatures for the HRG.
The symbols • and ! indicate results obtained by using 2+1
and 2+1+1 flavor lattice QCD susceptibilities, respectively.
The magnitude of the lepton asymmetry increases from left
to right. The pseudocritical temperature TQCD ≈ 154 MeV
is displayed by a horizontal dotted line. The standard cosmic
trajectory of the early Universe is given by l = −(51/28)b.
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FIG. 2. Temperature evolution of baryon chemical potential
µB and electric charge chemical potential µQ for both signs
of a large lepton asymmetry. Continuous and dashed lines
for high temperatures are results for the ideal quark gas, for
low temperatures for the HRG. The symbols • and ! indicate
results obtained by using 2+1 and 2+1+1 flavor lattice QCD
susceptibilities, respectively.

diagram. In Fig. 1 we show two-dimensional projections
of the phase diagram.
It can also be seen that, for large lepton asymmetries

l > O(b) (see Figs. 1 and 2), the electric charge chemical
potential becomes larger than the baryon chemical po-
tential at nonvanishing temperature. This can be under-
stood as follows. The electric charges of the three light
quarks add up to zero. If their masses were degener-
ate (and heavier quarks are neglected), the susceptibility
χBQ would vanish, so that no µB is induced. Thus, for
T " mstrange, µB remains small. Furthermore, this is
why the charm quark is important here, despite its large
mass.
Figure 2 shows the effect of the sign of a lepton asym-

metry. For positive l, µB is negative at high temperatures
and proceeds to the nucleon mass for lower temperatures.
For an equally distributed lepton asymmetry, we find

that for |l| " 0.15 we get |µQ| " mπ, which might enable
pion condensation in the early Universe [31, 32]. Such a
large lepton asymmetry would exceed the observational
constraint by an order of magnitude. However, unequally
distributed lepton asymmetries would admit the possibil-
ity of |µQ| " mπ, while satisfying |l| < 0.012.
In this Letter, we have studied the evolution of chem-

ical potentials as a function of temperature during the
cosmic QCD epoch and investigated its dependence on
a lepton asymmetry. For the first time, we used lat-
tice QCD results to properly account for the temperature
regime around TQCD in order to connect the approxima-
tions of an ideal quark gas with the HRG. We provide the
standard cosmic trajectory through the 5+1-dimensional
QCD phase diagram for l = −(51/28)b and, furthermore,
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• Exploiting flavour 
asymmetries makes 
larger  possible

• Second-order Taylor 
expansion becomes 
unreliable for larger 
lepton flavor 
asymmetries 

μB

p(T, μ) = p(T,0) + μa χabμb + 𝒪(μ4)

 from large lepton densitiesμB 6

unequal (le=0,lμ=-lτ=-4⨯10-2) unequal (le=0,lμ=-lτ=4⨯10-2) equal (l=-1.2⨯10-2) equal (l=1.2⨯10-2) standard

-50 0 50

100

200

300

400

500

μB [MeV]

T
[M

e
V
]

p2
QCD>0.1·p0

QCDp2
QCD>0.1·p0

QCD

|μQ|>m|μQ|>m

FIG. 4. Cosmic trajectories projected onto the (µB , T )-plane (upper) and the (µQ, T )-plane (lower) for di↵erent choices of
the lepton flavour asymmetries l↵, calculated for the three temperature regimes described in sec. II. Shaded regions refer to
the regions where pion condensation may occur (|µQ| > m⇡) and where the applicability of the Taylor expansion becomes
unreliable (pQCD

2 > 0.1 · pQCD
0 ), both discussed in sec. IVA and IVB.

studies until now do not give a conclusive answer about
the existence of a CEP and therefore about the possibil-
ity of first-order transition. The lack of a full theoret-
ical understanding of the QCD phase diagram actually
calls for a study of the phenomenological consequences
of a first order vs. cross-over transition at high lepton
flavour asymmetries, which perhaps allows us to rule out
one of the possibilities. At the same time, the impact
of lepton asymmetries on the QCD epoch o↵ers a very
interesting perspective to gain insights to the origin of
the matter-antimatter asymmetry of the Universe: If for
large enough l↵ the transition turns out to be first order,
the prospect of measuring the GW spectrum with pulsar
timing arrays [52] would o↵er a way to observationally

constrain individual lepton flavour asymmetries (before
the onset of neutrino oscillations).

However, we also showed that our current method is
not capable to be applied to lepton flavour asymmetries
which imply significantly larger values of µB and µQ

than already studied in our previous work [22]. When
the electric charge chemical potential exceeds the pion
mass, a Bose-Einstein condensation of pions might form.
For both scenarios of equal and unequal asymmetries
we determined under which conditions this may happen.
While the possible formation of a pion condensate is a
phenomenon that must be explored further [53], in prac-
tice for our method it simply implies that our treatment
of the low-momentum modes of pions is not su�cient

Wygas Oldengott Bödeker Schwarz 2009.00036
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• Exploiting flavour 
asymmetries makes 
larger  possible

• Using less first-
principles Dyson-
Schwinger/functional 
RG EoS instead

μB

 from large lepton densitiesμB 4

lμ=-4⨯10-2

lμ=-5⨯10-2

lμ=-6⨯10-2

lμ=-7⨯10-2

lμ=-8⨯10-2

50 100 150
120

130

140
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160

170
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e
V
]

FIG. 1. Cosmic trajectory (top) and d quark number den-
sity (bottom) for scenario (ii), traversing a first-order QCD
transition for increasing values of |lµ|. The dashed line marks
TCEP.

lepton asymmetries the formation of a pion condensate
is also likely.

It is furthermore interesting to see how the cosmic tra-
jectory looks like for such a first-order transition. Ex-
emplary we thereby focus on scenario (ii) and a first-
order transition of the d quark. Fig. 1 shows the cosmic
trajectory projected onto the (µB , T )-plane for di↵erent
values of the lepton flavour asymmetry lµ. Observe the
appearance of a kink in the trajectory for increasing val-
ues of |lµ|. This discontinuous feature reflects a first-
order transition and arises for lµ values between the green
(lµ = �6 ⇥ 10�2) and the red curve (lµ = �7 ⇥ 10�2),
confirming thereby the solution lµ  �6.85⇥ 10�2 given
in tab. I. However, on top of the jump at TCEP = 125
MeV the red and orange (first-order) trajectories also
show some wiggly features at temperatures above TCEP.
This (unphysical) behaviour is caused by cumulative er-
rors appearing at large chemical potential in the compu-
tation of the entropy density with the RL truncation (see
appendix). When studying the number density of the d
quark, the first-order signal is however much better pro-
nounced (lower plot in fig. 1), appearing as a sudden
jump at T = 125 MeV.

FIG. 2. Cosmic trajectory projected onto the (µB , T )-plane
for equal lepton flavour asymmetries (case (i)) for di↵erent
values of l, calculated with the method described in this work
(solid lines) and with the method of [12, 13] (dashed lines
denoting high- and low-temperature regimes, • using lattice
susceptibilities). Black line assumes l = � 51

28 b.

Finally, let us compare the method introduced in this
work to the method of [12, 13] for the case of equal lep-
ton flavour asymmetries (i). In fig. 2 we show the cosmic
trajectory derived by the method introduced in this work
(solid lines) and by the method described in [13]. We see
that at high temperatures our new method produces tra-
jectories that are relatively similar to the ones obtained
by [12, 13]. In the intermediate temperature regime the
solid lines show the same trend as the dashed lines (i.e.
the curves bending in the same direction) but the bending
of the solid lines is much stronger. At low temperatures
the standard trajectory converges to the HRG line rela-
tively smoothly. However, for all larger l values instead
of converging to the dashed HRG lines the solid lines
rather overshoot. This discrepancy is supposedly due to
the fact that the RL truncation only allows to capture
the main properties of the QCD phase structure but is
not expected to deliver exact results, as stated above.
In the same manner also the solutions in tab. I are not
expected to be exact.
The truncation scheme can be systematically improved

and in particular in [29, 51, 52] the CEP was estimated
as (TCEP, µCEP)u/d ' (110, 200) MeV. The derivation of
the thermal quantities with the method of [51] is however
computationally more costly than the determination of
the CEP and currently still in progress. We plan to in-
corporate the results into our method in a future study
and expect the agreement to the method of [12, 13] in
fig. 2 to be improved.
Conclusions In this work, we included the thermody-

namic quantities of QCD matter derived from DSEs into
calculations of the cosmic trajectory during the QCD
epoch. Bearing in mind the limitations of the applied

Gao Oldengott 2106.11991

lτ = − lμ
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• A very large lepton asymmetry is generated early on, in the would-be 
symmetric phase of the SM. A sufficiently large asymmetry can trigger 
the breaking of the EW symmetry and thereby suppress sphalerons 
McDonald hep-ph/9908300 March-Russel et al hep-ph/9908396 
Barenboim Park 1703.08258

• Small B asymmetry from large L asymmetry

• Surviving large L can induce a QCD phase transition. However, some 
extra entropy injection is needed to get baryogenesis and the QCD 
transition simultaneously while obeying CMB and BBN constraints 

 from large lepton densities: a modelμB

Gao Harz Hati Lu Oldengott White 2309.00672 2407.17549
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• QCD phase diagram: crossover at  from QGP to hadronic phase, 
likely critical point and first order PT for  MeV

• Vanilla cosmology with SM (EW+QCD) particle physics: no EW phase 
transition, no QCD phase transition

• Addressing baryon asymmetry and/or dark matter requires BSM 
physics which can induce transitions, for instance through large lepton 
densities at the QCD epoch

μB ≪ T
μB > T ∼ 100

Summary

41
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FIG. 2: The continuum limit of 〈φ†φ〉 at a few selected tem-
perature values. The statistical errors are too small to be
visible at this scale.
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FIG. 3: The continuum result of 〈φ†φ〉, compared with the
perturbative broken and symmetric phase results. The shaded
bands are estimations of unknown higher order corrections to
perturbative results. The solid continuous line is an interpo-
lation to the data.

expansion converges quickly.2 There is only a narrow
window of a few GeV around the cross-over temperature
(corresponding to y ≈ 0) where the perturbative expan-
sions do not converge.
The apparent good convergence in the symmetric

2 Figure 3 can be compared with figure 2 in ref. [26], where the
agreement between the lattice and the perturbative results is
much weaker, due to the missing continuum limit of the lattice
results.

140 145 150 155 160 165 170
T/GeV

0

2
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χ φ
+ φ

β=6
β=9
β=16

156 157 158 159 160 161 162
T/GeV

2

4

6

8

10

χ φ
+ φ

β=6
β=9
β=16

FIG. 4: Above: susceptibility χφ†φ shown at βG = 6, 9 and
16, together with the interpolating functions. The continuum
limit is shown with a heavy line. Below: As above, zoomed-in
to the shaded band near the cross-over region.

phase may be surprising, because in this phase the non-
abelian gauge bosons are perturbatively massless, mak-
ing the physics at soft momentum scales k ∼ g2T non-
perturbative [8]. The excellent match between the lattice
and the perturbation theory means that for the Higgs
condensate their effect remains small. This can be con-
trasted with e.g. the sphaleron rate, which is in essence
completely determined by the soft physics.
We define the pseudocritical temperature by the max-

imum location of the dimensionless susceptibility

χφ†φ = V T
〈

[(φ†φ)V − 〈(φ†φ)V 〉]2
〉

, (15)

where (φ†φ)V = 1/V
∫

dV φ†φ is the volume average of
φ†φ. This is shown in figure 4, for the largest simulation
volumes at each lattice spacing. The use of the largest
volumes is justified below. There is a well-defined peak
near the cross-over temperature, however, the location
of the peak has a clear lattice spacing dependence. Be-
cause of the narrowness of the peak, the continuum limit
extrapolation becomes delicate: at a fixed temperature,
the values of χφ†φ at different lattice spacings have large
and non-uniform variation, which can be clearly seen in
the zoomed-in subplot in figure 4. Now a linear or a lin-
ear + quadratic in a continuum extrapolation at fixed
temperature does not give a reasonable result using the
available lattice spacings.
We obtain a much better controlled continuum limit if

• State of the art for the SM at MH=125 GeV. Lattice D’Onofrio Rummukainen (2015), pert 
thy Laine Meyer (2015)
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FIG. 7: The interaction measure ∆ = (e − 3p)/T 4 (top left); energy density e and pressure p (top right); heat capacity
CV = de/dT (bottom left); speed of sound squared c2s and the equation of state parameter w = p/e (bottom right). The error
bands are a combination of the statistical errors and renormalizaton scale variation µ̄ = (0.5 . . . 2)πT . The energy density and
the pressure are affected by a systematic uncertainty of order 1%, indicated with a vertical arrow.

V. THERMODYNAMICS OF THE
CROSS-OVER

Recently, Laine and Meyer [26] showed how one can
combine perturbative calculations and effective theory
simulation to obtain the Standard Model pressure, en-
ergy density and other thermodynamic quantities derived
from these. As an input they used the simulation results
from ref. [20]. Because these results use only a single lat-
tice spacing and ignore the hypercharge U(1), we revisit
the calculation using our improved data.
The fundamental thermodynamic quantitity is the in-

teraction measure (“trace anomaly”)

∆ ≡
e(T )− 3p(T )

T 4
= T

d

dT

p(T )

T 4
. (17)

In ref. [26] the interaction measure is split into three
parts: ∆ = ∆1+∆2+∆3, where ∆1 includes effects from
breaking of scale invariance by quantum corrections, ∆2

effects from the Higgs condensate, and ∆3 comes from
vacuum subtraction. For our purposes it is convenient to
express it as

∆(T, µ̄) = A(T ; µ̄) +B(T ; µ̄)
〈φ†φ〉(T )

T
(18)

where µ̄ is the MS renormalization scale and the functions
A and B can be computed following ref. [26], giving ∆ up

to parametric order g5. However, here we use the O(g4)
expression for the function A, because it has been argued
that the O(g5) contribution, which is mostly due to QCD
contributions, leads to an underestimate of the pressure
and the energy density [26]. The resulting ∆ is shown in
figure 7.
From figure 3 we can see that the direct perturba-

tive computation of 〈φ†φ〉(T ) fails to converge near the
cross-over temperature. On the other hand, the func-
tions A(T ; µ̄) and B(T ; µ̄) do not suffer from this prob-
lem. Therefore, by measuring the Higgs condensate non-
perturbatively on the lattice, we obtain well-defined ex-
pressions for thermodynamic quantities across the cross-
over.
The pressure is obtained from ∆ by integration:

p(T )

T 4
−

p(T0)

T 4
0

=

∫ T

T0

dT ′∆(T ′; µ̄)

T ′
. (19)

In order to evaluate this we need to fix the pressure
at a reference temperature T0. We use the results in
refs. [26, 37] at the lowest temperature in our temper-
ature range, T0 = 140GeV: p(T0)/T 4

0 = 11.173. The
estimated uncertainty in this value is of order 1%; we
discuss this together with other systematic errors at the
end of this section.
From ∆(T ) and p(T ) we can obtain other thermody-

• Narrow non-perturbative window for the SM. 
Thermodynamics at the 1% level. Below the ideal 
gas result e=106.75 π2/30 T4≈35.1 T4
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FIG. 2: The continuum limit of 〈φ†φ〉 at a few selected tem-
perature values. The statistical errors are too small to be
visible at this scale.
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FIG. 3: The continuum result of 〈φ†φ〉, compared with the
perturbative broken and symmetric phase results. The shaded
bands are estimations of unknown higher order corrections to
perturbative results. The solid continuous line is an interpo-
lation to the data.

expansion converges quickly.2 There is only a narrow
window of a few GeV around the cross-over temperature
(corresponding to y ≈ 0) where the perturbative expan-
sions do not converge.
The apparent good convergence in the symmetric

2 Figure 3 can be compared with figure 2 in ref. [26], where the
agreement between the lattice and the perturbative results is
much weaker, due to the missing continuum limit of the lattice
results.
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FIG. 4: Above: susceptibility χφ†φ shown at βG = 6, 9 and
16, together with the interpolating functions. The continuum
limit is shown with a heavy line. Below: As above, zoomed-in
to the shaded band near the cross-over region.

phase may be surprising, because in this phase the non-
abelian gauge bosons are perturbatively massless, mak-
ing the physics at soft momentum scales k ∼ g2T non-
perturbative [8]. The excellent match between the lattice
and the perturbation theory means that for the Higgs
condensate their effect remains small. This can be con-
trasted with e.g. the sphaleron rate, which is in essence
completely determined by the soft physics.
We define the pseudocritical temperature by the max-

imum location of the dimensionless susceptibility

χφ†φ = V T
〈

[(φ†φ)V − 〈(φ†φ)V 〉]2
〉

, (15)

where (φ†φ)V = 1/V
∫

dV φ†φ is the volume average of
φ†φ. This is shown in figure 4, for the largest simulation
volumes at each lattice spacing. The use of the largest
volumes is justified below. There is a well-defined peak
near the cross-over temperature, however, the location
of the peak has a clear lattice spacing dependence. Be-
cause of the narrowness of the peak, the continuum limit
extrapolation becomes delicate: at a fixed temperature,
the values of χφ†φ at different lattice spacings have large
and non-uniform variation, which can be clearly seen in
the zoomed-in subplot in figure 4. Now a linear or a lin-
ear + quadratic in a continuum extrapolation at fixed
temperature does not give a reasonable result using the
available lattice spacings.
We obtain a much better controlled continuum limit if

• State of the art for the SM at MH=125 GeV. Lattice D’Onofrio Rummukainen (2015), pert 
thy Laine Meyer (2015)
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FIG. 7: The interaction measure ∆ = (e − 3p)/T 4 (top left); energy density e and pressure p (top right); heat capacity
CV = de/dT (bottom left); speed of sound squared c2s and the equation of state parameter w = p/e (bottom right). The error
bands are a combination of the statistical errors and renormalizaton scale variation µ̄ = (0.5 . . . 2)πT . The energy density and
the pressure are affected by a systematic uncertainty of order 1%, indicated with a vertical arrow.

V. THERMODYNAMICS OF THE
CROSS-OVER

Recently, Laine and Meyer [26] showed how one can
combine perturbative calculations and effective theory
simulation to obtain the Standard Model pressure, en-
ergy density and other thermodynamic quantities derived
from these. As an input they used the simulation results
from ref. [20]. Because these results use only a single lat-
tice spacing and ignore the hypercharge U(1), we revisit
the calculation using our improved data.
The fundamental thermodynamic quantitity is the in-

teraction measure (“trace anomaly”)

∆ ≡
e(T )− 3p(T )

T 4
= T

d

dT

p(T )

T 4
. (17)

In ref. [26] the interaction measure is split into three
parts: ∆ = ∆1+∆2+∆3, where ∆1 includes effects from
breaking of scale invariance by quantum corrections, ∆2

effects from the Higgs condensate, and ∆3 comes from
vacuum subtraction. For our purposes it is convenient to
express it as

∆(T, µ̄) = A(T ; µ̄) +B(T ; µ̄)
〈φ†φ〉(T )

T
(18)

where µ̄ is the MS renormalization scale and the functions
A and B can be computed following ref. [26], giving ∆ up

to parametric order g5. However, here we use the O(g4)
expression for the function A, because it has been argued
that the O(g5) contribution, which is mostly due to QCD
contributions, leads to an underestimate of the pressure
and the energy density [26]. The resulting ∆ is shown in
figure 7.
From figure 3 we can see that the direct perturba-

tive computation of 〈φ†φ〉(T ) fails to converge near the
cross-over temperature. On the other hand, the func-
tions A(T ; µ̄) and B(T ; µ̄) do not suffer from this prob-
lem. Therefore, by measuring the Higgs condensate non-
perturbatively on the lattice, we obtain well-defined ex-
pressions for thermodynamic quantities across the cross-
over.
The pressure is obtained from ∆ by integration:

p(T )

T 4
−

p(T0)

T 4
0

=

∫ T

T0

dT ′∆(T ′; µ̄)

T ′
. (19)

In order to evaluate this we need to fix the pressure
at a reference temperature T0. We use the results in
refs. [26, 37] at the lowest temperature in our temper-
ature range, T0 = 140GeV: p(T0)/T 4

0 = 11.173. The
estimated uncertainty in this value is of order 1%; we
discuss this together with other systematic errors at the
end of this section.
From ∆(T ) and p(T ) we can obtain other thermody-

• Very active research in adapting existing lattice 
measurements or performing new ones for BSM 
scenarios who promise phase transitions and GW 
signatures
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• Very different from QCD transition: here all but a handful of dofs are weakly-coupled
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Figure 26: Pressure and trace anomaly at µB = 0. In both panels we compare the perturbative
results with lattice data from the Wuppertal-Budapest (WB) collaboration [138].

even turn out to reside extremely close to the datapoints for a wide temperature
range, but this may well be a fortuitous coincidence.

6.2. Probing nonzero densities

Next, we move on to quantities that probe the finite-density part of the QCD
phase diagram, yet are measurable on the Euclidean lattice without problems,
i.e. various susceptibilities. These quantities are defined as the derivatives of the
pressure with respect to chemical potentials corresponding to di↵erent conserved
quantities. A commonly studied subclass are the diagonal and o↵-diagonal quark
number susceptibilities (QNSs)

�ijk (T ) ⌘ @
i+j+k

p (T, µu, µd, µs)

@µi
u
@µ

j

d
@µk

s

����
µ=0

, (218)

where the indices u, d, s refer to the three lightest quark flavors. In addition,
we shall consider derivatives with respect to the baryon chemical potential µB ,
dubbed baryon number susceptibilities. These are related to the QNSs through
linear relations easily derivable from the identities

µu =
1

3
µB +

2

3
µQ, (219)

µd =
1

3
µB � 1

3
µQ, (220)

µs =
1

3
µB � 1

3
µQ � µS , (221)

where µQ and µS are the chemical potentials related to electric charge and
strangeness.

Susceptibilities have been considered within the HTLpt framework up to the
full two- and three-loop orders in [110, 111], respectively, and up to O(g6 ln g)
using the DR resummation [142, 143] (see also refs. [144, 145] for related work).
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A way to large lepton asymmetries?
• Right-handed neutrino interaction rate  for a specific seesaw parametrisationΓ
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