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EVENTS AT HADRON COLLIDERS

Hadronic scattering cross section 


Universal parton distributions 


Partonic cross section 


Partonic scattering amplitude              this talk
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PERTURBATIVE EXPANSION IN COUPLING
: 1 diagram, LO𝒪(g0

s )

:  2 diagrams, NLO𝒪(g2
s )

: 69 diagrams, NNLO𝒪(g4
s )

: 1586 diagrams, N3LO𝒪(g6
s )

: 43220 diagrams, N4LO𝒪(g8
s )



• Feynman diagrams describe scattering amplitudes


• Quantum principle: sum coherently over unobserved possibilities 

      


• Dimensional regularization of infrared and ultraviolet divergences 

     


• Observables in terms of observables finite for 
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“loop integral”
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d → 4

LOOP AMPLITUDES AND INTEGRALS



1. Generate Feynman diagrams to construct amplitude


2. Insert Feynman rules, perform Lorentz, Dirac, gauge algebra


3. Reduce loop integrals to a set of master integrals


4. Evaluate the basis integrals analytically or numerically


5. UV renormalization, IR subtractions


6. Monte-Carlo phase phase integration

TYPICAL WORKFLOW FOR PERTURBATIVE CALCULATION



INTEGRATION-BY-PART (IBP) IDENTITIES

• IBP identities in dimensional regularization since integrals over total derivatives vanish: 

   with     [Chetyrkin, Tkachov ’81]


• Linear relations between loop integrals, allows for systematic reduction [Laporta '00]


• Finite number of integrals linearly independent: basis or master integrals


• In practice:


• Reductions are computational bottleneck


• Optimizations: finite field sampling + rational reconstruction, syzygies, choice of basis, 
…
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  (unreduced integrals )


IBP reduction 

 (master integrals )


                                                    partial fractioning


 (partial fractioned )


                               analytical integration        


 (transcendental functions ) 

ℳ = ∑ aiIi Ii

ℳ = ∑ biMi Mi

ℳ = ∑ pf(bi)Mi bi

ℳ = ∑ pf(ci)Li Li

BY-PASSING COMPLEXITY
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traditional symbolic 
computer algebra

finite field sampling 
+ rational reconstruction





SOLVE INTEGRALS:  DIFFERENTIAL EQUATIONS
• Integration of differential equations [Kotikov ’91, Remiddi ’97]: 

  
where    (analytical or through series expansions)


• Homogeneous solutions for  (leading singularities):


• Rational number, e.g. 


• Rational functions, e.g. 


• Algebraic functions, e.g. 


• Elliptic integrals, e.g. , …


• Basis change involving homogenous solutions may allow to find -form: 
  
[(Kotikov ’10), Henn ’13, (Adams, Weinzierl ’18)]

∂x ⃗I(x; ϵ) = A(x; ϵ) ⃗I(x; ϵ)

ϵ = (4 − d)/2

ϵ = 0

1/2

1/x

x(x − 4)

K(x) = ∫
1

0

dz

(1 − z2)(1 − xz2)

ϵ
d ⃗m = ϵ dA(x) ⃗m



EVALUATION OF INTEGRALS



WHAT MAKES AMPLITUDES COMPLICATED ?

• Amplitudes become more difficult due to 

• Number of loops, number of legs 

• Number of scales 

• Massive propagators 

• Non-planar diagrams (subleading color) 

• Complexity shows up in 

• Complexity of rational functions (combinatorics, higher degree denominators) 

• Functions space (multiple polylogs, elliptic, K3, more complicated Calabi-Yau)



FULL-COLOR MASSLESS QCD AMPLITUDES

go

•

•

 
[Agarwal, Buccioni, AvM, Tancredi ’21] 



[Badger, Brønnum-Hansen, Chicherin, Gehrmann, 
 Hartanto, Henn, Marcoli, Moodie, Peraro, Zoia ’21] 



[Abreu, De Laurentis, Ita, Klinkert, Page, Sotnikov ’23]

qq̄ → γγj

gg → γγj

qq̄ → γγγ

 
[Lee, AvM, Schabinger, Smirnov, Smirnov, Steinhauser ’21] 

 
[Chakraborty, Huber, Lee, AvM, Schabinger, Smirnov, Smirnov, Steinhauser ’21]

qq̄ → γ*, gg → H

bb̄ → H

 
[Caola, AvM, Tancredi ’20] 

 
[Bargiela, Caola, AvM, Tancredi ’21] 

: 
[Caola, Chakraborty, Gambuti, AvM, Tancredi ’21,’21,’22] 

: 
[Bargiela, Chakraborty, Gambuti ’22] 

qq̄ → γγ

gg → γγ

qq̄ → q′ ̄q′ , gg → gg, qq̄ → gg

qq̄ → γg



Ex.:  @ NNLO: result w/ leading color virtual: [Chawdhry, Czakon, Mitov, Poncelet 2021] 
Public library for master integrals: PentagonFunctions [Chicherin, Sotnikov ’20] 

 
Leading color easier to calculate, but not always a good approximation: 

e.g. 2-loop finite remainder for  in Catani’s scheme:


  
[Agarwal, Buccioni, AvM, Tancredi ’21]
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RELEVANCE OF SUBLEADING COLOR



COMPLEXITY FOR INCREASING #LOOPS
•  helicity amplitudes: [Bargiela, Caola, AvM, Tancredi ’21]


• Symbolic intermediate expressions sizable but allow for easy crossings, simple workflow

• Compact analytical results for amplitudes 

 

gg → γγ



QCD 4 LOOP FORM FACTORS

•  [Lee, AvM, Schabinger, Steinhauser, 
Smirnov, Smirnov ’21, ’22] 

•  [Chakraborty, Lee, Huber, AvM, Schabinger, 
Steinhauser, Smirnov, Smirnov ’22]

ggH, qq̄γ*

bb̄H



VIRTUAL CORRECTIONS ARE SCHEME 
DEPENDENT
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 top quark corrections [Agarwal, Jones, Kerner, AvM, 2024]  gg → ZZ
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[Image credit: Stephen Jones]

LARGE CANCELLATIONS W/ HIGGS



AMPLITUDES, INTEGRALS: EXAMPLES W/ MORE LOOPS, MORE LEGS

6pt integrals: [Henn, 
Matijasic, Miczajka, 
Peraro, Xu, Zhang ’24]

Vj: [Vita, Mastrolia, Schubert, 
Yundin, Syrrakos ’14], [Canko, 
Syrrakos ’21], [Gehrmann, 
Jakubzik, Mella, Syrrakos, 
Tancredi ’23] 
Hj: [Bobadilla, Henn, Lim ’23], 
[Canko, Syrrakos ’23], 
[Bobadilla, Gehrmann, Henn, 
Jakubcik, Lim, Mella, Syrrakos, 
Tancredi]

H with finite top mass: 
[Fael, Lange, Schönwald, 
Steinhauser], [Czakon, 
Eschment, Niggetiedt, 
Poncelet, Schellenberger],
[Niggetiedt, Usovitsch]



AMPLITUDES: EXAMPLES W/ MORE MASSES

ttH: [Agarwal, Heinrich, Jones, 
Kerner, Klein, Lang, Magerya, 
Olsson ’24], [Febres-Cordero, 
Figueiredo, Kraus, Page, Reina ’23]

ttj: [Badger, Becchetti, 
Giraudo, Zoia '23]

HZ: [Hasselhuhn, Luthe 
Steinhauser], [Wang, Zu, 
Zu, Yang], [Chen, Davies, 
Jones, Kerner], [Degrassi, 
Gröber, Vitti, Zhao]

Vjj,Hjj,…: [Badger, Hartanto, 
Krys, Zoia], [Abreu, Chicherin, 
Febres-Cordero, Ita, Klinkert, Page, 
Sotnikov, Tschernow, Zoia], 
[Mazzitelli, Sotnikov, Wiesemann]



BEYOND QCD: CHALLENGES WITH γ5
• In four space-time dimensions: 

•  

•  

•  

• But anticommuting  w/ cyclic trace in dimensional regularization: 
, i.e. inconsistent ! 

   need to give up some property 
• ’t Hooft-Veltman,Breitenlohner-Maison scheme: 

• give up anti-commutativity 
• violation of gauge symmetry, but can be fixed systematically 
• only known consistent scheme 

• Always technical implications also for loop integrals (“ ” terms/tensor red.)

{γ5, γμ} = 0

Tr(AB) = Tr(BA)
Tr(γ5γμγνγκγλ) = − 4iϵμνκλ

γ5

⇒ (d − 4) Tr(γμγνγκγλγ5) = 0
⇒

μ



AMPLITUDES: STATUS AND OUTLOOK

• Amplitudes are bottleneck of fixed-order calculations


• Improvements due to better methods, better codes


• Want fast and reliable numerical evaluations


• (Semi-)numerical methods easier to automate, avoid expression swell


• Analytical insights can improve numerical performance


• Systematic treatment of γ5 From: Snowmass survey of 53 
perturbative calculations 
[Febres-Cordero, AvM, Neumann ’22]


