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Basic message #1: Event Generators are among us!

[plot by Keith Hamilton]
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What makes them so successful/useful?

From fundamental theory...

+associated analytic progress

n+1+

2+

i−
j−

=
⟨ij⟩4

⟨12⟩⟨23⟩ · · · ⟨n1⟩

+ BSM extensions

...to a spectrum of applications

Basic idea: getting practical numbers
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[CMS,arXiv:1207.7235]
Applications:

pheno studies (“run Pythia to test a pheno idea”)

measurements (compare data/theory)

modelling (systematic uncertaintes)

searches (estimate backgrounds)

AI training (e.g. supervised classification)

...
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What makes them so successful/useful?

Benchmark feature: versatility

ranges from “fixed-order” parton-level to realistic full-event simulations (incl. detector)

wide range of applications

can compute any observable, fiducial cuts, ...

Precision challenge

Precision is increasingly required for LHC physics (and future colliders)

Get precise background estimates

Search for tiny deviations/rare processes

Get precise predictions and small uncertainties

Avoid AI picking up spurious effects

This requires control over the full chain: from the amplitude to the detector
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Anatomy of a high-energy collision

?

1 GeV 10 GeV 100 GeV 1 TeV scale

hard
process

Simulating a high-energy
collision requires several

ingredients

A hard process

Parton shower (initial
and final-state)

Hadronisation

Multi-parton
interactions
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Basic message #2: physics at all scales

BSM

mt
mH

mW/Z

mb

mc

mπ

Q ≡
100 GeV
→ 1 TeV

Q ≫ µNP

µNP ∼
1 GeVph
ys
ic
s
pr
ob

ed
ac
ro
ss

m
an
y
sc
al
es

Hard
process,
matching

Hadronisation
MPI/UE

Parton
shower

“Standard” perturbative expansion

αs(Q)f1(v) + α2
s (Q)f2(v) + α3

s (Q)f3(v) + . . .

LO NLO NNLO

expect logs between disparate scales

αs log
2Q/µNP, αs logQ/µNP

(double, single,...) logs to resum
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Basic message #2: physics at all scales, a shower resums logs
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Parton shower v. resummations

Resummation is a vast field ⇒ let us take a concrete example: event shapes

global property of energy flow in the event

Examples:

energy-energy correlators: FCx ≈ 1
Q2

∑
i ̸=j EiEj sin

x θij ,

Thrust T = max|u⃗|=1

∑
i |p⃗i˙⃗u|∑
i |p⃗i |

Cambridge y23 (≈ largest kt in an angular-ordered clustering)
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Parton shower v. resummations

Resummation is a vast field ⇒ let us take a concrete example: event shapes

For a generic shape v , the analytic QCD prediction is

lnΣ(vcut) ≡ lnP(v < vcut) =
1

αs
g1(αsL) + g2(αsL) + αsg3(αsL) + ...

with L = log(vcut) [working limit: αs ≪ 1, αsL ∼ cst]

All order resummation of logarithmically-enhanced terms:
1
αs
g1 = αsL

2 + α2
sL

3 + · · · ≡ leading-logs (LL)

g2 = αsL+ α2
sL

2 + · · · ≡ next-to-leading-logs (NLL)

αsg3 = αs + α2
sL+ · · · ≡ next-to-next-to-leading-logs (NNLL)
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Parton shower v. resummations

Resummation is a vast field ⇒ let us take a concrete example: event shapes

FIRST TAKE-HOME MESSAGE

shower accuracy means logarithmic accuracy

(LL, NLL, NNLL, ...)

well-defined & systematically improvable
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Moriond QCD, March 2023Gavin P. Salam

selected collider-QCD accuracy milestones

6

DGLAP splitting functions
LO NLO NNLO [parts of N3LO]

1980 1990 2000 2010 20201970

Drell-Yan (γ/Ζ) & Higgs production at hadron colliders
NLOLO NNLO[……………….] N3LO

transverse-momentum resummation (DY&Higgs)
NLL[……]LL NNLL[…] N3LL

fixed-order matching of parton showers
LO NLO NNLO […….] [N3LO]

parton showers
[parts of NLL…………………………………………..]LL

(many of today’s widely-used showers only LL@leading-colour)

[slide from Gavin Salam (Moriond QCD 2023)]

This talk:
improve on this
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An “easy” graphical representation

Lund plane(s)
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Basic features of QCD radiation

Take a gluon emission from a (qq̄) dipole

p̃q
pq

pq̄
p̃q̄

k

Emission (p̃qp̃q̄) → (pqk)(kpq̄):

kµ ≡ zqp̃
µ
q + zq̄p̃

µ
q̄ + kµ⊥

3 degrees of freedom:

Rapidity: η = 1
2 log

zq
zq̄

Transverse momentum: k⊥
Azimuth: ϕ

In the soft-collinear approximation

dP =
αs(k⊥)CF

π2
dη

dk⊥
k⊥

dϕ
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Basic features of QCD radiations: the Lund plane

Lund plane: natural representation uses the 2 “log” variables η and log k⊥

log kt η = − log tan(θ/2)

E k
≤
1
2
m qq̄

q sideq̄ side

k

q q̄

k

soft &
colinear

hard
collinear

so
ft
(l
ar
ge

an
gl
e)

soft &
colinear

ha
rd
co
lli
ne
ar

easy log
counting

L2L2 L
L L

1
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Multiple emissions in the Lund plane

log kt η = − log tan(θ/2)

E k
≤
1
2
m qq̄

q sideq̄ side

a

b

c

a
b c

primary plane

secondary plane(s)

ternary plane(s)
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A (Dipole) Parton-Shower primer

Gregory Soyez Towards accuracy in parton showers RPP 2025 14 / 33



Basic of parton showering in one slide

Dipoles at large-Nc

In the large-Nc limit, a gluon emission corresponds
to a dipole splitting

Mechanism: generate emissions one-by-one

ordering variable v (e.g. transverse momentum k4)

Virtuals as Sudakov/unitarity/no-emission probability

generated as

→ →

v1 v1 v2

p̃i

p̃j

pi

pj

pk

Ingredient 1: Momentum map

How to go from
pre-branching momenta (p̃i , p̃j)
to post-branching (pi , pj , pk)

Ingredient 2: Emission probability

QCD-driven rate of emissions:

dP

d ln vdη
=
αs(kt)CA

π
g(η)P(z)

( for NLL, need 2-loop CMW αs(kt))
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(Dipole) parton shower in the Lund plane

Ordering variable: transverse momentum kt

log kt η = − log tan(θ/2)

E k
≤
1
2
m qq̄

q sideq̄ side

Start with kt = Q

one qq̄ dipole

Generate kt1 < Q
(using Sudakov proba)

Generate η1
&split dipoles

(qq̄) → (qg1) + (g1q̄)

Generate kt2 < kt1
(now from 2 dipoles)

Generate η2
&split dipoles

(g1q̄) → (g1g2) + (g2q̄)

Iterateuntil kt = kt,cut
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Physics result #1: an organising principle:

at a given (all-order) accuracy, what physics do we need to get right?
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Accuracy ↔ reproducing sets of MEs

handles disparate scales
all-order perturbative QCD

⇓
minimum: get the ME for an arbitrary number

of well-separated emissions

If “log distance” ∆ emissions factorise up to
O(e−∆) corrections

this achieves NLL accuracy
in a way NLL can be viewed as the first meaningful order

In particular, in a parton showers, an emission
should not be affected by subsequent distant
emissions

a

(only half the primary Lund plane for simplicity)

ln kt

η = ln tan θ
2

≥∆

separated
in any

direction

mistake
allowed
at NLL

any # pairs
required
at NNLL

any # triplets
required
at N3LL

Robust construction in pQCD

Systematically improvable

“only” a handful of ME at each order
thanks to QCD factorisation

difficulty: the shower algorithm
generates spurious terms one needs to
avoid/correct for
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Physics result #2: NLL-accurate showers
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Novel approach for testing accuracy

0.6 0.4 0.2 0.0
= 1

2 slog(y23)

0.80

0.85

0.90

0.95

1.00

M
C
/

N
LL

(
s,

)

Cam. y23, ratio to NLL

Pythia8

NLL
s = 0.02

Resummation regime: αs log(v) ∼ 1, αs ≪ 1
Idea for NLL testing:

ΣMC (λ=αsL,αs)

ΣNLL(λ=αsL,αs)
v. 1

with λ = αsL

NLL deviations

or

subleading effects?
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Assessing accuracy: y23
[M.Dasgupta,F.Dreyer,K.Hamilton,P.Monni,G.Salam,GS,20]

NNLL if
ΣMC (λ=αsL,αs)

ΣNLL(λ=αsL,αs)

αs→0−→ 1

Failure of standard dipole showers

Pythia8, Dire(v1) deviate from NLL

Reason:
spurious recoil for commensurate-kt
emissions at disparate angles
violates our NLL ME requirement
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Assessing accuracy: extensive observable list

[M.Dasgupta,F.Dreyer,K.Hamilton,P.Monni,G.Salam,GS,20]

-0.05 0.00
Nsubjet (kt-alg)

slice
max[u = 1
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Thrust
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PanLocal

-0.05 0.00

( = 1
2 ,dip.)

NLL
OK

PanLocal

-0.05 0.00

( = 1
2 ,ant.)

NLL
OK

PanLocal

-0.05 0.00

( = 0)

NLL
OK

PanGlobal

-0.05 0.00
Relative deviation from NLL for s 0

( = 1
2 )

NLL
OK

PanGlobal

global

event
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orange: fixed-order
issues

red: fixed- and
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PanLocal(0 < β < 1) and PanGlobal(0 ≤ β < 1) get expected NLL (i.e. 0)
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More progress with NLL-accurate showers

Beyond
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(backup)

(collinear
& soft)
spin cor-
relations

hadronic
collisions
DIS/VBF

(backup)

Physics:

∆ψ distribution due to spin correlations
~n1 ~n2

∆ψ12

P1

P2

∆ψ12

~p1
~p3

~p2
~p4

~p5

Solution: adapt the Collins-Knowles alg.

Mλ1λ2

hard

Dλ1λ
′
1

1

Mλ1λ5λ6
1→56

Dλ2λ
′
2

2

Mλ2λ3λ4
2→34

δλ3λ
′
3

δλ4λ
′
4

δλ5λ
′
5

Dλ6λ
′
6

6

Mλ6λ7λ8
6→78

δλ7λ
′
7

δλ8λ
′
8

Mhard 12
3

4

5

6
7

8

build and update
a spin correlation tree
as shower progresses

Tests:

both hard &
collinear

also EEEC v.
analytics

2 0 2
12

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

d d
12

Pa
nS

ca
le

s:
 

s
=

10
7 , 

ln
v m

in
=

(1
+

)
10

7 , 
 T

oy
 sh

ow
er

: t
m

ax
=

1/

gg

qq
rest

all

gg

qq
rest

all

gg

qq
rest

all

gg

qq
rest

all

gg

qq
rest

all

Toy shower
PanGlobal = 0
PanLocal (dip.) = 0.5
PanLocal (ant.) = 0.5
Pythia 8

PS
to

y
to

y

×10 3

5
0
5all

5
0
5gg

5
0
5rest

2 0 2
12

5
0
5qq

All-order 12, sL = 1, z1, min = z2, min = 0.1

soft + hard
collinear

first all-order
result

9.4

9.6

9.8

1
σ

to
t

d
σ

d
∆
ψ

1
2

×10−2 All channels

O(α2
s) · 〈S + C〉/〈O(α2

s)〉
No spin

Collinear spin
Soft + collinear spin

8.0

8.2

8.4

8.6

8.8
×10−2 gg channel

P
a
n
G

lo
b
a
l
β

=
0
,

1
-lo

o
p

ru
n
n
in

g
|η

1 |
<

1
,
z
2
>

0
.1
,α
s

=
1
0 −

7,
λ

=
−

0
.5

−π −π/2 0 π/2 π

∆ψ12

0.5

1.0

1.5

1
σ

to
t

d
σ

d
∆
ψ

1
2

×10−2 qq̄ channel

−π −π/2 0 π/2 π

∆ψ12

1.0

1.5

2.0

×10−3 Rest channel

γ∗ → qq̄

Gregory Soyez Towards accuracy in parton showers RPP 2025 23 / 33



78

  NLL is quickly becoming the standard for parton showers
CERN-TH-2020-026

Parton showers beyond leading logarithmic accuracy

Mrinal Dasgupta,1 Frédéric A. Dreyer,2 Keith Hamilton,3 Pier
Francesco Monni,4 Gavin P. Salam,2, ⇤ and Grégory Soyez5

1Consortium for Fundamental Physics, School of Physics and Astronomy,
University of Manchester, Manchester M13 9PL, United Kingdom

2Rudolf Peierls Centre for Theoretical Physics, Parks Road, Oxford OX1 3PU, UK
3Department of Physics and Astronomy, University College London, London, WC1E 6BT, UK

4CERN, Theoretical Physics Department, CH-1211 Geneva 23, Switzerland
5Institut de Physique Théorique, Université Paris-Saclay, CNRS, CEA, F-91191, Gif-sur-Yvette, France

Parton showers are among the most widely used tools in collider physics. Despite their key
importance, none so far has been able to demonstrate accuracy beyond a basic level known as leading
logarithmic (LL) order, with ensuing limitations across a broad spectrum of physics applications.
In this letter, we propose criteria for showers to be considered next-to-leading logarithmic (NLL)
accurate. We then introduce new classes of shower, for final-state radiation, that satisfy the main
elements of these criteria in the widely used large-NC limit. As a proof of concept, we demonstrate
these showers’ agreement with all-order analytical NLL calculations for a range of observables,
something never so far achieved for any parton shower.

High-energy particle collisions produce complex
hadronic final states. Understanding these final states
is of crucial importance in order to extract maximal
information about the underlying energetic scattering
processes and the fundamental Lagrangian of particle
physics. To do so, there is ubiquitous reliance on gen-
eral purpose Monte Carlo (GPMC) event generators [1],
which provide realistic simulations of full events. A core
component of GPMCs is the parton shower, a subject of
much recent research [2–28]. Partons refer to quarks and
gluons, and a shower aims to encode the dynamics of par-
ton production between the high-energy scattering (e.g.
production of electroweak or new-physics states) and the
low scale of hadronic Quantum Chromodynamics (QCD),
at which experimental observations are made.

Typically parton showers are built using a simple
Markovian algorithm that takes an n-parton state and
stochastically maps it to an n + 1-parton state. The it-
eration of this procedure, e.g. starting from a 2-parton
state, builds up events with numerous partons. A fur-
ther step, hadronisation, then maps the partons onto a
set of hadrons. Even though this last step involves mod-
elling [29, 30], many of the features of the resulting events
are driven by the parton shower component which is, in
principle, within the realm of calculations in perturbative
QCD. This is because the showering occurs at momen-
tum scales where the strong coupling, ↵s is small.

Much of collider physics, experimental and theoreti-
cal [31–34], is moving towards high precision, especially
in view of large volumes of data collected so far at
CERN’s Large Hadron Collider (LHC). On the theoreti-
cal front many of the advances either involve approxima-
tions with a small number of partons, or else are specific
to individual observables. Parton showers, in contrast,

⇤ On leave from CNRS, UMR 7589, LPTHE, F-75005, Paris,
France and CERN, Theoretical Physics Department, CH-1211
Geneva 23, Switzerland

use a single algorithm to describe arbitrary observables
of any complexity. This versatility comes at a cost: lesser
accuracy for any specific observable and, quite generally,
at best only limited knowledge [35–38] of what the ac-
curacy even is for a given observable. In fact there is
currently no readily accepted criterion for categorising
the accuracy of parton showers. One novel element that
we introduce in this paper is therefore a set of criteria for
doing so.

The role of showers is to reproduce emissions across
disparate scales. Our first criterion for accuracy starts
by structuring this phase space: there are three phase
space variables per emission, and two of them (e.g. en-
ergy and angle) are associated with logarithmic diver-
gences in the product of squared matrix element and
phase space. We define LL accuracy to include a con-
dition that the shower should generate the correct e↵ec-
tive squared tree-level matrix element in a limit where
every pair of emissions has distinctly di↵erent values for
both logarithmic variables. At NLL accuracy, we fur-
ther require that the shower generate the correct squared
tree-level matrix element in a limit where every pair of
emissions has distinctly di↵erent values for at least one of
the logarithmic variables (or some linear combination of
their logarithms). Beyond NLL accuracy we would con-
sider configurations with a pair of emissions (or multiple
pairs) both of whose logarithmic variables are similar.

To help make this discussion concrete, let us consider
showers that are not NLL accurate according to this cri-
terion: angular ordered showers [39–41] do not repro-
duce the matrix element for configurations ordered in
energy, but with commensurate angles, and this is as-
sociated with their inability to correctly predict ↵n

s Ln

(NLL) e↵ects for non-global observables [36]. Transverse-
momentum (kt) ordered showers with dipole-local re-
coil [2, 3, 5, 11, 42, 43] do not reproduce matrix elements
for configurations ordered in angle but with commensu-
rate transverse momenta, because of the way they assign
transverse recoil [37]. As a result they fail to reproduce
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Building a consistent parton shower
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Abstract: Modern parton showers are built using one of two models: dipole showers or

angular ordered showers. Both have distinct strengths and weaknesses. Dipole showers

correctly account for wide-angle, soft gluon emissions and track the leading flows in QCD

colour charge but they are known to mishandle partonic recoil. Angular ordered showers

keep better track of partonic recoil and correctly include large amounts of wide-angle, soft

physics but azimuthal averaging means they are known to mishandle some correlations.

In this paper, we derive both approaches from the same starting point; linking our under-

standing of the two showers. This insight allows us to construct a new dipole shower that

has all the strengths of a standard dipole shower together with the collinear evolution of

an angular-ordered shower. We show that this new approach corrects the next-to-leading-

log errors previously observed in parton showers and improves their sub-leading-colour

accuracy.

Prepared for submission to JHEP

A partitioned dipole-antenna shower with improved

transverse recoil

Christian T Preuss

Department of Physics, University of Wuppertal, 42119 Wuppertal, Germany

E-mail: preuss@uni-wuppertal.de

Abstract: The implementation of a new final-state parton-shower algorithm in the Py-

thia event generator is described. The shower algorithm, dubbed Apollo, combines cent-

ral aspects of the Vincia antenna shower with the global transverse-recoil scheme of the

Alaric framework in order to achieve formal consistency with next-to-leading logarithmic

(NLL) resummation. The shower algorithm is constructed in such a way that it facilitates a

straightforward combination with fixed-order calculations. As an explicit proof of concept,

a general scheme for matrix-element corrections (MECs) and two separate multiplicative

next-to-leading order (NLO) matching schemes are outlined. It is argued that both match-

ing schemes retain the logarithmic accuracy of the shower. The improved modelling of

radiation is examined by contrasting the new algorithm with existing leading-logarithmic

parton showers in Pythia.
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A new approach to color-coherent parton evolution

Florian Herren,1 Stefan Höche,1 Frank Krauss,2 Daniel Reichelt,2 and Marek Schönherr2

1Fermi National Accelerator Laboratory, Batavia, IL, 60510, USA
2Institute for Particle Physics Phenomenology, Durham University, Durham DH1 3LE, UK

We present a simple parton-shower model that replaces the explicit angular ordering of the coher-
ent branching formalism with a di↵erentially accurate simulation of soft-gluon radiation by means
of a non-trivial dependence of the splitting functions on azimuthal angles. We introduce a global
kinematics mapping and provide an analytic proof that it satisfies the criteria for next-to leading
logarithmic accuracy. In the new algorithm, initial and final state evolution are treated on the same
footing. We provide an implementation for final-state evolution in the numerical code Alaric and
present a first comparison to experimental data.

I. INTRODUCTION

Parton showers are a cornerstone of computer simulations for high-energy collider physics [1, 2]. They implement
the evolution of QCD from the hard scales to be probed by experiments, to the low scale of hadronization, where
the transition of quasi-free partons (the quarks and gluons of perturbative QCD) to observable hadrons occurs.
In this process, a number of additional partons are generated according to evolution equations that are based on
the factorization properties of QCD amplitudes in the soft and collinear limits. The most commonly used parton
showers can be thought of as numerical implementations of the DGLAP equations [3–6], but various other approaches
exist [7–9].

The first generation of parton shower programs [10–14] was developed four decades ago. Implementations di↵ered
in the way in which the ordering inherent to the evolution equations was realized in the simulation, and how the
kinematics of the emissions were set up. Color coherence, manifesting itself through angular ordering [15–20] became
a guiding principle for the construction of parton showers [21, 22]. Some of these parton showers were also improved
using spin correlation algorithms [23–26]. Increasing precision requirements, especially in preparation for the Large
Hadron Collider (LHC), mandated more precise Monte-Carlo simulations. The matching of parton showers to next-
to-leading order calculations [27–33] and the merging of calculations for varying jet multiplicity [34–44] became focus
points of event generator development. The correspondence between fixed-order infrared subtraction schemes and
parton showers was identified as central to a correct matching procedure, leading to the construction of algorithms
with a dipole-local momentum mapping and ordering in transverse momentum [45–52].

These newly developed algorithms were found to have significant drawbacks in terms of their logarithmic accu-
racy [53]. The resummation of observables at leading logarithmic (LL) accuracy is relatively straightforward to
achieve using a parton-shower algorithm. The resummation at next-to-leading logarithmic (NLL) precision however
poses a number of challenges. The first generic technique to quantify the logarithmic accuracy of parton showers
was presented in [53, 54] and consists of a set of fixed-order and all-order criteria, which can broadly be classified
as tests related to kinematic recoil e↵ects, and tests of color coherence. In the present manuscript, we will discuss
only kinematic e↵ects. A discussion of sub-leading color e↵ects can be found for example in [55–67]. One of the main
results of [53] was that the kinematics mapping in the transition from an n-particle to an n + 1-particle final state
should not alter the existing momentum configuration in a way that distorts the e↵ects of the pre-existing emissions
on observables. This criterion is formulated such that only the e↵ects relevant at NLL precision can be extracted, by
taking the limit ↵s ! 0 at fixed � = ↵s ln v, where v is the observable to be resummed. The algorithms in [47, 50, 52]
do not satisfy the criteria for NLL precision, because their momentum mappings can generate recoil whose e↵ect on
existing emissions at commensurate scales does not vanish in the ↵s ! 0 limit. It is important to note that these
failures to agree with known NLL resummation are not related to the e↵ects of momentum and probability conser-
vation discussed in [68]. In order to remedy the problem with NLL accuracy, new kinematics mapping schemes were
developed in [54, 69–71]. The main di↵erence of the new dipole schemes in [54, 71] compared to existing algorithms
is that recoil is assigned according to the rapidity of the emission in the frame of the hard process, rather than the
dipole frame, and that initial-state radiation is treated such that the interpretation of the hard system is unchanged
for subsequent emissions.

We will approach the same problem from a di↵erent perspective. Recalling that color–coherent parton evolution is
a consequence of the angular dependence of the soft eikonal, we will reformulate the radiator functions of [21] using a
partial fractioning approach similar to the identified particle subtraction scheme in [72]. In addition, we note that in
dipole and antenna showers the anti-collinear direction is inextricably linked to the direction of the color spectator. By
lifting this restriction, we are able to construct an algorithm which allows the entire QCD multipole to absorb the recoil
from parton branching, independent of the number of pre-existing emissions, and independent of their kinematics.
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The Alaric parton shower for hadron colliders

Stefan Höche,1 Frank Krauss,2 and Daniel Reichelt2
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We introduce the Alaric parton shower for simulating QCD radiation at hadron colliders and
present numerical results from an implementation in the event generator Sherpa. Alaric provides
a consistent framework to quantify certain systematic uncertainties which cannot be eliminated by
comparing the parton shower with analytic resummation. In particular, it allows to study recoil
e↵ects away from the soft and collinear limits without the need to change the evolution variable or
the splitting functions. We assess the performance of Alaric in Drell-Yan lepton pair and QCD jet
production, and present the first multi-jet merging for the new algorithm.

I. INTRODUCTION

Experiments at high-energy hadron colliders such as the CERN Large Hadron Collider (LHC) have been the
source of much of our understanding of the smallest building blocks of matter. While they often do not reach the
same precision as lepton colliders, proton-(anti)proton machines o↵er unprecedented reach in available center-of-mass
energy, and thus open a pathway to the observation of hitherto unknown particles as well as new interactions [1–
3]. Quite naturally, opportunity comes at a cost. The composite nature of the beam particles, and the complex
phenomenology of QCD at low and high scales hinder the extraction of rare hadron-level signals from large and
often poorly understood backgrounds. Computer simulations in the form of Monte-Carlo event generators have so far
proven the only e↵ective approach to this problem [4, 5]. Among the many components of these event generators, the
approximation of QCD radiative corrections to all orders in perturbation theory is one of the most important. This
component is implemented by parton showers.

The discovery of the gluon at Petra about forty years ago spurred the development of the first parton showers [6–9].
Since then, the increasing center-of-mass energy of the experiments mandated a corresponding increase in precision of
the simulations, which led to the development of spin correlation algorithms [10–13], matching to next-to-leading order
fixed-order calculations [14–20] and the merging of calculations for varying jet multiplicity [21–31]. Color coherent
parton evolution, manifesting itself through angular ordering for global observables [32–37], became a guiding principle
for the construction of many early parton shower algorithms [38, 39] and remains a powerful computational tool.
However, for observables sensitive to certain correlations among partons and jets, angular ordering does not capture
all details of QCD radiative e↵ects [40]. This class of observables can be better described by algorithms based on the
color dipole picture, first proposed and implemented in [41–43], and later extended to a more e�cient and precise
simulation framework [44–48]. Algorithms based on the dipole picture were also supplemented by a matching to
single parton evolution in the collinear limit [49–55]. Most parton showers currently used by the LHC experiments
are based on this paradigm [5]. Recently, they have again been revised, in order to achieve consistency with analytic
resummation in the limit of large center-of-mass energies [56]. The resulting improvements concern kinematic recoil
e↵ects [57–65], and an improved simulation of color coherence [44, 66–79].

In this publication we will report on the extension of one of the new dipole-like parton shower algorithms, called
Alaric [63, 64], to initial-state radiation. A unique aspect of the Alaric method is the non-trivial dependence
of splitting functions on the azimuthal emission angle, even when spin correlations are not included. This allows
to simulate the complete one-loop soft radiation pattern without the need for angular ordering. At the same time,
the choice of recoil momentum necessary to implement four-momentum conservation and on-shell conditions is left
arbitrary, enabling an easy matching of the parton-shower to analytic calculations for specific observables. The
new method satisfies the stringent criteria for next-to-leading logarithmic (NLL) precision at leading color [56] for
all recursively infrared safe observables [63]. Here we will discuss specifically the treatment of the collinear splitting
functions in the context of di↵erent kinematics mappings, focusing on terms which are not determined by the matching
to a soft eikonal. Sub-leading power corrections to these terms vanish in the NLL limit, but can play a significant
role at finite transverse momentum [80] and must therefore be implemented as faithful as possible. They are often
important at hadron colliders due to the enhanced gluon distribution at high energies and small x [81, 82].

The manuscript is structured as follows. Section II introduces the collinear splitting functions and presents a
kinematics-independent definition of the purely collinear terms for final- and initial-state evolution. Section III
introduces the kinematic mappings used in our algorithm and discusses an extension of the proposal in Ref. [63].
Section VI presents some first example phenomenological predictions in comparison to experimental data from the
Large Hadron Collider. Finally, Sec. VII discusses further directions of development.
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A new approach to QCD evolution in processes with massive partons

Benôıt Assi and Stefan Höche
Fermi National Accelerator Laboratory, Batavia, IL, 60510

We present an algorithm for massive parton evolution which is based on the di↵erentially accurate
simulation of soft-gluon radiation by means of a non-trivial azimuthal angle dependence of the
splitting functions. The kinematics mapping is chosen such as to to reflect the symmetry of the
final state in soft-gluon radiation and collinear splitting processes. We compute the counterterms
needed for a fully di↵erential NLO matching and discuss the analytic structure of the parton shower
in the NLL limit. We implement the new algorithm in the numerical code Alaric and present a
first comparison to experimental data.

I. INTRODUCTION

The production and evolution of massive partons are an important aspect of collider physics, and they play a
particularly prominent role at the Large Hadron Collider at CERN. Key measurements and searches, such as tt̄H
and triple Higgs boson production, involve final states with many b-jets. The success of the LHC physics program
therefore depends crucially on the modeling of heavy quark processes in the Monte-Carlo event generators used to
link theory and experiment. With the high-luminosity phase of the LHC approaching fast, it is important to increase
the precision of these tools in simulations involving massive partons.

Heavy quark and heavy-quark associated processes have been investigated in great detail, both from the perspective
of fixed-order perturbative QCD and using resummation, see for example [1–4]. Various proposals were made for the
fully di↵erential simulation in the context of particle-level Monte Carlo event generators [5–8]. Recently, a new
scheme was devised for including the evolution of massive quarks in the initial state of hadron-hadron and lepton-
hadron collisions [9]. In this manuscript, we will introduce an algorithm for the final-state evolution and matching
in heavy-quark processes, inspired by the recently proposed parton-shower model Alaric [10]. The soft components
of the splitting functions are derived from the massive eikonal and are matched to the quasi-collinear limit using a
partial fractioning technique. In contrast to the matching of [7, 11], we partial fraction the complete soft eikonal,
leading to strictly positive splitting functions and thus keeping the numerical e�ciency of the Monte-Carlo algorithm
at a maximum. We also propose to use a kinematic mapping for the collinear splitting of gluons into quarks that
treats the outgoing particles democratically. This algorithm can be extended to any purely collinear splitting (i.e.,
after subtracting any soft enhanced part of the splitting functions) while retaining the NLL precision of the evolution.

Multi-jet merging and matching of parton-shower simulations to NLO calculations in the context of heavy-quark
production were discussed, for example, in [12–15]. The NLO matching is typically fairly involved, because of the
complex structure and partly ambiguous definition of the infrared counterterms. In this publication, we compute
the integrated counterterms for our new parton-shower model, making use of recent results for angular integrals in
dimensional regularization [16]. This calculation provides the remaining counterterms needed for the matching of the
Alaric parton-shower model at NLO QCD. We briefly discuss the extension to initial-state radiation but postpone
a detailed analysis to a future publication.

This paper is structured as follows: Section II briefly reviews the construction of the Alaric parton-shower model
and generalizes the discussion to massive particles. Section III introduces the di↵erent kinematics mappings. Sec-
tion IV discusses the general form of the phase-space factorization and provides explicit results for processes with
soft radiation and collinear splitting. The computation of integrated infrared counterterms is presented in Sec. V.
Section VI discusses the impact of the kinematics mapping on sub-leading logarithms, and Sec. VII provides first
numerical predictions for e+e� !hadrons. Section VIII contains an outlook.

II. SOFT-COLLINEAR MATCHING

We start the discussion by revisiting the singularity structure of n-parton QCD amplitudes in the infrared limits.
If two partons, i and j, become quasi-collinear, the squared amplitude factorizes as

nh1, . . . , n|1, . . . , nin =
X

�,�0=±
n�1

D
1, . . . , i\(ij), . . . , j\, . . . , n

���
8⇡↵s P��0

(ij)i(z)

(pi + pj)2 � m2
ij

���1, . . . , i\(ij), . . . , j\, . . . , n
E

n�1
, (1)

where the notation i\ indicates that parton i is removed from the original amplitude, and where (ij) is the progenitor

of partons i and j. The functions P��0
ab (z) are the spin-dependent, massive DGLAP splitting functions, which depend
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Summations of large logarithms by parton showers
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We propose a method to examine how a parton shower sums large logarithms. In this method, one
works with an appropriate integral transform of the distribution for the observable of interest. Then,
one reformulates the parton shower so as to obtain the transformed distribution as an exponential
for which one can compute the terms in the perturbative expansion of the exponent. We apply this
general program to the thrust distribution in electron-positron annihilation, using several shower
algorithms. Of the approaches that we use, the most generally applicable is to compute some of
the perturbative coe�cients in the exponent by numerical integration and to test whether they are
consistent with next-to-leading-log summation of the thrust logarithms.

Keywords: perturbative QCD, parton shower

I. INTRODUCTION

Parton shower event generators provide a way to ap-
proximately sum large logarithms in QCD. Consider an
infrared safe observable labelled by J in hadron-hadron,
lepton-hadron, or lepton-lepton collisions at a large en-
ergy scale µh. Suppose that one is interested in a cross
section �̂J(v) for the observable to take the value v.

The observable is characterized by a scale Q̂2
J(v), such

that the �̂J(v) is not sensitive to parton splittings at a

scale smaller than Q̂2
J(v). For instance, one might be

interested in the k? distribution in the Drell-Yan pro-
cess in hadron-hadron collisions. Then v = k? and
Q̂2

J(v) ⇠ k2
?. If Q̂2

J(v) ⇠ µ2
h, one can use straightforward

QCD perturbation theory to calculate �̂J(v). However,

if Q̂2
J(v) ⌧ µ2

h, the perturbative expansion for �̂J(v) will

contain large logarithms, log(µ2
h/Q̂2

J(v)).
Often, one can analyze these logarithms by taking an

appropriate integral transform of �̂J(v). Then one cal-
culates a cross section �J(r) depending on a variable or
variables r. The cross section �J(r) contains logarithms
L(r) that are large when r approaches a limit. For in-
stance, one might take the Fourier transform, with trans-
verse position b, of the Drell-Yan k? distribution. In this
example, r stands for b, the limit is b2 ! 1, and the
logarithm is L = log(b2µ2

h). Typically the cross section
then has the form

�J(r) = c0

(
1 +

1X

n=1

2nX

j=0

c(n, j)↵n
s (µ2

h)L
j(r)

)
. (1)

The logarithms Lj(r) arise in QCD from the soft and
collinear singularities of the theory. These same soft and

⇤ Zoltan.Nagy@desy.de
† soper@uoregon.edu

collinear singularities are contained in the splitting func-
tions of a parton shower algorithm. Thus running a par-
ton shower event generator to calculate �J(r) will pro-
duce an approximation to the series in Eq. (1). That
is, the parton shower approximately sums the large log-
arithms. The object of this paper is to investigate the
form of the result of this summation.1

To exhibit the summation of logarithms, we rearrange
the parton shower algorithm so that it is specialized to
calculate just �J(r) and so that it expresses �J(r) di-
rectly in terms of an exponential

T exp

 Z µ2
h

µ2
f

dµ2

µ2
SY(µ2; r)

!
, (2)

where T indicates ordering in µ2. The integral of
SY(µ2; r) in the exponent has an expansion

Z µ2
h

µ2
f

dµ2

µ2
SY(µ2; r) =

1X

n=1

↵n
s (µ2

h)
2nX

j=0

e(n, j) Lj(r) . (3)

The operator SY(µ2; r) is determined by the parton split-
ting operator S(µ2) in the original shower. This gives one
direct access to the coe�cients e(n, j). With this repre-
sentation, one has the potential to prove that e(n, j) = 0
for j > n + 1. The terms with j = n + 1 are called
leading-log (LL) terms and the terms with j = n are
called next-to-leading-log (NLL) terms. One also has the
potential to prove that e(n, j) for j = n+1 and for j = n
are what is expected in full QCD if a full QCD result is
known.

1 The analysis applies not just when �J (r) represents an integral
transform of some other distribution, but also whenever the op-
erator OJ (r) that we use to measure �J (r) after the shower has
an inverse. That is, OJ (r) must have no eigenvalues equal to
zero.
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Matching and event-shape NNDL accuracy in parton

showers

Keith Hamilton,a Alexander Karlberg,b,c Gavin P. Salam,b,d Ludovic Scyboz,b Rob

Verheyena

aDepartment of Physics and Astronomy, University College London, London, WC1E 6BT, UK
bRudolf Peierls Centre for Theoretical Physics, Clarendon Laboratory, Parks Road, University of

Oxford, Oxford OX1 3PU, UK
cCERN, Theoretical Physics Department, CH-1211 Geneva 23, Switzerland
dAll Souls College, Oxford OX1 4AL, UK

Abstract: To explore the interplay of NLO matching and next-to-leading logarithmic

(NLL) parton showers, we consider the simplest case of �⇤ and Higgs-boson decays to qq̄

and gg respectively. Not only should shower NLL accuracy be retained across observ-

ables after matching, but for global event-shape observables and the two-jet rate, match-

ing can augment the shower in such a way that it additionally achieves next-to-next-to-

double-logarithmic (NNDL) accuracy, a first step on the route towards general NNLL. As

a proof-of-concept exploration of this question, we consider direct application of multi-

plicative matrix-element corrections, as well as simple implementations of MC@NLO and

POWHEG-style matching. We find that the first two straightforwardly bring NNDL accu-

racy, and that this can also be achieved with POWHEG, although particular care is needed

in the handover between POWHEG and the shower. Our study involves both analytic and

numerical components and we also touch on some phenomenological considerations.

Keywords: QCD, Parton Shower, NLO, Matching, Resummation, LHC, LEP
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PanScales showers for hadron collisions: all-order
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Abstract: We carry out extensive tests of the next-to-leading logarithmic (NLL) accu-

racy of the PanScales parton showers, as introduced recently for colour-singlet production

in hadron collisions. The tests include comparisons to (semi-)analytic NLL calculations of

a wide range of hadron-collider observables: the colour-singlet boson transverse momentum

distribution; global and non-global hadronic energy flow variables related to jet vetoes and

analogues of jettiness distributions; (sub)jet multiplicities; and observables sensitive to the

DGLAP evolution of the incoming momentum fractions. In the tests, we also include an

implementation of a standard transverse-momentum ordered dipole shower, to establish the

size of missing NLL e↵ects in such showers, which, depending on the observable, can reach

100%. This paper, together with [1], constitutes the first step towards process-independent

NLL-accurate parton showers for hadronic collisions.

Keywords: QCD, Parton Shower, Resummation, LHC
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Spin correlations in final-state parton showers and jet

observables
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Abstract

As part of a programme to develop parton showers with controlled logarithmic accuracy,
we consider the question of collinear spin correlations within the PanScales family of parton
showers. We adapt the well-known Collins-Knowles spin-correlation algorithm to PanScales
antenna and dipole showers, using an approach with similarities to that taken by Richardson
and Webster. To study the impact of spin correlations, we develop Lund-declustering based
observables that are sensitive to spin-correlation e↵ects both within and between jets and
extend the MicroJets collinear single-logarithmic resummation code to include spin corre-
lations. Together with a 3-point energy correlation observable proposed recently by Chen,
Moult and Zhu, this provides a powerful set of constraints for validating the logarithmic
accuracy of our shower results. The new observables and their resummation further open
the pathway to phenomenological studies of these important quantum mechanical e↵ects.
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Abstract: Standard dipole parton showers are known to yield incorrect subleading-

colour contributions to the leading (double) logarithmic terms for a variety of observables.

In this work, concentrating on final-state showers, we present two simple, computationally

e�cient prescriptions to correct this problem, exploiting a Lund-diagram type classifica-

tion of emission regions. We study the resulting e↵ective multiple-emission matrix elements

generated by the shower, and discuss their impact on subleading colour contributions to

leading and next-to-leading logarithms (NLL) for a range of observables. In particular

we show that the new schemes give the correct full colour NLL terms for global observ-

ables and multiplicities. Subleading colour issues remain at NLL (single logarithms) for

non-global observables, though one of our two schemes reproduces the correct full-colour

matrix-element for any number of energy-ordered commensurate-angle pairs of emissions.

While we carry out our tests within the PanScales shower framework, the schemes are suf-

ficiently simple that it should be straightforward to implement them also in other shower

frameworks.
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Abstract: We introduce a simple procedure that resolves the long-standing question of

how to account for single-logarithmic spin-correlation e↵ects in parton showers not just

in the collinear limit, but also in the soft wide-angle limit, at leading colour. We discuss

its implementation in the context of the PanScales family of parton showers, where it

complements our earlier treatment of the purely collinear spin correlations. Comparisons

to fixed-order matrix elements help validate our approach up to third order in the strong

coupling, and an appendix demonstrates the small size of residual subleading-colour e↵ects.

To help probe wide-angle soft spin correlation e↵ects, we introduce a new declustering-based

non-global spin-sensitive observable, the first of its kind. Our showers provide a reference

for its single-logarithmic resummation. The work in this paper represents the last step

required for final-state massless showers to satisfy the broad PanScales next-to-leading

logarithmic accuracy goals.

Keywords: QCD, Parton Shower, Resummation, LHC, LEP
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Abstract

In this article, we document version 0.1 of the PanScales code for parton
shower simulations. With the help of a few examples, we discuss basic usage
of the code, including tests of logarithmic accuracy of parton showers. We
expose some of the numerical techniques underlying the logarithmic tests and
include a description of how users can implement their own showers within
the framework. Some of the simpler logarithmic tests can be performed in a
few minutes on a modern laptop. As an early step towards phenomenology,
we also outline some aspects of a preliminary interface to Pythia8.3, for access
to its hard matrix elements and its hadronisation modules.

The code is available from https://gitlab.com/panscales/panscales-0.X
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Abstract: We introduce the first family of parton showers that achieve next-to-leading

logarithmic (NLL) accuracy for processes involving a t-channel exchange of a colour-singlet,

and embed them in the PanScales framework. These showers are applicable to processes

such as deep inelastic scattering (DIS), vector boson fusion (VBF), and vector boson scat-

tering (VBS). We extensively test and verify the NLL accuracy of the new showers at both

fixed order and all orders across a wide range of observables. We also introduce a gener-

alisation of the Cambridge-Aachen jet algorithm and formulate new DIS observables that

exhibit a simple resummation structure. The NLL showers are compared to a standard

transverse-momentum ordered dipole shower, serving as a proxy for the current state-of-

the-art leading-logarithmic showers available in public codes. Depending on the observable,

we find discrepancies at NLL of the order of 15%. We also present some exploratory phe-

nomenological results for Higgs production in VBF. This work enables, for the first time,

to resum simultaneously global and non-global observables for the VBF process at NLL

accuracy.

Keywords: QCD, Parton Shower, Resummation, LHC, HERA, DIS, VBF, VBSar
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In a companion publication, we have explored how to examine the summation of large logarithms
in a parton shower. Here, we apply this general program to the thrust distribution in electron-
positron annihilation, using several shower algorithms. The method is to work with an appropriate
integral transform of the distribution for the observable of interest. Then, we reformulate the parton
shower calculation so as to obtain the transformed distribution as an exponential for which we can
compute the terms in the perturbative expansion of the exponent.

Keywords: perturbative QCD, parton shower

I. INTRODUCTION

A parton shower event generator can provide a QCD
based approximation for a cross section �̂J(v) for an ob-
servable J to take a value v in hadron-hadron, lepton-
hadron, or electron-positron collisions. For example J
could denote the transverse momentum distribution in
the Drell-Yan process and v could be v = kT. Suppose
that the observable J is infrared safe with a scale Q̂2

J(v)

substantially greater than 1 GeV2. Then we can, at least
in principle, omit a model for hadronization in the event
generator. This leaves us with just an event generator
based on a parton shower, which uses parton splitting
functions based on the soft and collinear singularities of
QCD. Running the parton shower event generator gives
us an approximation �̂J(v; shower) for the cross section
�̂J(v).

The QCD perturbative expansion for �̂J(v) will con-

tain logarithms, L = log(µ2
h/Q̂2

J(v)), where µ2
h is the

scale of the hardest interaction in the event. Typically
one finds perturbative contributions to �̂J(v) propor-

tional to ↵n
s (µ2

h)L
2n. If µ2

h is close to Q̂2
J(v), then we

do not need the parton shower at all. Rather, we can
use just fixed order perturbation theory. However, if
1 GeV2 ⌧ Q̂2

J(v) ⌧ µ2
h, and L2 >⇠ 1/↵s(µ

2
h), then fixed

order perturbation theory is not adequate. One must
try to sum the contributions at each order of perturba-
tion theory that have the most powers of L. Since the
splitting functions in a parton shower reflect the soft and
collinear singularities of QCD and since it is these singu-
larities that lead to the appearance of the logarithms L,
we may hope that a parton shower provides an adequate
approximation to the cross section �̂J(v).

We caution the reader that we do not expect that a
given parton shower algorithm correctly sums the log-
arithms for all infrared safe observables that generate

⇤ Zoltan.Nagy@desy.de
† soper@uoregon.edu

large logarithms in perturbation theory. Thus we would
not speak of a next-to-leading-log parton shower, without
specifying just what logs are correctly summed.

For some observables J one can derive an analyti-
cal approximation, �̂J(v; analytical), to �̂J(v) that sums
the large logarithms in an appropriate sense. In some
cases [1, 2], it is also possible to find an analyti-
cal formula that well approximates the shower result
�̂J(v; shower). Then one can tell whether �̂J(v; shower)
agrees with �̂J(v; analytical) to the accuracy with which
�̂J(v; analytical) sums the large logarithms. However,
this is usually di�cult.

Normally, the approximation �̂J(v; shower) obtained
with a parton shower is limited to a numerical re-
sult obtained by averaging over many generated events.
In the limit of very large hard scattering scales µ2

h,
�̂J(v; shower) should match �̂J(v; analytical). How-
ever, for µ2

h in the kinematic range of experiments,
�̂J(v; shower) contains e↵ects that are numerically im-
portant but are not included in �̂J(v; analytical). Thus
it is di�cult to tell whether �̂J(v; shower) agrees with
�̂J(v; analytical).

One approach to comparing �̂J(v; shower) to
�̂J(v; analytical) is to directly calculate �̂J(v; shower)
for a sequence of very large hard scattering scales µ2

h that
are far from the range of experiments. This approach
can work [3], and in fact we use it to a limited extent
in this paper. However, it is di�cult to maintain the
required numerical accuracy at very large values of µ2

h

in a practical parton shower event generator.

In an analytical approach, one typically starts by tak-
ing an appropriate integral transform of �̂J(v). Then one
calculates a cross section �J(r) depending on a variable
or variables r. The cross section �J(r) contains loga-
rithms L(r) that are large when r approaches a limit.
For instance, one might take the Fourier transform of
the kT distribution in the Drell-Yan process. Then r is
the transverse position, usually called b. The logarithm
is L = log(b2µ2

h), which is large when b2 ! 1.

The aim of this paper is to redesign the calculation of
the parton shower cross section so that it produces the
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Abstract The dipole formalism provides a powerful

framework from which parton showers can be constructed.
In a recent paper [1], we proposed a dipole shower with
improved colour accuracy and in this paper we show
how it can be further improved. After an explicit check

at O(↵2
s ) we confirm that our original shower performs

as it was designed to, i.e. inheriting its handling of
angular-ordered radiation from a coherent branching

algorithm. We also show how other dipole shower al-
gorithms fail to achieve this. Nevertheless, there is an
O(↵2

s ) topology where it di↵ers at sub-leading Nc from

a coherent branching algorithm. This erroneous topol-
ogy can contribute a leading logarithm to some observ-
ables and corresponds to emissions that are ordered in
kt but not angle. We propose a simple, computationally

e�cient way to correct this and assign colour factors in
accordance with the coherence properties of QCD to all
orders in ↵s.

1 Introduction

Parton showers typically are constructed using one of

two basic approaches: angular-ordered showers (based
on the coherent branching formalism) and dipole show-
ers. Angular ordering is a very powerful approach, pro-

viding next-to-leading logarithmic (NLL) accuracy in
some observables,1 but it fails to capture physics salient
to the description of multi-jet final states in hadron

colliders and non-global observables. By comparison,

ae-mail: jack.holguin@manchester.ac.uk
be-mail: je↵rey.forshaw@manchester.ac.uk
ce-mail: simon.plaetzer@univie.ac.at
1Many e+e� observables share the property that their dis-
tributions exponentiate:

⌃(↵s, L) = (1 + C(↵s)) exp(L g1(↵sL) + g2(↵sL) + ...),

dipole showers are typically restricted to leading-colour

accuracy but they can be applied across the board. In
recent literature, much attention has been focused on
improving the framework upon which dipole showers
are constructed [4,5,6,7,8,9,10,11,12,13,14]. Substan-

tial progress has been made demonstrating their ca-
pacity for NLL resummation [15,1] and methods for
partially addressing sub-leading colour have also been

proposed, by extending dipole showers beyond leading-
Nc colour flows [16,17,18,19]. In a recent paper [1], we
constructed a dipole shower that has the virtue of in-

heriting some of the colour dynamics of an angular-
ordered shower, which improved sub-leading colour ac-
curacy. In this paper we perform a fixed-order cross-
check of that approach. We do so by comparing the

improved shower’s assignment of colour factors to the
corresponding exact e+e� matrix elements, computed
with second-order QCD corrections. Motivated by these

calculations, we are able to further improve our dipole
shower’s description of colour, in a way that is applica-
ble to evolution with an arbitrary number of emissions.

In [1] we derived an improved dipole shower in the
context of e+e� ! qq̄ collisions2, starting from an al-
gorithm for the evolution of QCD amplitudes first pre-

sented in [20]. The shower can be understood by consid-
ering a few key features of angular-ordered and dipole
showers. When a shower emits a parton, three new

degrees of freedom (DoF) are introduced, describing
the new parton’s energy and direction. Angular-ordered
showers average over one of the DoF (a contextually
defined azimuth) which allows the e↵ects of QCD co-

where ⌃ is the fraction of events for which the observable is
less than some value, v = e�L. NLL accuracy corresponds to
correctly computing the functions g1 and g2 [2,3].
2Though the framework to extend the shower beyond e+e�

was presented in the appendices of [1].
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Physics result #3: towards NNLL-accurate showers

Rule of thumb:
LL ≡ qualitative starting point
NLL ≡ first quantitative order

NNLL ≡ towards precision physics

Gregory Soyez Towards accuracy in parton showers RPP 2025 25 / 33



(NNLL) accuracy ↔ reproducing (extra) sets of MEs

NNLL: include pairs of emissions
a

(only half the primary Lund plane for simplicity)

ln kt

η = ln tan θ
2

hard emission
angle and kt
similar to

“hard” Born

soft emission
angle and kt
similar to
earlier one

(can be large angle)
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(NNLL) accuracy ↔ reproducing (extra) sets of MEs

NNLL: include pairs of emissions

Matching

Get exact 3-jet LO (2-jet NLO) ME
≡ one hard emission (pair with the hard event)

Standard approaches work but require care to
preserve NLL accuracy

[K.Hamilton,A.Karlberg,G.P.Salam,L.Scyboz,arXiv:2301.09645]

a

(only half the primary Lund plane for simplicity)

ln kt

η = ln tan θ
2

hard emission
angle and kt
similar to

“hard” Born

soft emission
angle and kt
similar to
earlier one

(can be large angle)
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(NNLL) accuracy ↔ reproducing (extra) sets of MEs

NNLL: include pairs of emissions

Matching
[K.Hamilton,A.Karlberg,G.P.Salam,L.Scyboz,arXiv:2301.09645]

Double-soft corrections

Two soft emissions at commensurate angles and kt
(not necessarily collinear)

Correction spurious shower ME → correct ME
watch out for flavour channels and colour flows

Need to get the correct virtual contributions
(done through a modified KCMW)

Gain: state-of-the-art (next-to-single-log) non-global logs
[S.Ferrario Ravasio,K.Hamilton,A.Karlberg,G.P.Salam,L.Scyboz,GS,arXiv:2307.11142]

a

(only half the primary Lund plane for simplicity)

ln kt

η = ln tan θ
2

hard emission
angle and kt
similar to

“hard” Born

soft emission
angle and kt
similar to
earlier one

(can be large angle)
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Revised emission rate

dP

d ln vdη
=
αs(kt)CA

π
×M × g(η)P(z)

Matrix elements

First emission: M(k) corrects to the exact
ME (matching)

Next emissions: M(k1, k2) corrects for
double-soft ME

Full analytic proof of NNLL accuracy

Emission strength

αs = α
(3ℓ)
s

(
1 + αs∆K1 + αs∆B1 + α2

s∆K2

)

use 3-loop running (CMW scheme)

∆K1 (soft large angle) and ∆B2

(hard-collinear) correct for “spurious”
virtual α2

sL

∆K2 (soft-collinear) corrects for
“spurious” virtual α3

sL
2

Strong constraints, e.g. for event shapes,
∆K1, ∆B2, ∆K2 only depend on 2 numbers
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Revised emission rate

dP

d ln vdη
=
αs(kt)CA

π
×M × g(η)P(z)

Matrix elements

First emission: M(k) corrects to the exact
ME (matching)

Next emissions: M(k1, k2) corrects for
double-soft ME

Full analytic proof of NNLL accuracy

Emission strength

αs = α
(3ℓ)
s

(
1 + αs∆K1 + αs∆B1 + α2

s∆K2

)

use 3-loop running (CMW scheme)

∆K1 (soft large angle) and ∆B2

(hard-collinear) correct for “spurious”
virtual α2

sL

∆K2 (soft-collinear) corrects for
“spurious” virtual α3

sL
2

Strong constraints, e.g. for event shapes,
∆K1, ∆B2, ∆K2 only depend on 2 numbers
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Beyond NLL: double-soft corrections

0.3 0.2 0.1
= sln Et, max

Q

4.0

4.5

5.0

5.5
(P

S)
NS

L/
SL

=
lim s

0

(P
S)

SL
s

SL

|y| < 1
CA=2CF=3, nf=5
2-jet NLO matching

no double-soft

PGsdf
= 0

PG = 0

PG = 1
2

0.3 0.2 0.1
= sln Et, max

Q

|y| < 1
CA=2CF=3
2-jet NLO matching

double-soft, nreal
f =0

PGsdf
= 0

Gnole

0.3 0.2 0.1
= sln Et, max

Q

|y| < 1
CA=2CF=3, nf=5
2-jet NLO matching

double-soft

PGsdf
= 0

PG = 0

PG = 1
2

NSL accuracy tests: energy in a slice

Successfully reproduce next-to-single (non-global) logs for emissions in a slice
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NNLL accuracy tests

-3 -2 -1 0
1 T

FC0
Mj,1
Sj,1

FC1/2
Mj,1/2
Sj,1/2

BW

BT

y23

FC1
Mj,0
Sj,0

PGsdf
= 0

(2 , , , )

process
shower

s, DS, B2,

Not
NNLL

ob
s=

0
ob

s=
1 2

ob
s=

1

-3 -2 -1 0

PGsdf
= 0

(3 , , , )

Not
NNLL

-3 -2 -1 0

PGsdf
= 0

(3 , , , )

NNLL
OK

-3 -2 -1 0

PG = 0
(3 , , , )

NNLL
OK

-3 -2 -1 0

PG = 1/2
(3 , , , )

NNLL
OK

-3 -2 -1 0
lim
s 0

2
2
s
[ln PS / ln NNLL 1]  for = sL = 0.4

PGsdf
= 0

(3 , , , )

NNLL
OK

Z qq H gg

s/
M

Z
=

1,
 C

A
=

2C
F
=

3,
 n

f=
5,

 4
 

s v
al

ue
s

NNLL accuracy tests

explicit numerical test
that we get g3 (NNLL
coefficient) right.
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NNLL preliminary pheno

10 3

0.01

0.1

1

10

1/
d

/d
v

NNLL

e + e Z hadrons
s = MZ = 91.2 GeV
s(MZ) = 0.118

2-jet@NLO

Thrust

0.6
0.8
1.0
1.2
1.4

NLL

0.6 0.7 0.8 0.9 1.0
v = T

0.6
0.8
1.0
1.2
1.4

ra
tio

 to
 d

at
a

NNLL

10 4

10 3

0.01

0.1

+Pythia8.311
hadronisation
(tunes PG * -24A)

y23 (Durham)

ALEPH
PGsdf

0

PG0

PG1/2

0.6
0.8
1.0
1.2
1.4

2 4 6 8 10
v = ln 1/y23

0.6
0.8
1.0
1.2
1.4

Quite good
agreement with LEP
data

“physical” αs

NLL deviation from
one could be seen as
uncertainty

NNLL expected to
give better accuracy

NP tuning (mostly)
not sizeable
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Conclusions and perspectives

Recap of take-home messages

Parton showers are a cornerstone of collider physics

Parton showers accuracy ≡ log accuracy

Systematically improvable, can be tested analytically and numerically

PanScales 2019-2023: NLL parton showers... several others nos

PanScales 2023-now: good NNLL progress (ee shapes, large angle non-globals)

Future

NNLL in pp (LHC)

NNLL hard-colliner (jet substructure)

NNLL PanLocal

more complex processe/(N)NLO

Tuning

Investigate phenomenology
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  … key steps towards NNLL were just O(5) years away
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Parton showers beyond leading logarithmic accuracy

Mrinal Dasgupta,1 Frédéric A. Dreyer,2 Keith Hamilton,3 Pier
Francesco Monni,4 Gavin P. Salam,2, ⇤ and Grégory Soyez5
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4CERN, Theoretical Physics Department, CH-1211 Geneva 23, Switzerland
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Parton showers are among the most widely used tools in collider physics. Despite their key
importance, none so far has been able to demonstrate accuracy beyond a basic level known as leading
logarithmic (LL) order, with ensuing limitations across a broad spectrum of physics applications.
In this letter, we propose criteria for showers to be considered next-to-leading logarithmic (NLL)
accurate. We then introduce new classes of shower, for final-state radiation, that satisfy the main
elements of these criteria in the widely used large-NC limit. As a proof of concept, we demonstrate
these showers’ agreement with all-order analytical NLL calculations for a range of observables,
something never so far achieved for any parton shower.

High-energy particle collisions produce complex
hadronic final states. Understanding these final states
is of crucial importance in order to extract maximal
information about the underlying energetic scattering
processes and the fundamental Lagrangian of particle
physics. To do so, there is ubiquitous reliance on gen-
eral purpose Monte Carlo (GPMC) event generators [1],
which provide realistic simulations of full events. A core
component of GPMCs is the parton shower, a subject of
much recent research [2–28]. Partons refer to quarks and
gluons, and a shower aims to encode the dynamics of par-
ton production between the high-energy scattering (e.g.
production of electroweak or new-physics states) and the
low scale of hadronic Quantum Chromodynamics (QCD),
at which experimental observations are made.

Typically parton showers are built using a simple
Markovian algorithm that takes an n-parton state and
stochastically maps it to an n + 1-parton state. The it-
eration of this procedure, e.g. starting from a 2-parton
state, builds up events with numerous partons. A fur-
ther step, hadronisation, then maps the partons onto a
set of hadrons. Even though this last step involves mod-
elling [29, 30], many of the features of the resulting events
are driven by the parton shower component which is, in
principle, within the realm of calculations in perturbative
QCD. This is because the showering occurs at momen-
tum scales where the strong coupling, ↵s is small.

Much of collider physics, experimental and theoreti-
cal [31–34], is moving towards high precision, especially
in view of large volumes of data collected so far at
CERN’s Large Hadron Collider (LHC). On the theoreti-
cal front many of the advances either involve approxima-
tions with a small number of partons, or else are specific
to individual observables. Parton showers, in contrast,

⇤ On leave from CNRS, UMR 7589, LPTHE, F-75005, Paris,
France and CERN, Theoretical Physics Department, CH-1211
Geneva 23, Switzerland

use a single algorithm to describe arbitrary observables
of any complexity. This versatility comes at a cost: lesser
accuracy for any specific observable and, quite generally,
at best only limited knowledge [35–38] of what the ac-
curacy even is for a given observable. In fact there is
currently no readily accepted criterion for categorising
the accuracy of parton showers. One novel element that
we introduce in this paper is therefore a set of criteria for
doing so.

The role of showers is to reproduce emissions across
disparate scales. Our first criterion for accuracy starts
by structuring this phase space: there are three phase
space variables per emission, and two of them (e.g. en-
ergy and angle) are associated with logarithmic diver-
gences in the product of squared matrix element and
phase space. We define LL accuracy to include a con-
dition that the shower should generate the correct e↵ec-
tive squared tree-level matrix element in a limit where
every pair of emissions has distinctly di↵erent values for
both logarithmic variables. At NLL accuracy, we fur-
ther require that the shower generate the correct squared
tree-level matrix element in a limit where every pair of
emissions has distinctly di↵erent values for at least one of
the logarithmic variables (or some linear combination of
their logarithms). Beyond NLL accuracy we would con-
sider configurations with a pair of emissions (or multiple
pairs) both of whose logarithmic variables are similar.

To help make this discussion concrete, let us consider
showers that are not NLL accurate according to this cri-
terion: angular ordered showers [39–41] do not repro-
duce the matrix element for configurations ordered in
energy, but with commensurate angles, and this is as-
sociated with their inability to correctly predict ↵n

s Ln

(NLL) e↵ects for non-global observables [36]. Transverse-
momentum (kt) ordered showers with dipole-local re-
coil [2, 3, 5, 11, 42, 43] do not reproduce matrix elements
for configurations ordered in angle but with commensu-
rate transverse momenta, because of the way they assign
transverse recoil [37]. As a result they fail to reproduce
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A new standard for the logarithmic accuracy of parton showers
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We report on a major milestone in the construction of logarithmically accurate final-state parton
showers, achieving next-to-next-to-leading-logarithmic (NNLL) accuracy for the wide class of ob-
servables known as event shapes. The key to this advance lies in the identification of the relation
between critical NNLL analytic resummation ingredients and their parton-shower counterparts. Our
analytic discussion is supplemented with numerical tests of the logarithmic accuracy of three shower
variants for more than a dozen distinct event-shape observables in Z ! qq̄ and Higgs! gg decays.
The NNLL terms are phenomenologically sizeable, as illustrated in comparisons to data.

Parton showers are essential tools for predicting QCD
physics at colliders across a wide range of momenta from
the TeV down to the GeV regime [1–4]. In the presence
of such disparate momenta, the perturbative expansions
of quantum field theories have coe�cients enhanced by
large logarithms of the ratios of momentum scales. One
way of viewing parton showers is as automated and im-
mensely flexible tools for resumming those logarithms,
thus correctly reproducing the corresponding physics.

The accuracy of resummations is usually classified
based on terms with the greatest logarithmic power at
each order in the strong coupling (leading logarithms or
LL), and then towers of terms with subleading powers of
logarithms at each order in the coupling (next-to-leading
logarithms or NLL, NNLL, etc.). Higher logarithmic ac-
curacy for parton showers should make them consider-
ably more powerful tools for analysing and interpreting
experimental data at CERN’s Large Hadron Collider and
potential future colliders. The past years have seen major
breakthroughs in advancing the logarithmic accuracy of
parton showers, with several groups taking colour-dipole
showers from LL to NLL [5–18]. There has also been ex-
tensive work on incorporating higher-order splitting ker-
nels into showers [19–29] and understanding the structure
of subleading-colour corrections, see e.g. Refs. [6, 30–41].

Here, for the first time, we show how to construct par-
ton showers with NNLL accuracy for the broad class of
event-shape observables at lepton colliders, like the well-
known Thrust [42, 43] (see e.g. Refs. [44–65] for calcula-
tions at NNLL and beyond). This is achieved by devel-
oping a novel framework that unifies several recent devel-
opments, on (a) the inclusive structure of soft-collinear
gluon emission [58, 66] up to third order in the strong cou-
pling ↵s; (b) the inclusive pattern of energetic (“hard”)
collinear radiation up to order ↵2

s [67, 68]; and (c) the in-
corporation of soft radiation fully di↵erentially up to or-
der ↵2

s in parton showers, ensuring correct generation of

any number of well-separated pairs of soft emissions [29].
We will focus the discussion on the e+e� ! Z ! qq̄

process, with the understanding that the same arguments
apply also to H ! gg. Each event has a set of emis-
sions with momenta {ki} and we work in units where the
centre-of-mass energy Q ⌘ 1. We will examine the prob-
ability ⌃(v) that some global event shape, V ({ki}), has
a value V ({ki}) < v. Event-shape observables have the
property [69] that for a single soft and collinear emission
k, V (k) / kte

��obs|y|, where kt (y) is the transverse mo-
mentum (rapidity) of k with respect to the Born event
direction and �obs depends on the specific observable,
e.g. �obs = 1 for Thrust. Whether considering analytic
resummation or a parton shower, for v ⌧ 1 we have

⌃(v)=F exp


�4

Z
dkt

kt

Z 1

kt

dzPgq(z)M(k)
↵e↵

2⇡
⇥(V (k)>v)

�
,

(1)

with Pgq(z) = CF
1+(1�z)2

z and M(k) a function that ac-
counts for next-to-leading order matching, with M(k) !
1 for kt ! 0. The exponential is a Sudakov form factor,
encoding the suppression of emissions with V (k) > v, cf.
the grey region of Fig. 1. It brings the LL contributions
to ln⌃, terms ↵n

s Ln+1 with L = ln v, as well as NLL
(↵n

s Ln), NNLL (↵n
s Ln�1), etc., contributions. The func-

tion F accounts [69] for the di↵erence between the actual
condition V ({ki}) < v and the simplified single-emission
boundary V (k) < v that is used in the Sudakov. It starts
at NLL.

In Eq. (1), the e↵ective coupling, ↵e↵, can be under-
stood as the intensity of gluon emission, inclusive over
possible subsequent branchings of that emission and cor-
responding virtual corrections. We write it as

↵e↵ = ↵s


1+

↵s

2⇡
(K1+�K1(y)+B2(z)) +

↵2
s

4⇡2
K2

�
, (2)

with ↵s ⌘ ↵ms
s (kt) and here the rapidity y = ln z/kt.
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A M O D E L  F O R  I N I T I A L  S T A T E  P A R T O N  S H O W E R S  
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We present a detailed model for exclusive properties of initial state parton showers. A numerically efficient algorithm is 
obtained by tracing the parton showers backwards, i.e. start with the hard scattering partons and then successively reconstruct 
preceding branchings in falling sequence of spacelike virtualities Q2 and rising sequence of parton energies. We show how the 
Altarelli-Parisi equations can be recast in a form suitable for this, and also discuss the kinematics of the branchings. The 
complete model is implemented in a Monte Carlo program, and some first results are presented. 

A model for exclusive properties of  high-p T events 
in hadron-hadron interactions requires a number of  
separate components [ 1 ]: QCD hard scattering matrix 
elements, structure functions, initial state (spacelike) 
parton evolution, final state (timelike) parton showers, 
and jet fragmentation. Of these, the initial state parton 
showers probably are the least well studied. In the 
present paper we will therefore develop a detailed mod- 
el for this component,  using the backwards evolution 
formalism, an approach orthogonal to presently avail- 
able models. In particular, this allows a quite efficient 
implementation in terms of  computer algorithms for 
event generation. Together with the other components 
above, this model has been implemented within the 
framework of  the Lund Monte Carlo [2,3]. We pres- 
ent some first results here, to illustrate the methods 
and problems. 

A fast hadron may be viewed as a cloud of  quasi- 
real partons. At each instant, an individual parton can 
initiate a cascade, branching into a number of  partons. 
These partons do not have enough energy to be on 
mass-shell (M 2 < 0), and thus only live for a ffmite 
time before reassembling. In a hard interaction be- 
tween two incoming hadrons, when two partons scat- 
ter to highPT,  also the other partons in the two re- 
lated cascades are provided with the necessary energy 
to live indefinitely. The correct description for this 
transfer of  energy is obviously given by the various 
2 ~ N  hard scattering matrix elements, where 2 stands 

0370-2693/85/$ 03.30 © Elsevier Science Publishers B.V. 
(North-Holland Physics Publishing Division) 

Fig. 1. Schematic picture of spacelike shower evolution, with 
hard scattering partons 1 and 2 and emitted timelike partons 
4, 6 and 8. 

for the two initiators of  the cascades a n d N  for the 
final parton multiplicity. In practice, matrix elements 
can only be calculated for small values of  N, and one 
has to resort to approximate schemes, such as the 
leading logarithmic approximation (see e.g. ref. [4]). 
In particular, for subsequent Monte Carlo applications, 
it is convenient to imagine that the partons on the two 
branches which leads from the two initiators to the 
hard scattering (7 ~ 3 -~ 1 and 5 ~ 2 in fig. 1) have in- 
creasing spacelike virtualities, Q2 = _ M2 > 0, adjust- 
ed such that the partons on all other branches (8, 4 
and 6 in fig. 1) may haveM 2/> 0, these latter partons 
are in the following referred to as the timelike ones. 
Then the momentum transfer given by the central 
2 ~ 2 hard scattering subprocess is enough to ensure 
that all partons may end up on mass shell. Except for 
the two hard scatterers, the partons continue essential- 
ly along the direction of  the respective hadron they 
belonged to, although occasionally they may have large 
transverse momenta and give rise to separately visible 
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SIMULATION OF QCD JETS INCLUDING SOFT GLUON INTERFERENCE 
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We present a new Monte Carlo simulation scheme for jet evolution in perturbative QCD 
which takes into account the results of recent analyses of soft-gluon interference. Therefore, this 
scheme accounts correctly not only for the leading collinear singularities, as in previous schemes, 
but also for leading infrared singularities, In this first paper we study the basic features of gluon jet 
evolution such as: (i) the interference effects and the corresponding depletion of the parton 
distributions in the soft region; (ii) the approach to asymptopia; (iii) the efficiency of colour 
screening (preconfinement), which has been questioned recently by Bjorken. 

I. Introduction 

Quantum chromodynamics (QCD) is considered a good candidate for a theory of 
strong interactions but the difficulty of reliable calculations makes the necessary 
tests and predictions rather scarce. Asymptotic freedom suggests a domain of 
phenomena (hard scattering processes) in which perturbation theory leads to reliable 
results. For instance, in e+e-  collisions at high energy Q, there are techniques which, 
in the perturbative expansion of inclusive distributions for off-shell partons (quarks 
and gluons), allow one to sum the contributions of all leading collinear singularities, 
i.e. all leading-logarithmic terms of the type [as(Q2)ln(Q2/QZ)]L Here Q0 is the 
off-shell mass of emitted partons, which provides the cut-off for the collinear 
singularities and is such that the perturbative expansion is still justified, i.e. 

< 

* On leave from the Cavendish Laboratory, University of Cambridge and Emmanuel College, Cam- 
bridge, UK. 
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M O N T E  CARLO SIMULATION OF GENERAL HARD PROCESSES 
WITH COHERENT QCD RADIATION* 

G MARCHESINI  

Dtparttmento dl Flstca, Unlverslt~ dt Parma, INFN, Gruppo Collegato di Parma, Italy, 

B R WEBBER 
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In tins paper we extend our previous work on the simulation of coherent soft-gluon radiation 
to hard colhsions that involve incoming as well as outgoing coloured partons Existing simulations 
correctly sum the leading colllnear singularities for imtml- and final-state radlahon, and in some 
cases the leading infrared contributions from outgoing partons, but  not those for incoming (or the 
interference between incoming and outgoing) Asymptotically, however, the leading infrared and 
colhnear contributions are comparable, the bulk of gluon emission occurring in the soft region 
Furthermore,  a correct treatment of leading infrared terms is necessary for the inclusive cancella- 
tion of singularities in the Sudakov form factor We show how such a treatment may be 
formulated m terms of an angular ordering procedure applicable to all hard processes We then 
describe a new Monte Carlo program winch incorporates this procedure, together with other new 
features such as azimuthal correlations due to gluon polarization and interference The program is 
designed as a general-purpose event generator, simulating hard lepton-lepton, lep ton-hadron  and 
h a d r o n - h a d r o n  scattering in a single package Slmulatmn of soft hadromc colhslons and underly- 
ing events is also included We present the predictions of the program for a wide variety of 
processes, and compare them with analytical results and experimental data 

1. Introduction 

The coherence [1,2] of soft hadronlc radiation in hard processes is one of the 
most characteristic features of perturbative QCD. It emerges from the study [3-5] of 
the leading infrared singularities of the theory which, together with the analysis of 
leading collinear singularities [6], completes the description of the dominant asymp- 
totic behavlour of parton distributions. 

Coherence is intrinsically a quantum phenomenon, arlsmg from the interference 
of soft-gluon amplitudes, which is present even in physical gauges. It involves the 
bulk of the radiation, since a gluon is considered soft whenever its energy ts small 

* Research supported in part by the U K  Science and Engineering Research Council and m part by the 
I tahan Mamstero della Pubbhca Istruzlone 

0550-3213/88/$03 50 © Elsevier Science Publishers B V 
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Birth of Pythia

Birth of Herwig (with elements of NLL for global observables)

[ca. 800 papers on the subject of event generators ……………………………….………………………….……]

General principles for a NLL parton shower  
 (formulated for e+e-, many extensions will follow)

General principles for NNLL parton showers

CERN-TH-2023-127, OUTP-23-07P

Parton showering with higher-logarithmic accuracy for soft emissions

Silvia Ferrario Ravasio,1 Keith Hamilton,2 Alexander Karlberg,1

Gavin P. Salam,3, 4 Ludovic Scyboz,3 and Gregory Soyez1, 5

1CERN, Theoretical Physics Department, CH-1211 Geneva 23, Switzerland
2Department of Physics and Astronomy, University College London, London, WC1E 6BT, UK

3Rudolf Peierls Centre for Theoretical Physics, Clarendon Laboratory, Parks Road, Oxford OX1 3PU, UK
4All Souls College, Oxford OX1 4AL, UK

5IPhT, Université Paris-Saclay, CNRS UMR 3681, CEA Saclay, F-91191 Gif-sur-Yvette, France

The accuracy of parton-shower simulations is often a limiting factor in the interpretation of data
from high-energy colliders. We present the first formulation of parton showers with accuracy one or-
der beyond state-of-the-art next-to-leading logarithms, for classes of observable that are dominantly
sensitive to low-energy (soft) emissions, specifically non-global observables and subjet multiplici-
ties. This represents a major step towards general next-to-next-to-leading logarithmic accuracy for
parton showers.

Parton showers simulate the repeated branching of
quarks and gluons (partons) from a high momentum scale
down to the non-perturbative scale of Quantum Chromo-
dynamics (QCD). They are one of the core components
of the general-purpose Monte Carlo event-simulation pro-
grams that are used in almost every experimental and
phenomenological study involving high-energy particle
colliders, such as CERN’s Large Hadron Collider (LHC).
Parton-shower accuracy is critical at colliders, both be-
cause it limits the interpretation of data and because of
the increasing importance of showers in training powerful
machine-learning based data-analysis methods.

In the past few years it has become clear that it is
instructive to relate the question of parton-shower ac-
curacy to a shower’s ability to reproduce results from
the field of resummation, which sums dominant (loga-
rithmically enhanced) terms in perturbation theory to
all orders in the strong coupling, ↵s. Given a logarithm
L of some large ratio of momentum scales, resumma-
tion accounts for terms ↵n

s Ln+1�p, NpLL in a leading-
logarithmic counting for L ⇠ 1/↵s, or ↵n

s L2n�p, NpDL
in a double-logarithmic counting, for L ⇠ 1/

p
↵s.

Several groups have recently proposed parton showers
designed to achieve next-to-leading logarithmic (NLL)
and next-to-double logarithmic (NDL) accuracy for vary-
ing sets of observables [1–10]. A core underlying require-
ment is the condition that a shower should accurately re-
produce the tree-level matrix elements for configurations
with any number of low-energy (“soft”) and/or collinear
particles, as long as these particles are well separated in
logarithmic phase space [2, 11, 12].

In this letter we shall demonstrate a first major step
towards the next order in resummation in a full parton
shower, concentrating on the sector of phase space in-
volving soft partons. This sector is connected with two
important aspects of LHC simulations, namely the total
number of particles produced, and the presence of soft
QCD radiation around leptons and photons (“isolation”),
which is critical in their experimental identification in a
wide range of LHC analyses. The corresponding areas
of resummation theory, for subjet multiplicity [13–15]

and so-called non-global logarithms [16–42], have seen
extensive recent developments towards higher accuracy
in their own right, with several groups working either
on next-to-next-to-double logarithmic (NNDL) accuracy,
↵n

s L2n�2, for multiplicity [43, 44] or next-to-single log-
arithmic (NSL) accuracy, ↵n

s Ln�1, for non-global loga-
rithms [45–48].

To achieve NSL/NNDL accuracy for soft-dominated
observables, a crucial new ingredient is that the shower
should obtain the correct matrix element even when there
are pairs of soft particles that are commensurate in en-
ergy and in angle with respect to their emitter. Sev-
eral groups have worked on incorporating higher-order
soft/collinear matrix elements into parton showers [49–
58]. Our approach will be distinct in two respects: firstly,
that it is in the context of a full shower that is already
NLL accurate, which is crucial to ensure that the cor-
rectness of any higher-order matrix element is not broken
by recoil e↵ects from subsequent shower emissions; and
secondly in that we will be able to demonstrate the log-
arithmic accuracy for concrete observables through com-
parisons to known resummations.

We will work in the context of the “PanGlobal” fam-
ily of parton showers, concentrating on the final-state
case [2]. As is common for parton showers, it organises
particles into colour dipoles [59], a picture based on the
limit of a large number of colours Nc. Such showers iter-
ate 2 ! 3 splitting of colour dipoles, each splitting thus
adding one particle to the ensemble, and typically break-
ing the original dipole into two dipoles. The splittings are
performed sequentially in some ordering variable, v, for
example in decreasing transverse momentum kt. Given
a dipole composed of particles with momenta p̃i and p̃j ,
the basic kinematic map for producing a new particle k
is

p̄k = akp̃i + bkp̃j + k? , (1a)

p̄i = (1 � ak)p̃i , (1b)

p̄j = (1 � bk)p̃j . (1c)

followed by a readjustment involving all particles so as to
conserve momentum [60], § 1. For the original PanGlobal
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Backup



Different ordering variables...

... can lead to different emission orderings

kt (transv. mom.) ordering

a

b

kta > ktb
⇒ a emitted before b

q (virtuality) ordering

a

b

qb > qs
⇒ b emitted before a
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Lund-plane representation: transverse recoil boundaries

log kt η = − log tan(θ/2)

E k
≤
1
2
m qq̄

q sideq̄ side

a

q
recoilsq̄

re
co
ils

g
recoils

Expected

standard dipole
shower

e.g. Pythia8/Dire

PanLocal

gluon a radiated at scale
kta and angle θa

gluon b radiated at scale
ktb ≤ kta

Expected

a takes recoil iff θab < θa
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Lund-plane representation: transverse recoil boundaries

log kt η = − log tan(θ/2)

E k
≤
1
2
m qq̄

q sideq̄ side

a

q
recoilsq̄

re
co
ils

g
recoils

Expected

standard dipole
shower

e.g. Pythia8/Dire

PanLocal

gluon a radiated at scale
kta and angle θa

gluon b radiated at scale
ktb ≤ kta

Expected

a takes recoil iff θab < θa

standard dipole shower

decided in dipole frame:
a takes recoil if

θ
(dip)
bg < θ

(dip)
bq

WRONG!
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Lund-plane representation: transverse recoil boundaries

log kt η = − log tan(θ/2)

E k
≤
1
2
m qq̄

q sideq̄ side

a

q
recoilsq̄

re
co
ils

g
recoils

Expected
standard dipole

shower
e.g. Pythia8/Dire

PanLocal

gluon a radiated at scale
kta and angle θa

gluon b radiated at scale
ktb ≤ kta

Expected

a takes recoil iff θab < θa

PanLocal (step 1)

decided in event frame:
a takes recoil if

θbg < θbq

better but still WRONG!
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Lund-plane representation: PanLocal evolution variable

log kt η = − log tan(θ/2)

E k
≤
1
2
m qq̄

q sideq̄ side

a b

b aa b

kt ordering

ktb recoil from q: OK

kt ordering

ktb recoil from a: not OK

v ∝ kte
−β|η| ordering

ktb recoil from q: OK

commensurate kt emissions generated from central to forward rapidities

⇒ no recoil issue
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kt ordering

ktb recoil from q: OK

kt ordering
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Lund-plane representation: PanLocal evolution variable

log kt η = − log tan(θ/2)

E k
≤
1
2
m qq̄

q sideq̄ side

a bb a

a b

kt ordering

ktb recoil from q: OK

kt ordering

ktb recoil from a: not OK

v ∝ kte
−β|η| ordering

ktb recoil from q: OK

commensurate kt emissions generated from central to forward rapidities

⇒ no recoil issue
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Kinematic maps

PanLocal (local ⊥ recoil)

pk = ak p̃i + bk p̃j + k⊥
pi = ai p̃i + bi p̃j − k⊥
pj = aj p̃i + bj p̃j

PanGlobal (global ⊥ recoil)

pk = r(ak p̃i + bk p̃j)

pi = r(1− ak)p̃i

pj = r(1− bk)p̃j

with r so as to conserve event Q2

+ transverse boost to conserve event Qµ.

Evolution variable v (v ≈ k⊥θβ)
Auxiliary variable(s): η̄, ϕ
(η̄ ≡ rapidity in event frame) Define:

|k⊥| = ρ v eβ|η̃| ρ =
(
2p̃i .Q p̃j .Q
Q2 p̃i .p̃j

)β/2

ak =

√
p̃j .Q

2p̃i .Q p̃i .p̃j
|k⊥| e+η̃,

bk =
√

p̃i .Q
2p̃j .Q p̃i .p̃j

|k⊥| e−η̃,
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A striking example

▶ Look at angle ∆ψ12 between two
hardest “emissions” in jet
(defined through Lund declusterings)

▶ quite large NLL deviations
in current dipole showers

▶ differences between
quark and gluon jets

▶ PanScales showers (here PanGlobal)
get the correct NLL

▶ ML could “wrongly/correctly” learn this

∆ψ12
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Beyond large Nc

Beyond
large Nc

(collinear
& soft)
spin cor-
relations

hadronic
collisions

Physics:

Keep track of the CF–CA/2 transitions

CA

CF CA

CF

CA

First generate assuming CA(/2), then
correct in one of 2 ways:

segment
factor 2CF/CA if in quark segment
OK in the angular-ordered limit

NODS
(soft) qq̄g matrix-element correction
also OK for 2 emissions at ∼ angles

Fixed-order tests:

0
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C
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E

q g1
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q g1
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PS FC
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as in pythia

WRONG
similar to
recoi earlier

perform as
expected
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Beyond large Nc

Beyond
large Nc

(collinear
& soft)
spin cor-
relations

hadronic
collisions

Physics:

Keep track of the CF–CA/2 transitions

CA

CF CA

CF

CA

First generate assuming CA(/2), then
correct in one of 2 ways:

segment
factor 2CF/CA if in quark segment
OK in the angular-ordered limit

NODS
(soft) qq̄g matrix-element correction
also OK for 2 emissions at ∼ angles

All-order tests:
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Hadronic collisions

Beyond
large Nc

(collinear
& soft)
spin cor-
relations

hadronic
collisions

Physics:

hadron collision
⇒ initial-state radiation

Consider Drell-Yan

existing showers have the same
recoil issue as for final state
earlier emission takes recoil instead of the Z

fix is essentially the same
(modulo kinematic differences)

includes colour and spin

so far limited to colour singlet
production

Tests:
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test of
DGLAP

10 7

10 6

10 5

10 4

10 3

10 2

10 1

f i(
x)

= di=d

10 7

10 6

10 5

10 4

10 3

10 2

10 1

= di=g

10 7

10 6

10 5

10 4

10 3

10 2

10 1

= di d, g 

10 3 10 2 10 1 100

x

0.990

0.995

1.000

1.005

1.010

ra
tio

Dipole-kt (local)
 s /mZ = 1000, yZ = 0

sL = 0.5
10 3 10 2 10 1 100

x

Dipole-kt (local)
 s /mZ = 1000, yZ = 0

sL = 0.5
10 3 10 2 10 1 100

x

Dipole-kt (local)
 s /mZ = 1000, yZ = 0

sL = 0.5

+ usual tests: Z -boson pt , event shapes

0.4 0.3 0.2 0.1 0.0
= sln ptZ/mZ

0.60
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0
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pp Z, s /mZ=5, yZ = 0

NLL test for ptZ, extrapolation s 0

Dipole-kt(local)
Dipole-kt(global)
PanGlobal( PS=0)
PanGlobal( PS=0.5)
PanLocal( PS=0.5, antenna)
PanLocal( PS=0.5, dipole)

-0.1 0.0
Mj, 1

Sj, 1

Sp, 1

Mj, 1
2

Sj, 1
2

Sp, 1
2

Mj, 0

Sj, 0

Sp, 0

Dipole-kt
(local IF)

-0.1 0.0

Dipole-kt
(global IF)

-0.1 0.0

PanLocal
( PS = 0.5,dip.)

-0.1 0.0

PanLocal
( PS = 0.5,ant.)

-0.1 0.0

PanGlobal
( PS = 0)

-0.1 0.0
lim

s 0
[ PS / NLL 1 ]  for = sL = 0.5

PanGlobal
( PS = 0.5)

s
{1

.5
62

5,
3.

12
5,

6.
25

}×
10

3 , 
=

18
, N

OD
S

NLL accuracy tests - pp Z

+ multiplicity, non-globals, beyond large-Nc , spin
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Matching within PanScales

Matching = exact fixed-order generator + parton shower resumming logs

Physics

Focus on e+e− collisions. We want

✓ exact qq̄g (O(αs)) distributions

✓ maintain NLL accuracy

Benefit: “NNDL” accuracy for event shapes(∗)

Σ(L) = h1(αSL
2)︸ ︷︷ ︸

DL

+
√
αsh2(αsL

2)︸ ︷︷ ︸
NDL

+αsh3(αsL
2)︸ ︷︷ ︸

NNDL

+ . . .

Implementation

Several possibilities:

simple multiplicative matching (accept

first emission with probability Pexact/Pshower)

MC@NLO-like matching

POWHEG-like matching (with β scaling

and careful veto to avoid double-counting when

switching from POWHEG to the shower)

(∗) Note: NkLL expands lnΣ(αsL, αS ) for “exponentiating” observables; NkDL directly expands Σ(αsL2, αs)
alternative viewpoint: NkLL takes the limit αsL ∼ cst with αs ≪ 1; NkDL takes the limit αsL2 ∼ cst with αs ≪ 1
practical implication: NLL requires an arbitrary number of single-logs ((αsL)n); NDL requires only one ((αsL)(αsL2)n)
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Accuracy tests

0.00
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PanLocal ( PS = 1
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2 )

Powheg +no-veto+PanLocal ( PS = 1
2 )

6 5 4 3 2 1
O = SDz > 0.25, SD=0 lnkt/Q
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PG
00

no matching

wrong matching
(no veto)

correct
matching

visible effect at large kt (right)

spurious effect if not careful

“correct” matching OK everywhere

2 0
C-parameter

Thrust
max u = 1

i

u = 1
i

FC1
2

max u = 1
2

i

u = 1
2

i

FC1
max u = 0

i

u = 0
i

BW

BT

y23

PanLocal
( PS = 1

2 ,dip.)

2 0

PanLocal
( PS = 1

2 ,ant.)

2 0

PanGlobal
( PS = 0)

2 0

PanGlobal
( PS = 1

2 )

* qq, sL2 = 1.296 (no matching)

lim
s 0

PS NNDL
s DL

s
=

0.
1

N
2
,N

{3
,4

,6
},

 li
ne

ar

no matching ⇒ wrong NNDL

with matching ⇒ OK at NNDL
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Accuracy tests
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wrong matching
(no veto)

correct
matching
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spurious effect if not careful

“correct” matching OK everywhere
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Thrust
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2

max u = 1
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u = 1
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i

BW

BT
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PanLocal
( PS = 1

2 ,dip.)
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PanLocal
( PS = 1

2 ,ant.)
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PanGlobal
( PS = 0)

1 0 1

PanGlobal
( PS = 1

2 )

* qq, sL2 = 1.296 (MC@NLO matching)

lim
s 0

PS NNDL
s DL

s
=

0.
1

N
2
,N

{3
,4

,5
},
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ne

ar

no matching ⇒ wrong NNDL

with matching ⇒ OK at NNDL
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Extra double-soft results: matrix-element tests

0.2

0.4

0.6

0.8

1.0

1.2

1 2(
sC

A
)2 |M

(k
1,

k 2
)|2

PGsdf
= 0

ab = 2
-12 < ln kt1 < -11
1 < y1 < 3
ln kt2

kt1
> -1

s = 0.1(fixed)
CA = 2CF = 3

double-soft matrix-element tests

double-soft ME
shower (no double-soft)

shower (with double-soft)

-8 -6 -4 -2 0 2 4 6 8
y21

1.0

1.2

1.4

1.6

ra
tio

double-soft
 correction

   shower(DS)
double-soft ME

10 4

10 3

0.01

0.1

1

1 2(
sC

A
)2 |M

(k
1,

k 2
)|2

qg1g2q

double-soft ME
             shower
(no double-soft)

                shower
(with double-soft)

qg2g1q

PGsdf
= 0

ab = 2
-12 < ln kt1 < -11
1 < y1 < 3
ln kt2

kt1
> -1

s = 0.1(fixed)
CA = 2CF = 3

-3 -2 -1 0 1 2 3
y21

10 5

10 4

10 3

0.01

0.1

1 2(
sC

A
)2 |M

(k
1,

k 2
)|2

qq1q2q

-3 -2 -1 0 1 2 3
y21

qq2q1q

colour flow and flavour separation

Correct reproduction of the double-soft matrix elements
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Extra double-soft results: multiplicity, δK

0 1 2 3 4 5
= sL2

1.2
1.0
0.8
0.6
0.4
0.2
0.0
0.2

lim s
0N

PS
N

NN
DL

sN
DL

no double-soft

NLO 2-jet matching
CA = 2CF = 8

3

PGsdf
= 0

PG = 0
PG = 1

2

0 1 2 3 4 5
= sL2

with double-soft

NLO 2-jet matching
CA = 2CF = 8

3

PGsdf
= 0

PG = 0
PG = 1

2

NNDL accuracy tests: Lund multiplicity

Reproduces NNDL multiplicity

0.3 0.2 0.1
= sln Emax

Q

0.25

0.00

0.25

0.50

0.75

1.00

1.25

1.50

NS
L(P

G
=

1 2
)

re
f

NS
L

SL

ref: PGsdf
= 0 with double-soft

|y| < 1, 2-jet NLO matching, CA=2CF=3, nf = 5

Energy in a slice: PG = 1
2

no double-soft
double-soft (only real)
double-soft (real + K)

Requires the correct KCMW

prescription
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Extra double-soft results: multiplicity, δK

10 100
Eslice [GeV]

0.00

0.05

0.10

0.15
1

d
dl

nE
sli

ce
 [G

eV
1 ]
e + e  jets, s = 2 TeV

NODS, 0.5 < x R < 2
CF = 4

3 , CA = 3, nf = 5
2-jet NLO matching

slice, |y| < 0.5

no double-soft

PGsdf
= 0

PG = 0

PG = 1
2

10 100
Eslice [GeV]

e + e  jets, s = 2 TeV
NODS, 0.5 < x R < 2

CF = 4
3 , CA = 3, nf = 5

2-jet NLO matching

slice, |y| < 0.5

double-soft

PGsdf
= 0

PG = 0

PG = 1
2

No large shift of central value but large reduction of the uncertainty estimates
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Example #1: Z -boson transverse momentum

0.00

0.02

0.04

0.06

0.08

0.10
1/

(p
tZ

<
m

Z
/4

)d
/d

p t
Z
 [G

eV
1 ] pp, s=13.6 TeV, Toy PDFs

Born: dd Z, yZ = 0

PanGlobal( PS=0) [NLL]

0.5

1.0

1.5

PanGlobal( PS=0) [NLL]

0.5

1.0

1.5

PanGlobal( PS=0.5) [NLL]

0.5

1.0

1.5

PanLocal( PS=0.5,dip.) [NLL]

0.5

1.0

1.5

ra
tio

 to
 P

an
Gl

ob
al

(
PS

=
0)

PanLocal( PS=0.5,ant.) [NLL]

0.5

1.0

1.5

Dipole-kt(global) [LL]

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
ptZ [GeV]

0.0

0.5

1.0

1.5

Dipole-kt(local) [LL] L
L
-a
cc
u
ra
te

d
ip
o
le

(∼
py
th
ia
)

N
L
L
-a
cc
u
ra
te

P
an

S
ca
le
s
sh
ow

er
s

Uncertainties:

renormalisation scale variation:
for NLL-accurate showers include compensation term to

maintain 2-loop running for soft emissions

factorisation scale variations (note: use of toy PDFs)

term associated with lack of matching for kt ∼ MZ

for LL showers: a term associated with spurious
recoil for commensurate kt ’s

Observations: Differences are relatively small except

at very small kt for dipole-kt (esp. w global recoil)

NLL brings significant uncertainty reduction
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Example #2: ∆ψ12

Drell-Yan, MZ = 91.1876 GeV

0 /4 /2 3 /4
| 12|

0.20

0.25

0.30

0.35

0.40

0.45

0.50

1/
N

 d
N

/d
|

12
|

pp, s = 13.6 TeV, Toy PDFs, anti-kt(R = 0.4)
Born: dd Z, MZ = 91.1876 GeV, yZ = 0
20 < pt1 < 30 GeV, 0.3 < pt2/pt1 < 0.5, ymax = 2.5, | y12| > 1.5

PanGlobal( PS=0) [NLL]
PanGlobal( PS=0.5) [NLL]

PanLocal( PS=0.5,dip.) [NLL]
PanLocal( PS=0.5,ant.) [NLL]

Dipole-kt(global)  [LL] 
Dipole-kt(local)  [LL] 

dipole-kt
(local)[LL]

dipole-kt
(global)[LL]

PanScales
[NLL]

Dipole-kt with global recoil (LL)
quite off

All others [local dipole-kt(LL) and
PanScales(NLL)] similar
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Example #2: ∆ψ12

Drell-Yan, MZ = 91.1876 GeV

0 /4 /2 3 /4
| 12|

0.20

0.25

0.30

0.35

0.40

0.45

0.50

1/
N

 d
N

/d
|

12
|

pp, s = 13.6 TeV, Toy PDFs, anti-kt(R = 0.4)
Born: dd Z, MZ = 91.1876 GeV, yZ = 0
20 < pt1 < 30 GeV, 0.3 < pt2/pt1 < 0.5, ymax = 2.5, | y12| > 1.5

PanGlobal( PS=0) [NLL]
PanGlobal( PS=0.5) [NLL]

PanLocal( PS=0.5,dip.) [NLL]
PanLocal( PS=0.5,ant.) [NLL]

Dipole-kt(global)  [LL] 
Dipole-kt(local)  [LL] 

dipole-kt
(local)[LL]

dipole-kt
(global)[LL]

PanScales
[NLL]

Dipole-kt with global recoil (LL)
quite off

All others [local dipole-kt(LL) and
PanScales(NLL)] similar

Drell-Yan, MZ ′ = 500 GeV

0 /4 /2 3 /4
| 12|

0.20

0.25

0.30

0.35

0.40

0.45

0.50

1/
N

 d
N

/d
|

12
|

pp, s = 13.6 TeV, Toy PDFs, anti-kt(R = 0.4)
Born: dd Z, MZ = 0.5 TeV, yZ = 0
20 < pt1 < 30 GeV, 0.3 < pt2/pt1 < 0.5, ymax = 2.5, | y12| > 1.5

PanGlobal( PS=0) [NLL]
PanGlobal( PS=0.5) [NLL]

PanLocal( PS=0.5,dip.) [NLL]
PanLocal( PS=0.5,ant.) [NLL]

Dipole-kt(global)  [LL] 
Dipole-kt(local)  [LL] 

At higher scale:
dipole-kt(LL) ̸= PanScales(NLL)

DANGER: false sense of control from
lower-energy info!
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Log counting for LL Event shapes

vcut

Soft-collinear:
O(αsL

2) + 1-ℓ αs

In the soft-collinear approx

vcut ≈ kte
−β|η|

(here β = 0)
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Log counting for NLL Event shapes

∫
-

Soft-coll: 2-ℓ αs +
O(α2

sL
2) R-V (CMW)

Hard collinear (virtual)
(from αsL)

Soft large-angle
(virtual)=0

Multiple real emissions
(from α2

sL
2)
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Log counting for NNLL Event shapes

∫
- +

Soft-coll: 3-ℓ αs +
O(α3

sL
2) R-V (CMW)

Hard collinear (virtual)
O(α2

sL) corrections
Multiple reals:

O(α2
sL) double-soft

New O(αs)
contributions

Freedon to reshuffle terms between different contributions

Example: double-soft
k1, k2 emission

Typical approach:
- define a massless k1+2 with same k⊥, η, ϕ as k1 + k2
- express the Sudakov using k1+2

- treat k1+2 → k1 + k2 as real double-soft correction
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Shower Sudakov drifts

The shower does not take the same prescription:
- generate a first emission k̃1
- generate a second branching k̃1 → k1, k2 (with correct k1, k2 matrix element)

∆K2

∆
K

1

∆
B
2

NNLL shapes magic trick

NNLL: enoug to get (soft-coll) average drift
between k̃1 and k1+2 (in k⊥ and y)!
−→ defines ∆K2, ∆K1 and ∆B2

Sumrules

For shapes, only
∫
dy∆K1 (∝ ⟨y⟩drift) matters

For exclusive observables (E in slice) full differential
∆K1 needed ⇒ powerful check

Same for triple-coll. region (not yet in PanScales)
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