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Introduction: gravitational waves detection

LIGO: First detection of Gravitational Waves (GWSs) in 2015

Many more black hole and neutron star mergers discovered by
the LIGO-VIRGO-KAGRA collaboration

Image Credit: EGO*
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New era of precision measurements of GWs
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Need for highly accurate GW templates,
especially in view of the future upgrades of
the LIGO/VIRGO/KAGRA network
and future missions such as
LISA, Einstein Telescope, Cosmic Explorer,
Decigo, Tian-Qin, GEO-HF
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New window to test physics beyond general relativity (GR)!
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LIGO-Virgo-KAGRA | Aaron Geller | Northwestern

Credit:LIGO-Virgo/Aaron Geller/Northwestern University*



Introduction: gravitational waves detection

vvvvvvvvvvvvvvvvv

022 (\
Analytic approaches p L _.
)
0.02 - gy
e | D LA A
|‘. \,l \14 |
S 008 I |
= Y :
J.18 ‘ —— inspiral + plunge K} - RlﬂngWH
I —-— merger + ring—down _
| ~ naive LSO |
028 - LSO - Black Hole
| | M v 14 - Perturbation
Inspiral 038 | b o-LSO " Theory (BHPT)
048 - e S T S
200 -100 0 100
t/M

Numerical Relativity

Merger

lllustration Credit: Max-Planck-Gesellschaft*



Quantum tam]o[itucfes
and Gravitational Radiation



Quantum Amplitudes and Classical Observables

* Focus: Classical scattering problem in GR

Flat background:
2

Sy = M M, ¢

Large separation:
R b

How can we describe this problem using Scattering Amplitudes computed in QFT?



Quantum Amplitudes and Radiation Observables

2 workhorses

KMOC formalism On-shell methods
Kosower, Maybee, O'Connell Arka"i;‘)&(‘i':,‘ﬁgbg-%jggi_l Huang

[arXiv:1811.10950]

Cristofoli, R. Gonzo, D. A. Kosower, D. O'Conneli
[arXiv:2107.10193]
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Quantum Amplitudes and Classical Observables

Why employ quantum amplitudes for classical calculations?

» Computations organized in perturbative expansion with Lorentz covariance preserved at each step
» Often, analytic results in places where only numerical results previously available

 Can exploit many modern techniques used in particle physics to simplify calculation

 Easy to include spin of the colliding objects

- Can be easily applied to relevant theories such as QED or GR

» Can be straightforwardly extended to beyond GR predictions

One downside is that amplitudes naturally give scattering observables, while phenomenologically bound systems are more relevant.
The problem of bound-to-boundary continuation is not fully solved yet
Alternative formalism of WEFT where this particular problem is absent



KMOC formalism

One can define GR radiation observables as vacuum expectation values of metric field operators and its derivatives

GR R,uv = 0ut<l//‘ h/,ty(x) ‘ W)out

or gauge invariant R//tvaﬁ = out<W| R,uvaﬁ(x) ‘ Vf)()ut Rh = out<'7”‘ h*(x) | Vj) Outeﬂ_b

Given radiation observable R, one defines waveform W, as

W, (1)
R, (x) = L x| = o t=x"—|x|
: ‘x ‘ retarded time

Furthermore one defines spectral waveform or waveshape f, as Fourier transform:

fr(w) = Jdte DLW, (1)



KMOC formalism
P evvor oy o

Rh - 0ut<l//‘ h//w(x) ‘ W) oute//t_v

| l//> out — S| l//> n = R,= in<l//‘ \) Th'w(x)S | W>in€,u—v ‘in-in observable’ | W), = I 5[ | d@(p)fi(p)e™" ]| pipadin

The radiation observables depends on an amplitude-like object

H distinct from ordinary S matrix elements

_ oV [W)in = W1 S 19

h L~ qu)k ain(k) e—ikx +h.c = Rh S in<l//‘ STain(k)S ‘ l//>in "generalized amplitude”,

It can be related to usual S matrix elements via

V| STain(k)S“”)in = [dDyx (¥l \Y | X)in X a,(OS ), = | dDx (W] \Y | X)in Xk S|y)in Expy, =

In the following the "in" label dropped to reduce clutter


spires-search://a%20cristofoli,%20andrea
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spires-search://a%20o'connell,%20donal

Quantum Amplitudes and Radiation Observables

R, ~ |d®y . (y|ST|X). . (Xk|S|y): In terms of usual amplitudes S = 1 + i6*(p). A

R, ~ (yk| A |y) + [dq)x (w| AT | X)Xk | A | w)

-+ Clltllgf :

Contains Cut terms cancel
superclassical superclassical

terms M ~ e terms

Well defined
In classical limit



Quantum Amplitudes and Radiation Observables

Classical limit of R, is the leading term
under the classical (soft) scaling

momenta of matter ho
particles representing pl _> l

classical object

masses of matter particles ml _> h ml

momentum transfer

for matter particles ql —> h 1 ql

q; = p; — D;

momenta of radiation quanta k _> h k
spins of matter particles S —) h S



Quantum Amplitudes and Radiation Observables

Loop
expansion

Kepler's law

1
bM3,

V2

Expansion in QFT vs in classical GR for 2-to-2 scattering

OPN 1PN 2PN 3PN 4PN
1 V2 V4 V6 V8
1PM s o Yy ' 'Y
Mg Mg, Mg, Mg, Mg,
1 V2 V4 V6
2PM Ar4 Y Y e
My My | My | Mg
1 v2 W
3PM 76 — —
Al& Aﬂ% Al&
1 V2
4PM YTy o
Mg, Mg,
1
SPM 710
Mgy
Velocity
expansion

1
bM3,

tree level ~

1 R, 1

1-loop ~ o ™ % a2

2-loop ~ Lo 5§>2 :
b3ME b ) bM3

3-loop

4-loop

Schwarzshild radius




Waveforms from amplitudes

. = . Y(p.)ePibi .
The rest is an exercise in wave function integration and extracting the leading 1/|x| behaviour ‘ llj)ln o Hl=1,2[dq)(pl)fl(pl)e | ‘p1p2>ln

At leading PM order KMOC formalism relates spectral waveform to integral of 5-point amplitude.

lg, ’ 1
fh(a)) — 3 J'd:u%tcrlee[pl + Wi, P + Wy = P15 P2 k]|k=a)n >
647°m;m,
du = 54(W1 + W, — k)HizLz[eibiwid‘lwié(uiwi)] @
Integration measure
232 {92

In fact, not full 5-point amplitude but just its certain residues are needed to calculate the integral!

Calculation can be extended to one-loop level

F = £ I




On-shell calculation cf
gmvitationaf amjafitucfes



Quantum Amplitudes and Classical Observables: On-shell methods

Quantum Mechanics + Poincaré
invariance, locality and unitarity




Quantum Amplitudes and Classical Observables: On-shell methods

Quantum Mechanics + Poincaré
invariance, locality and unitarity

on-shell Spinor
helicity

way formalism




Quantum Amplitudes and Classical Observables: On-shell methods

Basis building block are on-shell 3-point amplitudes

Pure general relativity

1 (12)°
Mp; (13)*(23)*

h 1 [12]°
172+ 37) = .
fwm ﬂ( ’ h’3h) Mpl [13]2[23]2

M(1},,2},3)0) =

|n) = A
n] = A

n



Quantum Amplitudes and Classical Observables: On-shell methods

Basis building block are on-shell 3-point amplitudes

Spinning matter representing black holes

g,
o) =R ’
)= e :
-
|n)y =4,
|n] = ,fn




Quantum Amplitudes and Classical Observables: On-shell methods

Basis building block are on-shell 3-point amplitudes

Spinning matter representing black holes

lg,
3| p | TP ,
Classical MM 162837 | = Sl ‘g > exp(+p;a,)
imit Mpil 3¢
2 h
(Clp1|3]
M1 5253 = exp(—paa;)
o] = = o 3i
Spin 251
vector
|n) = 4,
n] =1,




Quantum Amplitudes and Classical Observables: On-shell methods

Basis building block are on-shell 3-point amplitudes

S Blplgr 1 (12)¢
M 162835 = —— exp(+p5a,) M(15.2;,,37) =
162537 Mo [32] 34 % (15,2;,,3;) = Mp; (13)2(23)2
(1p 131 1 1216
%Cl[1®2&>3ﬂ — exp(—psa;) 1+ 7+ 37} — [
Mp(38)* 231 My, [1312[23]2

Build higher—pomt amplitudes (up to contact terms)
from their residues at kinematic poles in the complex plane

151 1/51
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Quantum Amplitudes and Classical Observables: gravitational waves

t—bn . U;
Waveform in GR calculated as expansion in spin Wh — W(O) + W(l) + ... I, =— : i y = Uy = :
h h (i;n)b y-—1 V1-=v2
2 2
mm | F@2)) +(F5)
At leading order W}(lo) = — L - 9?{ ( 1 ) - ( - ) + (1 « 2)
S1222M3b(n)2\ /7> — 1 4/22 + 1 y(lon) — (yn) + z(bn) + /22 + 1(Fn) J =1,
F1(2) = (n]| (44, + 2yziiyb + zbily + 2iy\/ 7% + 14,5 + W 2> + 1\7&2) | )
F5@) = {(n| (@, —zb— i z* + 17)il, | n)
dP
Emitted power in gravitational waves d_gzh =2|9,W, k
T T For |t| < b/v in the rest frame of particle 2
1 ] . mym A A
V=099 | oW = — e720—— =3 Q)bA) +i(¥ X b) - At pv+ O(?)
1672M3 b2
0.01" Iy :
, e | velocity suppression
Emitted power
s 107 * (0) ) /
Q_ I v=20.1 ] dPh m1m2 AA2"A2 A - AND p) 3
A e B U = (i) (bn)~+ ¥ Xb -n)*|v-+ O(V)
107°" ) dQ 1287+ M8 b*
v =0.01 Pl
107°F Total emitted power
2.2
-101_, L | | m m
19770, 05 1 5 P(O) — L :

y
t/b ho 80m3MS b



Quantum Amplitudes and Classical Observables: gravitational waves

0) (1) I—bn A U 1
Waveform in GR calculated as expansion in spin W, = W( + %4 + ... I =— Ui= = =
' d 1 1
W;EI)(I) - T < *9?{ . [ Ala, b] = (A acbsl)
512m202 M3 /7? — 1@ n)? 4z \\/22 + 1 y(ipn) — (d;n) + z(bn) + i/ 722 + 1(In) O = n
2
< Eam; + (a; + a) (yity — ii; + zb + iV 2% + 1\7)#) <A[121, il,] — Alzb + iV 7> + 19,2y, — ﬁ2]>
un
2
+ (Ealn; —(a + @)y, — iy + b+ iV F 1\7)ﬂ> <A[121, i) — Alzh + iVZ2 + 17, ﬁ2]>
un
-2 <A[ﬁ1, U,] — Alzb + 1\ 72+ 1v,2yi, — 122]>
« <7/\[ﬁl,al] — Al @] — (/2 = DALy, fiyy 2B + iV 722 + 17, a1]>] }) +(1s2). For |t| < b/v in the rest frame of particle 2
|z=T,
oW = — =212 ) iGa )1 — Gn)?| + (bay) |5 x b - ) — i(bi)(P)]
f 6472b3 M3,

~ B xb - ay)[(bR) +iPRYP X b - )] }v + O(V?)

Emitted power

1 2.2
dP}(l ) mim,

dQ  25674MS b3

[1 - (n)?] {(fzaz)(ﬁ xb i) — X b - ay (i) }v2 + O(V?)

Total emitted power

PV = O(vY)



Scalar radiation in

scalar-tensor theories



Scalar-Tensor Theories

Scalar-tensor theories have long stood as

popular direction to study extensions of GR

SGR[g,uy] — SST[g,uya ¢]
They consist of gravity theories with the introduction
of an additional massless scalar degree of freedom

Example: Scalar Gauss-Bonnet and Dynamical Chern Simons gravity

M
G Jd4 PL J=8R + Ssgu pesldh 8l + Syl A ($)g,,]

Chern Simons invariant

Gauss Bonnet invariant

R¥"°R,, . —4R"R,, + R*

GW observations
constrain them!

Phys.Rev.Lett. 126 (2021) 18, 181101
[Silva, Holgado, Cardenas-Avendano, Yunes]

Phys.Rev.D 107 (2023) 4, 044030 [Silva, Ghosh, Buonar

Ssampes = | 47812 L (1)% + T RR) + b (040, p)] etk o s

Experimental window:

i} AP b, Va NG
(@) = c:()nst+ocMPl F O(¢”) (@) = const+ocMPl F O(¢”) ~ < 0.22km , ~ < 9.5km



Scalar-Tensor Theories: scalar hair

Compact objects can acquire scalar hair in scalar-tensor theories
This is the case for black holes in SGB and DCS

“Monopole hair”

“Dipole hair”

configuration of the

field ¢» — Scalar hair o ’ ¢=7+ﬁ+
4
L MPI
BH solution in ST theory C.~Q
§ A’m?
n

How can we model this behaviour with amplitudes?



Scalar-Tensor Theories: scalar hair on shell

AA, Marinellis
2411.12909
We model the black hole as a point-particle -
interacting with the scalar field via an effective metric 8 =¢exp|C (M—) Suv
(scalar conformal coupling) B
3-point amplitudes for arbitrary spinning black holes: explc(i)] 1o ?
P Mp, Mp,
1
W e 23 ¢, (21)%[21]>
3,bos L1 ® <P, = _ : .
’ Mp,  m>>? In the classical limit
Mo T 203] = — G QL1211 1221y +[21]) 0 Mo ¢  conformal coupling is spin-independent!
3,ferm.L -V »<Y¥ ~pl — MPZ m%S_Z 9
M1y 253,] = — 2"
@, 14D —
251 n n ¢ MPZ
At the lagrangian level for any spin
coupling can be obtained by mass redefinition: Classical conformal coupling
m — eC/zm maps to monopole charge

In scalar tensor theory



Scalar-Tensor Theories: amplitudes




Scalar-Tensor Theories: amplitudes

- Z %5(1[(171 T Wl)q)l(_pl)ci)l(_k)éb(wz)i]%d[(pz T W2)®2(_p2)®2(_wz)i]
1=h,p

One finds the pole part of the residue to all orders in spin,
plus contact terms in systematic expansion in spin vector

Part originating from pole terms in 4-point amplitude

. { (kw)[(pypy)* — —m1 ‘m3] + m3(pk)* — 2(ppy)(p1k)(pyk)
U —
M,

cymi cosh(w,a,)

(p1k)?

| lclml (plpz)p oVPwTe  sinh(wads) 262m2 2(p,k)*cosh(w,a,) + c;mi(p,k)*cosh(w,a,)
! o 242

(pkz 1 2 w?

208,,p6D [ k*wg sz22 sinh(wa,) s 1M 1(P2k)
: a’(p,k) | sinh(w,a,)
2) 1 \P1 p2 22
Wl widy plk
Part originating from contact terms in 4-point amplitude
CVec,m?m? CVe,mim? )
200011102 1 20712 —_



Scalar-Tensor Theories: scalar waveforms

Scalar radiation observable R¢ = Out(l//\ ¢(x) \ l//)out
Wi (1)
Scalar waveform RX(X) - ‘X | \x\ — OO [ = xO — \x\
X

Using KMOC one can relate the scalar waveshape to the residues of the 5-point scalar emission amplitude

1 00 dzeib1k+iz(ﬁ1k)b 1
f(p(a)) = {
64n2mimn/y? — 1) \/22+1 2
R(wy — (1) [yl — iy + 2b+iN/ 22 + 19]) + R(wy — (1K) [yity — iy + 2b — iv/ 2% + 17]) } k = wn

+(1 < 2)

From this, waveform is calculated via inverse Fourier transform

 dw .
WD) =J 5 Q)



Scalar—Tensor Theories: scalar waveforms

Wy =W2+ Wl +.

LO Scalar Waveforms-Spinless part:

{

mm, 1

322 M3 /7?2 — 1(i,n)%b \/ L+ 717

0) _
W

Emitted power
dp,
719

— (atqu)z

I—bn
I; =
(U;n)b

(y* — 1)[01(072”)2 + Cz(ﬁﬂl)z] [y (ityn) —

U;

\/V—l

}/:

\/1—V2

(4,n) + (bn)T,]

[ — (@n) + y(@in) + (bn)T1% + (Hn)*(1 + T7)

¢ (@yn) + (272 = 3)y(dn) —

2y — 1)(bn)T,

cO

2

ye—1

2

Contact term
In 4-point matter-scalar
scattering amplitude

~

cz(ﬁln)} + (1 & 2)

0.001

10_4?

v=10""

v=0.9

6
Pl

cimim3
h4

In units of

10~" -
’ 0.1

10
t/b

100



Scalar—Tensor Theories: scalar waveforms

(0) (1) I—bn .
W W +W -+ . T = i, = y = i, =

© o (@n)b \/72— 1 \/1—V2

LO Scalar Waveforms-Spinless part

mpm, 1 { (}’2 — 1)[61(072”)2 + Cz(ﬁﬂl)z] [y(i,n) — (iyn) + (IBH)T1]

w0 — =
[ — (@n) + y(ipn) + (bn)T1 1> + (On)*(1 + T7)

’ 32m2M3n/y% — 1(in)b \/ L+ 77

A A 7 0
¢, (yn) + 2y = () — 2> = DT, P
| c(in) p + (1 & 2)
2 2 — | 2
Center-of-mass frame, non-relativistic limit of small relative velocity v.
PN expansion of the waveform independent of contact terms at this order

Phys.Rev.D 85 (2012) 064022, Phys.Rev.D 93 (2016)

mm (C’ — C ) (f’ﬁ) A [ 2029902 [Yagi, Stein, Yunes, Tanaka]
W(O) - M — + (bn)— + O(V) Class.Quant.Grav. 39 (2022) 3, 035002 [Shiralilou,
¢ 64 71-2 M Sl b Vv b Hinderer, Nissanke, Ortiz, Witek]

Agreement with existing

Emitted power in the limit of of small velocity classical results for SGB!

2.2
mym B ,
Pq(bo) — 13 26 . (Cl T C2)2 + O(V) —- P(O) B 4717%1 szPI(Cl Cz) 0(V9)
3U72m MPlb Kepler's law ¢ 3(m1 m2)4
1 87ZMPV 0
’ ml + ;772 In particular, g ~ i

P,0) V2



Scalar-Tensor Theories: scalar waveforms

Comparison beyond leading PN order for quasi-circular orders

Amplitudes Classical Class.Quant.Grav. 39 (2022) 3, 035002 [Shiralilou,
Hinderer, Nissanke, Ortiz, Witek]
mim? -
PO = L2 (¢, —c)? higher PM
% 3072x3ME b+ . 2 _ 4 _
o Pl i : Eg — chiﬂ (G‘;‘m> {2182 + 15862 (Gi‘m [(—23 +—107 — 108, + 10%”&) S2
mims | (¢; + ) (c; +¢)(c; — ) my —m, (c; — )
+ + (6 — 1) Am N SAY) 5 10Am
w3M8b* 3840 3840 my + my 7680 _QW‘S*S‘ + 07 287+ 2?‘9*8‘ + (6 — n 4+ 55)S2 — ?WS‘ (S:fL+S8S_5)
_ 0) _ (0)
(¢ Cz)(mzczq m1€1C2 ) +1WTOS_ (ShBy + S 8_)| + 7 [?Si — 8%”&8_ + (977 — % — 10&) S? — %& (S+8+
1536(m; + m,) 30 A 10 120
o FS_Bo) + =S (8B + S Bo) —— S (S_fy +SBo) + — (84 B+ +8-8-)° )
(ci—0)" t ] 5 vom 8k 8
— V , / —
1536 b2 _am (O‘f (¢0_>5—5+) <3+ n A—ms_) [_9¢2 L3 2G“m] roe
m 6 c? Var? m r

irrelevant for quasi-circular orbits

suppressed by more powers of distance



Scalar-Tensor Theories: scalar waveforms

_ 0 1
Using amplitudes it is straightforward to continue beyond linear order in spin W¢ — W; ) + Wg(b ) + ...

one more power

of impact parameter\. 0 ( 1

W(l) _ nyn,
b 3mMELAA ) 02\ /2 4 1
i }/ (12271) | Cz(ljt\ln)

X — —
7P =1 yon) = (@n) 4+ 2(n) + V2 + 1Gn) ] y(dn) — @yn) + 2(Bn) + /22 + 1(5n)

Re{ C [Z(\'?n) — i\/ s l(l;n)] [ — (lha,) + Z(Eaz) + i\/ 7>+ l(ﬁaz)] a. =

x | [iv/2% + 1(bn) — z(5n)| (iay) + [r(n) + i/ 22 + 1 (y(dyn) — don) | (bay) + [z(dn — y(iyn)) — y(bn)| (Va,)

CDe, T N ]
1O (ii;n) [}/(ﬁzal) + Z(bal)] — (a;n) }) | + (1 & 2)
New contact term 2\/},2 —11 _ 1

W(l) _ nyn,

¢ 3272 M3,b?

{ sty — ) - §(9 b ) 4 [,V — e, | -

+v [claz — czal] : [23(\7 xb - i)+ VX 3(31%)] + % [chz(l)az — czCl(l)al] -V i}

Linear-in-spin correction to emitted power

+0&v2) .

P(l) _ mlzmzz(cl o Cz)
¢ 76873M8,b>

(¥ x b) - [claz — czal] %



Scalar-Tensor Theories: gravitational waveforms

— w0 (D
W, =W+ wh 4 .

LO Gravitational Waveforms-Spinless part:

C1CHM M 1
AW}EO) _ S UOUL) : Re{
S1272M3n/v? — 1(in)2b \/1 + T2

(A lyityo + Tybo + i\/ T? + 1d0o)i,64,)°

} +(1o2).
Y(fin) — (Giyn) + T, (bn) + i\/ T2 + 1(n)

dP
Emitted power in gravitational waves —r=9 | o,W, k . .
df2 Correction of emitted power due to scalar exchange

0.010+
0005i v <0.1
nd
O
S 0.001 o
D\_‘5.><’IO_4 B
S
3
— 1.x107%4 .
5 x10—5 V=O.99£
1 10_5 | T S T S L L R
™ 0.1 5 10 50 100

t/b



Scalar-Tensor Theories: gravitational waveforms

— ) (D
W, =W+ wh 4 .

LO Gravitational Waveforms-Spinless part:

C1C~H M 1
AW;EO) _ [=207817 152 - Re{
S1272M3n/v? — 1(in)2b \/1 + T2

(A lyityo + Tybo + i\/ T? + 1d0o)i,64,)°

} +(1o2).
Y(fin) — (Giyn) + T, (bn) + i\/ T2 + 1(n)

Suppression compared
10 to scalar radiation
el ] i
0(a) in agreement with
classical literature

Phys.Rev.D 85 (2012) 064022, Phys.Rev.D 93 (2016)
2, 029902 (erratum) [Yagi, Stein, Yunes, Tanaka]

Class.Quant.Grav. 39 (2022) 3, 035002 [Shiralilou,
Hinderer, Nissanke, Ortiz, Witek]

dpP, y2  |For closed orbits| ;p,
—h h

~N—  —
dQ |50 b 4O

In fact, at leading PN order emitted power rescaled compared to GR by factor 1 + ¢¢,



Summary

Classical observables often can be efficiently calculated using quantum
amplitudes in the framework of the KMOC formalism

One very fruitful application of this formalism is to calculate corrections
to the gravitational potential and gravitational waveforms from systems
of compact objects in general relativity

The formalism can be readily extended to scalar-tensor theories of
gravity, where both gravitational and scalar radiation is present

Results for emitted power in gravitational and scalar waves found in the
classical literature are reproduced in the KMOC approach. We also
derive novel results at higher PN and spin orders



