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CMB PHOTONS VS. ELECTRONS

Free 
electrons

Thomson scattering

CMB 
photon

CMB 
photon

Free 
electrons

Kinetic Sunyaev-Zel’dovich
effect

• Photon scattered away from the line of 
sight

→ T anisotropies 
• Scattered light is polarised

→ E, B anistropies

• Doppler shift
→ T anisotropies 
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CMB SCATTERING: HOMOGENEOUS REIONISATION

POLARISATIONTEMPERATURE

τ = 0.054 ± 0.007
(Planck+2018)

Reionisation history

See, e.g., Gorce+2022, Qin+2020, Stéphane’s talk 
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CMB SCATTERING: PATCHY REIONISATION

see, e.g., Aghanim+1996, Dvorkin & Smith 2009, Roy+2018, 2020, Gorce+2020

POLARISATION TEMPERATURE

+ y-distortions… (Iliev+2024)

Reionisation is a patchy process which imprints the CMB.
B

B
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CMB VS. REIONISATION: MODELLING
B
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Thomson scattering kSZ effect

Reionisation
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Thomson scattering kSZ effect
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Global 
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CMB VS. REIONISATION: MODELLING
B

B
 

Thomson scattering kSZ effect

Distribution of electrons:
(patchy) reionisation

Global 
reionisation history
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Need a model to describe the cosmological time-evolution of sky-averaged ionised fraction

MODELLING REIONISATION HISTORY

see, e.g., Douspis+2015, Planck XLVII 2016

zend zearly

⍺
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Need a model to describe the cosmological time- and scale-evolution of electron density

MODELLING COSMIC ELECTRON DENSITY

EMMA simulation (see Aubert+2015, Chardin+2019)

Power spectrum of electron density fluctuations throughout EoR
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Fig. 1. Free electrons density contrast power spectrum for a box filled
with enough bubbles of radius R = 15 px = 5.5 Mpc to reach a filling
fraction f = 1%. Points are results of a numerical computation of the
power spectrum, compared to the theoretical model (solid line). The
dotted vertical line corresponds to k = 1/ R, the dashed vertical line to
91/ 4/ R, thedashed horizontal lineto 4/ 3⇡R3/ f and thetilted dashed line
hasslope k−4.

bubbles of radius R = 15 px = 5.5 Mpc5 to reach a fill-
ing fraction f = 1% in a box of 5123 pixels and side length
L = 128/ h Mpc. We compare the expression in Eq. (11) with
power spectrum values computed directly from the 3D field and
find a good match. On very small or very large scales, the win-
dow function behaves as:
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so that Pee(k) ⇠4/ 3⇡R3/ f i.e. isconstant (seedashed horizontal
line on the figure) on very large scales and has higher ampli-
tude for smaller filling fractions. On small scales, the toy model
power spectrum decreases as k−4 (see tilted dashed line on the
figure). Theintersection point of thehorizontal and tilted dashed
lines on the figure corresponds to k = 91/ 4/ R (dashed vertical
line), hinting at a relation between the cut-o↵ frequency and the
bubblesize. Note that Xu et al. (2019) find asimilar feature, also
related to the typical bubble size, in thebiasbetween theH i and
matter fields.

This behaviour is close to what we observe in the free
electrons density power spectra of our six simulations in the
early stages of reionisation as can be seen on the r ight panel
of Fig. 2, showing Pee(k, z) for thefirst of our six simulations.
Therefore, we choose in this work to use a direct parameterisa-
tion of the scale and redshift evolution of Pee(k,z) during reion-
isation and calibrate it on our simulations. The parameters, ↵0

and , aredefined according to:

Pee(k,z) =
↵0 xe(z)

−1/ 5

1 + [k/ ]3xe(z)
. (13)

In log-space, on largescales, Pee hasaconstant amplitudewhich,
as mentioned above, depends on the filling fraction and there-
fore reaches its maximum ↵0 at the start of the reionisation

5 The bubble radii actually follow a Gaussian distribution centred on
15 px with standard deviation 2 px.

process, when the variance in the free electron field is maxi-
mal (see Sec. 5.1). It then slowly decreases as xe(z)

−1/ 5. Be-
fore the onset of reionisation, despite the few free electrons
left over after recombination, the amplitude of Pee is negligi-
ble. This constant power decreases above a cut-o↵ frequency
that increases with time, following the growth of ionised bub-
bles, according to xe(z)

−1/ 3. There is no power above this fre-
quency, i.e. on smaller scales: there is no smaller ionised region

than rmin(z) = 2⇡x
1/ 3
e / at this time. For empirical reasons, we

choose the power to decrease as k−3 and not k−4 as seen in the
theoretical power spectrum on small scales. This di↵erence can
be explained by the fact that in our simulations, small ionised
regions will keep appearing as new sources light up, maintain-
ing power on scales smaller than the typical bubble size. Addi-
tionally, the density resolution will allow correlations between
regionswithin agiven bubble, whereas in thetoy models ionised
bubblesareonly filledwith ones. Thecomplexity of theelectron
density contrast field is illustrated for one of the six simulations
used in this work on Fig. 2: theunderlying matter field is visible
within the ionised regions.

Once reionisation isover and all IGM atoms are ionised, the
fluctuations in free electrons density follow those of dark matter
on large scales (k < 1 Mpc−1). On smaller scales, gas thermal
pressure induces a drop in Pee(k,z) compared to the dark mat-
ter. To describe this evolution at low redshifts, we choose the
same parameterisation as Shaw et al. (2012), given in Eq. (14),
to describe the gas bias bδe(k,z)2 = Pee(k,z)/ Pδδ(k,z) but adapt
the parameters to our simulations, which however do not cover
redshifts lower than 5.5:

bδe(k,z)2 =
1

2

"

e−k/ kf +
1

1 + (gk/ kf )7/ 2

#

(14)

We find kf = 9.4 Mpc−1 and g = 0.5, constant with redshift.
Our values for kf and g are quite di↵erent from those obtained
by Shaw et al. (2012), as in their work power starts dropping
between 0.05 and 0.5 Mpc−1 compared to k ⇠3 Mpc−1 for our
simulations. This can be explained by our simulations making
use of adaptive mesh refinement, therefore resolving very well
the densest regions, so that our spectra are more sensitive to the
thermal behaviour of gas. This model, where kf and g are con-
stant parameters, is a very basic one. It will however be suffi-
cient for this work since we focus on the patchy component of
thekSZ e↵ect, at z≥ 5.5. Additionally, aswewill show later, the
scales mostly contributing to the patchy kSZ signal correspond
to modes 10−3 < k/ Mpc−1 < 1 where Pee follows the matter
power spectrum, so that a precise knowledge of bδe(k,z) is not
required. In the future, if we want to apply our results to con-
strain reionisation with the measured CMB temperature power
spectrum, we will need a better model as the observed signal
will be the sum of homogeneous and patchy kSZ, with the for-
mer dominating on all scales.

To account for thesmooth transition of Pee from apower-law
to a biased matter power spectrum, illustrated in the right panel
of Fig. 2, we write the final form for the free electrons density
fluctuations power spectrum as

Pee(k,z) =
⇥
fH − xe(z)

⇤
⇥

↵0 xe(z)
−1/ 5

1 + [k/ ]3xe(z)

+ xe(z)⇥bδe(k,z)2Pδδ(k,z),

(15)

for fH = 1+ Yp/ 4Xp ' 1.08, with Yp and Xp theprimordial mass
fraction of helium and hydrogen respectively. The total matter
power spectrum Pδδ is computed using the Boltzmann integra-
tor CAMB (Lewis et al. 2000; Howlett et al. 2012) for the linear

Article number, page 4 of 14

Early times: power-law

𝛼0𝑥𝑒(𝑧)
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• α0 : constant amplitude on large scales ⟷ variance of the field
• κ: drop-off frequency ⟷ minimal size of ionised regions

Gorce+2020

Need a model to describe the cosmological time- and scale-evolution of electron density
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Fig. 1. Free electrons density contrast power spectrum for a box filled
with enough bubbles of radius R = 15 px = 5.5 Mpc to reach a filling
fraction f = 1%. Points are results of a numerical computation of the
power spectrum, compared to the theoretical model (solid line). The
dotted vertical line corresponds to k = 1/ R, the dashed vertical line to
91/ 4/ R, thedashed horizontal lineto 4/ 3⇡R3/ f and thetilted dashed line
hasslope k−4.

bubbles of radius R = 15 px = 5.5 Mpc5 to reach a fill-
ing fraction f = 1% in a box of 5123 pixels and side length
L = 128/ h Mpc. We compare the expression in Eq. (11) with
power spectrum values computed directly from the 3D field and
find a good match. On very small or very large scales, the win-
dow function behaves as:
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so that Pee(k) ⇠4/ 3⇡R3/ f i.e. is constant (see dashed horizontal
line on the figure) on very large scales and has higher ampli-
tude for smaller filling fractions. On small scales, the toy model
power spectrum decreases as k−4 (see tilted dashed line on the
figure). Theintersection point of thehorizontal and tilted dashed
lines on the figure corresponds to k = 91/ 4/ R (dashed vertical
line), hinting at a relation between the cut-o↵ frequency and the
bubblesize. Note that Xu et al. (2019) find asimilar feature, also
related to the typical bubble size, in the bias between the H i and
matter fields.

This behaviour is close to what we observe in the free
electrons density power spectra of our six simulations in the
ear ly stages of reionisation as can be seen on the r ight panel
of Fig. 2, showing Pee(k,z) for thefirst of our six simulations.
Therefore, we choose in this work to use a direct parameterisa-
tion of the scale and redshift evolution of Pee(k, z) during reion-
isation and calibrate it on our simulations. The parameters, ↵0

and , aredefined according to:

Pee(k,z) =
↵0 xe(z)

−1/ 5

1 + [k/ ]3xe(z)
. (13)

In log-space, on largescales, Pee hasaconstant amplitudewhich,
as mentioned above, depends on the filling fraction and there-
fore reaches its maximum ↵0 at the start of the reionisation

5 The bubble radii actually follow a Gaussian distribution centred on
15 px with standard deviation 2 px.

process, when the variance in the free electron field is maxi-
mal (see Sec. 5.1). It then slowly decreases as xe(z)

−1/ 5. Be-
fore the onset of reionisation, despite the few free electrons
left over after recombination, the amplitude of Pee is negligi-
ble. This constant power decreases above a cut-o↵ frequency
that increases with time, following the growth of ionised bub-
bles, according to xe(z)

−1/ 3. There is no power above this fre-
quency, i.e. on smaller scales: there is no smaller ionised region

than rmin(z) = 2⇡x
1/ 3
e / at this time. For empirical reasons, we

choose the power to decrease as k−3 and not k−4 as seen in the
theoretical power spectrum on small scales. This di↵erence can
be explained by the fact that in our simulations, small ionised
regions will keep appearing as new sources light up, maintain-
ing power on scales smaller than the typical bubble size. Addi-
tionally, the density resolution will allow correlations between
regionswithin agiven bubble, whereas in the toy models ionised
bubblesareonly filledwith ones. Thecomplexity of theelectron
density contrast field is illustrated for one of the six simulations
used in this work on Fig. 2: the underlying matter field is visible
within the ionised regions.

Once reionisation is over and all IGM atoms are ionised, the
fluctuations in free electrons density follow those of dark matter
on large scales (k < 1 Mpc−1). On smaller scales, gas thermal
pressure induces a drop in Pee(k,z) compared to the dark mat-
ter. To describe this evolution at low redshifts, we choose the
same parameterisation as Shaw et al. (2012), given in Eq. (14),
to describe the gas bias bδe(k, z)2 = Pee(k,z)/ Pδδ(k,z) but adapt
the parameters to our simulations, which however do not cover
redshifts lower than 5.5:

bδe(k,z)2 =
1

2

"

e−k/ kf +
1

1 + (gk/ kf )7/ 2
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(14)

We find kf = 9.4 Mpc−1 and g = 0.5, constant with redshift.
Our values for kf and g are quite di↵erent from those obtained
by Shaw et al. (2012), as in their work power starts dropping
between 0.05 and 0.5 Mpc−1 compared to k ⇠3 Mpc−1 for our
simulations. This can be explained by our simulations making
use of adaptive mesh refinement, therefore resolving very well
the densest regions, so that our spectra are more sensitive to the
thermal behaviour of gas. This model, where kf and g are con-
stant parameters, is a very basic one. It will however be suffi-
cient for this work since we focus on the patchy component of
thekSZ e↵ect, at z ≥ 5.5. Additionally, aswewill show later, the
scales mostly contributing to the patchy kSZ signal correspond
to modes 10−3 < k/ Mpc−1 < 1 where Pee follows the matter
power spectrum, so that a precise knowledge of bδe(k,z) is not
required. In the future, if we want to apply our results to con-
strain reionisation with the measured CMB temperature power
spectrum, we will need a better model as the observed signal
will be the sum of homogeneous and patchy kSZ, with the for-
mer dominating on all scales.

To account for thesmooth transition of Pee from apower-law
to a biased matter power spectrum, illustrated in the right panel
of Fig. 2, we write the final form for the free electrons density
fluctuations power spectrum as

Pee(k,z) =
⇥
fH − xe(z)

⇤
⇥

↵0 xe(z)
−1/ 5

1 + [k/ ]3xe(z)

+ xe(z)⇥bδe(k,z)2Pδδ(k,z),

(15)

for fH = 1+ Yp/ 4Xp ' 1.08, with Yp and Xp theprimordial mass
fraction of helium and hydrogen respectively. The total matter
power spectrum Pδδ is computed using the Boltzmann integra-
tor CAMB (Lewis et al. 2000; Howlett et al. 2012) for the linear
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Fig. 1. Free electrons density contrast power spectrum for a box filled
with enough bubbles of radius R = 15 px = 5.5 Mpc to reach a filling
fraction f = 1%. Points are results of a numerical computation of the
power spectrum, compared to the theoretical model (solid line). The
dotted vertical line corresponds to k = 1/ R, the dashed vertical line to
91/ 4/ R, thedashed horizontal lineto 4/ 3⇡R3/ f and thetilted dashed line
hasslope k−4.

bubbles of radius R = 15 px = 5.5 Mpc5 to reach a fill-
ing fraction f = 1% in a box of 5123 pixels and side length
L = 128/ h Mpc. We compare the expression in Eq. (11) with
power spectrum values computed directly from the 3D field and
find a good match. On very small or very large scales, the win-
dow function behaves as:
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so that Pee(k) ⇠4/ 3⇡R3/ f i.e. is constant (see dashed horizontal
line on the figure) on very large scales and has higher ampli-
tude for smaller filling fractions. On small scales, the toy model
power spectrum decreases as k−4 (see tilted dashed line on the
figure). Theintersection point of thehorizontal and tilted dashed
lines on the figure corresponds to k = 91/ 4/ R (dashed vertical
line), hinting at a relation between the cut-o↵ frequency and the
bubblesize. Note that Xu et al. (2019) find asimilar feature, also
related to the typical bubble size, in the bias between the H i and
matter fields.

This behaviour is close to what we observe in the free
electrons density power spectra of our six simulations in the
ear ly stages of reionisation as can be seen on the r ight panel
of Fig. 2, showing Pee(k,z) for thefirst of our six simulations.
Therefore, we choose in this work to use a direct parameterisa-
tion of the scale and redshift evolution of Pee(k, z) during reion-
isation and calibrate it on our simulations. The parameters, ↵0

and , aredefined according to:

Pee(k,z) =
↵0 xe(z)

−1/ 5

1 + [k/ ]3xe(z)
. (13)

In log-space, on largescales, Pee hasaconstant amplitudewhich,
as mentioned above, depends on the filling fraction and there-
fore reaches its maximum ↵0 at the start of the reionisation

5 The bubble radii actually follow a Gaussian distribution centred on
15 px with standard deviation 2 px.

process, when the variance in the free electron field is maxi-
mal (see Sec. 5.1). It then slowly decreases as xe(z)

−1/ 5. Be-
fore the onset of reionisation, despite the few free electrons
left over after recombination, the amplitude of Pee is negligi-
ble. This constant power decreases above a cut-o↵ frequency
that increases with time, following the growth of ionised bub-
bles, according to xe(z)

−1/ 3. There is no power above this fre-
quency, i.e. on smaller scales: there is no smaller ionised region

than rmin(z) = 2⇡x
1/ 3
e / at this time. For empirical reasons, we

choose the power to decrease as k−3 and not k−4 as seen in the
theoretical power spectrum on small scales. This di↵erence can
be explained by the fact that in our simulations, small ionised
regions will keep appearing as new sources light up, maintain-
ing power on scales smaller than the typical bubble size. Addi-
tionally, the density resolution will allow correlations between
regionswithin agiven bubble, whereas in thetoy models ionised
bubblesareonly filledwith ones. Thecomplexity of theelectron
density contrast field is illustrated for one of the six simulations
used in this work on Fig. 2: the underlying matter field is visible
within the ionised regions.

Once reionisation is over and all IGM atoms are ionised, the
fluctuations in free electrons density follow those of dark matter
on large scales (k < 1 Mpc−1). On smaller scales, gas thermal
pressure induces a drop in Pee(k,z) compared to the dark mat-
ter. To describe this evolution at low redshifts, we choose the
same parameterisation as Shaw et al. (2012), given in Eq. (14),
to describe the gas bias bδe(k, z)2 = Pee(k, z)/ Pδδ(k,z) but adapt
the parameters to our simulations, which however do not cover
redshifts lower than 5.5:

bδe(k,z)2 =
1

2

"

e−k/ kf +
1

1 + (gk/ kf )7/ 2

#

(14)

We find kf = 9.4 Mpc−1 and g = 0.5, constant with redshift.
Our values for kf and g are quite di↵erent from those obtained
by Shaw et al. (2012), as in their work power starts dropping
between 0.05 and 0.5 Mpc−1 compared to k ⇠3 Mpc−1 for our
simulations. This can be explained by our simulations making
use of adaptive mesh refinement, therefore resolving very well
the densest regions, so that our spectra are more sensitive to the
thermal behaviour of gas. This model, where kf and g are con-
stant parameters, is a very basic one. It will however be suffi-
cient for this work since we focus on the patchy component of
thekSZ e↵ect, at z ≥ 5.5. Additionally, aswewill show later, the
scales mostly contributing to the patchy kSZ signal correspond
to modes 10−3 < k/ Mpc−1 < 1 where Pee follows the matter
power spectrum, so that a precise knowledge of bδe(k,z) is not
required. In the future, if we want to apply our results to con-
strain reionisation with the measured CMB temperature power
spectrum, we will need a better model as the observed signal
will be the sum of homogeneous and patchy kSZ, with the for-
mer dominating on all scales.

To account for thesmooth transition of Pee from apower-law
to a biased matter power spectrum, illustrated in the right panel
of Fig. 2, we write the final form for the free electrons density
fluctuations power spectrum as

Pee(k,z) =
⇥
fH − xe(z)

⇤
⇥

↵0 xe(z)
−1/ 5

1 + [k/ ]3xe(z)

+ xe(z)⇥bδe(k,z)2Pδδ(k,z),

(15)

for fH = 1+ Yp/ 4Xp ' 1.08, with Yp and Xp theprimordial mass
fraction of helium and hydrogen respectively. The total matter
power spectrum Pδδ is computed using the Boltzmann integra-
tor CAMB (Lewis et al. 2000; Howlett et al. 2012) for the linear
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Depends on cosmology and four reionisation parameters (zre, zend,, α0, κ)

High-redshift
(power-law) 

Low-redshift
(biased matter PS) 

Shaw+2012Gorce+2020

But… model parameters have no clear link with astrophysics

• Recalibrate parameterisation on LoReLi simulations: 10 000 simulations of 
reionisation varying astrophysics, e.g., minimum halo mass to form stars, X-ray 

luminosity, ionising escape fraction… (Meriot+2023, 2024)

• Include a dependence on source properties

Need a model to describe the cosmological time- and scale-evolution of electron density

ONGOING

See next talk
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Fig. 1. Free electrons density contrast power spectrum for a box filled
with enough bubbles of radius R = 15 px = 5.5 Mpc to reach a filling
fraction f = 1%. Points are results of a numerical computation of the
power spectrum, compared to the theoretical model (solid line). The
dotted vertical line corresponds to k = 1/ R, the dashed vertical line to
91/ 4/ R, thedashed horizontal lineto 4/ 3⇡R3/ f and thetilted dashed line
hasslope k−4.

bubbles of radius R = 15 px = 5.5 Mpc5 to reach a fill-
ing fraction f = 1% in a box of 5123 pixels and side length
L = 128/ h Mpc. We compare the expression in Eq. (11) with
power spectrum values computed directly from the 3D field and
find a good match. On very small or very large scales, the win-
dow function behaves as:
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so that Pee(k) ⇠4/ 3⇡R3/ f i.e. is constant (see dashed horizontal
line on the figure) on very large scales and has higher ampli-
tude for smaller filling fractions. On small scales, the toy model
power spectrum decreases as k−4 (see tilted dashed line on the
figure). Theintersection point of thehorizontal and tilted dashed
lines on the figure corresponds to k = 91/ 4/ R (dashed vertical
line), hinting at a relation between the cut-o↵ frequency and the
bubblesize. Note that Xu et al. (2019) find asimilar feature, also
related to the typical bubble size, in the bias between the H i and
matter fields.

This behaviour is close to what we observe in the free
electrons density power spectra of our six simulations in the
ear ly stages of reionisation as can be seen on the r ight panel
of Fig. 2, showing Pee(k,z) for thefirst of our six simulations.
Therefore, we choose in this work to use a direct parameterisa-
tion of the scale and redshift evolution of Pee(k, z) during reion-
isation and calibrate it on our simulations. The parameters, ↵0

and , aredefined according to:

Pee(k,z) =
↵0 xe(z)

−1/ 5

1 + [k/ ]3xe(z)
. (13)

In log-space, on largescales, Pee hasaconstant amplitudewhich,
as mentioned above, depends on the filling fraction and there-
fore reaches its maximum ↵0 at the start of the reionisation

5 The bubble radii actually follow a Gaussian distribution centred on
15 px with standard deviation 2 px.

process, when the variance in the free electron field is maxi-
mal (see Sec. 5.1). It then slowly decreases as xe(z)

−1/ 5. Be-
fore the onset of reionisation, despite the few free electrons
left over after recombination, the amplitude of Pee is negligi-
ble. This constant power decreases above a cut-o↵ frequency
that increases with time, following the growth of ionised bub-
bles, according to xe(z)

−1/ 3. There is no power above this fre-
quency, i.e. on smaller scales: there is no smaller ionised region

than rmin(z) = 2⇡x
1/ 3
e / at this time. For empirical reasons, we

choose the power to decrease as k−3 and not k−4 as seen in the
theoretical power spectrum on small scales. This di↵erence can
be explained by the fact that in our simulations, small ionised
regions will keep appearing as new sources light up, maintain-
ing power on scales smaller than the typical bubble size. Addi-
tionally, the density resolution will allow correlations between
regionswithin agiven bubble, whereas in the toy models ionised
bubblesareonly filledwith ones. Thecomplexity of theelectron
density contrast field is illustrated for one of the six simulations
used in this work on Fig. 2: the underlying matter field is visible
within the ionised regions.

Once reionisation is over and all IGM atoms are ionised, the
fluctuations in free electrons density follow those of dark matter
on large scales (k < 1 Mpc−1). On smaller scales, gas thermal
pressure induces a drop in Pee(k,z) compared to the dark mat-
ter. To describe this evolution at low redshifts, we choose the
same parameterisation as Shaw et al. (2012), given in Eq. (14),
to describe the gas bias bδe(k, z)2 = Pee(k,z)/ Pδδ(k,z) but adapt
the parameters to our simulations, which however do not cover
redshifts lower than 5.5:

bδe(k,z)2 =
1

2

"

e−k/ kf +
1

1 + (gk/ kf )7/ 2

#

(14)

We find kf = 9.4 Mpc−1 and g = 0.5, constant with redshift.
Our values for kf and g are quite di↵erent from those obtained
by Shaw et al. (2012), as in their work power starts dropping
between 0.05 and 0.5 Mpc−1 compared to k ⇠3 Mpc−1 for our
simulations. This can be explained by our simulations making
use of adaptive mesh refinement, therefore resolving very well
the densest regions, so that our spectra are more sensitive to the
thermal behaviour of gas. This model, where kf and g are con-
stant parameters, is a very basic one. It will however be suffi-
cient for this work since we focus on the patchy component of
thekSZ e↵ect, at z ≥ 5.5. Additionally, aswewill show later, the
scales mostly contributing to the patchy kSZ signal correspond
to modes 10−3 < k/ Mpc−1 < 1 where Pee follows the matter
power spectrum, so that a precise knowledge of bδe(k,z) is not
required. In the future, if we want to apply our results to con-
strain reionisation with the measured CMB temperature power
spectrum, we will need a better model as the observed signal
will be the sum of homogeneous and patchy kSZ, with the for-
mer dominating on all scales.

To account for thesmooth transition of Pee from apower-law
to a biased matter power spectrum, illustrated in the right panel
of Fig. 2, we write the final form for the free electrons density
fluctuations power spectrum as

Pee(k,z) =
⇥
fH − xe(z)

⇤
⇥

↵0 xe(z)
−1/ 5

1 + [k/ ]3xe(z)

+ xe(z)⇥bδe(k,z)2Pδδ(k,z),

(15)

for fH = 1+ Yp/ 4Xp ' 1.08, with Yp and Xp theprimordial mass
fraction of helium and hydrogen respectively. The total matter
power spectrum Pδδ is computed using the Boltzmann integra-
tor CAMB (Lewis et al. 2000; Howlett et al. 2012) for the linear
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Fig. 1. Free electrons density contrast power spectrum for a box filled
with enough bubbles of radius R = 15 px = 5.5 Mpc to reach a filling
fraction f = 1%. Points are results of a numerical computation of the
power spectrum, compared to the theoretical model (solid line). The
dotted vertical line corresponds to k = 1/ R, the dashed vertical line to
91/ 4/ R, thedashed horizontal lineto 4/ 3⇡R3/ f and thetilted dashed line
hasslope k−4.

bubbles of radius R = 15 px = 5.5 Mpc5 to reach a fill-
ing fraction f = 1% in a box of 5123 pixels and side length
L = 128/ h Mpc. We compare the expression in Eq. (11) with
power spectrum values computed directly from the 3D field and
find a good match. On very small or very large scales, the win-
dow function behaves as:
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so that Pee(k) ⇠4/ 3⇡R3/ f i.e. is constant (see dashed horizontal
line on the figure) on very large scales and has higher ampli-
tude for smaller filling fractions. On small scales, the toy model
power spectrum decreases as k−4 (see tilted dashed line on the
figure). Theintersection point of thehorizontal and tilted dashed
lines on the figure corresponds to k = 91/ 4/ R (dashed vertical
line), hinting at a relation between the cut-o↵ frequency and the
bubblesize. Note that Xu et al. (2019) find asimilar feature, also
related to the typical bubble size, in the bias between the H i and
matter fields.

This behaviour is close to what we observe in the free
electrons density power spectra of our six simulations in the
ear ly stages of reionisation as can be seen on the r ight panel
of Fig. 2, showing Pee(k,z) for thefirst of our six simulations.
Therefore, we choose in this work to use a direct parameterisa-
tion of the scale and redshift evolution of Pee(k, z) during reion-
isation and calibrate it on our simulations. The parameters, ↵0

and , aredefined according to:

Pee(k,z) =
↵0 xe(z)

−1/ 5

1 + [k/ ]3xe(z)
. (13)

In log-space, on largescales, Pee hasaconstant amplitudewhich,
as mentioned above, depends on the filling fraction and there-
fore reaches its maximum ↵0 at the start of the reionisation

5 The bubble radii actually follow a Gaussian distribution centred on
15 px with standard deviation 2 px.

process, when the variance in the free electron field is maxi-
mal (see Sec. 5.1). It then slowly decreases as xe(z)

−1/ 5. Be-
fore the onset of reionisation, despite the few free electrons
left over after recombination, the amplitude of Pee is negligi-
ble. This constant power decreases above a cut-o↵ frequency
that increases with time, following the growth of ionised bub-
bles, according to xe(z)

−1/ 3. There is no power above this fre-
quency, i.e. on smaller scales: there is no smaller ionised region

than rmin(z) = 2⇡x
1/ 3
e / at this time. For empirical reasons, we

choose the power to decrease as k−3 and not k−4 as seen in the
theoretical power spectrum on small scales. This di↵erence can
be explained by the fact that in our simulations, small ionised
regions will keep appearing as new sources light up, maintain-
ing power on scales smaller than the typical bubble size. Addi-
tionally, the density resolution will allow correlations between
regionswithin agiven bubble, whereas in thetoy models ionised
bubblesareonly filledwith ones. Thecomplexity of theelectron
density contrast field is illustrated for one of the six simulations
used in this work on Fig. 2: the underlying matter field is visible
within the ionised regions.

Once reionisation is over and all IGM atoms are ionised, the
fluctuations in free electrons density follow those of dark matter
on large scales (k < 1 Mpc−1). On smaller scales, gas thermal
pressure induces a drop in Pee(k,z) compared to the dark mat-
ter. To describe this evolution at low redshifts, we choose the
same parameterisation as Shaw et al. (2012), given in Eq. (14),
to describe the gas bias bδe(k, z)2 = Pee(k, z)/ Pδδ(k,z) but adapt
the parameters to our simulations, which however do not cover
redshifts lower than 5.5:

bδe(k,z)2 =
1
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e−k/ kf +
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1 + (gk/ kf )7/ 2
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(14)

We find kf = 9.4 Mpc−1 and g = 0.5, constant with redshift.
Our values for kf and g are quite di↵erent from those obtained
by Shaw et al. (2012), as in their work power starts dropping
between 0.05 and 0.5 Mpc−1 compared to k ⇠3 Mpc−1 for our
simulations. This can be explained by our simulations making
use of adaptive mesh refinement, therefore resolving very well
the densest regions, so that our spectra are more sensitive to the
thermal behaviour of gas. This model, where kf and g are con-
stant parameters, is a very basic one. It will however be suffi-
cient for this work since we focus on the patchy component of
thekSZ e↵ect, at z ≥ 5.5. Additionally, aswewill show later, the
scales mostly contributing to the patchy kSZ signal correspond
to modes 10−3 < k/ Mpc−1 < 1 where Pee follows the matter
power spectrum, so that a precise knowledge of bδe(k,z) is not
required. In the future, if we want to apply our results to con-
strain reionisation with the measured CMB temperature power
spectrum, we will need a better model as the observed signal
will be the sum of homogeneous and patchy kSZ, with the for-
mer dominating on all scales.

To account for thesmooth transition of Pee from apower-law
to a biased matter power spectrum, illustrated in the right panel
of Fig. 2, we write the final form for the free electrons density
fluctuations power spectrum as

Pee(k,z) =
⇥
fH − xe(z)

⇤
⇥

↵0 xe(z)
−1/ 5

1 + [k/ ]3xe(z)

+ xe(z)⇥bδe(k,z)2Pδδ(k,z),

(15)

for fH = 1+ Yp/ 4Xp ' 1.08, with Yp and Xp theprimordial mass
fraction of helium and hydrogen respectively. The total matter
power spectrum Pδδ is computed using the Boltzmann integra-
tor CAMB (Lewis et al. 2000; Howlett et al. 2012) for the linear

Article number, page4 of 14

Depends on cosmology and four reionisation parameters (zre, zend,, α0, κ)

Gorce+2022

Patchy kSZ spectrum ττ spectrum EoR-induced BB

• Can also be used to derive the 21cm power spectrum (Georgiev, Gorce, & Mellema 2024)

• Allows joint and cross-analyses between datasets… (Béguin, Liu, & Gorce 2022)

The power spectrum of free electrons can be used to derive the reionisation observables

16



ADÉLIE GORCE – CMB FRANCE – DECEMBER 2024

REIONISATION INFORMATION

There is information about reionisation in these imprints…

Gorce+2020, see, e.g., McQuinn+2005; Iliev+2007; Battaglia+2013; Park+2013… 

1. About global reionisation history
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REIONISATION INFORMATION

There is information about reionisation in these imprints…

1. About global reionisation history

2. About reionisation morphology (and effectively galaxy properties)
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ADÉLIE GORCE – CMB FRANCE – DECEMBER 2024

REIONISATION INFORMATION

There is information about reionisation in these imprints…

1. About global reionisation history

2. About reionisation morphology (and effectively galaxy properties)

What is the constraining power of each observable?

Assume 10% errors on each observable and compute Cramer-Rao errors…

19
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REIONISATION INFORMATION: FORECAST

There is information about reionisation in these imprints…

Assume SNR=10 for each observable and compute minimal errors…

Gorce+ in prep

20

Assume cosmic variance limited and 1’ resolution telescope and compute minimal errors…
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REIONISATION INFORMATION: FORECAST

There is information about reionisation in these imprints…

Combining observables breaks degeneracies and gives tighter constraints

21

Global history Morphology
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REIONISATION INFORMATION: FORECAST

There is information about reionisation in these imprints…

Combining observables breaks degeneracies and gives tighter constraints

Gorce+ in prep

22

Global history Morphology

For these models, kSZ only detectable observable in the near future….



ADÉLIE GORCE – CMB FRANCE – DECEMBER 2024

CONCLUSIONS

Gorce+ in prep

• Simple, physically-motivated analytical model to derive EoR observables in CMB data

→ Code will be made publicly available

• Illustrates the potential of CMB to constrain history and morphology of reionisation.

• Signal might be too weak

→ Can also derive the 21cm x CMB spectra from the model! (ongoing…)

Thank you!
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BACKUP SLIDES
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The power spectrum of free electrons Pee

Toy model: n ionised bubbles of radius R filling f % of a box

(Bharadwaj & Pandey 2005)
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The power spectrum of free electrons Pee

Late times: biased matter power spectrum 
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Fig. 1. Free electrons density contrast power spectrum for a box filled
with enough bubbles of radius R = 15 px = 5.5 Mpc to reach a filling
fraction f = 1%. Points are results of a numerical computation of the
power spectrum, compared to the theoretical model (solid line). The
dotted vertical line corresponds to k = 1/ R, the dashed vertical line to
91/ 4/ R, thedashed horizontal lineto 4/ 3⇡R3/ f and thetilted dashed line
hasslope k−4.

bubbles of radius R = 15 px = 5.5 Mpc5 to reach a fill-
ing fraction f = 1% in a box of 5123 pixels and side length
L = 128/ h Mpc. We compare the expression in Eq. (11) with
power spectrum values computed directly from the3D field and
find a good match. On very small or very large scales, the win-
dow function behavesas:
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so that Pee(k) ⇠4/ 3⇡R3/ f i.e. isconstant (seedashed horizontal
line on the figure) on very large scales and has higher ampli-
tude for smaller filling fractions. On small scales, the toy model
power spectrum decreases as k−4 (see tilted dashed line on the
figure). Theintersection point of thehorizontal and tilted dashed
lines on the figure corresponds to k = 91/ 4/ R (dashed vertical
line), hinting at a relation between thecut-o↵ frequency and the
bubblesize. Notethat Xu et al. (2019) findasimilar feature, also
related to the typical bubblesize, in thebiasbetween theH i and
matter fields.

This behaviour is close to what we observe in the free
electrons density power spectra of our six simulations in the
early stages of reionisation as can beseen on the right panel
of Fig. 2, showing Pee(k,z) for thefirst of our six simulations.
Therefore, we choose in this work to use a direct parameterisa-
tion of the scale and redshift evolution of Pee(k,z) during reion-
isation and calibrate it on our simulations. The parameters, ↵0

and , aredefined according to:

Pee(k,z) =
↵0 xe(z)

−1/ 5

1 + [k/ ]3xe(z)
. (13)

In log-space, on largescales, Pee hasaconstant amplitudewhich,
as mentioned above, depends on the filling fraction and there-
fore reaches its maximum ↵0 at the start of the reionisation

5 The bubble radii actually follow a Gaussian distribution centred on
15 px with standard deviation 2 px.

process, when the variance in the free electron field is maxi-
mal (see Sec. 5.1). It then slowly decreases as xe(z)

−1/ 5. Be-
fore the onset of reionisation, despite the few free electrons
left over after recombination, the amplitude of Pee is negligi-
ble. This constant power decreases above a cut-o↵ frequency
that increases with time, following the growth of ionised bub-
bles, according to xe(z)

−1/ 3. There is no power above this fre-
quency, i.e. on smaller scales: there is no smaller ionised region

than rmin(z) = 2⇡x
1/ 3
e / at this time. For empirical reasons, we

choose the power to decrease as k−3 and not k−4 as seen in the
theoretical power spectrum on small scales. This di↵erence can
be explained by the fact that in our simulations, small ionised
regions will keep appearing as new sources light up, maintain-
ing power on scales smaller than the typical bubble size. Addi-
tionally, the density resolution will allow correlations between
regionswithin agiven bubble, whereas in thetoy models ionised
bubblesareonly filledwith ones. Thecomplexity of theelectron
density contrast field is illustrated for one of thesix simulations
used in thiswork on Fig. 2: theunderlying matter field isvisible
within the ionised regions.

Once reionisation isover and all IGM atomsare ionised, the
fluctuations in freeelectrons density follow thoseof dark matter
on large scales (k < 1 Mpc−1). On smaller scales, gas thermal
pressure induces a drop in Pee(k,z) compared to the dark mat-
ter. To describe this evolution at low redshifts, we choose the
same parameterisation as Shaw et al. (2012), given in Eq. (14),
to describe the gas bias bδe(k,z)2 = Pee(k,z)/ Pδδ(k,z) but adapt
the parameters to our simulations, which however do not cover
redshifts lower than 5.5:

bδe(k,z)2 =
1

2

"

e−k/ kf +
1

1 + (gk/ kf )7/ 2

#

(14)

We find kf = 9.4 Mpc−1 and g = 0.5, constant with redshift.
Our values for kf and g are quite di↵erent from those obtained
by Shaw et al. (2012), as in their work power starts dropping
between 0.05 and 0.5 Mpc−1 compared to k ⇠3 Mpc−1 for our
simulations. This can be explained by our simulations making
use of adaptive mesh refinement, therefore resolving very well
the densest regions, so that our spectra are more sensitive to the
thermal behaviour of gas. This model, where kf and g are con-
stant parameters, is a very basic one. It will however be suffi-
cient for this work since we focus on the patchy component of
thekSZ e↵ect, at z≥ 5.5. Additionally, aswewill show later, the
scales mostly contributing to the patchy kSZ signal correspond
to modes 10−3 < k/ Mpc−1 < 1 where Pee follows the matter
power spectrum, so that a precise knowledge of bδe(k,z) is not
required. In the future, if we want to apply our results to con-
strain reionisation with the measured CMB temperature power
spectrum, we will need a better model as the observed signal
will be the sum of homogeneous and patchy kSZ, with the for-
mer dominating on all scales.

Toaccount for thesmooth transition of Pee fromapower-law
to a biased matter power spectrum, illustrated in the right panel
of Fig. 2, we write the final form for the free electrons density
fluctuations power spectrum as

Pee(k,z) =
⇥
fH − xe(z)

⇤
⇥

↵0 xe(z)
−1/ 5

1 + [k/ ]3xe(z)

+ xe(z)⇥bδe(k,z)2Pδδ(k,z),

(15)

for fH = 1+ Yp/ 4Xp ' 1.08, with Yp and Xp theprimordial mass
fraction of helium and hydrogen respectively. The total matter
power spectrum Pδδ is computed using the Boltzmann integra-
tor CAMB (Lewis et al. 2000; Howlett et al. 2012) for the linear
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Fig. 1. Free electrons density contrast power spectrum for a box filled
with enough bubbles of radius R = 15 px = 5.5 Mpc to reach a filling
fraction f = 1%. Points are results of a numerical computation of the
power spectrum, compared to the theoretical model (solid line). The
dotted vertical line corresponds to k = 1/ R, the dashed vertical line to
91/ 4/ R, thedashed horizontal lineto 4/ 3⇡R3/ f and thetilted dashed line
hasslope k−4.

bubbles of radius R = 15 px = 5.5 Mpc5 to reach a fill-
ing fraction f = 1% in a box of 5123 pixels and side length
L = 128/ h Mpc. We compare the expression in Eq. (11) with
power spectrum values computed directly from the 3D field and
find a good match. On very small or very large scales, the win-
dow function behaves as:
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so that Pee(k) ⇠4/ 3⇡R3/ f i.e. isconstant (seedashed horizontal
line on the figure) on very large scales and has higher ampli-
tude for smaller filling fractions. On small scales, the toy model
power spectrum decreases as k−4 (see tilted dashed line on the
figure). Theintersection point of thehorizontal and tilted dashed
lines on the figure corresponds to k = 91/ 4/ R (dashed vertical
line), hinting at a relation between the cut-o↵ frequency and the
bubblesize. Note that Xu et al. (2019) find asimilar feature, also
related to the typical bubble size, in thebiasbetween theH i and
matter fields.

This behaviour is close to what we observe in the free
electrons density power spectra of our six simulations in the
early stages of reionisation as can be seen on the r ight panel
of Fig. 2, showing Pee(k, z) for thefirst of our six simulations.
Therefore, we choose in this work to use a direct parameterisa-
tion of the scale and redshift evolution of Pee(k,z) during reion-
isation and calibrate it on our simulations. The parameters, ↵0

and , aredefined according to:

Pee(k,z) =
↵0 xe(z)

−1/ 5

1 + [k/ ]3xe(z)
. (13)

In log-space, on largescales, Pee hasaconstant amplitudewhich,
as mentioned above, depends on the filling fraction and there-
fore reaches its maximum ↵0 at the start of the reionisation

5 The bubble radii actually follow a Gaussian distribution centred on
15 px with standard deviation 2 px.

process, when the variance in the free electron field is maxi-
mal (see Sec. 5.1). It then slowly decreases as xe(z)

−1/ 5. Be-
fore the onset of reionisation, despite the few free electrons
left over after recombination, the amplitude of Pee is negligi-
ble. This constant power decreases above a cut-o↵ frequency
that increases with time, following the growth of ionised bub-
bles, according to xe(z)

−1/ 3. There is no power above this fre-
quency, i.e. on smaller scales: there is no smaller ionised region

than rmin(z) = 2⇡x
1/ 3
e / at this time. For empirical reasons, we

choose the power to decrease as k−3 and not k−4 as seen in the
theoretical power spectrum on small scales. This di↵erence can
be explained by the fact that in our simulations, small ionised
regions will keep appearing as new sources light up, maintain-
ing power on scales smaller than the typical bubble size. Addi-
tionally, the density resolution will allow correlations between
regionswithin agiven bubble, whereas in thetoy models ionised
bubblesareonly filledwith ones. Thecomplexity of theelectron
density contrast field is illustrated for one of the six simulations
used in this work on Fig. 2: theunderlying matter field is visible
within the ionised regions.

Once reionisation isover and all IGM atoms are ionised, the
fluctuations in free electrons density follow those of dark matter
on large scales (k < 1 Mpc−1). On smaller scales, gas thermal
pressure induces a drop in Pee(k,z) compared to the dark mat-
ter. To describe this evolution at low redshifts, we choose the
same parameterisation as Shaw et al. (2012), given in Eq. (14),
to describe the gas bias bδe(k,z)2 = Pee(k,z)/ Pδδ(k,z) but adapt
the parameters to our simulations, which however do not cover
redshifts lower than 5.5:

bδe(k,z)2 =
1
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e−k/ kf +
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1 + (gk/ kf )7/ 2
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(14)

We find kf = 9.4 Mpc−1 and g = 0.5, constant with redshift.
Our values for kf and g are quite di↵erent from those obtained
by Shaw et al. (2012), as in their work power starts dropping
between 0.05 and 0.5 Mpc−1 compared to k ⇠3 Mpc−1 for our
simulations. This can be explained by our simulations making
use of adaptive mesh refinement, therefore resolving very well
the densest regions, so that our spectra are more sensitive to the
thermal behaviour of gas. This model, where kf and g are con-
stant parameters, is a very basic one. It will however be suffi-
cient for this work since we focus on the patchy component of
thekSZ e↵ect, at z≥ 5.5. Additionally, aswewill show later, the
scales mostly contributing to the patchy kSZ signal correspond
to modes 10−3 < k/ Mpc−1 < 1 where Pee follows the matter
power spectrum, so that a precise knowledge of bδe(k,z) is not
required. In the future, if we want to apply our results to con-
strain reionisation with the measured CMB temperature power
spectrum, we will need a better model as the observed signal
will be the sum of homogeneous and patchy kSZ, with the for-
mer dominating on all scales.

To account for thesmooth transition of Pee from apower-law
to a biased matter power spectrum, illustrated in the right panel
of Fig. 2, we write the final form for the free electrons density
fluctuations power spectrum as

Pee(k,z) =
⇥
fH − xe(z)

⇤
⇥

↵0 xe(z)
−1/ 5

1 + [k/ ]3xe(z)

+ xe(z)⇥bδe(k,z)2Pδδ(k,z),

(15)

for fH = 1+ Yp/ 4Xp ' 1.08, with Yp and Xp theprimordial mass
fraction of helium and hydrogen respectively. The total matter
power spectrum Pδδ is computed using the Boltzmann integra-
tor CAMB (Lewis et al. 2000; Howlett et al. 2012) for the linear
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Fig. 1. Free electrons density contrast power spectrum for a box filled
with enough bubbles of radius R = 15 px = 5.5 Mpc to reach a filling
fraction f = 1%. Points are results of a numerical computation of the
power spectrum, compared to the theoretical model (solid line). The
dotted vertical line corresponds to k = 1/ R, the dashed vertical line to
91/ 4/ R, thedashed horizontal lineto 4/ 3⇡R3/ f and thetilted dashed line
hasslope k−4.

bubbles of radius R = 15 px = 5.5 Mpc5 to reach a fill-
ing fraction f = 1% in a box of 5123 pixels and side length
L = 128/ h Mpc. We compare the expression in Eq. (11) with
power spectrum values computed directly from the 3D field and
find a good match. On very small or very large scales, the win-
dow function behavesas:
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so that Pee(k) ⇠4/ 3⇡R3/ f i.e. isconstant (seedashed horizontal
line on the figure) on very large scales and has higher ampli-
tude for smaller filling fractions. On small scales, the toy model
power spectrum decreases as k−4 (see tilted dashed line on the
figure). Theintersection point of thehorizontal and tilted dashed
lines on the figure corresponds to k = 91/ 4/ R (dashed vertical
line), hinting at a relation between the cut-o↵ frequency and the
bubblesize. Note that Xu et al. (2019) findasimilar feature, also
related to the typical bubblesize, in thebias between theH i and
matter fields.

This behaviour is close to what we observe in the free
electrons density power spectra of our six simulations in the
early stages of reionisation as can be seen on the right panel
of Fig. 2, showing Pee(k,z) for thefirst of our six simulations.
Therefore, we choose in this work to use a direct parameterisa-
tion of the scale and redshift evolution of Pee(k,z) during reion-
isation and calibrate it on our simulations. The parameters, ↵0

and , aredefined according to:

Pee(k,z) =
↵0 xe(z)

−1/ 5

1 + [k/ ]3xe(z)
. (13)

In log-space, on largescales, Pee hasaconstant amplitudewhich,
as mentioned above, depends on the filling fraction and there-
fore reaches its maximum ↵0 at the start of the reionisation

5 The bubble radii actually follow a Gaussian distribution centred on
15 px with standard deviation 2 px.

process, when the variance in the free electron field is maxi-
mal (see Sec. 5.1). It then slowly decreases as xe(z)

−1/ 5. Be-
fore the onset of reionisation, despite the few free electrons
left over after recombination, the amplitude of Pee is negligi-
ble. This constant power decreases above a cut-o↵ frequency
that increases with time, following the growth of ionised bub-
bles, according to xe(z)

−1/ 3. There is no power above this fre-
quency, i.e. on smaller scales: there is no smaller ionised region

than rmin(z) = 2⇡x
1/ 3
e / at this time. For empirical reasons, we

choose the power to decrease as k−3 and not k−4 as seen in the
theoretical power spectrum on small scales. This di↵erence can
be explained by the fact that in our simulations, small ionised
regions will keep appearing as new sources light up, maintain-
ing power on scales smaller than the typical bubble size. Addi-
tionally, the density resolution will allow correlations between
regionswithin agiven bubble, whereas in thetoy models ionised
bubblesareonly filledwith ones. Thecomplexity of theelectron
density contrast field is illustrated for one of the six simulations
used in thiswork on Fig. 2: theunderlying matter field is visible
within the ionised regions.

Once reionisation isover and all IGM atoms are ionised, the
fluctuations in freeelectrons density follow those of dark matter
on large scales (k < 1 Mpc−1). On smaller scales, gas thermal
pressure induces a drop in Pee(k,z) compared to the dark mat-
ter. To describe this evolution at low redshifts, we choose the
same parameterisation as Shaw et al. (2012), given in Eq. (14),
to describe the gas bias bδe(k,z)2 = Pee(k,z)/ Pδδ(k,z) but adapt
the parameters to our simulations, which however do not cover
redshifts lower than 5.5:

bδe(k,z)2 =
1

2

"

e−k/ kf +
1

1 + (gk/ kf )7/ 2

#

(14)

We find kf = 9.4 Mpc−1 and g = 0.5, constant with redshift.
Our values for kf and g are quite di↵erent from those obtained
by Shaw et al. (2012), as in their work power starts dropping
between 0.05 and 0.5 Mpc−1 compared to k ⇠3 Mpc−1 for our
simulations. This can be explained by our simulations making
use of adaptive mesh refinement, therefore resolving very well
the densest regions, so that our spectra are more sensitive to the
thermal behaviour of gas. This model, where kf and g are con-
stant parameters, is a very basic one. It will however be suffi-
cient for this work since we focus on the patchy component of
thekSZ e↵ect, at z≥ 5.5. Additionally, aswewill show later, the
scales mostly contributing to the patchy kSZ signal correspond
to modes 10−3 < k/ Mpc−1 < 1 where Pee follows the matter
power spectrum, so that a precise knowledge of bδe(k,z) is not
required. In the future, if we want to apply our results to con-
strain reionisation with the measured CMB temperature power
spectrum, we will need a better model as the observed signal
will be the sum of homogeneous and patchy kSZ, with the for-
mer dominating on all scales.

Toaccount for thesmooth transition of Pee from apower-law
to a biased matter power spectrum, illustrated in the right panel
of Fig. 2, we write the final form for the free electrons density
fluctuations power spectrum as

Pee(k,z) =
⇥
fH − xe(z)

⇤
⇥

↵0 xe(z)
−1/ 5

1 + [k/ ]3xe(z)

+ xe(z)⇥bδe(k,z)2Pδδ(k,z),

(15)

for fH = 1+ Yp/ 4Xp ' 1.08, with Yp and Xp theprimordial mass
fraction of helium and hydrogen respectively. The total matter
power spectrum Pδδ is computed using the Boltzmann integra-
tor CAMB (Lewis et al. 2000; Howlett et al. 2012) for the linear
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Normalised derivatives:
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