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However, before we can complete the Sommerfeld-Watson transform, we
must examine the function f(/, s): to see whether a definition exists with the
required asymptotic properties in /; to ascertain whether the definition is
unique; to study its analytic properties as a function of /. We begin with the
question of uniqueness. If f(/, 5) is a continuation to complex / of f;(s) then
clearly another possible continuation is

U, 5)+g(s) sin nl.

However if we impose a limitation on the behaviour of f(J, 5) as /— oo then
the continuation can be shown to be unique. The result follows from
Carlson’s Theoremt which states that given a function f(z) such that

(i) f(z) is regular in Re z> C where C is some finite real constant,
(i) f(z) <exp (k|z|), where k <=, in Re z> C,
(i) f(z) =0 at an infinite sequence of positive integers z = N+ 1. NT2, .-,

then f(z) is identically zero.
This means that if f(/, s) as a function of / satisfies conditions (i) and (ii)
then it will be uniquely defined when its values at the positive integral points
beyond some starting point N are specified.

For integral values of / the partial wave amplitude is usually defined by

1

fi(s) =1 J. 1 Pi(z) T(s, t(2))dz . (9:4)

This definition will certainly permit an analytic continuation to complex
values of /. However the function so defined will not satisfy condition (ii) of
Carlson’s Theorem as is seen when we look at the asymptotic behaviour in
I of P,(z) (see ERDELYI [1953], p. 162),

P,(cos 0) ~ 1" *(const. ¢’ + const. e %)
where
—1l<cosf<1.

So if we were to use eq. (9.4) to define f(/, s) for general / we would not be able
to use Carlson’s Theorem to prove uniqueness. Further we would be unable to
complete the Sommerfeld-Watson transform, as the only direction in which

T For a proof of Carlson’s Theorem see TITCHMARSH [1939], p. 185.
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