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Thent
(0¢; 7 ITH00; 9> = <00; 7 |Tp| 0; 7>*

= (—0¢; 7T, 00; y>* (6.5)
— Z%f/ T*(s, t, u) .

The second step here, where — @ is introduced, is explained in the footnote to
eq. (4.138). Eq. (6.2) may now be written as

Im T(s, 1, u) = %”szdg (8 71T <t [T1 00 7 . (6.6)
A

The spectrum of physical intermediate states will have real, positive values
of 5. We assume that the particles involved have non-zero mass and suppose,
for example, that there is one single-particle state of mass M with the right
quantum numbers, that the lowest energy two-particle state consists of two
of the original (mass m) particles, then that states of three of these mass m
particles can occur with the right quantum numbers and so on. For such an
energy spectrum of intermediate states we can say that the imaginary part of
the amplitude 7(s, ¢, ) will be non-zero along the range of the real s-axis for
which the intermediate states occur and further that as far as the unitarity
relation for this particular channel is concerned Im 7(s, ¢, u) can be zero
elsewhere on the real s-axis. We cannot argue that Im 7(s, ¢, u) definitely
will be zero for values of s for which there are no intermediate states since
unitarity is only demanded as a physical law in the actual physical region
for the process, which is for s greater than 4m?. Also, we shall see that
the unitarity relation for processes in the u-channel (i.e. processes for which u
is the square of the total c.m. energy) implies that Im T'(s, ¢, u) will be non-
zero along parts of the negative s-axis.

In order to proceed we will make the simplest possible assumption,
that Im T(s, ¢, u) will be zero along the real s-axis except where unitarity in
one of the three channels says that it is non-zero. Also the validity of eq. (6.6)
will be accepted even for an:intermediate state |«) whose mass is less than 2m,
which is the physical threshold for the two-particle scattering process.
Similarly we will accept that the right-hand side of eq. (6.6) may be non-

T The notation used here and elsewhere in this book is that T*(s, ¢, u) means [T(s, t, u)]*.
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provided s and s* both lie inside the domain of analyticity in s. We have
omitted the variable u just for convenience: in all cases it is given from s and ¢
by eq. (6.1). Remember that ¢, for the moment, is assumed to be real.

An immediate consequence of eq. (6.8) is that the domain of analyticity
of T(s, t) cannot extend over the entire s-plane. For suppose it did, then eq.
(6.8) would tell us that Im 7(s, ) must be zero for all real s. From unitarity
we know that this is not so, that Im T(s, t) is non-zero on all except a finite
segment of the real axis. So (s, t) must possess some singularities in the
s-plane and the simplest possibility is to suppose that the s-plane is cut along
the real axis from4m?to +co and from —oo to —t. T(s, ¢t) will also be
singular at the points s= M? and s=4 m*— M?— t; we shall see later that
these singularities arising from single-particle intermediate states are simple
poles. Unitarity does not demand that T(s, ¢) for fixed real ¢, need have any
further singularities in s. So we will suppose that for a fixed real value of
t, T(s, t), is analytic in the entire s-plane except for cuts along the real axis
from4m?to + oo and from — oo to —t,and for polesat M2 and4m? — M? —t
corresponding to a single-particle intermediate state of mass M.

Since T'(s, t) tends to different values on the real axis in the region of the
cut depending on whether we approach the axis from above or below it is
important to specify clearly which value of T(s, t) gives the physical ampli-
tude. For a physical process s, t and u will all have real values. The conven-
tion that is adopted for specifying the physical amplitude is to give a small
positive imaginary part ¢ to whichever of the variables s, ¢ or u is associated
with the energy of the physical process and then let ¢ tend to zero. Thus if
s, t and u have real values which lie in the physical region for the s-channel
(see Fig. 4.5) the physical value of the amplitude is just

lim T(s+ie, t).
e—+0+

Notice that if s, t, u refer to a point in the u-channel physical region, the
physical amplitude is

im T(s,t,u+ie) = lim T(s—ie, f) (6.9)

e—>0+ e=>0+
since replacing u by u+ie corresponds to subtracting ie from s by eq. (6.1).
Thus the physical amplitude for an s-channel process is the value of the
amplitude (s, ¢, u) just above the cut in the s-plane, but the physical ampli-

tude for a u-channel process is the value of 7(s, ¢, u) just below the cut in the
s-plane.
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1896 M. SUGAWARA AND A.
c
F16. 1. Singularities of
f(z) in the z plane are
shown. The two lines
= o 2T branch cuts and the

dot is a pole. The con-
tour line C is the one to
which Cauchy’s theorem
(4) is applied.

definitely simpler the one conjectured by
Mandelstam.3

In the Appendix, we present the most technical part
of our proof of the theorem. This part is, however,

essential to our proof.

than,

II. STATEMENT OF THE THEOREM

Let f(z) be analytic everywhere in the complex z
plane except for two cuts and poles on the real axis as
shown in Fig. 1. We assume that the divergence of f(z)
at |3| = is not stronger than a large but finite power
of |z].4

If f(2) has finite limits f(e d4=7€) as z2— oo -kie along
the ¢1 cut (e being a positive infinitesimal number),
then the limits of f(z) when z approaches infinity in any
other direction are

lim f(5)= /(e

= f(o —1¢), in the lower half-plane,

+i¢), in the upper half-plane,

provided that f(z) approaches definite (not necessarily
finite) limits at — o along the ¢, cut. The dispersion
relation for f(z) becomes

)

Ry il
=0
O et rE c1

Af(x)dx

e

Af(%)= (1/20)[f(w+ie)— fa—ie)],
@)= (1/2)[f(x+ie)+ f(x—ie)],

are respectively, the absorptive and dispersive parts of
f(2) when z approaches real x in the upper half plane
and R; is the residue at the pole at x,. It is stressed that
the behavior at the end of either cut is sufficient to yield
(1) and (2). We do not have to know the limits of the
f(z) along both cuts simultaneously.

The proof is given in Sec. III and in the Appendix.
Our proof is complete in so far as f(z) satisfies the condi-
tions implied by (9), (40), and (42) below. It is possible

3 8. Mandelstam, Phys. Rev. 115, 1741 (1959).

‘We do not state that f(z) has no essential singularity at
infinity, since the infinite point is not isolated in this case and the
term, essential singularity, does not apply to such a point. The
boundedness condition assumed here is equivalent to requiring
that only a finite number of subtractions is necessary to obtain the

exact dispersion relation, as is explained in the third paragraph
of Sec. III.

=2 +#(=), (@)

where

©)

KANAZAWA

that the theorem is correct without these conditions.
These conditions are already sufficiently weak to
accommodate virtually all the cases of actual interest
in physics.

III. PROOF OF THE THEOREM

The Cauchy integral theorem applied to the contour
C of Fig. 11is

R
Y
R i

Jlz)= 2

Af(x)dx . 1 ff(z’)dz

%—3z ‘ 2w =32
where the second term is the same as the second term of
(2) and the last term is the integral over the infinite
circle.

Since (4) is correct for any z as long as z is inside C
and, therefore, |2’| > |z| in the last term of (4), we can
expand 1/(2'—z) in a power series of z/7’. Applying the
boundedness condition at |z|=c to the integrands of
the resulting series, we sece that this series becomes a
finite polynomial ing;

f&) N i i2) N
— dg' = Z —do= 3 a.z”, (5)
2w, 2 —z n=021rJy  g'» n=0

where 2’=|2'| exp(i#f) and N is some positive integer
for which f(z)/z" becomes at most finite at |z] =0,

We now see that the contribution from the infinite
circle can always be eliminated by introducing N+1
subtractions, whereas we would need an infinite number
of subtractions if the series in (5) did not terminate.
Therefore, our boundedness condition is no more than
is necessary in any case.

We can rewrite (4) in a divergenceless form by
introducing regulations,

1 3 1 7? ]

. (e

x—z x(x—z) x 2*(x—z) 2 «x

If we introduce one regulation in the ¢; integral since
Af(e) is finite and N1 regulations in the ¢, integral
and change the sign of « in all the ¢, integrals, we get

R i
f=5 +Zf el

i g—x; mYer x(¥x—2)

N+1 © —x)d.
e Sl

2 2N (x42)

(aﬂ-fm Af(x)dx f‘” Af(wxx)dx)
+(al f“’ Af(— x)dx)
+(azv+(—1)N+l\£;

m

Af(—-x)dx)ZN‘ o

,,rxN+l




