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Parton Distribution Functions
▸ PDF: probability of constituent with momentum fraction ξ

▸ test: deep inelastic scattering (DIS)
▸ large momentum transfer Q2 = −q2

▸ Bjorken parameter ξ = Q2

2P ⋅q

▸ factorization:
σ(ξ,Q2) = σ̂(ξ,Q2) fΨ (ξ)

experiment perturbative non-perturbative

→ f (ξ) = ∫ dz−e−iξP+z− ⟨P ∣ ψ̄(z−)γ+W (z− ← 0)ψ(0) ∣P⟩

▸ z−: lightcone coordinate
▸ lattice QCD in euclidean space: lightcone → point
▸ Hamiltonian formalism: lightcone in Minkowski space
▸ Hamiltonian formalism
→ use tensor network states/quantum devices [Schwartz 2014]
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Tensor Network States

▸ generic state scales exponentially

▸ tensor network state as ansatz

▸ 1d: matrix product state (MPS)

▸ truncation to bond dimenion D

▸ polynomial resource scaling

▸ good for ground states and low excited
states [Hastings 2007]

∣ψ⟩ = ∑
s1,s2,...,sN

Ψs1s2...sN ∣s1⟩⊗ ∣s2⟩⊗ . . .⊗ ∣sN⟩

Ψs1s2...sN = ∑
{ix}

A1,s1
i1 ⋅A

2,s2
i1,i2 ⋅A

3,s3
i2,i3 . . .A

N,sN
iN−1

=
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Schwinger Model [Hamer et al. 1997]

▸ quantum electrodynamics in 1+1 dimensions, U(1) symmetry
▸ fermion couples to gauge boson → partons
▸ bound states → hadrons [Bañuls et al. 2013]
▸ scattering → PDF [Dai et al. 1995]
▸ Lagrange density:

L =Ψ̄(i /∂ − g /A−m)Ψ−1
4

FµνFµν

Fµν =∂µAν − ∂νAµ

▸ for TN/QC: transform action into spin-model Hamiltonian:

H = x
N−2
∑
n=0
[σ+nσ−n+1 + σ−nσ+n+1]+

µ

2

N−1
∑
n=0
[1 + (−1)nσz

n]+
N−2
∑
n=0
[1

2

n
∑
k=0
((−1)k + σz

k)]
2

(x = 1
a2g2 , µ =

2m
ag2 )
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Lightfront matrix elements

⟨P ∣ Ψ̄(z−)γ+W (z− ← 0)Ψ(0) ∣P⟩
→ ⟨P ∣σ+(z−)Wz−←0σ

−(0) ∣P⟩

▸ lightcone
→ small time- and space-like steps

▸ time evolution:
e−iτH ≈ (e−iδτHeo e−iδτHoe e−iδτHL)Nτ

▸ spatial evolution:
change electric field along the path
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Results: matrix elements
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Results: PDF

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−6

−4

−2

0

2

4

6

Bjorken parameter ξ

PD
F

f Ψ
(ξ
)

m̃ = 10; x = 100; D = 80; Nτ = 100; Ṽ = 100

▸ ξ > 0: fψ ≈ symmetric
around ξ = 0.5

▸ antifermion PDF:

fψ(ξ) = −fψ(−ξ)

▸ fψ(ξ) = fψ(ξ)
⇒ meson ✓

▸ peak broadens with
decreasing fermion mass ✓
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Results: x-dependence
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Results: N-dependence
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Results: PDF [*preliminary]
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Outlook: lightcone distribution amplitude (LCDA) [preliminary]

LCDA: decay or hadronization in
inclusive processes

π0 → q(u)q̄(1 − u)→ γγ∗
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Summary

Summary:

▸ PDF → universal structure of hadrons

▸ Euclidean space: lightcone → point
x

t

▸ ⇒ use tensor network states / quantum devices
▸ Schwinger model:

fermion- and anti-fermion-PDF for the vector meson

Outlook:
▸ further lightcone observables
▸ same analysis for QCD

[arXiv:2504.07508]
[arXiv:2409.16996] −1 −0.5 0 0.5 1
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Contributions to error for m̃ = 10
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Results: Nτ -dependence
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Lcut-dependence: truncation of electric field
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Singular values and cutoff

Schwinger model, L = 14, µ = 0.125, x = 10, 2nd excitation
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Efficient Tensor Network operations

▸ Find groundstate and excited states

min
⎛
⎜⎜⎜
⎝

E =
⟨Ψ ∣ Ĥ ∣Ψ⟩
⟨Ψ ∣Ψ⟩

= /
⎞
⎟⎟⎟
⎠

▸ Apply operators / time evolution

Ô ∣Ψ⟩ =

. . .

Ð→ ∣Φ⟩ =

▸ Calculate overlap

⟨Ψ ∣Φ⟩ =
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Spin formulation of the Schwinger Model

L =Ψ̄(i /∂ − g /A−m)Ψ−1
4

FµνFµν −A0ρ

s0 s1 s2 s3 s4 s5
L1 L2 L3 L4 L5

H =−iΨ̄γ1(∂1 − igA1)Ψ+mΨ̄Ψ+1
2

E 2

H =− i
2a∑n

(ϕ†
n�

�Z
Ze iθn ϕn+1 − ϕ†

n+1�
��H
HHe−iθn ϕn)+m∑

n
(−1)nϕ†

nϕn+
ag2

2 ∑n
L2

n

H = 1
2a∑n

(σ+nσ−n+1 + σ−n+1σ
+
n )+

m
2 ∑n

[1 + (−1)nσz
n]+

ag2

2 ∑n
L2

n

H =x
N−2
∑
n=0
[σ+nσ−n+1 + σ−nσ+n+1]+

µ

2

N−1
∑
n=0
[1 + (−1)nσz

n]+
N−2
∑
n=0
[

n
∑
k=0

Qk]
2

Legendre transformation
(E = F01)

Ln−Ln−1 = Qn =
1
2
[(−1)n + σz

n]+qn
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L1 L2 L3 L4 L5

ϕ†
1 ϕ2

e iθ1

ϕ†
5ϕ4

e−iθ5

H =−iΨ̄γ1(∂1 − igA1)Ψ+mΨ̄Ψ+1
2

E 2

H =− i
2a∑n

(ϕ†
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ag2
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µ

2

N−1
∑
n=0
[1 + (−1)nσz

n]+
N−2
∑
n=0
[

n
∑
k=0

Qk]
2

staggered fermions
(θ = agA1,gL = E ) ϕn ∼ {

Ψupper(x) if n even
Ψlower(x) if n odd,
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decoupling ϕn →∏
k<n
(e−iθk )ϕn
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Jordan-Wigner
transformation

ϕ̂n =∏
k<n
(iσz

k)σ−n
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Gauss’s law:
(x = 1

a2g2 , µ = 2m
ag2 ) Ln−Ln−1 = Qn =

1
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[(−1)n + σz

n]+qn
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Lattice forumlation of PDF

PDF for lattice spin model:

fΨ (ξ) =
NM
8πx ∑

d=0,2,4,...,L
e−iξ Md

2x M(d)

M(d) =M0,0(d) −M0,1(d) −M1,0(d) +M1,1(d)
Ma,b(d) = ⟨h∣ e iHtd ∏

k<d+a
(−iσz

k)σ+d+ae−iHd−1δt

. . . e−iH3δte−iH1δt∏
k′<b
(iσz

k′)σ−b ∣h⟩c .

0 2 4 6 8 10

0

2

4

6

8

σ−

σ+

ligh
t con

e

position d [lattice units]

tim
e

t
[la

tt
ice

un
its

]
Manuel Schneider Hamiltonian approach to PDFs in the Schwinger model @ EPS-HEP Marseille 11 July 2025 26 / 18



References Backup

Light-cone structure

⟨P ∣ e iHt∏
k<n
(iσz

k)σ+n e−iH0t ∏
k′<0
(−iσz

k′)σ−0 ∣P⟩

▸ even-to-even matrix element
▸ calculated to each site at each

timeslice
▸ static charge fixed at orign
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Factorization

cross section:
σ ∝ Lµν (k,q)Wµν (q,P)

hadronic Tensor:
Wµν (ξ,P) =∑

i
∫

1

ξ

dz
z

fi (z) Ŵµν (
ξ

z
,Q)

leading order with Ŵ ∝ δ (1 − ξ
z ):

Wµν (q,P) = 4π (−gµν +
qµqν
q2 )F1 +

8πx
Q2 (Pµ −

P ⋅ q
q2 qµ)(Pν −

P ⋅ q
q2 qν)F2

factorization (leading order):

F1 (ξ) =
1
2∑i

e2
i fi (ξ)

F2 (ξ) =2xF1 (ξ)
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