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WEIGHTED AVERAGE
172.69±0.30 (Error scaled by 1.3)

TEVEWWG 16 TEVA 6.3
KHACHATRY... 16AK CMS 0.3
SIRUNYAN 19AR CMS 0.3
SIRUNYAN 19AP CMS 0.5
AABOUD 19AC ATLS 0.0
SIRUNYAN 20AR CMS
TUMASYAN 21G CMS 0.5

χ2

       7.8
(Confidence Level = 0.166)

170 172 174 176 178

t-Quark Mass (Direct Measurements) (GeV)
1TUMASYAN 21G based on 35.9 fb−1 of pp data at

√
s = 13 TeV. Events are selected

by requiring 1! + 2jets(1b jet) final state.
2 SIRUNYAN 20AR based on 35.9 fb−1 of pp data at

√
s = 13 TeV. The products of the

hadronic decay of a top quark with pT > 400 GeV, in the ! + jets channel of t t are
reconstructed as a single jet. The top quark mass is determined from the normalized
differential cross section measurement in the mjet distribution.

3AABOUD 19AC is an ATLAS combination of 7 and 8 TeV top-quark mass determination
in the dilepton, lepton + jets, and all jets channels.

4 SIRUNYAN 19AP based on 35.9 fb−1 of pp data at
√
s = 13 TeV. A combined mea-

surement using the lepton+jets and all-jets channels through a single likelihood function.
See SIRUNYAN 18DE and SIRUNYAN 19AP below.

5 SIRUNYAN 19AR based on 35.9 fb−1 of pp data at
√
s = 13 TeV. Obtained from a

simultaneous fit of the cross section and the top quark mass in the POWHEG simulation.
The cross section is used also to extract the MS mass and the strong coupling constant
for different PDF sets.

6KHACHATRYAN 16AK based on 19.7 fb−1 of pp data at
√
s = 8 TeV. Combination of

the three top mass measurements in KHACHATRYAN 16AK and with the CMS results
at

√
s = 7 TeV.

7TEVEWWG 16 is the latest Tevatron average (July 2016) provided by the Tevatron

Electroweak Working Group. It takes correlated uncertainties into account and has a χ2

of 10.8 for 11 degrees of freedom.
8AABOUD 19AC based on 20.2 fb−1 in pp collisions at

√
s = 8 TeV. Uses optimized

event selection to suppress less-well-reconstructed events and template fits to determine
mt together with a global jet energy scale factor and a relative b-to-light-jet energy scale
factor.

9 SIRUNYAN 19AP based on 35.9 fb−1 of pp data at
√
s = 13 TeV. A kinematical fit is ap-

plied to each event assuming the signal event topology. mt is determined simultaneously
with a jet energy scale factor (JSF). The second error represents stat.+JSF. Modeling
uncertainties are larger than in the measurements at

√
s = 7 and 8 TeV because of the

use of new alternative color reconnection models.
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Calibration: make relation quantitative
[PRL 117 (2016) 23, 232001, 
JHEP 12 (2023) 065]
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Calibration: make relation quantitative
[PRL 117 (2016) 23, 232001, 
JHEP 12 (2023) 065]

This talk: compute piece necessary for N3LL’ calibration

or for determination at a future e+e- collider

not the pole mass 
related to a short-distance mass?
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Measuring/calibrating the top mass
Tops decay very fast and, if boosted, form jets 

At       collider     measured with precision better than 
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M2
j =

[
∑

i→jet

pµi

]2

Tops decay very fast and, if boosted, form jets 

using event shapes
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High sensitivity to top mass in peak region

Hence we have EFTs called for
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M2

j ↑m2
t

mt
↓ !t
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Q → mt ↑ Mj → !t → ”QCD

Tops decay very fast and, if boosted, form jets 
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<latexit sha1_base64="dFUqBspZZLr5OLraDwB5s7j7r7w=">AAAB83icdVDLSsNAFJ3UV62vqks3o0VwFZJSot0VXeiygm2FJpTJdNIOnUnCzI1QQn/DjQtF3Poz7vwbpw/B54ELh3Pu5d57wlRwDY7zbhWWlldW14rrpY3Nre2d8u5eWyeZoqxFE5Go25BoJnjMWsBBsNtUMSJDwTrh6GLqd+6Y0jyJb2CcskCSQcwjTgkYyfcviZSkl/uHMOmVK45d92p1r4p/E9d2ZqigBZq98pvfT2gmWQxUEK27rpNCkBMFnAo2KfmZZimhIzJgXUNjIpkO8tnNE3xslD6OEmUqBjxTv07kRGo9lqHplASG+qc3Ff/yuhlEZ0HO4zQDFtP5oigTGBI8DQD3uWIUxNgQQhU3t2I6JIpQMDGVTAifn+L/Sbtqu57tXdcqjfNFHEV0gI7QCXLRKWqgK9RELURRiu7RI3qyMuvBerZe5q0FazGzj77Bev0AXCCR8A==</latexit>

!t

<latexit sha1_base64="1MV6+ZHhe2FoMrzh+q6hORFdFp0="></latexit>

M2
j =

[
∑

i→jet

pµi

]2



Sequence of EFTs in peak region
Consider the doubly differential hemisphere mass distribution

match QCD to SCET

match SCET to bHQET

jet functions

evolve

evolve

soft function

evolve



Sequence of EFTs in peak region
Consider the doubly differential hemisphere mass distribution

it factorizes at 
leading power in 

<latexit sha1_base64="ZCu2bskiyRsyB9VVDYixuhRznTA=">AAACJHicdVDLSsNAFJ34tr6qLt2MFsGFlFSkKm5EF7pUsCo0JdxMJ3boTBJmboQS8jFu/BU3Lnzgwo3f4rSN4PPAhTPn3Mvce4JECoOu++aMjI6NT0xOTZdmZufmF8qLSxcmTjXjDRbLWF8FYLgUEW+gQMmvEs1BBZJfBt2jvn95w7URcXSOvYS3FFxHIhQM0Ep+ed8LNbBM+ZhnZ/nm8OUdg1LgZ94q5vnA26SF0wHMTCH65Ypb3atv79W36G9Sq7oDVEiBU7/87LVjlioeIZNgTLPmJtjKQKNgkuclLzU8AdaFa960NALFTSsbHJnTdau0aRhrWxHSgfp1IgNlTE8FtlMBdsxPry/+5TVTDHdbmYiSFHnEhh+FqaQY035itC00Zyh7lgDTwu5KWQdsGmhzLdkQPi+l/5OLrWqtXq2fbVcODos4psgKWSMbpEZ2yAE5IaekQRi5JffkkTw5d86D8+K8DltHnGJmmXyD8/4BchCnPA==</latexit>

mt

Q
,
!t
mt

,
ŝ

mt

<latexit sha1_base64="SJrgp38D4b6oxffOsvYvStruQPE="></latexit>

d2ω(dijet)

dM2
1dM

2
2

= ω0 H
(nω+1)
Q

(
Q,µ

)
Hm

(
m,

Q

m
,µ

)∫
dε+dε→ S

(nω)
(
ε
+
, ε

→
, µ

)

→B
(nω)
n

(
M

2
1 ↑Qε

+

m
↑m,!t, µ

)
B

(nω)
n̄

(
M

2
2 ↑Qε

→

mt
↑mt,!t, µ

)
.



Sequence of EFTs in peak region
Consider the doubly differential hemisphere mass distribution

<latexit sha1_base64="SJrgp38D4b6oxffOsvYvStruQPE="></latexit>

d2ω(dijet)

dM2
1dM

2
2

= ω0 H
(nω+1)
Q

(
Q,µ

)
Hm

(
m,

Q

m
,µ

)∫
dε+dε→ S

(nω)
(
ε
+
, ε

→
, µ

)

→B
(nω)
n

(
M

2
1 ↑Qε

+

m
↑m,!t, µ

)
B

(nω)
n̄

(
M

2
2 ↑Qε

→

mt
↑mt,!t, µ

)
.

Hard piece known at 3-loops, soft at 2/3 loops. What about jet?

<latexit sha1_base64="ZCu2bskiyRsyB9VVDYixuhRznTA=">AAACJHicdVDLSsNAFJ34tr6qLt2MFsGFlFSkKm5EF7pUsCo0JdxMJ3boTBJmboQS8jFu/BU3Lnzgwo3f4rSN4PPAhTPn3Mvce4JECoOu++aMjI6NT0xOTZdmZufmF8qLSxcmTjXjDRbLWF8FYLgUEW+gQMmvEs1BBZJfBt2jvn95w7URcXSOvYS3FFxHIhQM0Ep+ed8LNbBM+ZhnZ/nm8OUdg1LgZ94q5vnA26SF0wHMTCH65Ypb3atv79W36G9Sq7oDVEiBU7/87LVjlioeIZNgTLPmJtjKQKNgkuclLzU8AdaFa960NALFTSsbHJnTdau0aRhrWxHSgfp1IgNlTE8FtlMBdsxPry/+5TVTDHdbmYiSFHnEhh+FqaQY035itC00Zyh7lgDTwu5KWQdsGmhzLdkQPi+l/5OLrWqtXq2fbVcODos4psgKWSMbpEZ2yAE5IaekQRi5JffkkTw5d86D8+K8DltHnGJmmXyD8/4BchCnPA==</latexit>

mt

Q
,
!t
mt

,
ŝ

mt

it factorizes at 
leading power in 



Jet function for boosted tops

<latexit sha1_base64="JNO3eGdbVB8Sy9KgVEotvQ64Rfg="></latexit>

B(ŝ, 0,!t) → Im[B(ŝ+ i!t)] , B(ŝ) → ↑i

4ωNcmt

∫
ddx ei r·x↓0|T

{
h̄v(0)Wn(0)W

†
n(x)hv(x)

}
|0↔

<latexit sha1_base64="h3cRXVqMZcxyYcDtA82qGs94a30=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxA8yDATQjQHIejFYwSzQGYIPT09SZOehe6aQByCv+LFgyJe/Q9v/o2dRXB9UPB4r4qqel4iuALLejcWFpeWV1Zza/n1jc2t7cLOblPFqaSsQWMRy7ZHFBM8Yg3gIFg7kYyEnmAtb3A58VtDJhWPoxsYJcwNSS/iAacEtNQt7Dt9Alidl7BzgocO9WPAslsoWma1Uq5WSvg3sU1riiKao94tvDl+TNOQRUAFUapjWwm4GZHAqWDjvJMqlhA6ID3W0TQiIVNuNr1+jI+04uMglroiwFP160RGQqVGoac7QwJ99dObiH95nRSCMzfjUZICi+hsUZAKDDGeRIF9LhkFMdKEUMn1rZj2iSQUdGB5HcLnp/h/0iyZdsWsXJeLtYt5HDl0gA7RMbLRKaqhK1RHDUTRLbpHj+jJuDMejGfjZda6YMxn9tA3GK8fBziUWw==</latexit>

ŝ = 2 v · rFor             and in the pole scheme, one has



Jet function for boosted tops

<latexit sha1_base64="JNO3eGdbVB8Sy9KgVEotvQ64Rfg="></latexit>

B(ŝ, 0,!t) → Im[B(ŝ+ i!t)] , B(ŝ) → ↑i

4ωNcmt

∫
ddx ei r·x↓0|T

{
h̄v(0)Wn(0)W

†
n(x)hv(x)

}
|0↔

<latexit sha1_base64="h3cRXVqMZcxyYcDtA82qGs94a30=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxA8yDATQjQHIejFYwSzQGYIPT09SZOehe6aQByCv+LFgyJe/Q9v/o2dRXB9UPB4r4qqel4iuALLejcWFpeWV1Zza/n1jc2t7cLOblPFqaSsQWMRy7ZHFBM8Yg3gIFg7kYyEnmAtb3A58VtDJhWPoxsYJcwNSS/iAacEtNQt7Dt9Alidl7BzgocO9WPAslsoWma1Uq5WSvg3sU1riiKao94tvDl+TNOQRUAFUapjWwm4GZHAqWDjvJMqlhA6ID3W0TQiIVNuNr1+jI+04uMglroiwFP160RGQqVGoac7QwJ99dObiH95nRSCMzfjUZICi+hsUZAKDDGeRIF9LhkFMdKEUMn1rZj2iSQUdGB5HcLnp/h/0iyZdsWsXJeLtYt5HDl0gA7RMbLRKaqhK1RHDUTRLbpHj+jJuDMejGfjZda6YMxn9tA3GK8fBziUWw==</latexit>

ŝ = 2 v · rFor             and in the pole scheme, one has

Appears in factorisation theorems for

Doubly differential hemisphere mass 
Thrust 
C-parameter (C-jettiness) 
N-jettiness

In position (Fourier) space obeys non-abelian exponentiation

[Gardi, Smillie, White]



Jet function for boosted tops

<latexit sha1_base64="JNO3eGdbVB8Sy9KgVEotvQ64Rfg="></latexit>

B(ŝ, 0,!t) → Im[B(ŝ+ i!t)] , B(ŝ) → ↑i

4ωNcmt

∫
ddx ei r·x↓0|T

{
h̄v(0)Wn(0)W

†
n(x)hv(x)

}
|0↔

<latexit sha1_base64="h3cRXVqMZcxyYcDtA82qGs94a30=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxA8yDATQjQHIejFYwSzQGYIPT09SZOehe6aQByCv+LFgyJe/Q9v/o2dRXB9UPB4r4qqel4iuALLejcWFpeWV1Zza/n1jc2t7cLOblPFqaSsQWMRy7ZHFBM8Yg3gIFg7kYyEnmAtb3A58VtDJhWPoxsYJcwNSS/iAacEtNQt7Dt9Alidl7BzgocO9WPAslsoWma1Uq5WSvg3sU1riiKao94tvDl+TNOQRUAFUapjWwm4GZHAqWDjvJMqlhA6ID3W0TQiIVNuNr1+jI+04uMglroiwFP160RGQqVGoac7QwJ99dObiH95nRSCMzfjUZICi+hsUZAKDDGeRIF9LhkFMdKEUMn1rZj2iSQUdGB5HcLnp/h/0iyZdsWsXJeLtYt5HDl0gA7RMbLRKaqhK1RHDUTRLbpHj+jJuDMejGfjZda6YMxn9tA3GK8fBziUWw==</latexit>

ŝ = 2 v · rFor             and in the pole scheme, one has

heavy quark fields light-like Wilson lines

Appears in factorisation theorems for

Doubly differential hemisphere mass 
Thrust 
C-parameter (C-jettiness) 
N-jettiness

[Gardi, Smillie, White]

In position (Fourier) space obeys non-abelian exponentiation



Jet function for boosted tops

<latexit sha1_base64="JNO3eGdbVB8Sy9KgVEotvQ64Rfg="></latexit>

B(ŝ, 0,!t) → Im[B(ŝ+ i!t)] , B(ŝ) → ↑i

4ωNcmt

∫
ddx ei r·x↓0|T

{
h̄v(0)Wn(0)W

†
n(x)hv(x)

}
|0↔

<latexit sha1_base64="h3cRXVqMZcxyYcDtA82qGs94a30=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxA8yDATQjQHIejFYwSzQGYIPT09SZOehe6aQByCv+LFgyJe/Q9v/o2dRXB9UPB4r4qqel4iuALLejcWFpeWV1Zza/n1jc2t7cLOblPFqaSsQWMRy7ZHFBM8Yg3gIFg7kYyEnmAtb3A58VtDJhWPoxsYJcwNSS/iAacEtNQt7Dt9Alidl7BzgocO9WPAslsoWma1Uq5WSvg3sU1riiKao94tvDl+TNOQRUAFUapjWwm4GZHAqWDjvJMqlhA6ID3W0TQiIVNuNr1+jI+04uMglroiwFP160RGQqVGoac7QwJ99dObiH95nRSCMzfjUZICi+hsUZAKDDGeRIF9LhkFMdKEUMn1rZj2iSQUdGB5HcLnp/h/0iyZdsWsXJeLtYt5HDl0gA7RMbLRKaqhK1RHDUTRLbpHj+jJuDMejGfjZda6YMxn9tA3GK8fBziUWw==</latexit>

ŝ = 2 v · rFor             and in the pole scheme, one has

 = velocity of top quarks<latexit sha1_base64="FbzthyYzDIKVl/X3It13Qw+cggQ=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiSlRLsrunHZgn1AG8pkOmnHTiZhZlIooV/gxoUibv0kd/6N04fg88CFwzn3cu89QcKZ0o7zbuXW1jc2t/LbhZ3dvf2D4uFRS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+HrutydUKhaLWz1NqB/hoWAhI1gbqTHpF0uOXfUqVa+MfhPXdhYowQr1fvGtN4hJGlGhCcdKdV0n0X 6GpWaE01mhlyqaYDLGQ9o1VOCIKj9bHDpDZ0YZoDCWpoRGC/XrRIYjpaZRYDojrEfqpzcX//K6qQ4v/YyJJNVUkOWiMOVIx2j+NRowSYnmU0MwkczcisgIS0y0yaZgQvj8FP1PWmXb9WyvUSnVrlZx5OEETuEcXLiAGtxAHZpAgMI9PMKTdWc9WM/Wy7I1Z61mjuEbrNcPg02NcQ==</latexit>v n = jet direction

Appears in factorisation theorems for

Doubly differential hemisphere mass 
Thrust 
C-parameter (C-jettiness) 
N-jettiness

[Gardi, Smillie, White]

In position (Fourier) space obeys non-abelian exponentiation



Jet function for boosted tops
<latexit sha1_base64="h3cRXVqMZcxyYcDtA82qGs94a30=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxA8yDATQjQHIejFYwSzQGYIPT09SZOehe6aQByCv+LFgyJe/Q9v/o2dRXB9UPB4r4qqel4iuALLejcWFpeWV1Zza/n1jc2t7cLOblPFqaSsQWMRy7ZHFBM8Yg3gIFg7kYyEnmAtb3A58VtDJhWPoxsYJcwNSS/iAacEtNQt7Dt9Alidl7BzgocO9WPAslsoWma1Uq5WSvg3sU1riiKao94tvDl+TNOQRUAFUapjWwm4GZHAqWDjvJMqlhA6ID3W0TQiIVNuNr1+jI+04uMglroiwFP160RGQqVGoac7QwJ99dObiH95nRSCMzfjUZICi+hsUZAKDDGeRIF9LhkFMdKEUMn1rZj2iSQUdGB5HcLnp/h/0iyZdsWsXJeLtYt5HDl0gA7RMbLRKaqhK1RHDUTRLbpHj+jJuDMejGfjZda6YMxn9tA3GK8fBziUWw==</latexit>

ŝ = 2 v · rFor             and in the pole scheme, one has

Known at 1- and 2-loops [Jain, Scimemi, Stewart, 2009]

<latexit sha1_base64="JNO3eGdbVB8Sy9KgVEotvQ64Rfg="></latexit>

B(ŝ, 0,!t) → Im[B(ŝ+ i!t)] , B(ŝ) → ↑i

4ωNcmt

∫
ddx ei r·x↓0|T

{
h̄v(0)Wn(0)W

†
n(x)hv(x)

}
|0↔



Jet function for boosted tops
<latexit sha1_base64="h3cRXVqMZcxyYcDtA82qGs94a30=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxA8yDATQjQHIejFYwSzQGYIPT09SZOehe6aQByCv+LFgyJe/Q9v/o2dRXB9UPB4r4qqel4iuALLejcWFpeWV1Zza/n1jc2t7cLOblPFqaSsQWMRy7ZHFBM8Yg3gIFg7kYyEnmAtb3A58VtDJhWPoxsYJcwNSS/iAacEtNQt7Dt9Alidl7BzgocO9WPAslsoWma1Uq5WSvg3sU1riiKao94tvDl+TNOQRUAFUapjWwm4GZHAqWDjvJMqlhA6ID3W0TQiIVNuNr1+jI+04uMglroiwFP160RGQqVGoac7QwJ99dObiH95nRSCMzfjUZICi+hsUZAKDDGeRIF9LhkFMdKEUMn1rZj2iSQUdGB5HcLnp/h/0iyZdsWsXJeLtYt5HDl0gA7RMbLRKaqhK1RHDUTRLbpHj+jJuDMejGfjZda6YMxn9tA3GK8fBziUWw==</latexit>

ŝ = 2 v · rFor             and in the pole scheme, one has

Known at 1- and 2-loops [Jain, Scimemi, Stewart, 2009]

This talk: computation at 3-loops

eikonal
Heavy quark
Relativistic massless

<latexit sha1_base64="JNO3eGdbVB8Sy9KgVEotvQ64Rfg="></latexit>

B(ŝ, 0,!t) → Im[B(ŝ+ i!t)] , B(ŝ) → ↑i

4ωNcmt

∫
ddx ei r·x↓0|T

{
h̄v(0)Wn(0)W

†
n(x)hv(x)

}
|0↔

propagators

<latexit sha1_base64="MnY5dYUi/swSs9ukSQUWZBbX1jo=">AAAB73icdVDLSsNAFL2pr1pfUZduBovgKiTio+6KblxWsA9oQplMJ+nQySTOTIQS+hNuXCji1t9x5984fQg+D1w4nHMv994TZpwp7brvVmlhcWl5pbxaWVvf2Nyyt3daKs0loU2S8lR2QqwoZ4I2NdOcdjJJcRJy2g6HlxO/fUelYqm40aOMBgmOBYsYwdpIHT9kccz9omdXXefcc2uei34Tz3GnqMIcjZ795vdTkidUaMKxUl3PzXRQYKkZ4XRc8XNFM0yGOKZdQwVOqAqK6b1jdGCUPopSaUpoNFW/ThQ4UWqUhKYzwXqgfnoT8S+vm+uoFhRMZLmmgswWRTlHOkWT51GfSUo0HxmCiWTmVkQGWGKiTUQVE8Lnp+h/0jpyvFPn5Pq4Wr+Yx1GGPdiHQ/DgDOpwBQ1oAgEO9/AIT9at9WA9Wy+z1pI1n9mFb7BePwB00ZBF</latexit>⇢
Involves

<latexit sha1_base64="MnY5dYUi/swSs9ukSQUWZBbX1jo=">AAAB73icdVDLSsNAFL2pr1pfUZduBovgKiTio+6KblxWsA9oQplMJ+nQySTOTIQS+hNuXCji1t9x5984fQg+D1w4nHMv994TZpwp7brvVmlhcWl5pbxaWVvf2Nyyt3daKs0loU2S8lR2QqwoZ4I2NdOcdjJJcRJy2g6HlxO/fUelYqm40aOMBgmOBYsYwdpIHT9kccz9omdXXefcc2uei34Tz3GnqMIcjZ795vdTkidUaMKxUl3PzXRQYKkZ4XRc8XNFM0yGOKZdQwVOqAqK6b1jdGCUPopSaUpoNFW/ThQ4UWqUhKYzwXqgfnoT8S+vm+uoFhRMZLmmgswWRTlHOkWT51GfSUo0HxmCiWTmVkQGWGKiTUQVE8Lnp+h/0jpyvFPn5Pq4Wr+Yx1GGPdiHQ/DgDOpwBQ1oAgEO9/AIT9at9WA9Wy+z1pI1n9mFb7BePwB00ZBF</latexit>⇢



Complexity of computation
1-loop    2-loops    3-loops    4-loops

4          50         1100       31000

3           70         5400          ?

1            3            20          ?

Feynman diagrams

Scalar integrals

Master integrals



Complexity of computation

Generate diagrams map to families Obtain integrals

IBP reductionSolve MIsGet Jet function!

Workflow

1-loop    2-loops    3-loops    4-loops

4          50         1100       31000

1            3            20          ?

Feynman diagrams

Master integrals

3           70         5400          ?Scalar integrals



Complexity of computation

Complexity similar to that of a soft function for heavy-to-light 
decays: use strategy similar to [Brüser, Liu, Stahlhofen 2020]

Workflow

1-loop    2-loops    3-loops    4-loops

4          50         1100       31000

1            3            20          ?

Feynman diagrams

Master integrals

Generate diagrams map to families Obtain integrals

IBP reductionSolve MIsGet Jet function!

3           70         5400          ?Scalar integrals



Different forms of jet function
Jet junction needs to be renormalised and RG-evolved

Convolutions in momentum space, products in position space

<latexit sha1_base64="NOOZqwrWTBa0d5hopFSya2CCI6Q="></latexit>

B̃(x) =

∫
dŝ e→ixŝB(ŝ)

<latexit sha1_base64="WqHoHc/gHjHEjlUbBfgihp1E8kw=">AAACGnicdVBNSwJRFH1jX2ZfUy3bPJLCIGRGxHIRiG1aGqQGziBvnld9+OaD996EIv6ONv2VNi2KaBdt+je9UYM+D1w4nHMv997jRZxJZVnvRmphcWl5Jb2aWVvf2Nwyt3caMowFhToNeSiuPSKBswDqiikO15EA4nscmt7gPPGbNyAkC4MrNYrA9UkvYF1GidJS27QdxXgHcBXnhkf4DB9iB4YRxk6V9XjLOZ7bXmInmnDbZtbKl0vFcqmAfxM7b02RRXPU2uar0wlp7EOgKCdStmwrUu6YCMUoh0nGiSVEhA5ID1qaBsQH6Y6nr03wgVY6uBsKXYHCU/XrxJj4Uo58T3f6RPXlTy8R//JaseqeumMWRLGCgM4WdWOOVYiTnHCHCaCKjzQhVDB9K6Z9IghVOs2MDuHzU/w/aRTydilfuixmK9V5HGm0h/ZRDtnoBFXQBaqhOqLoFt2jR/Rk3BkPxrPxMmtNGfOZXfQNxtsHtOGeRA==</latexit>

B̃(x) = exp
[
b̃(x)

]



Different forms of jet function

<latexit sha1_base64="NOOZqwrWTBa0d5hopFSya2CCI6Q="></latexit>

B̃(x) =

∫
dŝ e→ixŝB(ŝ)

We have derived closed or recursive expressions for
All renormalization factors 
All divergent pieces 
Relations between coefficients 
Relations to short-distance masses

<latexit sha1_base64="LZnZPOonnWLhwBO3RmqFnaueZOw="></latexit>

B̃in =
(→1)n

n!

l→1∑

j=k→2

Bij |j|!ωj+1→n

<latexit sha1_base64="WqHoHc/gHjHEjlUbBfgihp1E8kw=">AAACGnicdVBNSwJRFH1jX2ZfUy3bPJLCIGRGxHIRiG1aGqQGziBvnld9+OaD996EIv6ONv2VNi2KaBdt+je9UYM+D1w4nHMv997jRZxJZVnvRmphcWl5Jb2aWVvf2Nwyt3caMowFhToNeSiuPSKBswDqiikO15EA4nscmt7gPPGbNyAkC4MrNYrA9UkvYF1GidJS27QdxXgHcBXnhkf4DB9iB4YRxk6V9XjLOZ7bXmInmnDbZtbKl0vFcqmAfxM7b02RRXPU2uar0wlp7EOgKCdStmwrUu6YCMUoh0nGiSVEhA5ID1qaBsQH6Y6nr03wgVY6uBsKXYHCU/XrxJj4Uo58T3f6RPXlTy8R//JaseqeumMWRLGCgM4WdWOOVYiTnHCHCaCKjzQhVDB9K6Z9IghVOs2MDuHzU/w/aRTydilfuixmK9V5HGm0h/ZRDtnoBFXQBaqhOqLoFt2jR/Rk3BkPxrPxMmtNGfOZXfQNxtsHtOGeRA==</latexit>

B̃(x) = exp
[
b̃(x)

]

Jet junction needs to be renormalised and RG-evolved

Convolutions in momentum space, products in position space



Some boring details

1100 diagrams generated 
with qgraf [Nogueira 1993] 



Some boring details

Results processed with Looping [Brüser, unpublished]

Identify integral families [Pak 2012]

Color and Dirac algebra with FORM and color.h

Partial fraction using Gröbner basis [Pak 2012]

Use momentum shifts to reduce integrals

Discard scaleless integrals

1100 diagrams generated 
with qgraf [Nogueira 1993] 



Some boring details

1100 diagrams generated 
with qgraf [Nogueira 1993] 

Left with 5400 scalar integrals

Results processed with Looping [Brüser, unpublished]

Identify integral families [Pak 2012]

Color and Dirac algebra with FORM and color.h

Partial fraction using Gröbner basis [Pak 2012]

Use momentum shifts to reduce integrals

Discard scaleless integrals



Integral reduction
IBP reduce each family with FIRE6 [Smirnov, Chuharev 2020] 
and LiteRed [Lee 2014]



Integral reduction

Map across families with looping —> left with 21 MI

IBP reduce each family with FIRE6 [Smirnov, Chuharev 2020] 
and LiteRed [Lee 2014]



Integral reduction

Use dim-shifts to find an extra relation —> 20 MI
<latexit sha1_base64="7YRffK4Cm0Rk12YlY3XOHmoJ/Vw="></latexit>

ωg (d) = T (d±2)
→ ωg (d±2) → ωg (d) = T (d±2)

→ T (d)
± ωg (d)

IBP reduce each family with FIRE6 [Smirnov, Chuharev 2020] 
and LiteRed [Lee 2014]

Map across families with looping —> left with 21 MI



Integral reduction

Obtain same result with KIRA [2505.20197] in a (much slower) 
single step

<latexit sha1_base64="7YRffK4Cm0Rk12YlY3XOHmoJ/Vw="></latexit>

ωg (d) = T (d±2)
→ ωg (d±2) → ωg (d) = T (d±2)

→ T (d)
± ωg (d)

IBP reduce each family with FIRE6 [Smirnov, Chuharev 2020] 
and LiteRed [Lee 2014]

Map across families with looping —> left with 21 MI

Use dim-shifts to find an extra relation —> 20 MI



Integral reduction

Obtain same result with KIRA [2505.20197] in a (much slower) 
single step

<latexit sha1_base64="7YRffK4Cm0Rk12YlY3XOHmoJ/Vw="></latexit>

ωg (d) = T (d±2)
→ ωg (d±2) → ωg (d) = T (d±2)

→ T (d)
± ωg (d)

Other packages: worse performance

IBP reduce each family with FIRE6 [Smirnov, Chuharev 2020] 
and LiteRed [Lee 2014]

Map across families with looping —> left with 21 MI

Use dim-shifts to find an extra relation —> 20 MI



Master integrals



How to compute the MIs?
We aim for analytic results. If possible, keep all orders in <latexit sha1_base64="xgvCTtRK4w53SIJyukhp6QxrZHQ=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4CjMhjOYW9OIxgllgMoSeTidp0tM9dNcEwpDP8OJBEa9+jTf/xs4iuD4oeLxXRVW9KBHcgOu+O7m19Y3Nrfx2YWd3b/+geHjUMirVlDWpEkp3ImKY4JI1gYNgnUQzEkeCtaPx9dxvT5g2XMk7mCYsjMlQ8gGnBKwUdCdEs8RwoWSvWHLLNb9a8yv4N/HK7gIltEKjV3zr9hVNYyaBCmJM4LkJhBnRwKlgs0I3NSwhdEyGLLBUkpiZMFucPMNnVunjgdK2JOCF+nUiI7Ex0ziynTGBkfnpzcW/vCCFwWWYcZmkwCRdLhqkAoPC8/9xn2tGQUwtIVRzeyumI6IJBZtSwYbw+Sn+n7QqZc8v+7fVUv1qFUcenaBTdI48dIHq6AY1UBNRpNA9ekRPDjgPzrPzsmzNOauZY/QNzusHWeuR/g==</latexit>ω

<latexit sha1_base64="xgvCTtRK4w53SIJyukhp6QxrZHQ=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4CjMhjOYW9OIxgllgMoSeTidp0tM9dNcEwpDP8OJBEa9+jTf/xs4iuD4oeLxXRVW9KBHcgOu+O7m19Y3Nrfx2YWd3b/+geHjUMirVlDWpEkp3ImKY4JI1gYNgnUQzEkeCtaPx9dxvT5g2XMk7mCYsjMlQ8gGnBKwUdCdEs8RwoWSvWHLLNb9a8yv4N/HK7gIltEKjV3zr9hVNYyaBCmJM4LkJhBnRwKlgs0I3NSwhdEyGLLBUkpiZMFucPMNnVunjgdK2JOCF+nUiI7Ex0ziynTGBkfnpzcW/vCCFwWWYcZmkwCRdLhqkAoPC8/9xn2tGQUwtIVRzeyumI6IJBZtSwYbw+Sn+n7QqZc8v+7fVUv1qFUcenaBTdI48dIHq6AY1UBNRpNA9ekRPDjgPzrPzsmzNOauZY/QNzusHWeuR/g==</latexit>ωif not, expand in small   up to the necessary order

7 either known [Smirnov 2017] or products of 1- & 2-loops



Mellin-Barnes

How to compute the MIs?
<latexit sha1_base64="xgvCTtRK4w53SIJyukhp6QxrZHQ=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4CjMhjOYW9OIxgllgMoSeTidp0tM9dNcEwpDP8OJBEa9+jTf/xs4iuD4oeLxXRVW9KBHcgOu+O7m19Y3Nrfx2YWd3b/+geHjUMirVlDWpEkp3ImKY4JI1gYNgnUQzEkeCtaPx9dxvT5g2XMk7mCYsjMlQ8gGnBKwUdCdEs8RwoWSvWHLLNb9a8yv4N/HK7gIltEKjV3zr9hVNYyaBCmJM4LkJhBnRwKlgs0I3NSwhdEyGLLBUkpiZMFucPMNnVunjgdK2JOCF+nUiI7Ex0ziynTGBkfnpzcW/vCCFwWWYcZmkwCRdLhqkAoPC8/9xn2tGQUwtIVRzeyumI6IJBZtSwYbw+Sn+n7QqZc8v+7fVUv1qFUcenaBTdI48dIHq6AY1UBNRpNA9ekRPDjgPzrPzsmzNOauZY/QNzusHWeuR/g==</latexit>ω

<latexit sha1_base64="xgvCTtRK4w53SIJyukhp6QxrZHQ=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4CjMhjOYW9OIxgllgMoSeTidp0tM9dNcEwpDP8OJBEa9+jTf/xs4iuD4oeLxXRVW9KBHcgOu+O7m19Y3Nrfx2YWd3b/+geHjUMirVlDWpEkp3ImKY4JI1gYNgnUQzEkeCtaPx9dxvT5g2XMk7mCYsjMlQ8gGnBKwUdCdEs8RwoWSvWHLLNb9a8yv4N/HK7gIltEKjV3zr9hVNYyaBCmJM4LkJhBnRwKlgs0I3NSwhdEyGLLBUkpiZMFucPMNnVunjgdK2JOCF+nUiI7Ex0ziynTGBkfnpzcW/vCCFwWWYcZmkwCRdLhqkAoPC8/9xn2tGQUwtIVRzeyumI6IJBZtSwYbw+Sn+n7QqZc8v+7fVUv1qFUcenaBTdI48dIHq6AY1UBNRpNA9ekRPDjgPzrPzsmzNOauZY/QNzusHWeuR/g==</latexit>ωif not, expand in small   up to the necessary order

7 either known [Smirnov 2017] or products of 1- & 2-loops

Rest need special techniques

<latexit sha1_base64="TTPDAz2+ywSBGlUV+luujPDQMC4="></latexit>

(A+B)→ω =

∫

C

ds

2ωi

!(s)!(ε→ s)

!(ε)
As→ωB→s

use Cauchy’s theorem

use identity

all orders in <latexit sha1_base64="xgvCTtRK4w53SIJyukhp6QxrZHQ=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4CjMhjOYW9OIxgllgMoSeTidp0tM9dNcEwpDP8OJBEa9+jTf/xs4iuD4oeLxXRVW9KBHcgOu+O7m19Y3Nrfx2YWd3b/+geHjUMirVlDWpEkp3ImKY4JI1gYNgnUQzEkeCtaPx9dxvT5g2XMk7mCYsjMlQ8gGnBKwUdCdEs8RwoWSvWHLLNb9a8yv4N/HK7gIltEKjV3zr9hVNYyaBCmJM4LkJhBnRwKlgs0I3NSwhdEyGLLBUkpiZMFucPMNnVunjgdK2JOCF+nUiI7Ex0ziynTGBkfnpzcW/vCCFwWWYcZmkwCRdLhqkAoPC8/9xn2tGQUwtIVRzeyumI6IJBZtSwYbw+Sn+n7QqZc8v+7fVUv1qFUcenaBTdI48dIHq6AY1UBNRpNA9ekRPDjgPzrPzsmzNOauZY/QNzusHWeuR/g==</latexit>ω

We aim for analytic results. If possible, keep all orders in



How to compute the MIs?
<latexit sha1_base64="xgvCTtRK4w53SIJyukhp6QxrZHQ=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4CjMhjOYW9OIxgllgMoSeTidp0tM9dNcEwpDP8OJBEa9+jTf/xs4iuD4oeLxXRVW9KBHcgOu+O7m19Y3Nrfx2YWd3b/+geHjUMirVlDWpEkp3ImKY4JI1gYNgnUQzEkeCtaPx9dxvT5g2XMk7mCYsjMlQ8gGnBKwUdCdEs8RwoWSvWHLLNb9a8yv4N/HK7gIltEKjV3zr9hVNYyaBCmJM4LkJhBnRwKlgs0I3NSwhdEyGLLBUkpiZMFucPMNnVunjgdK2JOCF+nUiI7Ex0ziynTGBkfnpzcW/vCCFwWWYcZmkwCRdLhqkAoPC8/9xn2tGQUwtIVRzeyumI6IJBZtSwYbw+Sn+n7QqZc8v+7fVUv1qFUcenaBTdI48dIHq6AY1UBNRpNA9ekRPDjgPzrPzsmzNOauZY/QNzusHWeuR/g==</latexit>ω

<latexit sha1_base64="xgvCTtRK4w53SIJyukhp6QxrZHQ=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4CjMhjOYW9OIxgllgMoSeTidp0tM9dNcEwpDP8OJBEa9+jTf/xs4iuD4oeLxXRVW9KBHcgOu+O7m19Y3Nrfx2YWd3b/+geHjUMirVlDWpEkp3ImKY4JI1gYNgnUQzEkeCtaPx9dxvT5g2XMk7mCYsjMlQ8gGnBKwUdCdEs8RwoWSvWHLLNb9a8yv4N/HK7gIltEKjV3zr9hVNYyaBCmJM4LkJhBnRwKlgs0I3NSwhdEyGLLBUkpiZMFucPMNnVunjgdK2JOCF+nUiI7Ex0ziynTGBkfnpzcW/vCCFwWWYcZmkwCRdLhqkAoPC8/9xn2tGQUwtIVRzeyumI6IJBZtSwYbw+Sn+n7QqZc8v+7fVUv1qFUcenaBTdI48dIHq6AY1UBNRpNA9ekRPDjgPzrPzsmzNOauZY/QNzusHWeuR/g==</latexit>ωif not, expand in small   up to the necessary order

7 either known [Smirnov 2017] or products of 1- & 2-loops

Mellin-Barnes

<latexit sha1_base64="TTPDAz2+ywSBGlUV+luujPDQMC4="></latexit>

(A+B)→ω =

∫

C

ds

2ωi

!(s)!(ε→ s)

!(ε)
As→ωB→s

use Cauchy’s theorem

Quasi-finite integrals

Search for finite integrals in d+2n 
with Reduze2 [2012]

Compute finite integrals with 
HyperInt [Panzer 2015]

Relate to MI with dim-shifts and 
IBP

use identity

all orders in <latexit sha1_base64="xgvCTtRK4w53SIJyukhp6QxrZHQ=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4CjMhjOYW9OIxgllgMoSeTidp0tM9dNcEwpDP8OJBEa9+jTf/xs4iuD4oeLxXRVW9KBHcgOu+O7m19Y3Nrfx2YWd3b/+geHjUMirVlDWpEkp3ImKY4JI1gYNgnUQzEkeCtaPx9dxvT5g2XMk7mCYsjMlQ8gGnBKwUdCdEs8RwoWSvWHLLNb9a8yv4N/HK7gIltEKjV3zr9hVNYyaBCmJM4LkJhBnRwKlgs0I3NSwhdEyGLLBUkpiZMFucPMNnVunjgdK2JOCF+nUiI7Ex0ziynTGBkfnpzcW/vCCFwWWYcZmkwCRdLhqkAoPC8/9xn2tGQUwtIVRzeyumI6IJBZtSwYbw+Sn+n7QqZc8v+7fVUv1qFUcenaBTdI48dIHq6AY1UBNRpNA9ekRPDjgPzrPzsmzNOauZY/QNzusHWeuR/g==</latexit>ω expanded in <latexit sha1_base64="xgvCTtRK4w53SIJyukhp6QxrZHQ=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4CjMhjOYW9OIxgllgMoSeTidp0tM9dNcEwpDP8OJBEa9+jTf/xs4iuD4oeLxXRVW9KBHcgOu+O7m19Y3Nrfx2YWd3b/+geHjUMirVlDWpEkp3ImKY4JI1gYNgnUQzEkeCtaPx9dxvT5g2XMk7mCYsjMlQ8gGnBKwUdCdEs8RwoWSvWHLLNb9a8yv4N/HK7gIltEKjV3zr9hVNYyaBCmJM4LkJhBnRwKlgs0I3NSwhdEyGLLBUkpiZMFucPMNnVunjgdK2JOCF+nUiI7Ex0ziynTGBkfnpzcW/vCCFwWWYcZmkwCRdLhqkAoPC8/9xn2tGQUwtIVRzeyumI6IJBZtSwYbw+Sn+n7QqZc8v+7fVUv1qFUcenaBTdI48dIHq6AY1UBNRpNA9ekRPDjgPzrPzsmzNOauZY/QNzusHWeuR/g==</latexit>ω

We aim for analytic results. If possible, keep all orders in

Rest need special techniques



Result for the jet function

First, recompute 1- and 2-loop bare jet functions for arbitrary d 
new!



Result for the jet function

First, recompute 1- and 2-loop bare jet functions for arbitrary d 

Main result: non-logarithmic piece of renormalized

<latexit sha1_base64="iWvsyaRI4CLHv2gMZ6hTKW/Bf/M="></latexit>

b̃30 =

(
203ω2ε3

27
→ 105398ε3

243
+

236ε23
9

+
902ε5
9

+
31952191

26244
+

93821ω2

8748
→ 3023ω4

4860
+

1031ω6

10206

)
CFC

2
A

+

(
3488ε3
243

+
846784

6561
→ 8ω2

243
+

52ω4

1215

)
CFT

2
Fn

2
ω

+

(
10760ε3

81
+

8ω2ε3
9

+
224ε5
9

→ 124717

486
→ 55ω2

54
+

148ω4

405

)
C2

FTFnω

+

(
1664ε3
81

→ 76ω2ε3
27

→ 88ε5
3

→ 5273287

6561
→ 12793ω2

2187
→ 421ω4

1215

)
CFCATFnω

<latexit sha1_base64="Rax3I2B8Z6VdoL8FI2TOISHWRoI=">AAACAnicdVDLSsNAFJ3UV62vqCtxM1iEuglJKdEuhFI3LivYBzShTCaTdujkwcxEKKG48VfcuFDErV/hzr9x2kbweeDCmXPuZe49XsKokKb5rhWWlldW14rrpY3Nre0dfXevI+KUY9LGMYt5z0OCMBqRtqSSkV7CCQo9Rrre+GLmd28IFzSOruUkIW6IhhENKEZSSQP9wJGU+QR68Bw6LB5W8nfzZKCXTaNu1+p2Ff4mlmHOUQY5WgP9zfFjnIYkkpghIfqWmUg3Q1xSzMi05KSCJAiP0ZD0FY1QSISbzU+YwmOl+DCIuapIwrn6dSJDoRCT0FOdIZIj8dObiX95/VQGZ25GoySVJMKLj4KUQRnDWR7Qp5xgySaKIMyp2hXiEeIIS5VaSYXweSn8n3SqhmUb9lWt3GjmcRTBITgCFWCBU9AAl6AF2gCDW3APHsGTdqc9aM/ay6K1oOUz++AbtNcPiqiWSA==</latexit>

b̃ = log(B̃)

color factors missing
<latexit sha1_base64="EQdsASpGwfcVC1EIgO26HNiscro=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISGpJdpdtSAuK9hWaNMwmU7aoZNJmJkoJfQ/3LhQxK3/4s6/cdJW8HngXg7n3MvcOX7MqFSW9W7kFhaXllfyq4W19Y3NreL2TktGicCkiSMWiRsfScIoJ01FFSM3sSAo9Blp+6N65rdviZA04tdqHBM3RANOA4qR0lKv7l30jo+yXq57Z16xZJlVp1J1yvA3sU1rihKYo+EV37r9CCch4QozJGXHtmLlpkgoihmZFLqJJDHCIzQgHU05Col00+nVE3iglT4MIqGLKzhVv26kKJRyHPp6MkRqKH96mfiX10lUcOqmlMeJIhzPHgoSBlUEswhgnwqCFRtrgrCg+laIh0ggrHRQBR3C50/h/6RVNm3HdK4qpdr5PI482AP74BDY4ATUwCVogCbAQIB78AiejDvjwXg2XmajOWO+swu+wXj9ANsikX0=</latexit>

C3
F , C

2
FCA



Result for the jet function

First, recompute 1- and 2-loop bare jet functions for arbitrary d 

Main result: non-logarithmic piece of renormalized

<latexit sha1_base64="iWvsyaRI4CLHv2gMZ6hTKW/Bf/M="></latexit>

b̃30 =

(
203ω2ε3

27
→ 105398ε3

243
+

236ε23
9

+
902ε5
9

+
31952191

26244
+

93821ω2

8748
→ 3023ω4

4860
+

1031ω6

10206

)
CFC

2
A

+

(
3488ε3
243

+
846784

6561
→ 8ω2

243
+

52ω4

1215

)
CFT

2
Fn

2
ω

+

(
10760ε3

81
+

8ω2ε3
9

+
224ε5
9

→ 124717

486
→ 55ω2

54
+

148ω4

405

)
C2

FTFnω

+

(
1664ε3
81

→ 76ω2ε3
27

→ 88ε5
3

→ 5273287

6561
→ 12793ω2

2187
→ 421ω4

1215

)
CFCATFnω

logarithmic pieces are obtained from anomalous dimensions
<latexit sha1_base64="Qap7T3/+7gdLDv9SGraed+HdB6c="></latexit>

b̃l1 = ωB
l→1 + 2

l→1∑

j=1

jεl→j→1 b̃j0 b̃l2 = !c
l→1 +

l→1∑

j=1

jεl→j→1 b̃j1 b̃lk =
2

k

l→1∑

j=k→2

jεl→j→1b̃j,k→1

Result in other spaces: use general relations given in paper

<latexit sha1_base64="Rax3I2B8Z6VdoL8FI2TOISHWRoI=">AAACAnicdVDLSsNAFJ3UV62vqCtxM1iEuglJKdEuhFI3LivYBzShTCaTdujkwcxEKKG48VfcuFDErV/hzr9x2kbweeDCmXPuZe49XsKokKb5rhWWlldW14rrpY3Nre0dfXevI+KUY9LGMYt5z0OCMBqRtqSSkV7CCQo9Rrre+GLmd28IFzSOruUkIW6IhhENKEZSSQP9wJGU+QR68Bw6LB5W8nfzZKCXTaNu1+p2Ff4mlmHOUQY5WgP9zfFjnIYkkpghIfqWmUg3Q1xSzMi05KSCJAiP0ZD0FY1QSISbzU+YwmOl+DCIuapIwrn6dSJDoRCT0FOdIZIj8dObiX95/VQGZ25GoySVJMKLj4KUQRnDWR7Qp5xgySaKIMyp2hXiEeIIS5VaSYXweSn8n3SqhmUb9lWt3GjmcRTBITgCFWCBU9AAl6AF2gCDW3APHsGTdqc9aM/ay6K1oOUz++AbtNcPiqiWSA==</latexit>

b̃ = log(B̃)



3-loop cusp and non-cusp anomalous dimensions known

Z-factors



3-loop cusp and non-cusp anomalous dimensions known

Closed form for Z-factors in terms of anomalous dimensions
<latexit sha1_base64="16xFU85W72ETL3VPCEBHNIcU0fI="></latexit>

z(ω,εs) →
∫ ωs

0

dx

x

ω(x)

ϑ+ ϖ̂(x)
, ϖ̂(εs) = ↑ 1

2εs
ϖQCD(εs).

Z-factors



3-loop cusp and non-cusp anomalous dimensions known

Closed form for Z-factors in terms of anomalous dimensions
<latexit sha1_base64="16xFU85W72ETL3VPCEBHNIcU0fI="></latexit>

z(ω,εs) →
∫ ωs

0

dx

x

ω(x)

ϑ+ ϖ̂(x)
, ϖ̂(εs) = ↑ 1

2εs
ϖQCD(εs).

For example
<latexit sha1_base64="4Je2tFRA6fnjAcL0sSIpBsqX42g="></latexit>

ωbare
s =

(
µ2eωE

4ε

)ε
Zϑ[ωs(µ)]ωs(µ) → Zϑ(ωs) = exp

[
↑z

(
ϑ̂,ωs

)]

Z-factors



3-loop cusp and non-cusp anomalous dimensions known

Closed form for Z-factors in terms of anomalous dimensions
<latexit sha1_base64="16xFU85W72ETL3VPCEBHNIcU0fI="></latexit>

z(ω,εs) →
∫ ωs

0

dx

x

ω(x)

ϑ+ ϖ̂(x)
, ϖ̂(εs) = ↑ 1

2εs
ϖQCD(εs).

For example

<latexit sha1_base64="xoBrlHZsL5Gz87+cqk+2nMxUDs4="></latexit>

B̃bare(x) = Z̃B(x, µ) B̃(x, µ) → Z̃B(x, µ) = CB [ωs(µ)] (ixµe
ωE )zB [εs(µ)]

<latexit sha1_base64="4Je2tFRA6fnjAcL0sSIpBsqX42g="></latexit>

ωbare
s =

(
µ2eωE

4ε

)ε
Zϑ[ωs(µ)]ωs(µ) → Zϑ(ωs) = exp

[
↑z

(
ϑ̂,ωs

)]

<latexit sha1_base64="eoTohroEWdjAAFAkFIzPUPg8ZXc="></latexit>

CB(ωs) = exp

[
1

2
z(εnc

B + zB ,ωs)

]
<latexit sha1_base64="dzaSc65KpbZ64ntIAQt8hkP0bxA=">AAACF3icdZDLSgMxFIYzXut4q7p0EyxKBRmmItUuhFIXuqxgVejU4Uya2tBkZkgyQh36Fm58FTcuFHGrO9/G9KJ4PRD4+f5zODl/EHOmtOu+WWPjE5NT05kZe3ZufmExu7R8qqJEElojEY/keQCKchbSmmaa0/NYUhABp2dB56Dvn11RqVgUnuhuTBsCLkPWYgS0QX7WsTG+9is47wGP2+CrTQP2096GwXnvEISAC7L1afrZnOuUijul4jb+LQqOO6gcGlXVz756zYgkgoaacFCqXnBj3UhBakY47dleomgMpAOXtG5kCIKqRjq4q4fXDWniViTNCzUe0K8TKQiluiIwnQJ0W/30+vAvr57o1l4jZWGcaBqS4aJWwrGOcD8k3GSSEs27RgCRzPwVkzZIINpEaZsQPi7F/4vTbadQdIrHO7lyZRRHBq2iNZRHBbSLyugIVVENEXSD7tADerRurXvryXoeto5Zo5kV9K2sl3dWLp0I</latexit>
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3-loop cusp and non-cusp anomalous dimensions known

Closed form for Z-factors in terms of anomalous dimensions
<latexit sha1_base64="16xFU85W72ETL3VPCEBHNIcU0fI="></latexit>

z(ω,εs) →
∫ ωs

0

dx

x

ω(x)

ϑ+ ϖ̂(x)
, ϖ̂(εs) = ↑ 1

2εs
ϖQCD(εs).

For example

<latexit sha1_base64="xoBrlHZsL5Gz87+cqk+2nMxUDs4="></latexit>

B̃bare(x) = Z̃B(x, µ) B̃(x, µ) → Z̃B(x, µ) = CB [ωs(µ)] (ixµe
ωE )zB [εs(µ)]

<latexit sha1_base64="4Je2tFRA6fnjAcL0sSIpBsqX42g="></latexit>

ωbare
s =

(
µ2eωE

4ε

)ε
Zϑ[ωs(µ)]ωs(µ) → Zϑ(ωs) = exp
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↑z

(
ϑ̂,ωs
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[
1

2
z(εnc

B + zB ,ωs)

]
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, ϖ̂(εs) = ↑ 1
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ϖQCD(εs).

For example
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B̃bare(x) = Z̃B(x, µ) B̃(x, µ) → Z̃B(x, µ) = CB [ωs(µ)] (ixµe
ωE )zB [εs(µ)]
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s =
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4ε

)ε
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[
↑z

(
ϑ̂,ωs

)]

<latexit sha1_base64="eoTohroEWdjAAFAkFIzPUPg8ZXc="></latexit>

CB(ωs) = exp

[
1

2
z(εnc

B + zB ,ωs)

]
<latexit sha1_base64="dzaSc65KpbZ64ntIAQt8hkP0bxA=">AAACF3icdZDLSgMxFIYzXut4q7p0EyxKBRmmItUuhFIXuqxgVejU4Uya2tBkZkgyQh36Fm58FTcuFHGrO9/G9KJ4PRD4+f5zODl/EHOmtOu+WWPjE5NT05kZe3ZufmExu7R8qqJEElojEY/keQCKchbSmmaa0/NYUhABp2dB56Dvn11RqVgUnuhuTBsCLkPWYgS0QX7WsTG+9is47wGP2+CrTQP2096GwXnvEISAC7L1afrZnOuUijul4jb+LQqOO6gcGlXVz756zYgkgoaacFCqXnBj3UhBakY47dleomgMpAOXtG5kCIKqRjq4q4fXDWniViTNCzUe0K8TKQiluiIwnQJ0W/30+vAvr57o1l4jZWGcaBqS4aJWwrGOcD8k3GSSEs27RgCRzPwVkzZIINpEaZsQPi7F/4vTbadQdIrHO7lyZRRHBq2iNZRHBbSLyugIVVENEXSD7tADerRurXvryXoeto5Zo5kV9K2sl3dWLp0I</latexit>

zB(ωs) = z(!c,ωs)



Cross checks
Reproduce 3-loop cusp and non-cusp anomalous dimensions



Cross checks
Reproduce 3-loop cusp and non-cusp anomalous dimensions

All MI checked numerically with FIESTA [1511.03614] and 
pySecdec [2305.19768]



Cross checks
Reproduce 3-loop cusp and non-cusp anomalous dimensions

All MI checked numerically with FIESTA [1511.03614] and 
pySecdec [2305.19768]

Computation in arbitrary covariant gauge: gauge parameter drops



Cross checks
Reproduce 3-loop cusp and non-cusp anomalous dimensions

All MI checked numerically with FIESTA [1511.03614] and 
pySecdec [2305.19768]

Computation in arbitrary covariant gauge: gauge parameter drops

piece matches large-   result [Gracia VM, 2021]
<latexit sha1_base64="90UvSd8CTo/BI9FzpCjaGrwXHJg=">AAAB7HicdVDLSsNAFL2pr1pfVZduBovgKiSlRLsrCuKyQtMW2lgm00k7dDIJMxOhlH6DGxeKuPWD3Pk3Th+CzwMXDufcy733hClnSjvOu5VbWV1b38hvFra2d3b3ivsHTZVkklCfJDyR7RArypmgvmaa03YqKY5DTlvh6HLmt+6oVCwRDT1OaRDjgWARI1gbyW/0rm7LvWLJsatepeqV0W/i2s4cJVii3iu+dfsJyWIqNOFYqY7rpDqYYKkZ4XRa6GaKppiM8IB2DBU4piqYzI+dohOj9FGUSFNCo7n6dWKCY6XGcWg6Y6yH6qc3E//yOpmOzoMJE2mmqSCLRVHGkU7Q7HPUZ5ISzceGYCKZuRWRIZaYaJNPwYTw+Sn6nzTLtuvZ3k2lVLtYxpGHIziGU3DhDGpwDXXwgQCDe3iEJ0tYD9az9bJozVnLmUP4Buv1A7sqjqw=</latexit>

T 2
F

<latexit sha1_base64="1nktcyFXMOxJtQplIOkO6GHyMh0=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPw0wIo7kFvXiMYBZIhtDT6Uma9Cx01whhyEd48aCIV7/Hm39jZxFcHxQ83quiql6QSqHRcd6tldW19Y3NwlZxe2d3b790cNjSSaYYb7JEJqoTUM2liHkTBUreSRWnUSB5Oxhfzfz2HVdaJPEtTlLuR3QYi1AwikZq9wKOtO/0S2XHrnnVmlchv4lrO3OUYYlGv/TWGyQsi3iMTFKtu66Top9ThYJJPi32Ms1TysZ0yLuGxjTi2s/n507JqVEGJEyUqRjJXP06kdNI60kUmM6I4kj/9GbiX143w/DCz0WcZshjtlgUZpJgQma/k4FQnKGcGEKZEuZWwkZUUYYmoaIJ4fNT8j9pVWzXs72barl+uYyjAMdwAmfgwjnU4Roa0AQGY7iHR3iyUuvBerZeFq0r1nLmCL7Bev0AiuaPvg==</latexit>

ω0



Cross checks
Reproduce 3-loop cusp and non-cusp anomalous dimensions

All MI checked numerically with FIESTA [1511.03614] and 
pySecdec [2305.19768]

Computation in arbitrary covariant gauge: gauge parameter drops

piece matches large-   result [Gracia VM, 2021]

agrees with asymptotic estimate of [Gracia VM, 2021]

<latexit sha1_base64="90UvSd8CTo/BI9FzpCjaGrwXHJg=">AAAB7HicdVDLSsNAFL2pr1pfVZduBovgKiSlRLsrCuKyQtMW2lgm00k7dDIJMxOhlH6DGxeKuPWD3Pk3Th+CzwMXDufcy733hClnSjvOu5VbWV1b38hvFra2d3b3ivsHTZVkklCfJDyR7RArypmgvmaa03YqKY5DTlvh6HLmt+6oVCwRDT1OaRDjgWARI1gbyW/0rm7LvWLJsatepeqV0W/i2s4cJVii3iu+dfsJyWIqNOFYqY7rpDqYYKkZ4XRa6GaKppiM8IB2DBU4piqYzI+dohOj9FGUSFNCo7n6dWKCY6XGcWg6Y6yH6qc3E//yOpmOzoMJE2mmqSCLRVHGkU7Q7HPUZ5ISzceGYCKZuRWRIZaYaJNPwYTw+Sn6nzTLtuvZ3k2lVLtYxpGHIziGU3DhDGpwDXXwgQCDe3iEJ0tYD9az9bJozVnLmUP4Buv1A7sqjqw=</latexit>

T 2
F

<latexit sha1_base64="sV99fVVX2VJg8AeuJ84zC8HyPms=">AAAB9HicdVDLSsNAFL2pr1pfVZduBovgKqS1RLsrunFZwT6gDWUymbRDJ5M4MymU0O9w40IRt36MO//G6UPweeDC4Zx7ufceP+FMacd5t3Irq2vrG/nNwtb2zu5ecf+gpeJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dDXz22MqFYvFrZ4k1IvwQLCQEayN5PU04wFFfj87c6b9Ysmxa2615lbQb1K2nTlKsESjX3zrBTFJIyo04VipbtlJtJdhqRnhdFropYommIzwgHYNFTiiysvmR0/RiVECFMbSlNBorn6dyHCk1CTyTWeE9VD99GbiX1431eGFlzGRpJoKslgUphzpGM0SQAGTlGg+MQQTycytiAyxxESbnAomhM9P0f+kVbHLru3eVEv1y2UceTiCYziFMpxDHa6hAU0gcAf38AhP1th6sJ6tl0VrzlrOHMI3WK8fuwuSHQ==</latexit>

b̃30

<latexit sha1_base64="1nktcyFXMOxJtQplIOkO6GHyMh0=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPw0wIo7kFvXiMYBZIhtDT6Uma9Cx01whhyEd48aCIV7/Hm39jZxFcHxQ83quiql6QSqHRcd6tldW19Y3NwlZxe2d3b790cNjSSaYYb7JEJqoTUM2liHkTBUreSRWnUSB5Oxhfzfz2HVdaJPEtTlLuR3QYi1AwikZq9wKOtO/0S2XHrnnVmlchv4lrO3OUYYlGv/TWGyQsi3iMTFKtu66Top9ThYJJPi32Ms1TysZ0yLuGxjTi2s/n507JqVEGJEyUqRjJXP06kdNI60kUmM6I4kj/9GbiX143w/DCz0WcZshjtlgUZpJgQma/k4FQnKGcGEKZEuZWwkZUUYYmoaIJ4fNT8j9pVWzXs72barl+uYyjAMdwAmfgwjnU4Roa0AQGY7iHR3iyUuvBerZeFq0r1nLmCL7Bev0AiuaPvg==</latexit>

ω0



Cross checks
Reproduce 3-loop cusp and non-cusp anomalous dimensions

All MI checked numerically with FIESTA [1511.03614] and 
pySecdec [2305.19768]

Computation in arbitrary covariant gauge: gauge parameter drops

piece matches large-   result [Gracia VM, 2021]

agrees with asymptotic estimate of [Gracia VM, 2021]

Satisfies non-abelian exponentiation [Gardi, Smillie, White] 
for any d

<latexit sha1_base64="90UvSd8CTo/BI9FzpCjaGrwXHJg=">AAAB7HicdVDLSsNAFL2pr1pfVZduBovgKiSlRLsrCuKyQtMW2lgm00k7dDIJMxOhlH6DGxeKuPWD3Pk3Th+CzwMXDufcy733hClnSjvOu5VbWV1b38hvFra2d3b3ivsHTZVkklCfJDyR7RArypmgvmaa03YqKY5DTlvh6HLmt+6oVCwRDT1OaRDjgWARI1gbyW/0rm7LvWLJsatepeqV0W/i2s4cJVii3iu+dfsJyWIqNOFYqY7rpDqYYKkZ4XRa6GaKppiM8IB2DBU4piqYzI+dohOj9FGUSFNCo7n6dWKCY6XGcWg6Y6yH6qc3E//yOpmOzoMJE2mmqSCLRVHGkU7Q7HPUZ5ISzceGYCKZuRWRIZaYaJNPwYTw+Sn6nzTLtuvZ3k2lVLtYxpGHIziGU3DhDGpwDXXwgQCDe3iEJ0tYD9az9bJozVnLmUP4Buv1A7sqjqw=</latexit>
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F

<latexit sha1_base64="sV99fVVX2VJg8AeuJ84zC8HyPms=">AAAB9HicdVDLSsNAFL2pr1pfVZduBovgKqS1RLsrunFZwT6gDWUymbRDJ5M4MymU0O9w40IRt36MO//G6UPweeDC4Zx7ufceP+FMacd5t3Irq2vrG/nNwtb2zu5ecf+gpeJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dDXz22MqFYvFrZ4k1IvwQLCQEayN5PU04wFFfj87c6b9Ysmxa2615lbQb1K2nTlKsESjX3zrBTFJIyo04VipbtlJtJdhqRnhdFropYommIzwgHYNFTiiysvmR0/RiVECFMbSlNBorn6dyHCk1CTyTWeE9VD99GbiX1431eGFlzGRpJoKslgUphzpGM0SQAGTlGg+MQQTycytiAyxxESbnAomhM9P0f+kVbHLru3eVEv1y2UceTiCYziFMpxDHa6hAU0gcAf38AhP1th6sJ6tl0VrzlrOHMI3WK8fuwuSHQ==</latexit>

b̃30

<latexit sha1_base64="1nktcyFXMOxJtQplIOkO6GHyMh0=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPw0wIo7kFvXiMYBZIhtDT6Uma9Cx01whhyEd48aCIV7/Hm39jZxFcHxQ83quiql6QSqHRcd6tldW19Y3NwlZxe2d3b790cNjSSaYYb7JEJqoTUM2liHkTBUreSRWnUSB5Oxhfzfz2HVdaJPEtTlLuR3QYi1AwikZq9wKOtO/0S2XHrnnVmlchv4lrO3OUYYlGv/TWGyQsi3iMTFKtu66Top9ThYJJPi32Ms1TysZ0yLuGxjTi2s/n507JqVEGJEyUqRjJXP06kdNI60kUmM6I4kj/9GbiX143w/DCz0WcZshjtlgUZpJgQma/k4FQnKGcGEKZEuZWwkZUUYYmoaIJ4fNT8j9pVWzXs72barl+uYyjAMdwAmfgwjnU4Roa0AQGY7iHR3iyUuvBerZeFq0r1nLmCL7Bev0AiuaPvg==</latexit>

ω0



Short distance scheme
The u = 1/2 renormalon of jet function cancelled when switching 
to (low-scale) short-distance scheme such as MSR mass

<latexit sha1_base64="at/c92voGJ9psVtjHpdssnlwKhU="></latexit>

B(ŝ, ωm,!t, µ) = Im
[
B(ŝ→ 2ωm+ i!t, µ)

]
= exp

(
→2ωm

ε

εŝ

)
B(ŝ, 0,!t, µ) , ωm ↑ m→mSD



Short distance scheme
The u = 1/2 renormalon of jet function cancelled when switching 
to (low-scale) short-distance scheme such as MSR mass

<latexit sha1_base64="at/c92voGJ9psVtjHpdssnlwKhU="></latexit>

B(ŝ, ωm,!t, µ) = Im
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B(ŝ→ 2ωm+ i!t, µ)

]
= exp

(
→2ωm

ε

εŝ

)
B(ŝ, 0,!t, µ) , ωm ↑ m→mSD

Studied two alternative jet-mass schemes
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Derivative scheme [Jain, Scimemi, Stewart 2008] 



Short distance scheme
The u = 1/2 renormalon of jet function cancelled when switching 
to (low-scale) short-distance scheme such as MSR mass

<latexit sha1_base64="at/c92voGJ9psVtjHpdssnlwKhU="></latexit>

B(ŝ, ωm,!t, µ) = Im
[
B(ŝ→ 2ωm+ i!t, µ)

]
= exp

(
→2ωm

ε

εŝ

)
B(ŝ, 0,!t, µ) , ωm ↑ m→mSD

Studied two alternative jet-mass schemes

Derivative scheme [Jain, Scimemi, Stewart 2008] 

Non-derivative scheme [Gracia, VM 2021]
<latexit sha1_base64="u1SAtgQJQDp6DODiioXKfgNHyAY="></latexit>
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Four loop estimate

Using R-evolution one gets the exact relation

Obtain an estimate for     based on u = 1/2 renormalon dominance
<latexit sha1_base64="GPbIvRMR0KFXnWFJamsPAqy+YHQ=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBFchaSUaHdFNy4r2Ae0oUwmk3boZBJnJoUS+h1uXCji1o9x5984fQg+D1w4nHMv994TpJwp7Tjv1srq2vrGZmGruL2zu7dfOjhsqSSThDZJwhPZCbCinAna1Exz2kklxXHAaTsYXc389phKxRJxqycp9WM8ECxiBGsj+T3NeEhR0M+rzrRfKjt2zavWvAr6TVzbmaMMSzT6pbdemJAspkITjpXquk6q/RxLzQin02IvUzTFZIQHtGuowDFVfj4/eopOjRKiKJGmhEZz9etEjmOlJnFgOmOsh+qnNxP/8rqZji78nIk001SQxaIo40gnaJYACpmkRPOJIZhIZm5FZIglJtrkVDQhfH6K/ietiu16tndTLdcvl3EU4BhO4AxcOIc6XEMDmkDgDu7hEZ6ssfVgPVsvi9YVazlzBN9gvX4AvJGSHg==</latexit>
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Four loop estimate
Obtain an estimate for     based on u = 1/2 renormalon dominance

<latexit sha1_base64="GPbIvRMR0KFXnWFJamsPAqy+YHQ=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBFchaSUaHdFNy4r2Ae0oUwmk3boZBJnJoUS+h1uXCji1o9x5984fQg+D1w4nHMv994TpJwp7Tjv1srq2vrGZmGruL2zu7dfOjhsqSSThDZJwhPZCbCinAna1Exz2kklxXHAaTsYXc389phKxRJxqycp9WM8ECxiBGsj+T3NeEhR0M+rzrRfKjt2zavWvAr6TVzbmaMMSzT6pbdemJAspkITjpXquk6q/RxLzQin02IvUzTFZIQHtGuowDFVfj4/eopOjRKiKJGmhEZz9etEjmOlJnFgOmOsh+qnNxP/8rqZji78nIk001SQxaIo40gnaJYACpmkRPOJIZhIZm5FZIglJtrkVDQhfH6K/ietiu16tndTLdcvl3EU4BhO4AxcOIc6XEMDmkDgDu7hEZ6ssfVgPVsvi9YVazlzBN9gvX4AvJGSHg==</latexit>

b̃40

truncating red sum, estimates are obtained

Using R-evolution one gets the exact relation

<latexit sha1_base64="cnIMxmAwf0Kv7TB3CXJMK8g8N34="></latexit>
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Conclusions
bHQET jet function: universal ingredient in peak-region 
factorization theorems for observables that probe the top mass 

Key for determining the top mass in renormalon-free scheme 

Computed to 3-loops using modern multi-loop techniques 

Paves the way for N3LL’ resummation. To be used in calibration

Outlook
Get the last missing piece at 3 loops

Compute 4-loop anomalous dimension


