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Why charm mixing?

• NO FCNC at the tree-level in the SM 

• Many experimental results. No first-principles predictions yet

• GIM + CKM suppression. CPV starts at O(θ4
c )
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Mixing parameters

= +

• In the SM, it is expected LD SD ≈ 100 ×

Short-distance (SD) Long-distance (LD)

⟨D |S − 1 |D⟩ = M12 − i/2Γ12
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Indirect CPV
• CPV between decay with and without Dispersive (Absorptive) mixing

• CPV in pure mixing

D

D f

M 12
(Γ

12
)

r f
Deiδ f

DeiϕM(Γ)
f ϕM(Γ)

f = ϕM(Γ) + ψf

D D ϕ12 = ϕM
f − ϕΓ

f = ϕM − ϕΓ

M*12(Γ*12)

M12(Γ12)
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Measurements of CPV

More than 15 years of experiments…

• CF/DCS decays to Kπ

• Phase-space analysis of K0
Sππ

• SCS decays to ,  ππ KK

Charm 
Mixing
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dΓ(D → K+π−)
dΓ(D → K−π+)

(t) = (rKπ
D )2 + (t/τ)L−( |M12 | , |Γ12 | , ϕM

Kπ, ϕΓ
Kπ) + (t/τ)2Q−( |M12 | , |Γ12 | , ϕM

Kπ, ϕΓ
Kπ)

6

CF/DCS decays to Kπ
• Experiments measure the ratio between DCS/CF decay rates

D

CF: 
c → s, u → d

K+π−

• The coefficients of the expansion in time depend on the charm parameters 

D

D

K−π+

M 12
(Γ

12
)

DCS: 
c → d, u → s

C
F: 

c →
s, u

→
d

(e.g. Belle(2006), Babar(2007), LHCb(2024, 2025)) 
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Three-body states
• They measure the distributions of the events

dΓ(D0 → K0
Sπ+π−)(m2

+, m2
−)

dΓ(D0 → K0
Sπ+π−)(m2

−, m2
+)

(t)

• We fit “polar observables” to extract the charm parameters

From Belle(2014) From LHCb(2023)

and Babar(2010)… 
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SCS decays to CP eigenstates
• SCS decays to  in the SM has tree-level + penguinπ+π−(K+K−)

+

• Direct and indirect CPV enter the asymmetries

→ 1 −
A(D → f )
A(D → f )

= af
D ≠ 0

Af(t) =
dΓ(D0 → f ) − dΓ(D0 → f )
dΓ(D0 → f ) + dΓ(D0 → f )

(t) = af
D + ΔYft/τ

ΔYf = (−2 |M12 | /Γ sin ϕM
f + af

D |Γ12 | /Γ)

Both time-dependent  
and time-integrated analysis

(e.g. CDF(2014), LHCb(2021)) 

(e.g. CDF(2012), Babar(2008), Belle(2008), 
LHCb(2023)) 
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Theoretical framework
• A pair of CPV phases for each of the final states 

Too many phases!

ϕM
KπϕΓ

Kπ

ϕM
KK

ϕΓ
KK

ϕM
ππϕM

Kππ0

ϕΓ
Kππ0ϕΓ

ππ

ϕM
K0

Sππ ϕΓ
K0

Sππ ϕM
2 , ϕΓ

2

Approximate 
universality

A. Kagan, L. Silvestrini(2020)
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U-spin decomposition
• In the SM, we can write

ΓSM
12 = ∑

i,j=d,s

λi
ucλ

j
ucΓij MSM

12 = ∑
i,j=d,s,b

λi
ucλ

j
ucMijλj

uc = V*ujVcj

• Employing CKM unitarity, we get

ΓSM
12 =

(λs
uc − λd

uc)2

4
Γ2 × [1 +

2λb
uc

(λs
uc − λd

uc)
Γ1

Γ2
+

(λb
uc)2

(λs
uc − λd

uc)2

Γ0

Γ2 ]
• The amplitudes have flavour structures 

Γ2 = (ss − dd)2 = O(ε2)Γ1 = (ss − dd)(ss + dd) = O(ε)Γ0 = (ss + dd)2 = O(1)
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Approximate Universality
• Employing the U-spin decomposition, the  term is dominant Γ2

ΓSM
12 =

(λs
uc − λd

uc)2

4
Γ2 × [1 + (0.3

ε ) × 10−3 + (0.3
ε )2 × 10−7]

• Two universal CPV phases can be defined w.r.t. the dominant term

ϕM
2 = arg [ M12

M2(λs
uc − λd

uc)2/4 ], ϕΓ
2 = arg [ Γ12

Γ2(λs
uc − λd

uc)2/4 ]
• They provide good approximations for their final-state dep. counterparts 

ϕM(Γ)
f → ϕM(Γ)

2 , δϕf = ϕM
f − ϕM

2 = ϕΓ
f − ϕΓ

2
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Is it a good approximation?
• For CF/DCS decays to , the misalignment is a CKM phaseKπ

δϕKπ = O ( λb
uc

λd
uc )

2

≃ 10−6

• For , after correcting for  mixingK0
Sππ K − K

δϕK0
Sππ − 2ϵI − |λb

uc/λs
uc |sin γ = − 2Im[r0] ≃ 10−4

• For SCS decays to , the misalignment is unknown and non-perturbative, 
but we can get an additional  suppression

ππ(KK)
O(ε)

δϕKK = − δϕππ,
ϕM(Γ)

KK + ϕM(Γ)
ππ

2
= ϕM(Γ)

2 (1 + O(ε2))
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Beauty observables?
• The observables depend also on rKπ

D , δKπ
D , . . .

• Additional information are provided by beauty observables

• Bayesian combination of the observables

B

Dh

Dh

[ f ]Dh
b → c

b → u

h = K, π, Kππ, K*, . . .
f = Kπ, K0

Sππ, ππ, KK, . . .γ = arg[−VudV*ubVcbV*cd]

P( ⃗θ |O) ∝ P(O | ⃗θ) P0( ⃗θ)

LHCb(2021)
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CPV parameters

5− 0 5
]°[Γ

2
φ

0

5
]°[

M 2φ

68% Probability
95% Probability
U-spin

• In the Approximate Universality framework, the CPV parameters are estimated to be 

|ϕΓ
2 | < 0.3∘, ϕM

2 ∼ ϕΓ
2 ∼ ϕU−spin = 0.13∘, aKK

D = − aππ
D
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Impact of beauty observables

180 190 200 210
]°[πK

Dδ
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All modes
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]-3[10Γ|/12Γ|
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M
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• Including beauty observables guarantees a better determination of , resulting inδKπ
D

 improvement on O(25%) |Γ12 |
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CKM angle γ
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]°[γ

0

0.05

0.1

0.15

Pr
ob

ab
ilit

y

 modess
0B
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All modes
 modes0B

• We included observables coming from time-dependent analysis of  and 
 to extract the CKM angle 

B0 → D−π+

B0
s → D−

s K+ γ

UTfit  
Indirect determination 

γUT = 65.6(1.4)∘

All modes  
estimate 

γ = 65.7(2.5)∘
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Next steps
• Computing the dominant LD from Lattice QCD?

LD = i∫ d4x ⟨D T{HΔC=1
w (x)HΔC=1

w (0)} D⟩

 decay rate at large Bs → μ+μ−γ q2

 decay rateK → lν̄ll′ +l′ −

• Light intermediate states obstruct the analytic continuation to Euclidean time ( ) t → − iτ

LD = ∑
n; pn=0

⟨D HΔC=1
w (0) n⟩ ⟨n HΔC=1

w (0) D⟩∫
∞

0
dτ e−(En−mD)τ

• The RM123 Coll. has proposed a novel method to circumvent this problem
Spectral Function Reconstruction (SFR) method

• A recent paper has proposed to apply the SFR method to D − D

n = ππ, KK, Kπ, . . .

R. Frezzotti, G. Gagliardi et al (2023)

R. Frezzotti, G. Gagliardi et al (2024)

In preparation

M. Di Carlo, F. Erben, M. T. Hansen (2025)

En > mD

M. T. Hansen, A. 
Lupo, N. Tantalo 
(2019)



Backup
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Short vs long distance
•The short distance contribution is given by

SM: ∝ (λb
ucmb)2 ≈ (θ5

Cmb)2

•The long distance contribution is given by

SM: SD∝ (λs
ucms)2 ≈ (θcms)2 ≈ 102 ×
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Amplitude decomposition

ΓSM
12 =

(λs
uc − λd

uc)2

4
Γ2 +

(λs
uc − λd

uc)λb
uc

2
Γ1 +

(λb
uc)2

4
Γ0

Γ2 = (ss − dd)2 = 𝒪(ε2)Γ1 = (ss − dd)(ss + dd) = O(ε)Γ0 = (ss + dd)2 = O(1)

λs
uc − λd

uc ≈ 0.44 − i1.2 × 10−4 λb
uc ≈ (5.7 + i12) × 10−5

•The absorptive part of the mixing hamiltonian reads

•The amplitudes and CKM matrix elements satisfy

•We get the expansion

ΓSM
12 =

(λs
uc − λd

uc)2

4
Γ2 × [1 + (0.86 + i1.8) × 10−3( 0.3

ϵ ) + (−6.4 + i7.8) × 10−7( 0.3
ϵ )2]
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Estimates
•Estimates of  can be obtained by using the SM definitionsϕM,Γ

2

ϕΓ
2

SM

= arg [1 +
2λb

uc

λs
uc − λd

uc

Γ1

Γ2 ] = arg[1 −
V*ubVud

V*cbVcd
× ( 2

1 − V*usVcs

V*udVcd

)ε−1]

≃
λb

uc

λd
uc

sin(γ)ε−1 ≈ (2.2 × 10−3) × [0.3
ε ]
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Upper bound
|ϕΓ

2 | =
λb

uc

λd
uc

sin(γ)
Γ1

Γ2

•Now, we have that  and |Γ2 | = y12Γ/(λd
uc)2

|ϕΓ
2 | =

λb
ucλd

uc

y12
sin(γ)

|Γsd |
Γ

|Γss − Γdd |
|Γsd |

< 1 + O(ε)

O(ε)

|ϕΓ
2 | < 5 × 10−3ε(1 + O(ε)) < 0.3∘

SU(3)f

Also see M. Bobrowski, A. Lenz, J. Riedl, J. Rohrwild(2010)

https://arxiv.org/search/hep-ph?searchtype=author&query=Bobrowski,+M
https://arxiv.org/search/hep-ph?searchtype=author&query=Lenz,+A
https://arxiv.org/search/hep-ph?searchtype=author&query=Riedl,+J
https://arxiv.org/search/hep-ph?searchtype=author&query=Rohrwild,+J
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Neutral  meson obs.B
• Exploiting the CPV phase of the interference between  mixing and 

decay to charmed mesons 
B0

(s)

D∓
(s)h

±

Beauty 
mixing

B0
(s)

B0
(s)

D(s)h

b →
u

b → c

ϕ (s)

−γ

∝ cosh(ΔΓ(s)t/2) − Gf sinh(ΔΓ(s)t/2) + Cf cos(Δm(s)t) − Sf sin(Δm(s)t)

• Fitting the time-dependent decay rates 

Observables!!
Cf Gf ∝ cos(δ f

B0
(s)

+ (ϕ(s) − γ))

Sf ∝ sin(δ f
B0

(s)
+ (ϕ(s) − γ))

Mixing 
phases

ϕ = − 2β
ϕs = 2βs
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The spectral density
• We define a correlator 

C(t) = ∫
∞

E*

dE′ 

2π
e−iE′ tρ(E′ ), ρ(E′ ) = ⟨D |HΔC=1

w (0)(2π)4δ3( ̂P)δ(Ĥ − E′ )HΔC=1
w (0) |D⟩

LD(ε) = lim
ε→0 ∫

∞

E*

dE′ 

2π
ρ(E′ )

E′ − mD − iε
= lim

ε→0 ∫
∞

E*

dE′ 

2π
K(E′ − mD; ε)ρ(E′ )

• Introducing a spectral density

C(t) = e−imDt ∫ d3x ⟨D HΔC=1
w (x)HΔC=1

w (0) D⟩, LD = i∫ dt eimDtC(t)

• The LD contribution reads
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The SFR method
• The determination of the spectral density from the Euclidean  is ill-posedC(t)

C(t) = ∫
dE′ 

2π
e−E′ tρ(E′ )

• The convolution of  with a Kernel at fixed  can be computed as ρ(E′ ) ε

LD(ε) ≃ ∑
t

gt(E, ε)C(t), K(E′ − mD; ϵ) = ∑
t

gt(E, ε)e−E′ t

• The HLT method provides us with a method to determine the coefficients 

W[g] = A[g]/A[0] + λB[g]

B[g] ∝ ∑
t1,t2

gt1(E, ε)gt2(E, ε)Cov(t1, t2)A[g] = ∫
∞

E*
dE′ ∑

t

gt(E, ε)e−E′ t − K(E′ − E; ε)
2


