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๏ Important test of asymptotic freedom
๏ Larger coupling at lower energies: more sensitivity to QCD 

corrections, less precision required from experimental data
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๏ Important test of asymptotic freedom
๏ Larger coupling at lower energies: more sensitivity to QCD 

corrections, less precision required from experimental data
๏ Larger non-perturbative contributions (OPE, Duality Violations)
๏ Potential convergence issues in perturbation theory are 

enhanced (renormalons)
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Sum rules (using Cauchy’s theorem)

experiment theory

1

s0

Z s0

0
dsw(s)

1

⇡
Im⇧(s) = � 1

2⇡is0

Z

|z|=s0

dzw(z)⇧(z)

<latexit sha1_base64="YqLib5FnwpSzzwFsWuhFFF7JewM="></latexit>

I

<latexit sha1_base64="z70iGKoeHNTiR9jhseK5IPx1ixw=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k9xKhsF+pujV3DrJKvIJUoUCzX/nqDRKWxVwhk9SYruemGORUo2CST8u9zPCUsjEd8q6lisbcBPn82Ck5t8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+ZRuCt/zyKmnVa95lrf5wVW3cFnGU4BTO4AI8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWtecYuYE/sD5/AHyxY7G</latexit>

๏ Here we focus on the light-quark current. Tiny mass corrections can then be 
neglected, mu, md ~ 0. No net strangeness in final states.

๏ We extract the coupling from the vector-isovector channel (to be discussed in 
the next slides)

๏ Experimental results should be fully inclusive

Braaten, Narison, and Pich ‘92
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Perturbative series for the decay width
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Estimate of fifth order coefficient included
Beneke and Jamin  ’08

DB, Masjuan, Oliani ’18
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CD coefficients are parameters of the fit
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Ansatz based on widely accepted assumptions about QCD: asymptotic Regge behavior and 
large-Nc. Main expected corrections: logarithmic and powers of 1/s.
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Theory: Fixed Order vs Contour Improved
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๏ For a long time the question of renormalization scale fixing led to an ambiguity
๏ Fixed Order Perturbation Theory (FOPT, fixed scale) leads to smaller values for the coupling than 

Contour Improved Perturbation Theory (CIPT, running scale on the integration contour)
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FO
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๏ Fixed Order Perturbation Theory (FOPT, fixed scale) leads to smaller values for the coupling than 

Contour Improved Perturbation Theory (CIPT, running scale on the integration contour)

๏ Issue now resolved: CIPT is intrinsically different and incompatible with the usual form of the OPE 
condensates Hoang & Regner ’20, ’21 (see also Golterman, Maltman, Peris, ’23; Gracia, Hoang, and Mateu ’23)

๏ The problem with CIPT can be fixed by an adequate subtraction of the leading IR renormalon 
Benitez-Rathgeb, DB, Hoang, Jamin ’22
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Analysis strategy
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Any analytical weight function can be used in the FESRs (normally polynomials are used)

1. Good perturbative behavior
2. Small condensate contributions
3. Suppression of DVs

Desired properties from the choice of weights:

Suppression of DVs comes with the price of additional (unknown) 
higher dim. contributions from the OPE: see-saw effect

DV strategy (this work)

-Accept some DVs (oscillations evident in data) 
  

-Strongly suppress contamination on the OPE 
side 

-DVs have to be parametrized with a model:

DB, Eiben, Golterman, Maltman, Mansur, and Peris, 2502.08147.

DB, M. Golterman, K. Maltman, S. Peris,  M. V. Rodrigues and W. Schaaf, 2012.10440 

⇢DV(s) = e����s sin(↵+ �s)
<latexit sha1_base64="ESFPSP7GkYkuSZ40eO30tnx7OA8="></latexit>

� s0

0
dsw(s)

1

π
ImΠ̃(s) =

−1

2πi

�

|z|=s0

dz w(z) Π̃(z) =
1

4⇡2
SEW

⇣
�w
tree

+ �(0)w + �D�4

OPE,w + �(w)

DVs
+ �(w)

EW

⌘

<latexit sha1_base64="bjKsCmUEMxBS0tF2Ql7zlJHEGOg="></latexit>



Analysis strategy

Diogo Boito 6

Any analytical weight function can be used in the FESRs (normally polynomials are used)

1. Good perturbative behavior
2. Small condensate contributions
3. Suppression of DVs

Desired properties from the choice of weights:

Suppression of DVs comes with the price of additional (unknown) 
higher dim. contributions from the OPE: see-saw effect

DV strategy (this work)

-Accept some DVs (oscillations evident in data) 
  

-Strongly suppress contamination on the OPE 
side 

-DVs have to be parametrized with a model:

DB, Eiben, Golterman, Maltman, Mansur, and Peris, 2502.08147.

DB, M. Golterman, K. Maltman, S. Peris,  M. V. Rodrigues and W. Schaaf, 2012.10440 

⇢DV(s) = e����s sin(↵+ �s)
<latexit sha1_base64="ESFPSP7GkYkuSZ40eO30tnx7OA8="></latexit>

A Pich, A. Rodriguez-Sanchez 1605.06830 

-Suppress DVs by using w(z) with zeros at z=0 
(pinching) but need to ignore the higher order 
contributions on the OPE side (too many parameters) 

-Contrary to previous understanding,   obtained from  
perturbative QCD, disregarding all non-perturbative 
contributions

see DB, M. Golterman, K. Maltman, S. Peris ’24

Truncated OPE strategy

Davier, Höcker, Malaescu, Yuan, Zhang 1312.1501 
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Choice of weights

Tiny condensate contributions, sensitive to DVs 
D = 6
D = 6 and 8:
D = 6 and 10

Tau kinematical Moment

DB, Cata, Golterman, Jamin, Maltman ’11, 

Beneke, DB, Jamin ’12, 

DB, M. Golterman, K. Maltman, S. Peris ’16

DB F Oliani ’20 

DB, Golterman, Maltman, and Peris ’24


w0(y) = 1

w2(y) = 1� y2

w3(y) = (1� y)2(1 + 2y)

w4(y) = (1� y2)2
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Main results are based on the simplest weight function w0(y) = 1
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Ackerstaff et al [OPAL] '98  updated for recent values of branching fractions Boito et al ’11, ‘21
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Fig. 5. Updated ALEPH ⌧ spectral functions. The shaded areas indicate the contributions from the exclusive ⌧
decay channels, where the shapes of the contributions labelled ‘MC’ are taken from the MC simulation. The lines
show the predictions from the naive parton model and from massless perturbative QCD using ↵s(M

2

Z) = 0.120,
respectively. Top left: the vector spectral function V . Top right: the axial-vector spectral function A. Bottom left:
the V +A spectral function. Bottom right: the V �A spectral function. This figure supersedes Figs. 62-65 of [3]
and Fig. 2 of [16].

and to the spectral moments defined by

Rkl
⌧,V/A ⌘

m2
⌧Z

0

ds

✓
1� s

m2
⌧

◆k ✓ s

m2
⌧

◆l dR⌧,V/A

ds
, (4)

with R00

⌧,V/A = R⌧,V/A. The values for R⌧,V = 1.782 ± 0.009, R⌧,A = 1.694 ± 0.010, R⌧,V+A =
3.475 ± 0.011, determined by the respective branching fractions, are updated with very small changes
from Ref. [16]. Note that the V +A branching fraction is obtained as one minus the sum of leptonic and
strange branching fractions.
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The two data sets led to compatible 
values for              for the DV strategy↵s(m⌧ )
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๏ Can we combine the data sets (as done, e.g., for g—2 of the muon)? 
๏ Are they (locally) compatible?
๏ Can we improve on the LEP-based data sets with recent experimental results?

Davier et al [ALEPH] '14
V 00 10 11 12
10 72
11 87 72
12 74 14 72
13 53 −18 37 90

A\V 00 10 11 12 13
00 2 9 0 −8 −8
10 9 4 0 4 8
11 −5 −2 −7 −7 −4
12 −8 3 0 −12 −17
13 −10 8 3 −16 −26

A 00 10 11 12
10 85
11 79 56
12 64 22 85
13 51 2 63 94

Table 5: Correlations between the measured moments Rkl
V /A in percent. The left (right) table

gives the correlations between the moments of the vector (axial-vetor) current; the table in the
middle shows the correlations between the moments of different currents.

v(s) + a(s) which is ≈ 10% above the näıve expectation v(s) + a(s) = 1 as in figure 5 gives a
reasonable description of the region s > 1GeV2. The structure due to the narrow resonances
in the region below s ≃ 1GeV2 is however not described by perturbative QCD.
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Figure 6: The difference (sum) of the spectral functions v (s)− a(s) (v(s) + a(s)). The dashed
line is the näıve parton model expectation and the solid lines depict the prediction of massless,
perturbative QCD as in figure 5. For v(s)− a(s) both predictions are identically zero.

9 Measurement of the strong coupling αs

Since the perturbative expansions for vector and axial-vector currents are identical while the
non-perturbative parts have opposite sign but the same order of magnitude for both currents,
two different fits are used for the extraction of αs and the power corrections, respectively. The
sum of vector and axial-vector moments is most sensitive to perturbative QCD and is used for
the measurement of αs (fit 1) while the separate moments of both currents are used to obtain
the power corrections (fit 2). In addition to the moments listed in table 3 it is possible to
include the measurements of the τ lifetime ττ and the branching ratio Bµ = B(τ → µνµντ ) in

21
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Figure 5: The vector and axial-vector spectral functions. Shown are the sums of all contributing
channels as data points (upper two plots). Some exclusive contributions are shown as shaded
areas. The näıve parton model prediction is shown as dashed line, while the solid line depicts the
perturbative, massless QCD prediction for αs(m2

Z ) = 0 .122 . The error bars include statistical
and systematic uncertainties. The pion pole is subtracted from the axial-vector spectrum. The
lower plot shows the correlations of the two spectral functions in continuous gray-levels from
white to black which correspond to the correlations in percent from −100 % to +100 %. The
contour lines are drawn in equidistant steps of 20 %.
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V

Recently measured channels in           can be used to improve the vector channel using 
conserved vector current (CVC) for residual modes in regions where isospin breaking is small
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Figure 5: The vector and axial-vector spectral functions. Shown are the sums of all contributing
channels as data points (upper two plots). Some exclusive contributions are shown as shaded
areas. The näıve parton model prediction is shown as dashed line, while the solid line depicts the
perturbative, massless QCD prediction for αs(m2

Z ) = 0 .122 . The error bars include statistical
and systematic uncertainties. The pion pole is subtracted from the axial-vector spectrum. The
lower plot shows the correlations of the two spectral functions in continuous gray-levels from
white to black which correspond to the correlations in percent from −100 % to +100 %. The
contour lines are drawn in equidistant steps of 20 %.

20

๏ V channel dominated by                            and
๏ Residual channels are subdominant (but very important for      !)
๏ ALEPH and OPAL used Monte Carlo input for several of the subdominant (residual) modes (not real data)

⌧ ! 2⇡ + ⌫⌧
<latexit sha1_base64="tgDHQyjv8aGZymwtYwc2E823g6Q=">AAAB/3icbVBNS8NAEJ34WetXVPDiZbEIglCSKuix6MVjBfsBTQib7aZdutmE3Y1Qag/+FS8eFPHq3/Dmv3HT5qCtDwYe780wMy9MOVPacb6tpeWV1bX10kZ5c2t7Z9fe22+pJJOENknCE9kJsaKcCdrUTHPaSSXFcchpOxze5H77gUrFEnGvRyn1Y9wXLGIEayMF9qGncYY8naCal7IzT2RBrgR2xak6U6BF4hakAgUagf3l9RKSxVRowrFSXddJtT/GUjPC6aTsZYqmmAxxn3YNFTimyh9P75+gE6P0UJRIU0Kjqfp7YoxjpUZxaDpjrAdq3svF/7xupqMrf8xEmmkqyGxRlHFk3s3DQD0mKdF8ZAgmkplbERlgiYk2kZVNCO78y4ukVau659Xa3UWlfl3EUYIjOIZTcOES6nALDWgCgUd4hld4s56sF+vd+pi1LlnFzAH8gfX5Ax0/lYY=</latexit>

⌧ ! 4⇡ + ⌫⌧
<latexit sha1_base64="clyU0hTBUsHqpkgprir7Z3e43wM=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBKEktaDLohuXFewDmhAm00k7dDIJ8xBK7MJfceNCEbf+hjv/xkmbhbYeuHA4517uvSdMGZXKcb6t0srq2vpGebOytb2zu2fvH3RkogUmbZywRPRCJAmjnLQVVYz0UkFQHDLSDcc3ud99IELShN+rSUr8GA05jShGykiBfeQppKGnEtjwUnrucR3kSmBXnZozA1wmbkGqoEArsL+8QYJ1TLjCDEnZd51U+RkSimJGphVPS5IiPEZD0jeUo5hIP5vdP4WnRhnAKBGmuIIz9fdEhmIpJ3FoOmOkRnLRy8X/vL5W0ZWfUZ5qRTieL4o0g+bdPAw4oIJgxSaGICyouRXiERIIKxNZxYTgLr68TDr1mntRq981qs3rIo4yOAYn4Ay44BI0wS1ogTbA4BE8g1fwZj1ZL9a79TFvLVnFzCH4A+vzByBflYg=</latexit>

↵s
<latexit sha1_base64="fQFQ26Crymgf7FY2AWTKPFjxqyg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR93S9X3Ko7B1klXk4qkKPRL3/1BjFNIyYNFah113MT42eoDKeCTUu9VLME6RiHrGupxIhpP5vfOyVnVhmQMFa2pCFz9fdEhpHWkyiwnRGakV72ZuJ/Xjc14bWfcZmkhkm6WBSmgpiYzJ4nA64YNWJiCVLF7a2EjlAhNTaikg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTaAg4Ble4c15dF6cd+dj0Vpw8plj+APn8wcaNpAC</latexit>



Anatomy of  the data sets

Diogo Boito 9

V

Recently measured channels in           can be used to improve the vector channel using 
conserved vector current (CVC) for residual modes in regions where isospin breaking is small
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Figure 5: The vector and axial-vector spectral functions. Shown are the sums of all contributing
channels as data points (upper two plots). Some exclusive contributions are shown as shaded
areas. The näıve parton model prediction is shown as dashed line, while the solid line depicts the
perturbative, massless QCD prediction for αs(m2

Z ) = 0 .122 . The error bars include statistical
and systematic uncertainties. The pion pole is subtracted from the axial-vector spectrum. The
lower plot shows the correlations of the two spectral functions in continuous gray-levels from
white to black which correspond to the correlations in percent from −100 % to +100 %. The
contour lines are drawn in equidistant steps of 20 %.
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๏ V channel dominated by                            and
๏ Residual channels are subdominant (but very important for      !)
๏ ALEPH and OPAL used Monte Carlo input for several of the subdominant (residual) modes (not real data)
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๏ We introduced in 2020 a method to combine existing data and improve on previous spectral functions
๏ Combined 2π + 4π data from ALEPH and OPAL
๏ Results based solely on experimental data: 7 residual channels obtained from recent           data (no need for MC inputs)
๏ All results updated for recent branching ratio measurements

e+e�
<latexit sha1_base64="RrSXofPTbcZEgZs/neWuZEoplCc=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIsgiGW3CnosevFYwX5Auy3ZdLaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHDS0TRaFOJZeqFRANnAmoG2Y4tGIFJAo4NIPR7dRvPoHSTIoHM47Bj8hAsJBRYqzUgO4ZdM97xZJbdmfAy8TLSAllqPWKX52+pEkEwlBOtG57bmz8lCjDKIdJoZNoiAkdkQG0LRUkAu2ns2sn+MQqfRxKZUsYPFN/T6Qk0nocBbYzImaoF72p+J/XTkx47adMxIkBQeeLwoRjI/H0ddxnCqjhY0sIVczeiumQKEKNDahgQ/AWX14mjUrZuyhX7i9L1Zssjjw6QsfoFHnoClXRHaqhOqLoET2jV/TmSOfFeXc+5q05J5s5RH/gfP4Aw+6OmA==</latexit>

DB, M. Golterman, K. Maltman, S. Peris,  M. V. Rodrigues and W. Schaaf, 2012.10440

DB, Eiben, Golterman, Maltman, Mansur, and Peris, 2502.08147
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DB, M. Golterman, K. Maltman, S. Peris,  M. V. Rodrigues and W. Schaaf, 2012.10440

DB, Eiben, Golterman, Maltman, Mansur, and Peris, 2502.08147

๏ New data combination algorithm to deal with strong correlations in 4π  spectra from ALEPH and OPAL
๏ Based on the algorithm of 
๏ Statistical treatment of non-      fits from 

Keshavarzi, Nomura, Teubner ’18, ’19 (used in the context of g—2 of the muon)

Bruno & Sommer, ‘23�2
<latexit sha1_base64="ImV44qfM5Cldg/xGvAEowhHP74k=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkDbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1knNLhmyh2qvVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2bUTdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq6EILFl5dJs1oJzivVu4ty7TqPowDHcAJnEMAl1OAW6tAAAo/wDK/w5invxXv3PuatK14+cwR/4H3+ACirjto=</latexit>

๏ Inclusion of high statistics Belle spectrum for                        for the first time in inclusive hadronic tau decays ⌧ ! ⇡�⇡0⌫⌧
<latexit sha1_base64="SKEW5/47D6fhefMIgtTnq7T/AEE=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyyCG0tSBV0W3bisYB/QxDCZTtqhk0mYuRFKKG78FTcuFHHrV7jzb5y0WWjrgXs5nHMvM/cECWcKbPvbKC0tr6yuldcrG5tb2zvm7l5bxakktEViHstugBXlTNAWMOC0m0iKo4DTTjC6zv3OA5WKxeIOxgn1IjwQLGQEg5Z888AFnLoQuwm7P82b7YrUz0XfrNo1ewprkTgFqaICTd/8cvsxSSMqgHCsVM+xE/AyLIERTicVN1U0wWSEB7SnqcARVV42PWFiHWulb4Wx1CXAmqq/NzIcKTWOAj0ZYRiqeS8X//N6KYSXXsZEkgIVZPZQmHILYivPw+ozSQnwsSaYSKb/apEhlpiATq2iQ3DmT14k7XrNOavVb8+rjasijjI6REfoBDnoAjXQDWqiFiLoET2jV/RmPBkvxrvxMRstGcXOPvoD4/MHQG6XVQ==</latexit>

๏ Results including the CLEO spectrum for                        also given  ⌧ ! ⇡�⇡0⌫⌧
<latexit sha1_base64="SKEW5/47D6fhefMIgtTnq7T/AEE=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyyCG0tSBV0W3bisYB/QxDCZTtqhk0mYuRFKKG78FTcuFHHrV7jzb5y0WWjrgXs5nHMvM/cECWcKbPvbKC0tr6yuldcrG5tb2zvm7l5bxakktEViHstugBXlTNAWMOC0m0iKo4DTTjC6zv3OA5WKxeIOxgn1IjwQLGQEg5Z888AFnLoQuwm7P82b7YrUz0XfrNo1ewprkTgFqaICTd/8cvsxSSMqgHCsVM+xE/AyLIERTicVN1U0wWSEB7SnqcARVV42PWFiHWulb4Wx1CXAmqq/NzIcKTWOAj0ZYRiqeS8X//N6KYSXXsZEkgIVZPZQmHILYivPw+ozSQnwsSaYSKb/apEhlpiATq2iQ3DmT14k7XrNOavVb8+rjasijjI6REfoBDnoAjXQDWqiFiLoET2jV/RmPBkvxrvxMRstGcXOPvoD4/MHQG6XVQ==</latexit>

(but not enough information about correlations exist to include CLEO in the final results)

๏ New HFLAV branching ratios used Banerjee et al. (HFLAV) ‘24

๏ Algorithm to avoid d’Agostini bias in multiplication by global factors (branching fractions) Ball et al. (NNPDF)  '10
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Improved vector-isovector spectral function: 2π channel

Good     both locally and globally �2
<latexit sha1_base64="yGhyXUh1OMJOxj289Fg9Jh+67Q8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ildo+NxGON9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGAOY8E</latexit>

Effects of error inflation are minimal

Combination of 2π spectra (combined results in green)
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Improved vector-isovector spectral function: 4π channels
Combination of 4π spectra (combined results in green)

๏ Correlation matrices for 4π exclusive channels are ill-
behaved (negative eigenvalues) 

๏ Adding up the 4π channels softens the problem, but strong 
correlations in OPAL results lead to poor fits 

๏ The main issue are the strong, but poorly known, 
correlations in the π—3π0 OPAL channel  

๏ Perform fits where the strong correlations in OPAL π—3π0 

channel are not included in the minimization, but are still 
used in the error propagation  

๏ General p-value analysis for fits of this type well understood. 
Implemented with a Monte Carlo  (see Bruno & Sommer, ’23)
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Residual channels

No Monte Carlo input 

e+e�
<latexit sha1_base64="RrSXofPTbcZEgZs/neWuZEoplCc=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIsgiGW3CnosevFYwX5Auy3ZdLaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHDS0TRaFOJZeqFRANnAmoG2Y4tGIFJAo4NIPR7dRvPoHSTIoHM47Bj8hAsJBRYqzUgO4ZdM97xZJbdmfAy8TLSAllqPWKX52+pEkEwlBOtG57bmz8lCjDKIdJoZNoiAkdkQG0LRUkAu2ns2sn+MQqfRxKZUsYPFN/T6Qk0nocBbYzImaoF72p+J/XTkx47adMxIkBQeeLwoRjI/H0ddxnCqjhY0sIVczeiumQKEKNDahgQ/AWX14mjUrZuyhX7i9L1Zssjjw6QsfoFHnoClXRHaqhOqLoET2jV/TmSOfFeXc+5q05J5s5RH/gfP4Aw+6OmA==</latexit> ⌧ ! KKS⌫⌧

<latexit sha1_base64="zVgwwqUZeUnLX3GcjEOp6wesDG0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpgi6LboRuKtoHNCFMppN26GQS5iGUUPBX3LhQxK3f4c6/cdJmoa0HLhzOuZd77wlTRqVynG+rtLK6tr5R3qxsbe/s7tn7Bx2ZaIFJGycsEb0QScIoJ21FFSO9VBAUh4x0w/FN7ncfiZA04Q9qkhI/RkNOI4qRMlJgH3kKaU8lsAmbwb3HdZALgV11as4McJm4BamCAq3A/vIGCdYx4QozJGXfdVLlZ0goihmZVjwtSYrwGA1J31COYiL9bHb+FJ4aZQCjRJjiCs7U3xMZiqWcxKHpjJEayUUvF//z+lpFV35GeaoV4Xi+KNIMmnfzLOCACoIVmxiCsKDmVohHSCCsTGIVE4K7+PIy6dRr7nmtfndRbVwXcZTBMTgBZ8AFl6ABbkELtAEGGXgGr+DNerJerHfrY95asoqZQ/AH1ucPgiOVMg==</latexit>

๏ 7 residual channels extracted from            data + BaBar data for
๏ Dramatic improvement in errors for higher multiplicity modes (near end point)
๏ Isospin breaking corrections on already small residual modes (1—2%) would not affect final results
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Final spectral function

Contributions Total vector-isovector spectral function

DB, Eiben, Golterman, Maltman, Mansur, and Peris, 2502.08147



๏ Several fits, single moments or in combination
๏ Many fit windows: 
๏ Consistency between different fits (     , condensates, DV params.)

Strong coupling from the new spectral function

Diogo Boito 15
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๏ Test of possible correction to the DV ansatz 
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DB, Caprini, Golterman,  Maltman, Peris, PRD ’18

Pich & Rodriguez-Sanchez ’22
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2
⌧ ) = 0.2983± 0.0092stat ± 0.0026fit ± 0.0022pert ± 0.0025DVs

= 0.2983± 0.0101 (nf = 3)
<latexit sha1_base64="ffkgbDMiWppYw5a7UvfhobxmY+c="></latexit>

DB, Eiben, Golterman, Maltman, Mansur, and Peris, 2502.08147
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DB, Caprini, Golterman,  Maltman, Peris, PRD ’18

Pich & Rodriguez-Sanchez ’22
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Our previous result from 2020 was significantly larger
↵s(m

2
⌧ ) = 0.2983± 0.0092stat ± 0.0026fit ± 0.0022pert ± 0.0025DVs

= 0.2983± 0.0101 (nf = 3)
<latexit sha1_base64="ffkgbDMiWppYw5a7UvfhobxmY+c="></latexit>

DB, Eiben, Golterman, Maltman, 

Mansur, and Peris, ‘25

DB, M. Golterman, K. Maltman, S. Peris,  
M. V. Rodrigues and W. Schaaf, ‘20
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Largest shift due to new values of 
the 4π branching fractions!

Inclusion of the Belle spectrum leads to 
a small shift towards smaller values.

Changes in our data combination algorithm 
lead to slightly larger errors but no shift

Final result with Belle, new BFs 
and new algorithm

Strong coupling from the new spectral function
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Conclusions
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๏ Vector channel in hadronic tau decays is special:           data + CVC allows for improvement near kin. end point
๏ New vector-isovector spectral function purely based on exp. data, no MC input needed
๏ Inclusion, for the first time, of high-statistics Belle 2π spectrum in an inclusive hadronic tau decay analysis
๏ Our analysis can immediately incorporate any new spectrum for 2π or 4π tau decay channels (Belle II?)

๏ Improvements of this type not possible for the axial channel
๏ Final vector spectral function is competitive
๏ Final value for the strong coupling lower than before mainly due to changes in exp. BFs
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Extra
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Improved vector-isovector spectral function: 2π channel

2π data combination dominated by Belle, but Belle 
spectrum systematically lower for large invariant masses

Combination of 2π spectra (combined results in green, A-O-B = ALEPH, OPAL, and Belle)
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inclusion of  CLEO 2π data
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Duality Violation parameters
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Vector-isovector spectral functions

0

0.5

1

1.5

2

2.5

3

0 0.5 1 1.5 2 2.5 3 3.5
s (GeV2)

v 1(
s)

ALEPH

Perturbative QCD (massless)

Parton model prediction

ππ0

π3π0,3ππ0,6π(MC)

ωπ(MC),ηππ0(MC),KK0(MC)

πKK– (MC)

0

0.5

1

1.5

2

2.5

3

0 0.5 1 1.5 2 2.5 3
s (GeV2)

v(
s)

OPAL
π π0

3π π0, π 3π0

MC corr.
perturbative QCD (massless)
naïve parton model

0

0.5

1

1.5

2

2.5

3

0 0.5 1 1.5 2 2.5 3
s (GeV2)

a(
s)

OPAL
3π, π 2π0

3π 2π0

MC corr.
perturbative QCD (massless)
naïve parton model

0

0.2

0.4

0.6

0.8

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

1

2

3

0

1

2

3

0 1 2 3
-100 %

-80 %

-60 %

-40 %

-20 %

0 %

20 %

40 %

60 %

80 %

100 %

s (
G

eV
2 ) [

ax
ia

l-v
ec

to
r]

s (GeV2) [vector]

s (
G

eV
2 ) [

ve
ct

or
]

s (GeV2) [axial-vector]
0 1 2 3

Figure 5: The vector and axial-vector spectral functions. Shown are the sums of all contributing
channels as data points (upper two plots). Some exclusive contributions are shown as shaded
areas. The näıve parton model prediction is shown as dashed line, while the solid line depicts the
perturbative, massless QCD prediction for αs(m2

Z ) = 0 .122 . The error bars include statistical
and systematic uncertainties. The pion pole is subtracted from the axial-vector spectrum. The
lower plot shows the correlations of the two spectral functions in continuous gray-levels from
white to black which correspond to the correlations in percent from −100 % to +100 %. The
contour lines are drawn in equidistant steps of 20 %.
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d’Agostini bias correction

Ball et al. (NNPDF)  '10

๏ We correct for the d’Agostini bias that 

arise from the multiplication by the 

Branching Fractions.  

๏ This done with (an approximate version 

of) NNPDF’s iterative algorithm 

๏ The effect turns out to be small


