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Introduction: Positivity bounds



—FT approach to BSM

SM Effective Field Theory K Mimasu
(6)H(6) 8),)(8
c;0; c®0®
3SMEFT=°CZSM+Z J 2J +Z l 4l T
g 5 NEFT
cl.(”): Wilson coefficients \
+ SM particle contents — >
+ SM symmetries _ E > Eine
e Systematically parametrize new physics . dim-6: 0(102) forms

e Drawback: Too many Wilson coefficients . dim-8: 0(10%) terms

Even if consider up to dim-8, or order 52

Many operators! Huge parameter space!



“Anything goes” for EFT coefficients?

(6)((6) 8) (8
c©0! ~®9®)
J J l l
ZsMEFT = Lsm T+ z, A2 + z, T
J

A4

l

Question: Are Wilson coefficients cl.(”) allowed to take any values,
from the purely theoretical point of view?

Short answer: No!

e Perturbative unitarity bounds: have been widely used

o Positivity bounds: new theoretical bounds
| P Zhiboedov’s talk
l . T o — — 2 ceoe
Simpest example: £ = zaﬂ(/ﬁaﬂqﬁ + 3 (0,00" )" +

Gt e Adams, Arkani-Hamed, Dubovsky,
First” positivity bound: A>0 Nicolis, Rattazzi, 2006



Positivity bounds

| high energy UV theory ‘
Mo be unknown, bu,% assume aausah& ) uhu&au& g

Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi, hep-th/0602178

1tivi de Rham, Melville, Tolley & SYZ,1702.06134,1706.02712
POSItIVIty bounds Arkani-Hamed, Huang & Huang, 2012.15849
(Causality bounds) Zhang & SYZ, 2005.03047

Tolley, Wang & SYZ, 2011.02400

Caron-Huot & Duong, 2011.02957

Sinha & Zahed, 2012.04877

Chiang, Huang, Li, Rodina & Weng, 2105.02862
Caron-Huot, Mazac, Rastelli, Simmons-Duffin, 2102.08951

a bootstrap approach

low energy EFT

constraints on Wilson coefficients

Snowmass White Paper: UV Constraints on IR Physics, de Rham, Kundu, Reece, Tolley & SYZ, 2203.06805



Main tool: Dispersion relation

Analyticity in complex s plane (fixed 1)

A(s,t) = Léds' Als, 1)

271 s’ — s

Froissart bound |A(s’ — o0,1)| < §°7¢ [
su crossing symmetry A(s, 1) = A(u, 1)

Twice subtracted dispersion relation

00 dp, r 82 ,u2 ]
A(s, t) N/ | | T A1) .
A2 TTpS [ M H ] u: scale of UV particles

EFT amplitude IR/UV connection UV full amplitude



Sum rules

o 00 d 82 u2
c; ;s't) = A(s,t) ~ s + Im A(u,t)
2J ) 9 g —
i A2 TpT LM H
cW ~ ¢; ;- Wilson coefficients partial wave expansion:

l

A(s,t) ~ Xy Py(1 4 2t/s)ay(s)
*Direct sum rules:
dii = du Ima,(s)

D: .
Cij ™~ Z /d,il Z’ZJS?) n=¢l+1)
4 K D ;is polynomial of i

- Null constraints: A(u, 1) = A(s, 1) = A(Z, ) Tolley, Wang & SYZ, 2011.02400
Caron-Huot & Duong, 2011.02957

Z/d~ ,J 0 St crossing imposes
Qi constraints on Ima,




Two-sided bounds:

A(s,t) ~ cz,osz

Cz,lszt

Dimensional analysis on firm footing

C228

Constrain wilson coefficients
from both above and below

2t2

Wilson coefficients have to be parametrically O(1)!

weakly coupled in the IR

Tolley, Wang & SYZ, 2011.02400; Caron-Huot & Duong, 2011.02957

Used to be a folklore, called “naturalness/dimensional analysis”
but now a rigorous QFT result



Positivity bounds on s2 coefficients in SMEFT

- lowest order positivity bounds — dim-8 ops

+ phenomenologically more relevant

2,0 2
20g2 CijoS

C
A(s,t=0) =

A4 A#

+oo e A (st =0) = 4.



Positive cone for multiple fields

20 2
Imposing UV unitarity ImA,,_ (s> A%,0) > 0 Ajri,0) = C”Z’ZS oo
Positivity bounds: cijz.f . form (high dimensional) convex cone

%

Polyhedral cone ERS\/‘
*many symmetries

- finite discrete ERs

- Obtained by group theory

% = cone({PiUKD}) SM

@) o e ® E
ER < UV states e o Oi
-importance of dim-8 o
-useful for UV reconstruction ® 3\

Zhang & SYZ, PRL, 2005.03047

Curly cone

‘less symmetries

- infinitely many ERs

- Obtained numerically by
semi-definite programming

SM

- switch to dual amplitude cone

C*={yly-x>0, x e C}

-numerically efficient to get optimal bounds

Li, Xu, Yang, Zhang & SYZ, PRL, 2101.01191



Most SMEFT space is redundant!

e Transversal Vector Boson Scattering

positivity cone is only
0.681% of 10D sphere

Yamashita, Zhang & SYZ, 2009.04490

o 4-gluon SMEFT operators

/D parameter space: 1.6628%

Li, Xu, Yang, Zhang & SYZ, 2101.01191

Ot = Tr[W,, WH | Tr[W, s W 7]
Ot = Tr[We, WH Tr[Ws, W]
OT,5 — TI‘:VVIWW“V]BQ/;BQB
Ot = Tr[W,, WH?|Bg, BV
Org = B, B" B,z B

Or1 = Tr[Wea, WHP T [W, s W ]
Or.10 = Tr[W,,, WH | Tr[Wos WP
Or = Tt[Wa, WHP B, s B
OT,“ = TI'[WNVW“V]BQﬁBQﬂ
Or9 = Ba,B"? Bg, B"™

Qg
Qg
Qe
Qg
Qe
Qg
e

(G, GH) (G, GPP7)

(G, GH) (G GPP?)

(G, GPH) (G, GP7)

(G, GP1) (G, GBP)
JABE JCDE (GﬁlVGBuu) (GS’UGDpO')
JABE JCDE (GﬁyéB“") (Gg’aéDpa)

fABC Gﬁy Gfp G/C)]u



Positivity and beyond

Positivity cone

imposing ImA;;_ (s> A%0) > 0in UV

equivalently, partial waves
positivity part of unitarity

Im azjkl ~ 0

Capping the positivity cone

-partial wave unitarity

: ikl __ ij—X (_kl—-X\*
more info from Ima;™ =) " a;/ " (ay %)

X

-null constraints o
fuller use of unitarity



HIggs positivity cone

Consider Higgs scattering
1 [¢1+ 192
H = —
V2 (¢3 + i¢4)

LSMEFT BN O3] (DMHTDVH) (DVHTD'“H)
+Cy (D,H'D,H) (D*H'D"H)
+C; (D"H'D,H) (D"H'D,H)

3D trianglar cone
(in space of C;, G,, C;)




Capping Higgs cone: linearized unitarity

2D slices

---------------------

Dim-8 SMEFT Higgs
Positivity cone
"1 1D bounds (3¢ order)
1%t order null constraints
1 274 order null constraints

1.0 S _— __ _— ] [ 3% order null constraints

.....................

Chen, Mimasu, Wu, Zhang & SYZ, 2309.15922

Discretize UV scales

d# zkl ilk
zgkl_Z/A2 P + oM ()

by N
Z]kl ~ A4 ZZ ( 17kl _|_pzlkj)

17kl 17kl
+null constraints ~ p}" =Ima}

+ linearized unitarity

'nzz 333
ngzuzgz, |p22_7_7|<1_l1_ —;p% ‘7
ikl 1 P 1J1J + pklkl

-li- |
- 4 4 2 ’

0< pmj < ;, |p

Il
|(p£,7,7+pkkll):|:( ukk‘l‘ﬂ‘é‘? ) < 2.

= linear programing



Positivity vs perturb. unitarity vs experi. bounds

Positivity bounds are often stronger Chen, Mimasu, Wu, Zhang & SYZ, 2309.15922
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Capping Higgs cone: nonlinear unitarity+full symm.

0.7

0.6

0.4f |
o4

0.0

S =14 4T

A A

= ImT, >0, I—-ImT, >0

= semi-definite program

05 A
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0.1 \
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Linear2
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- mlinear
Linear2
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0.0

SST = (I —ImT)? + (ReT)? < I

Hong, Wang & SYZ, 2404.04479

0.7

06 /

~ mLinear

Linear2
~Nonlinear
|
‘1
|
|




Summary

Positivity bounds are robust—derived from S-matrix axioms
dim-8 ops are important to reverse engineer UV theory

Only small percentage of naive SMEFT space is consistent
theoretically

positivity part of UV unitarity fuller use of UV unitarity
(Im azjkl = 0) + null constraints

Thank youl!



Backup slides



Causality implies analyticity

Kramers-Kronig dispersion relation Titchmarsh's theorem
f(t < 0) =0 f (w) analytic in upper @ plane
f (w) square-integrable | A Imw
R 1 o do 4, / \
— Jc(w)—;73 N w/_wf(w) _ o JRew
W
eg, complex refractive index n

Relativistic version: response restricted with light-cone

f(ta 113) — e(t o € ) w)f(tv w) * ]b"(w, kO 4+ wg) _ iP oo ,dw, f(w', kO 4 w/g)
£ <1 it ) o W—w



Analyticity and locality

A(S t) as analytic function Causality “implies” analyticity

—(p1+py)° = EZ,

A2 Im(s
/ —(p1 +pY}) 2 -2 24m (1 — cos @) (5)
—(p1 + ps) —4m2—8—t
@ N —t | m? Adm?
o o OHm—m—mm—— e
3m? —t Re(s)
Crossing symmetry

@ A(s, 1) = A(u, ) = A(t, s) some rigorous results in 60

Martin, ...
Locality: A(s, ?) is polynomially bounded at high energies

FrOissart(-Jiﬂ-Martiﬂ) bOUﬂd: Froissart, 1961; Martin, 1963, Jin & Martin, 1964
lim |A(s,t)| < Cs*T),  t<m? 0<e(t) <1
§—00



Unitarity

Unitarity: conservation of probabilities S'™S=1=T—-T" =iT'T
Generalized optical theorem

AT F) - A (F 1) =i¥) / AT (27)*6% (pr — px) A(T — X)A*(F — X)

optical theorem (@ = 0): Im[A(I — I)] Za I X)

Partial wave expansion: A(s,t) ~ Y (2¢+ 1)Py(cos 6)a(s)
=0

, , (2-2 scattering, for scalar)
Partial wave unitary bounds:

0 < |as(s)|” < 2Imay(s) < 4



Forward positivity bounds

Forward Iimit ¢t = 0

© dy [ &2 2 7
A(s,0) ~ / £ % | m A(g,0)
A TpS L pts.
02,082 + C4,084 + = (/ 2 d?ImA(,u, 0))82 + (/ 2 dl;ImA(u, 0))34 4+ ...
U T
matching 2du
— Sum rules: C2n,0 = / 7m1+2fn Im A(p,0)
“First” bounds
Optical theorem
Im[A(s,0) x o(s) >0 = Con0 > 0

Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi, 2006 + earlier works



Two-sided bounds

Add null constraints to sum rules: Z/dﬂ' A
14

Dy () + X, al ()
Cij ™ Z / af it -

can choose a,, to make D; ; + Znanl“f’;) bounded from blow and above

before D; ; only has min
NOW: D + > a.IT'™ can have min and max

nons g

a,, can be positive or negative

=P amplitude coeff’s ¢; ; have two-sided bounds

Tolley, Wang & SYZ, 2011.02400

Optimal bounds obtainable by linear programming Caron-Huot & Duong, 2011.02957



Positivity bounds are easy to use

M@bab — lekluvu*v*M’Jkl > ()

Fs; = (Fso0,Fs1,Fs2)"

T

Fyvio = (Fao, Fara, Faroy Farsy Faray Frv s, Favr)
T

Fr,= (Fro,Fr1,Fro,Frs,Fre, Fr7, Frs, Fro)

211 ( 0 0 1 0 0 0 0 0 \

Msg=1|111 0o 2 1 0 0 0 0 0

2 1 1 0 0 0 0 0

101 8 12 5 0 0 0 0 0

8(:’6‘, 8(:?,‘, 4(:2‘/ 4(13‘ ” s?,v 4(:“14 ” sév 2(:34 ” st 2.5’?‘, szv

0 0 4c 0 0 2¢7,8 0 =

0 —2ct, 0 —s&, 0 s?,.c% ct \ w w W w

( W W W V‘2/ ZV P el 0 0 sh 0 0

0 26W 0 —sW 0 chW Coy =1 0 16ck 4ch, 0 4sh, sh, 0 0

0 0 4 0 0 1 0 0

My = —

M 0 2.0 00 0 1 0 16 4 0 4 1 0 0
0O -2 0 -1 0 1 0 0 8 0 o (2 —s%)° 0 2sb,

\O —92 0O —1 0 —1 1 / 32(:% 32(13‘, 16(:“14, —16(:%,‘,3%‘, 4 ((:%V - s%,v) 1 — 88%‘/(3%,‘/ 8.9?,‘, 4.9‘6‘/

0 0 4 0 0 2 0 1
\ 8 8 4 4 4 2 2 1 )

+ a few nonlinear bounds
Bi, Zhang & SYZ,1902.08977



Positivity vs experimental bounds (1)

Constraining aGQC coefficients in VBS

S —

July 2019 July 2019 s — Channel

No UV completion/Inconsistent Zhang & SYZ,1808.00010



Positivity vs experimental bounds (2)

O,0 and O,

35.9 fb™ (13 TeV)

ﬁ"-\ I l I I I I ' I I I I | I I I |

_ i — — Expectedi68% CL |

e I~ Expected95% CL |

) . — — Expected:99% CL

= T - — Observed 95% CL ]
<
S~

/Zhang & SYZ,1808.00010
Yamashita, Zhang & SYZ, 2009.04490

Space of 18 Wilson coeffs for aQGCs

2% of total

i

18D sphere

Only <1% of the total aQGC parameter

space admits an analytic UV completion!



Stronger positivity bounds?

Mabab — Z wyuFvEMIR = Z uyuFvicii > 0

s it possible such that cy T T £ BT 20
ijkl %\ 9
TjuM”™ > 0, and T, ijki TR T
ijkl

Yes, 1}, is more than u,v;uv=- !

Example: W-boson scatterings in SMEF

- b b
Fry >0, 4Fp;+ Fry >0 old: |a)|b) — |a)|b)

Fro+8Fr190>0, 8Fpg+4Fr1+3Frs >0
12Frog +4F7r1 +9krs +4F71 10 > 0
AFr o+ 4Fp{ + 3Fro + 12F7 19 > 0 scatterings of entangled states

new: |U) — |U)

T ~ Z AULUL,

n*n*™ij

Zhang & SYZ, 2005.03047



Rs of I cone

Best bounds from

generalized optical theorem
= {Tijkl | Tijua = O}

g+
=P 7,,€T=5'nS .
S = {Tijkz | Ty = Tipgy = Thjiy = Y}ilk}

9 is a spectrahedron Li, Xu, Yang, Zhang & SYZ, 2101.01191
(spectrahedron) = (convex cone of PSD matrices) N (affine-)linear space

Yy
To get best bounds, find all ERs of I )

7 — (p)
all elements of 7: T;, = 2, “qukz a, > 0

p enumerates all Extreme Rays (ERs)
Best positivity bounds:

D TOM > 0
ijkl

ijkl




Convex cone € of amplitudes

G = {Mijkl} — cone ({mi(jm|k|l)}> mij ~ MU—>X

X: intermediate state

€ isdual cone of I T = {T”kl‘T'ME D TyM™ > 0}
ijkl

For mY to be extremal, it can not be split to two amplitudes

->

l:i ~y l:i _>Xirrep ~ r,Q
Mgy ~ M G

CG coefficient

Get € cone by symmetries of EFT

->

Zhang & SYZ, 2005.03047 group projector

*

€ = cone({P,f(jlkll)}) Pi= Cre (C,fjf‘)

l,]

a



The inverse problem

Structure of € cone implies

Extremal Ray <= UV Particle

piUlklD
r

Example: Higgs € cone in SMEFT P o
Wilson coeffs fall in blue region o Bs
* (\) EIA

® E
E| must exit ® EZS
* ® E;x

new UV state (SU(2); singlet, Y = 1) O

ERs of & (or dim-8 operators) are important
to reverse-engineer the UV model!



Semi-definite program (SDP)

spectrahedron is viable space of a semi-definite program

Use SDP to find best positivity bounds

generally a curly cone minimize Z M

ijkl
—

subjectto T,y €T =97 NS

min(7 - M) > 0, then MY is within positivity bounds

Compared to elastic approach (uvuvM > 0)

stronger bounds
more efficient (polynomial complexity)

Li, Xu, Yang, Zhang & SYZ, 2101.01191



