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How to gain insight into the structure of hadrons

@ Hadrons such as the proton are a mess of many interacting
quarks/gluons!

@ Nevertheless, they have well-defined physical properties such as mass,
spin etc.
= How can we explain these in terms of the properties of the
constituent partons?

@ Experimentally: Perform high-energy scattering experiments that
can resolve the inner hadron structure (e.g. scatter electrons off a

proton)
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Scattering experiments: Deeply-inelastic scattering

Assumptions:
e Photon highly virtual, Q*> = —q? > p?
o s> mf,
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Description of scattering experiments

@ Hard scale = Factorization between short-range and long-range
physics

1
(e pt — el = Z/ dx, fa(xa, p2)o(e " ps — €7 T; u2)
0
a

@ Short-range physics characterized by the perturbative partonic cross
section o

@ Long-range physics described by non-perturbative parton distributions
PDFs

@ Through application of the OPE, the moments of the distributions
are related to hadronic matrix elements of composite QCD operators

1
fn(u?) = /0 dx xN-1 f(x, u%) ~ <P|O(N)‘p>
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Leading-twist operators

The OPE is dominated by leading-twist operators. Based on the

representations of the QCD flavour group, we can distinguish two sets of
such operators

N Ty

Ot(:] N)S;,ul...u,\,(x) =S [7/1)\ 7/11 D,uz e D/Mvw]
N 1 an_2aN_1 ~an—1;

O ) = 5 [y D™ DR P
N J—

O((J S);,u1-..mv(x) =S [w7ul Duz s Du,\ﬂb]

with

a a a abc pb pc
Fi = 0uA) — 0L AT, + gsF P ALA,
D, =0, — igsT°A;,

D3¢ = §,6° + go ™A}

£2b¢ are the standard QCD structure constants.
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PDF scale dependence

Scale evolution of PDFs is set by the DGLAP equation [Gribov and Lipatov, 1972],

[Altarelli and Parisi, 1977], [Dokshitzer, 1977]
dfi(x,p?) _ [tdy X
l 2 / 7’Dl_l(y)fj- — M
dinp x Y y

with Pj; the QCD splitting functions. These are perturbative quantities
and can be computed as the anomalous dimensions of the leading-twist
operators that define the PDFs

d[O/]
dlInp?

0 1
=710}, i = asfylg. ) 4 agvgj )4

1
Vi = —/0 dx XN_lP,-j(X)

The anomalous dimensions are extracted from the renormalization of the
operators. One way to do this is by considering off-shell operator matrix
elements.
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Alien operators

When doing so, it is well-known that mixing with non-gauge-invariant
(alien) operators needs to be taken into account [pion and Taylor, 1974,
Kluberg-Stern and Zuber, 1975a, Kluberg-Stern and Zuber, 1975b, Joglekar and Lee, 1976, Joglekar, 1977a, Joglekar, 1977b].
These receive contributions from
@ ghost fields and
o the field equations of motion (EOM)
Recently, G. Falcioni and F. Herzog derived a method to consistently
construct the aliens to any loop-order [Falcioni and Herzog, 202].
@ In their approach, the aliens are derived using generalized BRST
symmetry of the QCD Lagrangian.
@ Each alien operator features a coupling constant obeying certain
constraint relations, which were solved for fixed N < 20 in
[Falcioni and Herzog, 2022, Falcioni et al., 2024a]
— All 4-loop splitting functions now known to N = 20 [raicioni et a1, 20235,
Falcioni et al., 2023a, Gehrmann et al., 2024a, Falcioni et al., 2024c, Falcioni et al., 2024a, Falcioni et al., 2025]

Can we solve the relations for arbitrary values of N7
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Alien relations

OI(EA(Q)I\’/{I =g (D . F? +gs$A Ta¢) fabc Z Hu(aiAb)(ajAc),
i+j=N-3

O((_-N)’” _ _gsfabc Z nU(aEa)(aiAb)(aH—lCC)
i+j=N-3

kij + kji =0,

nij = 2Kij + U(N)<

d srifs+J
ni+ > _(—1) +J< i )n(i—s)(j—l—s) =0

s=0

i+j+1)
i )

NOTE: Bottom relation = conjugation!
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Alien relations

A second application of the sum leads to

i i i—t

Pt Pt /s Hitt
S0 (Y mimage = = 0 () T LT

t=0 J t=0 J /=0 Jtt
and hence
i N -t .
t+y S+J+t
nij = Z ( . ) Z(_l)s( . )n(i—t—s)(j-i-t—I—s)'
t=0 J s=0 J Tt

@ Already encountered in the computation of the anomalous dimensions
of leading-twist operators in non-forward kinematics, see

€.8. [Moch and Van Thurenhout, 2021, Van Thurenhout, 2024]
@ Great predictive power!

@ Valuable information about the function space
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Solving conjugation relations

@ To take full advantage of conjugation relations, one needs to be able
to evaluate them analytically

@ Use principles of symbolic summation: Gosper’s algorithm (cosper, 1075]
and (creative) telescoping (zeiberger, 1991]

o Fully automated in Mathematica packages Sigma
[Schneider, 2004, Schneider, 2007] and EvaluateMultiSums [Schneider, 2013, Schneider, 2014]

& w1
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Alien relations

Another neat feature of the alien relations is that they show a bootstrap:
Complicated higher-order couplings can be related to simpler lower-order
ones

@M (1) (1) o (1) (1) k+1+1
Mijt T Witk + Mikgi + Maij = 2[“y(k+/+1) + ”(k+/+1)ji] < k

+ permutations

1 1 1 Jtk+1
nlg'k) + n/(ay) + nj(ki) = 2’€iu+k+1)< j ) T 2“k(i+j+1)<

i+k+1
+ 2/€j(;+k+1)< P )

i+j+1 i+7+1
()

The coupling n(N) is known to O(a3)

i+j+1>
i

nij +nji = n(N)

[Dixon and Taylor, 1974, Hamberg and van Neerven, 1992, Gehrmann et al., 2023]
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Alien relations

The power of all these relations is that they allow us to write the alien
couplings in terms of a small number of unknowns. Consider e.g. the
most complicated aliens that are needed for the 4-loop renormalization of

the physical operators
O(N),IV _ gs3 (D = JrgsEATal/}) (f f f)abcde Z ngji)l(aiAb)(aiAC)(akAd)(alAe)’

EOM
iﬂﬁkgl
O((:N),IV _ _g53 (f f f-)abcde Z 771(-1-],;)/(863)(8iAb)(ajAC)(8kAd)(8l+1Ce)

i+jk+1
=N-5
A priori > 500 parameters to fix!

Using all relations: Only 8 remain in the end!

— Can be fixed by a few fixed-N OME computations
— Explicit expressions in [raicioni et al., 2024b]
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Application: Alien Feynman rules

With the couplings known, one can derive the Feynman rules of the alien
operators from first principles

@ The Feynman rules for the gauge-invariant quark and gluon operators,
with up to 6 external legs, can be found e.g. in [Fioratos et al, 1077,
Floratos et al., 1979, Mertig and van Neerven, 1996, Kumano and Miyama, 1997, Hayashigaki et al., 1997,
Bierenbaum et al., 2009, Klein, 2009, Bliimlein, 2001, Moch et al., 2017, Gehrmann et al., 2023] and
references therein. The generalization to an arbitrary number of legs
can be found in (somogyi and Van Thurenhout, 2024) -

@ The alien rules were computed up to 3 external legs in
[Hamberg and van Neerven, 1992],[Matiounine et al., 1998],[Bliimlein et al., 2022], and extensions to
the 4- and 5-point vertices were recently presented in [Genrmann et al., 2023)

and [Gehrmann et al., 2024b]

!Note that the latter also presents the corresponding rules for the operators with
total derivatives, relevant for non-zero momentum flow through the operator vertex.
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Application: Alien Feynman rules

Glkiprp) 95 Gy (01 pap2) GG o paps ) g2 Gy o, s p 1 s
OEOOE00 Y TO0TE0E | OB00000 S BE00000Y +  COO00E00 Y,/ BOBOT0N | BEEE00 XY TOBT0N0 +
ZN e Pty pLpcl o P10y PLp L P lnc PLpel Py Uiy

e 3 ‘
3. pLcs Pa s pPaadacy P Pr€3 pas 0.y 5T

GE192%3% %S

1+ ()" yy
pvpoT (P1, P2, P3, P4, Ps) = —————i FELE2XFXBY Y45

2
—8upluBoAr D k(A p) (A ps) + Ao Arl(pr +2p2) Ay
i+j=N—3

(@ gl X A ) (A paY (A ps) + (B4
i+j+k=N—4

. . .
— (8 pIALA AR, ST RONA - p) (A pY (A e (A p5>’}
i+j+k+I=N—5
14 (=Y
o T RSN AL AL B[Py + 2p5)0 B
@) i i P 2
—(B-ps)gar] D R (A p) (AP (B p3)" + [PTAL
ij+k=N—4

, _ .
—pu(B pIALA AN, 3T RD(A ) (A pY (B ) (A ,,5)'}
i+jrk+I=N—5

+ permutations
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Application: Alien Feynman rules

@ Ghost vertices:

(a) Agreement with [Genrmann et al., 2023) for O- and 1-gluon vertices and (f f),
dy parts of the 2-gluon vertex

(b) dgz part of 2-gluon vertex new!

(c) 3-gluon vertex new! [Recently also obtained in [Genrmann et al., 2024b], €xact

agreement!]
o Alien gluon vertices:

(a) Agreement with [Blimlein et al., 2022, Gehrmann et al., 2023] for 2- and 3-gluon
vertices; agreement with [Genrmann et al., 2023 for (f f), da parts of the
4-gluon vertex

(b) dgz part of 4-gluon vertex new!

(c) 5-gluon vertex new! [Recently also obtained in [Genrmann et al., 2024b], €xact
agreement!]

@ Alien quark vertices:

(a) Agreement with [Gehrmann et al., 2023 for O-, 1- and 2-gluon vertices
(b) 3- and 4-gluon vertices new! [3-gluon vertex recently also obtained in
[Gehrmann et al., 20245], €Xact agreement!]
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Conclusions and outlook

@ One way to reconstruct the functional form of the alien operators is
based on the use of generalized BRST symmetry

@ One then finds classes of EOM and ghost operators, the couplings of
which obey interesting consistency relations

@ Bootstrap: Complicated higher-order couplings in terms of simpler
lower-order ones

@ We used these relations to reconstruct the full N-dependence of the
1-loop alien couplings necessary to perform the operator
renormalization to 4 loops

@ This should be useful in the reconstruction of the full N-dependence
of the 4-loop splitting functions!

@ Generalization to higher orders in perturbation theory?
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Construction of the alien operators

The complete gauge-fixed QCD action is written as

S= /dDX (,Co + ['GFJFG) .

Here Ly represents the classical part of the QCD Lagrangian

1 _ . - Y5
‘CO:_ZF‘# Fpu_’_zlp (’m_mf)wfa
f=1

with 1
LeriG = —Z(aﬂAff —c?0"D3P P
and
F2, = 0uA3 — 0,A% + gsfP* AL AS
D, =0, —igsT°A},
D3 = 0,6° + gsf A
fabc are the standard QCD structure constants.
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Construction of the alien operators

The QCD Lagrangian can be extended to also include the leading-twist
spin-N gauge-invariant operators, which we define as

1 — v
O (x) = 3 Fu(x) DV 2F¥(x).
N - N—1
Of(x) = P(x) & DV 1p(x) .
Here A, is a lightlike vector and we introduced the notation
FHa = A, FF2 A% =N AR D=A,D", 0=A,0".

These physical operators now mix under renormalization with aliens, which
are (a) proportional to the field EOMs and (b) contain ghosts.
Schematically the complete Lagrangian is then

L="Lo+ Laric+mO;+0W) + oM
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Construction of the alien operators

The most general form of the EOM operator is [raicioni and Herzog, 2022]

OI(EI(\S)M — (D CF? 4 gS@TaAzp) ga(Aa’ OA?, 82/\3, )
with G? a generic local function of the gauge field and its derivatives.

Expanding G? in a series of contributions with an increasing number of
gauge fields then leads to

N N),! N), I 1 N),IvV
OI(EO)M O( ) O( ) O(O)M +OI(EO)M
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Construction of the alien operators

O = n(N) (D~ F? + g A T?y) (9V24%),
O(N) 1 =g (D . F?2 +g5EA —,—aw) Z C;bc(aiAb)(ajAc),

EOM
i+j
=N-3
OI(EAOI)l(/lI” 7gs (D Fa_’_gswATaw) Z abcd(a:Ab)(ajAC)(akAd)
lj‘[{ﬁ“i

(N),IvV _ gs?, (D . Fa _’_gs@ATaw) Z abcde(a Ab)(aJAC)(akAd)(a Ae)

Ocom
ik
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Construction of the alien operators

The coefficients Ci?...'liji can be written in terms of a set of independent

colour tensors, each of them multiplying an associated coupling constant,
as follows

Cgbc — f-abc

Rij,

1 2 3
C’jall(acd (f f)abcd () dabcd fjk) djgfd E]k)’

Cabcde _ (f f f)abcde (1) + dabcde (2)

ijkl Rijki ikl
To avoid overcounting: k-couplings inherit properties of the colour
structures they multiply, e.g. kjj = —Kj;

The standard gauge transformations leave £y and O; invariant, but not
(V)
Otom

= generalized gauge transformation
a a a A pa
Al — AL+ WAL+ 0, AL
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Construction of the alien operators

A
A; — AZ + 5wAZ + 95 A;j
a ab, b
0uA;, = DiPw?(x),

6QA)AZ _ _AH 7’](N) 8N—1wa+gs Z C-5_a1az (aiAa1) (8j+lwaz)
s
+gs Z Caalaza3 a:Aal) (ajAaz) (ak+1wa3)
L+J+Z

+g3 Z Cjillazasaa a:Aal) (ajAaz) (akAag) (al+1wa4) +O(g;&)

I+J+k+l
=N—
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Construction of the alien operators

E_a_bc _ ’rabcmj7
bed bd(l) bd() bed, (3)
Coeed = (F £)*ng) + a7 + d2einy),
bed bede, (1 bede, (2 bed_ (2b
Ciklc e __ (f f f-)a C enl(Jk)l da C enlski) df,? Ci E/kl)'
The generalized gauge symmetry implies that the couplings nf,lf,),_nj are
(k)

related to . n;
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Construction of the alien operators

i+j+1
77ij=2'fij+?7(/V)< . >,

jt+k+1
77,(1? 2’11(J+k+1)( j ) +2[w0) + K],

Uk k_[l
(2) _ 5,.(2)
Mijk = 3“,]1( )

nl(jk = 2["'iuk - ij)]

1) _ .1 (1) I+k+1 O
it = 205 ji(14-k11) Jr”"(/+k+1)ﬂ]< K + 2[Rk + K +K’/lkj+ﬁlky]

(2)_ ) k+1+1 (2)
Mg = 3 U(k+l+1)< K + 2K
2b 2
77,81(/) =2k Sylz
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Construction of the alien operators

The generalized gauge transformation can now be promoted to a
generalized BRST (gBRST) transformation

A
AZ 5 A2+ SAL 4 6RAD

The ghost operator is now generated by the action of gBRST on a suitable
ancestor operator [ralcioni and Herzog, 2022], GIVING

O(N) O(N)I+(9( ), 0‘(:N),III+O((:N),IV+
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Construction of the alien operators

O = —n(N)(@e*)( " 1),

OS;N)’” Z CabC(aca) alAb)(aH-l C)
i+j
=N-3
O = _g2 N~ Cat(9c?) (9 A%) (@ AT (9K ),
'_"rJ-i-k
O(N),IV _ Z Cabcde a Ab)(a/AC)(akAd)(al—I—l e)
c ijkl
Itj;\lkk;»/
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Construction of the alien operators

In fact, there is another, and equivalent, approach to generate the ghost
operators. Namely, we could also start from anti-gBRST, for which w?(x)
in the generalized gauge transformation should be replaced by the
anti-ghost field ¢7(x)

A
A;’j — A; +5EA; + 0% AZ

— This should lead to the same operators!
— Nevertheless, the functional form of the resulting operators is different
from those derived from gBRST

= Non-trivial identities for the n-couplings!
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Construction of the alien operators

/ (s+]
UU+§:PJVM< j >WFQUH)_07

m_ m+n+ k)! mntk, (1)
nuk - Z:Oz(:) ml n| k| ) T,(J n)(l m)(k+m+n)

i J k

1) (s1+s2+s3+1)! )

ot = Zozozo P TTpSy TR Sty R AP R SRS
51=U sp=U s3=!
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Renormalization

The complete Lagrangian is now
L=Lo+ Lorrg +mwO; + (’)(Aé)M +oM
= EO(AM,gs) + ‘CGF+G(AM7 c? ) c? » 8s) f) + Z Ck Ok7
k

where Cy labels all the distinct couplings of the operators,

Cie = {wi, n(N), 65 o) .. }. The UV singularities associated with the
QCD Lagrangian are absorbed by introducing the bare fields/parameters

Aa;bare _ \/Z>3Aa
& bare \/>C X)
c bare \/>C X)

bare

gs = :U’ ggs
gbare _ \/Zg
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Renormalization

This is not enough to make the OMEs finite. Instead they need an
additional renormalization

O™ (x) = Z; OF"(x),

The renormalized Lagrangian becomes

~ a;bare _bare a;bare _a;bare =a;bare _bare bare
L= EO(AM ) 8s ) +‘CGF+G(AM » € ) € 8 € )
+ 2 :Cllr()are (f)lt()are7

K
CPe = C Zi,
K

where Cy is the (finite) renormalized coupling of the operator Ok. The

UV-finite OMEs featuring a single insertion of O'" are computed by
setting the renormalized couplings C; = d;4/4, which gives
e = 2,

Sam Van Thurenhout
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Renormalization

= The couplings of the bare operators 7°2¢(N), ... are interpreted as the
renormalization constants that mix the physical operators into the aliens

— Extracted from the direct calculation of the singularities of the OMEs,
e.g.

B _Ca
e N(N —1)
We note that this quantity is known to O(a2)

[Dixon and Taylor, 1974, Hamberg and van Neerven, 1992, Gehrmann et al., 2023]

PP(N) = Zge = - +0(2)
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Colour structures

fabc are the QCD structure constants. The other colour structures are in

turn defined as
(f f)abcd — fabefcde
(f f f-)abcde — fabm Fmen f-nde

dabcd f[T (TA TA T, TA) + symmetric permutations],

dfﬁer dabmn fmee i:edn7
abcd abcd 1 abcd
A2 = difed — 2 Cadf>,

dabcde _ dzbcmfmde
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Solving conjugation relations

@ To take full advantage of the anti-gBRST conjugation relations, one
needs to be able to evaluate them analytically

@ Use principles of symbolic summation!

o Creative telescoping (zeiberger, 1901]: evaluate the sum of interest by
rewriting it as a recursion relation using Gosper’s algorithm [cosper, 1978]

@ The closed-form expression of the sum then corresponds to the linear
combination of the solutions of the recursion that has the same initial
values as the sum.

— FOF S|ng|e sums: Slgma [Schneider, 2004, Schneider, 2007]
— For multiple sums: EvaluateMultiSums [schneider, 2013, Schneider, 2014]
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Classical telescoping and Gosper's algorithm

The telescoping algorithm is a well-known method for evaluating finite
sums. Suppose we want to evaluate the following sum

N
> fl)
k=a
with a, N € N and a < N. Now, if we can find a function g(N) such that

f(k) = Dg(k) = g(k+1) — g(k)

then

N N

S (k) ng+1 3 g(k)

k=a = k=a
= (N+ 1) —g(a).

Here, A represents the finite difference operator. The telescoping function
g(N) can be found by application of Gosper's algorithm [cosper, 1975).
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Classical telescoping and Gosper's algorithm

Suppose
g(N)
g(N—-1)
is a rational function in N. The algorithm consists of three main steps.
Assume we want to calculate the telescoping function for some sequence

{an}
an = Ab(N).

It is assumed that {ay} is a hypergeometric sequence, that is

an
L — g(N)
an

with g(N) a rational function of N. The steps of Gosper’s algorithm can
then be summarized as follows

Sam Van Thurenhout Alien operators for PDF evolution 20/0



Classical telescoping and Gosper's algorithm

@ Determine three functions f(x), g(x) and h(x) such that

f(x+1) g(x)
)= "F09 hlx+ 1)

and
ged[g(x), h(x +n)] =1 (n € No).

@ Solve the so-called Gosper equation,

f(x) = g(x)y(x +1) — h(x)y(x),
for the polynomial y(x).
© If such a polynomial solution does not exist, it means that the sum in

question does not have a hypergeometric closed form. Otherwise, the
telescoping function is determined by

t(x) = :Tj:;y(x) with b(N) = t(N)a(N)

More details can e.g. be found in [Kauers and Paule, 2011]
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Creative telescoping

Classical telescoping works when dealing with sequences that depend on
one variable only. When we want to determine a closed form for a
summation of a sequence depending on two variables, we can use the
creative telescoping algorithm by Zeilberger (zeiberger, 10011, The idea is similar
to that of classical telescoping. Suppose we want to evaluate

b
> F(N, k) = S(N).
k=a

The way to go about this is by attempting to find d functions
co(N),...,cq(N) and a function g(N, k) such that
g(N,k+1)—g(N,k) = co(N)F(N, k) + ... + cg(N)F(N + d, k).
Summing both sides, and applying classical telescoping to the left-hand
side then gives
b b

g(N,b+1)—g(N,a) = co(N) Y F(N, k) + ... + ca(N) D _ F(N +d, k).

k=a k=a
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Creative telescoping

This leads to an inhomogeneous recursion relation for the original sum of
the form

g(N) = co(N)S(N) + ... + cg(N)S(N + d).
Typically, one starts this procedure at d = 0, which is equivalent to
classical telescoping. The value of d is then increased stepwise until a
solution is found. The creative telescoping algorithm can be applied when
the sequence under consideration is holonomic. A sequence {ay} is said to
be holonomic if there exist polynomials po(x), ..., pr(x) such that the
following recursion relation is obeyed [Kauers and Paule, 2011]

po(N)an + p1(N)ans1 + -+ + pr(N)anir =0 (N €N, p(N) # 0).

For example, the harmonic numbers {S;1(N)} form a holonomic sequence
as they obey

(N +1)Si(N) — (2N +3)Si(N + 1) + (N +2)S1(N +2) = 0.

More details on the summation algorithms reviewed here can e.g. be found
in the exce”ent bOOkS [Graham et al., 1989, Petkovéek et al., 1996].
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