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Outline

*|ntroducing gaps for the LISA data

* Theory: stochastic noise process, covariance and mismodeling error
* Analysis settings: LISA TDI data, short MBHB signals

* Results: mismodelling errors

e Conclusion



Gaps in LISA data

Gap type Frequency Duration  Total loss (hr/yr)
e (Gaps are missing data -
periods; can be Antenna repointing every 2 weeks
planned and

unplanned PAAM angle adjust

e The stochastic noise
process could be

coherent (masked .
data) or incoherent TTL coupling est.
(instrument reset)

I'M stray pot. est.

Unplanned: platform

* Masking out data is
also a crude way of
addressing glitches

Unplanned: payload

Unplanned: micro-meteorites

[A. Petiteau, FMT]



Gaps in LISA data: different approaches

* Windowing the data around gaps, having well-

behaved Fourier-domain signals

[Dey&al arXiv:2104.12646]

* Data augmentation (or imputation): the

data inside the gaps is inferred in a Gibbs

sampling between GW params and missing data

[Baghi&al arXiv:1907.04747]
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* Modelling of the full covariance: direct marginalization over
missing data, useful as a test bed for our assumptions — limited by the

size of the N X N covariance matrix — This work



The basics: Stationary Gaussian process

* Assumption: noise as Gaussian process described by its * Noise-weighted inner product over positive frequencies:
covariance
/ / df ~ % 7
C(t,t") = (n(t)n(t")) (a|b) = 4Re 5 (f)a (f)o(f)
e Assumption: underlying noise (before introducing gaps)
Stationary, with autocorrelation depending on lag only e Likelihood:
1
C(t,t")=C(0,t —t) =C(t —t) In £(0) = — 5 (h(0) — d|h(0) — d)

Whittle likelihood

* In the Fourier domain, this leads to independence: . . . o
The Fourier-domain covariance matrix is

1 diagonal: from N X N to N'!
()R (f) = 55 (F)O(f = f)

e Usually represented with |-sided PSD S (f)



TD/FD data vectors and covariance

Time domain covariance matrix
(NNTY =%

Sationarity imposes a Toeplitz structure

Ct,t")Y=C(t—1t) A= @
a ag a1
ap1 az ag

Diagonality after DFT requires in fact Circulant structure
(periodicity)

[ o 1 - e g
C1 o Cp-1 C2
C = C1 Co
Cn—2 Cn—1
LCn—-1 ©Cp-2 **° O &)

ay a_y a_- e e a_(n_l) il

Discrete Fourier transform
F(f) = / dt e 2™t p ()
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w=—eNnN

N—1
F(fj)=At ) w YF(t;)
1=0

(NNTy =% with X diagonal

Example TD covariance
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Marginalizing out the missing data: Time Domain

Direct marginalization:
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Truncation of the Gaussian covariance:

X=H@O) —D=-N X =(X1,X)
211 212
Y, —
(= =)
Lyap =p(N1) = [ dN2p(N1, V)

1 _
In Loap = —§X1T2111X1

Gap seen as a gated process:

For an invertible modulation W:
X - WX

XTs'x = (wx)" wzw) H(WX)

For an gating function W, non-invertible: W = (g 8)

Moore-Penrose pseudo=-inverse (uniquely defined):

ATAAT = AT
_+_ L -
AATA=A WEW) — ¥ 0
(AA—I-)WL — AAT 0 0
(AtA)' = AtA

Equivalence with the marginalized likelihood:

| XE(WEW)" X = X[5 X

Note that windowing the data becomes facultative !

WX)T (wEW)T (WX)=XT (Wsw)™ X



Marginalizing out the missing data: Fourier Domain

DFT in linear algebra: Translation from time to Fourier domain:

. i The pseudo-inverse is transparent to the unitary matrix P:
F(f) = /dte_ mItE(t) N
P(WEW)" PT = (PWEW PT)

217

N-1
F(f;) = At Z wF(t) w=e~w
i=0

This allows for a direct translation:

Using the DFT matrix P: 1 - N 1/~ NT /e v N+ —

_ In Loap = — = (WX)T (WEW)T (WX) = —— (WX) (WZW) (WX)

F = AtVNPF 2 2

1 .
Py = —w" Windowing the data is facultative, in FD also:
VN PN
In Ly = —5 (WD —H) (WSW) (WD - H)
PP' =1 2
In practice, computing the FD gated covariance matrix is a convolution:

FD covariance and FD window: T — e —

> = NA#2PY Pl

W = PW P!




Numerics: pseudo-inverse of the FD covariance

Smooth taper wsm°t(t) with TDI1
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Effect of noise on posterior and Cutler-Vallisneri biases

Linearized sighal approximation: Cutler-Vallisneri bias due to noise realization:
H(0) ~ H(0y) + AG*O; H D= H(0y)+ N
Likelihood:  (A|B)s = ATS71B In L ~ —%AﬁiAﬁj(é’iH\é’jH)z + A0 (0;H|N)s
In £ = —%(H — D|H — D)y, CV bias and variance:
1 o AG . = F;jl(é’jH\N)z (AGrs) =0

In L ~ _irz’j AG* A’

CV bias variance:
Fisher information matrix:

(MG ALY =T, T 0 H' S (NNTYS ™19, H

Fisher covariance matrix between parameters: (NNT) = %

—1

(AOLAGLe) =T

i
/
The CV bias variance matches the - @7

Fisher covariance T

\

10 The noise ‘scatters’ the posteriors:



Mismodelling of the gated noise process

Introduce mismodelling in the Lo in i )
covariance itself: In L ~ —5/\6’ A (WO, HWO,;H)s + A" (WO, HHW N )

* Wrong covariance X’ assuming AG . = F/i_jl(WajH‘WN)E’ (AG:) =0 bias still zero-mean !
stationarity, gating the signals
F/ij — (W@H\W@H)z/

e Could also be used to introduce a / true covariance
misestimation of the PSD <A‘9éf/A9%f/> _ F/;:F/j_ll@kHTWE’_l<NNT>WZ’_1W6’ZH
(A|B)sy = ATY7'B e —— e

(DG ALY =T T j_ll@kH Twy " 'Wswy' "W, [Edy&al arXiv:2101.07743]
‘VL |

H
We use the wrong likelihood: Inconsistent ‘scatter’

. - . - — — — E— - -

In L = —%(W(H _ D)\W(H B D))E’ A measure of inconsistency:

| ) j
V(860 800,)
T, =
~1
Fii ‘ 0 N
Would be | for the correct covariance - /
Measures the inconsistency of the posterior ‘scatter’ —

The bias is still 0-mean here
SNR-independent
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Windowing for data gaps

Different logics:

* Windowing only the data/signal: loss of
information

* Windowing the data/signal and the covariance:
no loss of information

* Windowing the noise: keep diagonal-dominated
structure of the FD covariance

Effects of windowing:

* Windowing: the gap edge: alleviate the
statistical offense by avoiding a jump to 0

* Windowing the signal: avoids Gibbs oscillation
in the Fourier domain

* Windowing the noise: keep diagonal-dominated
structure of the FD covariance, but delicate
(pseudo)inversion of the matrix

Strain

Strain

Strain

Not gating signal and noise

Information

lost

No
Information

Not gating noise but gating signal

Information
lost

le—-20

Géting both noise a'nd signall
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LISA data and TDI generations

One-link observables: from spacecraft s to y = Av/v
spacecraft r through link s: 1 1
= — R n; - (h(ts) — h(t,)) - n
Yslr Ql—k-nl [ ((s) (r)) [
T e Response time and frequency-dependent:
Sun .
wmf L ,
) Tatr = ,—sine TfL(1—Fk-n)|explinf(L+k-(pr+ps)))ni-P-ni(ty)
LN + Time-delay interferometry (TDI), |st and 2nd generations:
: /// ‘ \\ :
A\ sun W X5 = (w51 +uihs) + (e +win) 22 — (5 +wihs) — (WS +yiiy) s
N / e
\ % — [t +u132) + (y31 +yins) 22 — (U2 +uizs) — (st +Y159).33] nons -
XGW(t—2L2—22;):XGW(t—4L)

Doppler delay from orbit, change in orientation
TDI variables amount to taking (discretized) time derivatives of the GWV:

Analogous to 2 LIGO in motion at low -

frequencies only Ysir ~ h(t) — h(t — L) Ystr ~ sin(mfL(1 —k-n))h
X ~ ysir(t) — ysirr(t — 2L) X ~sin(rfL(1 — k- n))sin(2n fL)h
Xo ~ X(t) — X(¢t —4L) Xy ~sin(rfL(1 — k- n))sin(2r fL) sin(4x f L)k
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Noise PSDs for LISA

TDIrescaled:

TDI1:
TDIR:

—— T'DlIrescaled

f (Hz)

* Dependency on the sampling rate: a smaller Af gives access to higher frequencies

 Dependency on the total duration: a smaller Af gives access to lower frequencies

Ysir ~ sin(wfL(1 —k-n))h

~

X ~sin(wfL(1
XQ ~ SiIl(TI'fL(:_

~

10—39;
10—40;

10—41;

10—42;

— TDI1

f (Hz)
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—k-n))sin(2rfL)h
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Covariance matrices in Time Domain

TD covariance TDI-rescaled
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Covariance matrices in Fourier Domain

FD covariance TDI-2 without gap (stationary)
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MBHBs: signals and gap configurations
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Results: example PE, comparing with CV bias

Intrinsic parameters Configuration: M=3e7, ‘ Extrinsic parameters
TDI2, gap at merger
-l injection A

— gap modelled
— gap mismodelled
< CV bias

\- J

=

S & O D O
N S NEPA AN IVIN >
q X+ X- D (Gpc)
(

* Significant biases from mismodelling A

e Bias well captured by CV
-
18




Results: comparing CV mismodeling prediction to PE

60 -

40-

20 1

Sky longitude

Mass ratio
CV bias () -
- PE bias
— Mismodeling bias variance 60
----- Correct bias variance
40 1
| I m“f'w_*r | ,:&::j ~:L:“_"~""‘—~=l-_‘.'., -
—0.10 —0.05 0.00 0.05 0.10
Aq

Cutler-Vallisneri bias: calculated with the wrong covariance

PE bias: from full PE runs, calculated with the wrong covariance

Mismodelling bias variance: prediction (A6 .A

J
Qbf’

Correct bias variance: Fisher prediction with the correct covariance
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Results: biases from using the Whittle likelihood on gated data

Covariance with gap

0 1000 2000 3000 4000 5000 6000 7000 8000

0
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4 )
Question: how wrong is it
to mismodel the

covariance using Whittle ?
\- J

e Correct modelling: pseudo-inverse of gated covariance

1

In Eright — _5

XtwEsw)tx

* Incorrect modelling: Whittle for gated data and signal

TDI2 M=3e7/, inj.: gap, model: nogap

In £Wrong —

Gap at merger

1

—§XTW2—1WX

0| M| g | xa| x2 | At | D L ¢ A b | ¢

T | 78110895109 114 |93 | 114 | 11.0 | 9.5 | 10.6 | 9.6
TDIIl M=3e7/, inj.: gap, model: nogap

0| M| g | xa|x2| A | D | ¢ | & | AN | [ | ¢

r|y10}11|11 (121111 }11 |11 11|11 1.1
TDlrescaled M=3e7, inj.: gap, model: nogap

0| M q X1 x2 | At D L ¢ A 5 (0

T || 334 | 276 | 35.2 | 359 | 454 | 38.3 | 283 | 39.2 | 324 | 40.2 | 394
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Results: biases from using the Whittle likelihood on gated data

Covariance with gap
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Question: how wrong is it
to mismodel the

covariance using Whittle ?
\- J

e Correct modelling: pseudo-inverse of gated covariance

In Eright — _5

1

XtwEsw)tx

* Incorrect modelling: Whittle for gated data and signal

In £Wrong —

1

Gap in the inspiral

2XTWZ—WVX

TDI2 M=3e7/, inj.: gap, model: nogap
0| M| g | xa|x2|A| D | v | ¢ | A| B |
T (121820121313 |16 1.1 |11 1.2 ] 1.1
TDIIl M=3e7/, inj.: gap, model: nogap
0| M| q | xa| x| AL | D | ¢ | & | A ]| B | ¥
T(10}10}10}10 10|10 1.0| 1.0 1.0] 1.0 1.0
TDlrescaled M=3e7, inj.: gap, model: nogap
0 | M | ¢ | xa | x2 | At | D . A A A
T || 364 | 26.6 | 53.5 | 12.7 | 30.3 | 19.9 | 26.4 | 11.6 | 4.4 | 20.6 | 7.4
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Results: mismodeling of low-frequency noise

For a stationary process (no gap), the effect should be weak by
frequency independence.

7

For a non-stationary process (gap), can the mismodeling error
at low frequencies affect different frequencies where the signal

is !

TDI2 M=3e/, inj.: nogap, TDIl2deg model: nogap, TDI2
Ol M| g | xa|xe|At| D | ¢ | & | A | B | Y
1075 104 1073 102 Y{|10|11}10(1010]10]10]1.0]1.0| 1.0 1.0
f (Hz) P
TDI2 M=3e7/, inj.: gap, TDI2deg model: gap, TDI2
Ol M| g | xa|x |A | D | v || X]| B |
T |24 27 172120231523 |19 /|27 2.3
4 )
Question: how wrong is it TDI2 M=3e/, inj.: gap, TDI2deg model: nogap, TDI2
to mismodel the PSD at
low frequencies ? Ol M| g | xi| xe | At | D | o | A | B | ¥
\ y T |85 | 11599 | 119 | 11.7 | 10.3 | 11.4 | 11.8 | 10.2 | 11.8 | 10.6
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Results: assumptions about segment independence
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Covariance with gap, correlated segments
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Question: how wrong is it
to mismodel data segments
as correlated/independent !
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h)g10|§3”(t:tq

Only assuming correlations
when the segments are

independent gives Y # 1
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Covariance with gap, independent segments
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TDI2 M=3e7/, inj.:independent model: correlated

Ol M | g | xa|xe |A| D | v | ¢ | X | B |79

T|{|15|20|10 |12 111114 1.1 10| 1.2] 1.1
TDlrescaled M=3e7/, inj.: independent model: correlated

0| M | ¢ | xa | x2 | At | D L ¢ A B | ¥

T || 47.5 | 66.6 | 18.0 | 25.8 | 13.1 | 21.5 | 37.2 | 18.7 | 14.2 | 26.2 | 16.2




Results and outlook

Results IPreliminary]

* Derived a framework handling missing data in time or frequency domain — caveat: for
short segments only

* Derived a measure of inconsistency for the scatter of best-fit parameters
e Application to the LISA case: exploration of different mismodelling settings

* This framework is a test-bed: allows to test assumptions, possibility to compare to e.g.
Imputation

Outlook
* Longer signals ! Low-mass MBHBs, EMRIs ?

* Extension to other sources of non-stationarity

* More exploration to be done...
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