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GR : Testing the Limits = GRTL

https://github.com/GRTLCollaboration
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https://github.com/GRTLCollaboration

Fixed metric backgrounds

Standard NR code

GPU supported code (under construction)

Spherically symmetric code

Underlying AMR PDE solver

Modified gravity



GRTL Collaboration

Spherically symmetric code  
- plan to make it spherically adapted

https://github.com/GRTLCollaboration/engrenage



GRTL Collaboration

https://github.com/GRTLCollaboration/engrenage



Why did you write a spherically symmetric 
code in python when you have a full 3+1D 

code GRChombo?



Why engrenage?
• Very useful for hands on sessions like this!


• Very useful for masters student projects (more on this from Maxence Gérard)


• Very useful for introducing new PhD students to NR concepts


• (Wasn’t the original goal, but actually) very useful for actual research problems 
- reasonably fast so can do parameter scans, so easy to develop and modify, 
good testbed/comparison for 3+1D simulations


• Now being actively developed by our collaboration and friends, so more 
features coming… you are welcome to join us!



is bornaka Baby

https://github.com/GRTLCollaboration/engrenage



A very brief introduction to  
numerical relativity



GW150914
t=14 September 2015, x = LIGO, Earth 



Curved spacetime

{
“The spacetime metric”

gab(t, x⃗)
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The Einstein Equation  
Rab - R/2 gab = 8π Tab

∂2g
∂x2

+ non linear terms = f(energy, momentum)

∂2g
∂t2

−
∂2g
∂x2

+ non linear terms = f(energy, momentum)

4 constraint equations for any time slice - non linear elliptic/Poisson equation

An evolution equation for all time - non linear hyperbolic/wave equation



t
x

∇aTab = 0

The Einstein Equation  
Rab - R/2 gab = 8π Tab

gμν ∇μ ∇νu =
dV
du

Klein Gordon equation for the scalar field u



Numerical relativity

“local time”

“space”

boundary 
conditions
(∂xxgab, ∂xgab, gab, Tab)

initial data  satisfying(∂tgab, gab, Tab)
∂2g
∂x2

+ non linear terms = f(energy, momentum)

Fill using Einstein equation and continuity for matter
∂2g
∂t2

−
∂2g
∂x2

+ non linear terms = f(energy, momentum)

gμν ∇μ ∇νu =
dV
du



“[Nature] does not care about our mathematical 
difficulties; [it] integrates [numeri]cally.” 

- Albert Einstein (roughly said this)



Field g

Space x

Field g

Space x

How do I represent a continuous function on a computer?

Position x
 0 0.5 1 1.5 2 2.5

Field g 0 1 3 3 1 0



Spatial derivatives use finite differencing

Position x
 0 0.5 1 1.5 2 2.5

Field g 0 1 3 2 1 0

dg/dx 

-1 0 1
First derivative stencil

∂g
∂x

≈
g(x + Δx) − g(x − Δx)

2Δx

 = 0.5Δx

We can see it as the convolution of a stencil with the current state vector.



Position x
 0 0.5 1 1.5 2 2.5

Field g 0 1 3 2 1 0

dg/dx 1

-1 0 1
First derivative stencil

∂g
∂x

≈
g(x + Δx) − g(x − Δx)

2Δx

We can see it as the convolution of a stencil with the current state vector.

Spatial derivatives use finite differencing



Position x
 0 0.5 1 1.5 2 2.5

Field g 0 1 3 2 1 0

dg/dx 1

-1 0 1
First derivative stencil

∂g
∂x

≈
g(x + Δx) − g(x − Δx)

2Δx

We can see it as the convolution of a stencil with the current state vector.

Spatial derivatives use finite differencing



Position x
 0 0.5 1 1.5 2 2.5

Field g 0 1 3 2 1 0

dg/dx 3 1

-1 0 1
First derivative stencil

∂g
∂x

≈
g(x + Δx) − g(x − Δx)

2Δx

We can see it as the convolution of a stencil with the current state vector.

Spatial derivatives use finite differencing



Position x
 0 0.5 1 1.5 2 2.5

Field g 0 1 3 2 1 0

dg/dx 3 1 -2

-1 0 1

We can see it as the convolution of a stencil with the current state vector.

Spatial derivatives use finite differencing



Position x
 0 0.5 1 1.5 2 2.5

Field g 0 1 3 2 1 0

dg/dx 3 1 -2 -2

-1 0 1

What about the end points?


We can see it as the convolution of a stencil with the current state vector.

Spatial derivatives use finite differencing



Position x
 0 0.5 1 1.5 2 2.5

Field g 0 1 3 2 1 0

dg/dx 3 1 -2 -2 -2

-2 2Use one sided stencil - doesn’t 
have to be centralised

We can see it as the convolution of a stencil with the current state vector.

Spatial derivatives use finite differencing



Position x
 0 0.5 1 1.5 2 2.5

Field g 0 1 3 2 1 0

dg/dx 3 1 -2 -2 0

OR use a boundary condition -  
some knowledge about the function  
- e.g. maybe its derivative goes to zero here

We can see it as the convolution of a stencil with the current state vector.

Spatial derivatives use finite differencing



We can also represent this convolution in matrix form: 

Finite differencing - matrix representation

Position x
 0 0.5 1 1.5 2 2.5

Field g 0 1 3 2 1 0

0

1

3

2

1

0

=

gMatrix Ddg/dx =
2

3

1

-2

-2

-2

-2 2

-1 0 1

-1 0 1

-1 0 1

-1 0 1

-2 2

All blank entries zero



(In practise we use higher order methods, in python we use solve_ivp() which is RK4/5)

First time derivatives simple to integrate

t

Δg =
dg
dt

Δt
Δt g(t)

g(t) + Δg



Decompose second order time derivative into two first order equations

Second time derivatives = 2 x first time derivatives

t

Δt g(t)

g(t) + Δg

∂2g
∂t2

−
∂2g
∂x2

= Source

∂K
∂t

=
∂2g
∂x2

+ Source

∂g
∂t

= K{
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0

=

Kdgdt =
0

2

1

1

1

0

Position x
 0 0.5 1 1.5 2 2.5
Field g 0 1 3 2 1 0
Field K 0 2 1 1 1 0

Matrix implementation of time evolution



Position x
 0 0.5 1 1.5 2 2.5
Field g 0 1 3 2 1 0
Field K 0 2 1 1 1 0

0

1

3

2

1

0

=

gMatrix D^2dKdt =
2

3

1
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-2

-2

X X

X X X

X X X

X X X

X X X

X X

Matrix implementation of time evolution
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“local time”

“space”

boundary conditions  

= asymptotically flat space

Fill using Einstein equation (classical black holes are stable) 
 (a bit boring!)∂tgμν = ∂ttgμν = 0

initial data = a black hole , no other matter 

Numerical relativity evolution of a BH



ds2 = − ( 1 − M/2R
1 + M/2R )

2

dt2 + (1 + M/2R)4(dR2 + R2dΩ2)

The initial “wormhole” metric evolves into a “trumpet” shape 
that terminates at a finite radius outside the singularity

Reality: This won’t work! Dynamical coordinates needed

ds2 = − (α2 − βiβi)dt2 + 2βidxidt + γijdxidxj



ADM decomposition and its representation 
in engrenage



What is the ADM 
decomposition? We can decompose a vector into the part that lies in a 

surface and a part normal to the surface



What is the ADM 
decomposition?

We can decompose the 4D spacetime metric into the 
part that lies in a 3D spatial hypersurface and a part 

normal to the 3D spatial hypersurface



We can also decompose the Einstein equations themselves into the part 
that lies in the surface and the part normal to the surface

(3)R + K2 + KijKij − 16πρ = 0

DjK
j
i − DiK − 8πSi = 0

ℋ ≡

ℳi ≡

∂tKij = f(α, βi, γij, Kij, ∂i(variables), matter)

nμnν(Gμν − 8πTμν) ⟹

Pμ
i Pν

j (Gμν − 8πTμν) ⟹

Pμ
i nμ(Gμν − 8πTμν) ⟹

Where we defined   ∂tγij = − 2αKij + Diβj + Djβi



What is the ADM 
decomposition?

If we know the metric, we can read off the quantities from 
the line element in the adapted coordinates



What is the ADM 
decomposition?



These initial values must satisfy the first two constraints, and are then 
evolved using the two evolution equations  

PLUS equations for the lapse and shift evolution

(3)R + K2 + KijKij − 16πρ = 0

DjK
j
i − DiK − 8πSi = 0

ℋ ≡

ℳi ≡

∂tKij = f(α, βi, γij, Kij, ∂i(variables), matter)

nμnν(Gμν − 8πTμν) ⟹

Pμ
i Pν

j (Gμν − 8πTμν) ⟹

Pμ
i nμ(Gμν − 8πTμν) ⟹

    (definition)∂tγij = − 2αKij + Diβj + Djβi

    (choice)∂tα ∼ − 2αK

    (choice)∂tβi ∼ Γ̄i



What relates to the spatial metric  in engrenage?γij



What are phi, h_rr 
etc?

We perform a conformal decomposition of 
the spatial metric into a conformal part and 

an overall conformal factor 

We also split things into a (flat) background metric 
and the (not small) deviation from it

γij = e4ϕ γ̄ij

γ̄ij = ̂γij + ϵij

We also scale the quantities to effectively make the 
basic vectors orthonormal

hrr = ϵrr hrt =
1
r2

ϵrt



What relates to the  in engrenage?Kij



What are K, a_rr 
etc?

We perform a conformal decomposition of 
the spatial metric into a trace and a trace free 

part 

We also scale the quantities to effectively make the 
basic vectors orthonormal

arr = Ārr art =
1
r2

Ārt

Kij = e4ϕ(Āij −
1
3

γ̄ijK)

arr ∼ ∂thrr

But roughly speaking



What relates to the lapse in engrenage?



What relates to the shift in engrenage?



What relates to the matter in engrenage?



The lambdar is for numerical stability - can mostly ignore



Four practical exercises

• Initial conditions - adding the scalar field to a BH


• Modifying equations of motion for the scalar


• Modifying the dynamical gauge for the metric


• Diagnostics - measuring scalar energy fluxes



Quick tour of the code



• Add a spatially constant scalar field 
 to the black hole initial 

conditions


• We need to make sure the Hamiltonian 
constraint is solved, so also set K to 
achieve this.


• Estimated lines of code required: 2-4

u0 = 10−6

Engrenage exercise 1: initial conditions

https://inspirehep.net/literature/1731856 

https://inspirehep.net/literature/1731856


• Find and change the potential to:





Investigate the effect of changing the scalar 
mass  and the self interaction .


• Estimated lines of code required: 2-3

V(u) =
1
2

μ2u2 +
1
4

μ2λu4

μ λ

Engrenage exercise 2 - change the scalar eom 
 

https://inspirehep.net/literature/1731856 

https://inspirehep.net/literature/1731856


• Implement the shock avoiding gauge 
in https://inspirehep.net/literature/
2111279 
 

 
 
with 


• What does it change about the 
evolution of the collapse of the 
lapse?


• How sensitive is stability to the 
choice of the parameter kappa?

∂τα = − (α2 + κ) K

κ = 0.05

Engrenage exercise 3 - change the gauge 
 

https://inspirehep.net/literature/2111279
https://inspirehep.net/literature/2111279
https://inspirehep.net/literature/2111279


• Write a diagnostic to calculate the 
radial flux across a spherical 
coordinate surface as a function of 
radius 
 




•  is the momentum 
density of the scalar field


• What happens to the flux at small 
radii over time?

F = 4πr2 γSr

Si = − v ∂ju

Engrenage exercise 4: diagnostics 
 



Extension - oscillaton



Field obeying massive Klein Gordon equation can have stable solitonic solutions with gravity

Engrenage oscillaton



• Repeat exercises 2-4 from the BH example for the oscillaton

Engrenage oscillaton

https://inspirehep.net/literature/1687181  

https://inspirehep.net/literature/1687181


Please try it and contribute if you can! 
Feedback welcome!


