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ag xQ No hair-theorem:
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Independently fitting y and V
Q from the monitoring of S-stars
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Maximal accuracy

Astrometric (pas) Spectroscopic
Decommissioned
NIRSPEC (Keck)

ERIS (VLT)
GRAVITY+ (VLT)

Operational
Operational
Operational
Operational in 2024}
MICADO (E-ELT)

Operational in 2028+

DEPEND ON THE FLUX REACHING THE INSTRUMENT

INSTRUMENTATION

VLT (Paranal) :

GRAVITY (Interferometer) " ]

SINFONI (Spectrograph)




dimal accuracy  Astrometric (pas)
SINFONI (VLT)

Spectroscopic (km/s) State
— ~ 10 Decommissioned
NIRSPEC (Keck) - ~ 10
GRAVITY (VLT)

GRAVITY+ CAN MULTIPLY
THE NUMBER OF
Operational

PHOTONS UP TO A
Operational FACTOR 20!
Operational

Operational in

ERIS (VLT)
GRAVITY+ (VLT)

MICADO (E-ELT)

-Better temporal coverage
-Less systematic errors
28+

-Less photon noise
DEPEND ON THE FLUX REACHING THE INSTRUMENT H POSSIBILITY OF DETECTING OTHER STARS

Operational in 20

INSTRUMENTATION

VLT (Paranal) :

GRAVITY — GRAVITY + (Interferometer) " ]
-

ERIS (Spectrograph)




TOOLS:
PALETTE OF RELATIVISTIC
MODELS

Tracing Nl effect on the photon + Shapiro (GR¢)

GRwithout '\l Approximation of the Gravitational Lensing

Ray Tracing

Post-Newtonian

7}

&
s

§®>

g
3
U
NG
&
S
S
&

(approximated orbit)
--- Approximation of the Schwarzschild Precession (1PN)

--- General Relativity is neglected




TOOLS:
PALETTE OF RELATIVISTIC
MODELS

Tracing Nl effect on the photon + Shapiro (GR¢)

GRwithout '\l Approximation of the Gravitational Lensing

Ray Tracing --- Approximation of the Spin effects on the orbit & RV (GRpye;)

--- Approximation of the Quadrupole effects on the orbit (2PNq)

Post-Newtonian
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--- Approximation of the Lense-Thirring effects on the orbit (1.5PN)
(approximated orbit)
--- Approximation of the Schwarzschild Precession (1PN)

--- General Relativity is neglected

|-> Development of the 1.5PN, GR,,o; and 2PNy models




TOOLS 2PN order for closer-in stars
PALETTE OF RELATIVISTIC 2PN sch - Schwarzschild
MODELS 2PN _LT : Schwarzschild + x

2PN_Q: Schwarzschild + x + Q

Tracing Nl effect on the photon + Shapiro (GR¢)

GRwithout '\l Approximation of the Gravitational Lensing

Ray Tracing --- Approximation of the Spin effects on the orbit & RV (GRpye)

--- Approximation of the Quadrupole effects on the orbit (2PNq)

Post-Newtonian --- Approximation of the Lense-Thirring effects on the orbit (1.5PN)

|-|_—:> Separation of x& Q --- Approximation of the Schwarzschild Precession (1PN)
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--- General Relativity is neglected

|-> Development of the 1.5PN, GR,,o; and 2PNy models




St What to do if no closer-in stars were to be found?
1st Year work:

m=p  Explore the possibility of a spin detection from a collection of eccentric orbits?

Orbits of the central S stars

« Spin effects on other S stars

« Coordinate system effects

« Orbit fitting of spin angles

AamRY.using the GR.cd model and (a.11=(0.0,.457,:280°) Studying the detectability of the orientation of the spin

52: (erra, erray) = (1085,10kmis), & = 0.99 and ¢ € [2016,2060)

150 0
w0
100 0
35
=
10
Ibh o 4
- - 25
=50
A 100
150
—— 529 Ks-BL resid © % w0 10 o 230 % :
Qpp

529: (€11, emyy) = {10uas, 10knv's), a = 0.99 and tE [2016,2060]

150
—— 538 Ks-BL resid Dy
555 KS-BL resid

|8RVics - 51| (km/s)

h If we fit multiple star orbits at the same time the degeneracy of the spin J
angles with each other and with the spin magnitude will be reduced !




2nd Year work:
Impact of the relative orientations

Spin parameters:
(X, ibh, Qo) Zorb

BH frame of reference: (Xpn, Yoh: Zbn)
Orbit frame of reference: Xorb, Yorbs Zorb)
Observer’s frame of reference: (a, 8, Zqps)

Nelly
orientation

Orbit <:> Observer's
orientation orientation
|

Y

Impact the secular evolution

of the pericenter/apocenter

|-> Intuition?

|

Study the different

types of precessions




2nd Year work:
Impact of the relative orientations

Spin parameters:
(X, ibh, Qo) Zorb

BH frame of reference: (Xpn, Yoh: Zbn)
Orbit frame of reference: Xorb, Yorbs Zorb)
Observer’s frame of reference: (a, 8, Zqps)

Spin
orientation
Orbit <:> Observer's
orientation orientation
|

Y

Impact the secular evolution

of the pericenter/apocenter

|-> Intuition?

|

Study the different

types of precessions




Studying the secular shift of orbital parameters

o 2 TYPES OF PRECESSIONS AT THE 2PN ORDER

A Z/to Earth

O IN-PLANE PRECESSION:

> Around zgp

g > Due to:

T Lo Moy + Schwarzschild
X
°q

.I;',o.' ii.i,hf,[?rb A Z/to Earth

."' Zorb f

i VP

H 1 M

:. AN " . Zph//orb




Studying the secular shift of orbital parameters

o 2 TYPES OF PRECESSIONS AT THE 2PN ORDER

A Z/to Earth

O IN-PLANE PRECESSION:

" > Around zgp
%rb_.’/slq&"/, Y/a _
» Due to:
T Lo Moy « Schwarzschild
X
*Q

f:""-’-‘-'iﬂifl?r‘b Z/to Earth
:-"zorb EJ O OUT-OF-PLANE
L W AN B jors PRECESSION:

> Around zy, at fixed 8
» Due to:

* X

*Q

Y/a




Studying the secular shift of orbital parameters

O

A Z/to Earth

» Y/a
ANorb/ /iy

“ Loe. M.orby//sky

. Zbh//orb

.I;',o.' ii.i,h,t,gyrb A Z/to Earth
."' Zorb f

i 1 N

! [ N

Y/a

T Lo Mg sy

2 TYPES OF PRECESSIONS

AT THE 2PN ORDER

O IN-PLANE PRECESSION:

> Around zgp

» Due to:
+ Schwarzschild

* X
*Q
» Characterised by:
Aw = Aw + costAQ

0 OUT-OF-PLANE
PRECESSION:

> Around zy, at fixed 8

» Due to:
* X
*Q
» Characterised by:
AO = sinwAt — coswsintAQ)

Independent of
the observer |




Studying the secular shift of orbital parameters

O

A Z/to Earth

) » Y/a
ANorb /sy

T Lo g psky

LOTbn o A 7/to Earth

/ A

iZorb ™

; VI

H 1 M

:. AN " . Zbh//orb

Q IN-PLANE PRECESSION: ANALYTICAL EXPRESSION OF
THE SECULAR SHIFT OF
> Around zorp ORBITAL PARAMETERS:

» Due to: . —
« Schwarzschild Ay = Awsgy = O™ L TGO 5 2y
a2p 204 p?

* X
. 8w [Gm]"?
Q Am)(:—? T] cosf y

Aw = Aw + cosiAQ Amo =53

P

> Characterised by: 3 [Gmr(l ~3cost0) 42

yon (ug)

Timelike geodesic with no initial angular
momentum

Xpp (Ug)

-2
[ Adapted from Eric's Gourgoulhon Lecture notes ]

Yo (ug)

A xpy (ug)
12

Null geodesic with an
initial angular momentum in the
opposite direction to the spin of the BH




Studying the secular shift of orbital parameters

Hypothetical star Name "Ecc" SIMULATION WITH 3
CODE MODELS:

with considerable Period 0.38696 yr

relativistic effects: 2PN _sch : Schwarzschild

Eccentricity 0.99

Equatorial orbit (6 = 0) of Ecc with face-on view

I T T

First!date —— Ecc_pro_face-on: 2PN_sch

g Last date —— Ecc_ret_face-on: 2PN_sch
() Apocenter

Prograde orbit

DEC (mas)

Retrograde orbit




DEC (mas)

Studying the secular shift of orbital parameters

WHAT HAPPENS WHEN WE ADD A BH
SPIN IN THE SAME PLANE 2

Equatorial orbit (6 = 0) of Ecc with face-on view

First!date . —— Ecc_pro_face-on: 2PN_sch
g Last date —— Ecc_ret_face-on: 2PN_sch
() Apocenter

SIMULATION WITH 3
CODE MODELS:

2PN_sch: Schwarzschild

Prograde orbit

Retrograde orbit




Studying the secular shift of orbital parameters

A Secular shift
opposes the spin

Ybh (ug)

Timelike geodesic with no initial angular
momentum

Xpp (ug)

[ Adapted from Eric's Gourgoulhon Lecture notes |

Equatorial orbit (6 = 0) of Ecc with face-on view

First date
Last date
Apocenter

I I I
—+— Ecc_pro_face-on: 2PN_sch
y —— Ecc_ret_face-on: 2PN_sch
| —— Ecc_pro_face-on: 2PN_LT
—— Ecc_ret_face-on: 2PN_LT

DEC (mas)

SIMULATION WITH 3
CODE MODELS:

2PN_sch: Schwarzschild

2PN_LT : Schwarzschild + x

Prograde orbit

Retrograde orbit




DEC (mas)

Studying the secular shift of orbital parameters

Equatorial orbit (6 = 0) of Ecc with face-on view

Aa)_pro

ret
Yy AZD'X

SIMULATION WITH 3
CODE MODELS:

AzD_pTO

ret
0 * AwQ

2PN _sch : Schwarzschild
2PN _LT : Schwarzschild + x
2PN _Q : Schwarzschild + y + Q

_1(] -

_15 -

_20 .

gp First date
$2  Last date

() Apocenter

spin

{1411

Ecc_pro face-on: 2PN_sch
Ecc_ret face-on: 2PN_sch
Ecc_pro_face-on: 2PN _LT
Ecc_ret face-on: 2PN_LT
Ecc_pro_face-on: 2PN_Q
Ecc_ret face-on: 2PN_Q

Prograde orbit

T T
-10 —-15

Retrograde orbit

20
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Studying the secular shift of orbital parameters

O

A Z/to Earth

. Zbh//orb

orb 4 Z/to Earth
&
1
1
1
h,n',’orh

2 TYPES OF PRECESSIONS AT THE 2PN ORDER

O IN-PLANE PRECESSION:

> Around zgp

» Due to:
» Schwarzschild
X
*Q

» Characterised by:
Aw = Aw + costAQ

0 OUT-OF-PLANE
PRECESSION:

> Around zyy, at fixed 6

> Due to:
* X
*Q
> Characterised by:
A® = sinwAt — coswsintAQ

ANALYTICAL EXPRESSION OF THE
SECULAR SHIFT OF ORBITAL
PARAMETERS:

67er nGrm?*

Awsen = Awsen = 2p 3 A

——(28-¢%

32
wa=—§3—ﬂ @] cosd x

]2(1 —3cos 6) s

L Maximal for 8 = 0 an orbit in
the equatorial plane of the BH

G— sin fsin(w —p) x

p
Gm
[7] cos Bsinfsin(w — B) x*

|'> Null for 8 = 0: an orbit in the
equatorial plane of the BH




Studying the secular shift of orbital parameters

O

A Z/to Earth

. Zbh//orb

orb 4 Z/to Earth
&
1
1
1
h,n',’orh

2 TYPES OF PRECESSIONS AT THE 2PN ORDER

O IN-PLANE PRECESSION:

> Around zgp

» Due to:
» Schwarzschild
X
*Q

» Characterised by:
Aw = Aw + costAQ

0 OUT-OF-PLANE
PRECESSION:

> Around zyy, at fixed 6

> Due to:
* X
*Q
> Characterised by:
A® = sinwAt — coswsintAQ

ANALYTICAL EXPRESSION OF THE
SECULAR SHIFT OF ORBITAL
PARAMETERS:

6xGm | nG*m*
Awsen = Awsen = =y *| 2y ——(28-¢%)

Aw, = —— |22

8r Gmr"2
3 cosf y

]2(1 —3cos 6) s

L Maximal for 8 = 0 an orbit in
the equatorial plane of the BH

G— sin fsin(w —p) x

p
Gm
[7] cos Bsinfsin(w — B) x*

|'> Null for 8 = 0: an orbit in the
equatorial plane of the BH
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ABSTRACT

Context. Measuring the astrometric and spectroscopic data of stars orbiting the central black hole in our galaxy(SSrA

promising wa measure relativistic effects. In principle, the

theorem can be tested at the Galactic Center by 'm

the orbital precession of ars due to the angular momentum (or spin) and quadrupole moment of Sgr A*.
Alms In this [\mu we investigate \\h;u stellar orbit and spin erientation are needed to measure the spin and quadrupolein
- ctability of these quantities enabling the testing of the "no-hair" theorem and thus

Merhods ‘e consider a collection of S stars as w cll as a putative stars le orbit closer to S *, thus being much more a

the spin and quadrupole effects. It is possible that either future obser

ns of GRAVITY- uld detect such inner stars

have been too faint to be detected by AVITY. To reach our objectives

orbit and radial ve of the putative stars and analyze how their pre:

the orbits and the obse
Results.

Key words. black hole physics avitation — Galaxy: center —

. Introduction

After y of monitorin stars in the ¥ of the
Milky Way studies have demonstrated t >sence of a super-
massive black hole ( calle A* enter of the
Galaxy ( 8 g

black hole
ternally nhs

will be set to zero in our study. If we consider in addition the
quadrupole moment, it must be linked to the mass and spin ac-
cording to the no-hair the X ” be by
independently measuring these 3 quantities. Dozens of S

bits are currently known (

the black hole’s mass r spectivel
light collected by the 4 Unit Teles upu nl the
at Paranal, the mt I
ITY (General Relativity Analy ometrY) was
able mmlimu e mass of § 4297 10°M,,. Even-
thol the M.uk ho
still Ullklln\\ n, the future monitoring of S stars could,
r onstraints on these
: ) which in turn \\uuld allow
us to test the “no-hair” theorem.

n can be affected h\ Ihc- relative orientations of

relativistic processes - techniques: interferometric

he different relativistic effects that can be ol

led into 2 categories. The Sch
of a non-rotating black hole:

when the photon crosses a gravi
s both the astrometry and the spect

components. The transversal Doppler shiftapp
relativity and is due to the relative motion betw
and the observer. The gravitational redshift
and is due to the spacetime curvature. This ©

Spectroscopy
The gravitational lensing effect which is dueto
of the photon geodesic (including spin effects
the apparent position

troscopy

Wrap up st paper:
Abd El Dayem et al. 2024

Get back to the analysis of
the detectability of the
spin using multiple stars

Write 2nd paper about
multi-star fits
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Relativistic
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GRpro; & 2PNy
models

Acquired
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and
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Intuition on
the impact of
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Studying the secular shift of orbital parameters

O

A Z/to Earth

. Zbh//orb

orb 4 Z/to Earth
&
1
1
1
h,n',’orh

2 TYPES OF PRECESSIONS AT THE 2PN ORDER

O IN-PLANE PRECESSION:

> Around zgp

» Due to:
» Schwarzschild
X
*Q

» Characterised by:
Aw = Aw + costAQ

0 OUT-OF-PLANE
PRECESSION:

> Around zyy, at fixed 6

> Due to:
* X
*Q
> Characterised by:
A® = sinwAt — coswsintAQ

ANALYTICAL EXPRESSION OF THE
SECULAR SHIFT OF ORBITAL
PARAMETERS:

67er nGrm?*

Awsen = Awsen = 2p 3 A

——(28-¢%

32
wa=—§3—ﬂ @] cosd x

]2(1 —3cos 6) s

L Maximal for 8 = 0 an orbit in
the equatorial plane of the BH

G— sin fsin(w —p) x

p
Gm
[7] cos Bsinfsin(w — B) x*

|'> Null for 8 = 0: an orbit in the
equatorial plane of the BH




Kepler:

CONTEXT & . Gm
AIMS

= ——7FNg

2

Kepler with perturbation:

. Gm
r = ——Nyp + apn
2
Perturbation to Kepler:
Such that:

AopN = Ascent aX+ aQ

apn ~ apN = asch @y +AgQ

Wligh

and if y & Q are the spin and quadrupole

moment parameters:

. Gm (( Gm ,
Independently fitting y and aseh = 55 (( - Y )“m‘b +4"f"’)

. . 2.2
Q from the monitoring of S-stars Lo ((2& - 9@)110&, - 2v,.v)

c'r- r
G*m?
* a, =2 33 XV X [=Zoh + 3 (Mgt + Zbh) Norb ]

TeSt the no_halr theorem = _ZG_m_/\/ [2V X Zpp — 3 (norb ) V) Doy X Zpp — 3)norb (norb X V) ’ th]

o33

3G )
aQ = _ﬁQ(5n(u‘b(n(n‘b . th) - 2(norb . th)zbh - norb)




Comparing PN simulations & analytical expression

2 approximations not in the simulations:

= (fep(f)s e(f)’ﬁ(f))
di 1/p—3;[1+‘11+‘1‘2+‘}‘3+...] — ~,/p_3;
Gm (1 +ecos f)>

df ~ NGm(+ecosf)?

with:
¥ =F¥pep sl

s = O(5): ¥ = 0(5): o = O(5)

‘ When integrating the infenitesimal expression of a parameter over 7, the

other parameters are constants of 7

So+2m
Aﬂ = F* (f’Pm’em’ﬁw df

Jo

=~ FH(p.e.p)




dt fp3 1
df Gm (1 + ecos f)?

.V (1+.ecosf)2 [1+¥]

2+ecosf

( cos f

B eGm

(1 +ecos f)? T+ ecos f)3

sin fT)

o+ 2 deh
Aws =f D df
h A df

2fz2

61er 7G> m® (9 & nG3m?
= +Sl+

p 2c4p

2529 2
=@+7IG_M(%+51+E_)+O('U_

)

Ap 2¢4p? 2 c

Jot2n dwx
A, = f T

2 Sp?

o (108 - 796 + 15¢*)

fo
3/2
[Gpm] n(Gm) (1 + 10e> + e“)cos2 8,\/2
-F7 ]”

6
cosf y +0 (—6)

f°+2”d‘lD'Q
A‘lD'Q=f df
s df
3n [Gm 2 g Ut
—ﬂ[T] (1—3005 0)X+08p4X
2 8
—-—”-[-07”'-] (1—300s29) X2+0(:—8)

[




dt [p3 1
df Gm (1 + ecos f)?

ar

.V (1+.ecosf)2 [1+¥]

‘I’———— cos f S- 2+ecosf
T eGm\(1+ecos )2 (1+ecosf)>

sin fT)

_ﬁ)+21r deh
Aw =f 2 df
Sch . af

= 6nGm  nG*m*|( 9 e nG*m? 5 )
_), @ is more precise =2 T2 +W('108 79¢* + 15¢")

even at0< ) G G ,. 6
e o ol

Ap 2¢4p? \e? 2 c

0+2ﬂ d
5 Awy = f wx df

fo
7r (Gm)

Ry (1 +10¢* + e*)cos” 6 x°

2 4
_;_;[GTm] (l—3c0520),\12+cc;8p4,\/[ R
__"[G_mz

u (l —300s29) X2+0(:—:)



dt fp3 1
df Gm (1 +ecos f)?

.V (1+.ecosj’)2 [1+¥%]

‘I’———— cos f S- 2+ecosf
T eGm\(1+ecos )2 (1+ecosf)>

sin fT)

fo+2m dm‘s n
Awse =f S
h 6 df

_ 61Gm +1erm2 9 e +L3m3
is more precise Toetp 2 2e2¢0p3

(108 - 796 + 15¢*)

cb

"
even at0 <_4) 6nGm  nG*m* e 8

Ap " 2¢4p? \e?

7r (Gm)

vﬁ
+ 0 (C_ﬁ)

4
Same at 0 <%> =1 & 10€? + ¢*) cos® 6 x>

_ 3n|Gm| s o G'mt
Q[T] (1—3005 0)X+c8p4X[]

37 [Gm ]| 2N 2 v8
=7[7 (l—300s 9),\( +O(c_8)



LN o Y L . 1/ 1 +W
df Gm (1 + ecos f)> . (1+ecosf)2[ Yl

‘I’———— cos f S- 2+ecosf
T eGm\(1+ecos )2 (1+ecosf)>

sin fT)

fo+2m deh
d Awsen = f L
f Sch . i

=7 6nGm  nG*m* (9 e nG3m?3 , \
_), @ is more precise =2 T2 T 2oy (<108 = 79¢7 + 15¢")

even at0< ) G G ,. 6
L 2 5ol

Ap 2¢4p? c

7r (Gm)

vﬁ
+ 0 (C_s)

4
Same at 0 <%> =1 & 10€? + ¢*) cos® 6 x>

- (l—3c0520) 2 G'm'
x+cgp4x[]

—- (l —3cos’ 9) X’ +0(:—:)




Schwarzschild precession

LT effect

(%)

Aw

AW alytical—AD

Ema Prograde with Al EEE Prograde with Al
. . FF777771
B Retrograde with Al - BB Retrograde with Al
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