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Introduction 
The transverse momentum (qT) distribution of  a high-mass (Q) 
system has two main regimes: 

for qT ≳ Q collinear factorisation at fixed perturbative order is appropriate: 

for qT ≪ Q transverse-momentum-dependent (TMD) factorisation at 
fixed logarithmic order is appropriate: 

Collinear and TMD factorisations may eventually be matched to produce 
accurate results over the the full qT spectrum.
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Main subject of this talk

Introduction 
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The transverse momentum (qT) distribution of  a high-mass (Q) 
system has two main regimes: 

for qT ≳ Q collinear factorisation at fixed perturbative order is appropriate: 

for qT ≪ Q transverse-momentum-dependent (TMD) factorisation at 
fixed logarithmic order is appropriate: 

Collinear and TMD factorisations may eventually be matched to produce 
accurate results over the the full qT spectrum.



The respective evolution equations are: 

At small bT, TMDs can be matched onto collinear distributions: 

The solution final is: 

Anomalous dims. and matching funcs. perturbatively computable.

TMD factorisation
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TMD factorisation introduces two independent scales: 
the renormalisation scale μ, originating from the UV renormalisation, 
the rapidity scale ζ, originating from the cancellation of  rapidity divergences.
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TMD factorisation
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TMD factorisation introduces two independent scales: 
the renormalisation scale μ, originating from the UV renormalisation, 
the rapidity scale ζ, originating from the cancellation of  rapidity divergences.
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µb = b0 / bT

The respective evolution equations are: 

At small bT, TMDs can be matched onto collinear distributions: 

The solution final is: 

Anomalous dims. and matching funcs. perturbatively computable.



When integrating over bT, large values of bT give raise to low scales in 
the non-perturbative region. 

Introduce the so-called b*-prescription: 

and rewrite: 
 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  1  2  3  4  5  6

b *
(b

T)

bT

bmax = 1

TMD factorisation

6



When integrating over bT, large values of bT give raise to low scales in 
the non-perturbative region. 

Introduce the so-called b*-prescription: 

and rewrite: 

g 

Properties of  fNP: 

has to go to one as bT goes to zero: reproduce the fully perturbative regime, 

has to got to zero as bT becomes large: mimic the Sudakov suppression. 

Bottom line: avoidance of  the non-perturbative region upon integration 
in bT implies the presence of  both b*-prescription and fNP.

Purely perturbative

Non-perturbative,
determine from data
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TMD factorisation
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TMD factorisation

matching onto the collinear region at bT ≪ 1/ΛQCD, 
factorises as hard (perturbative) and longitudinal (i.e. 
collinear, non-perturbative).  
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TMD factorisation

matching onto the collinear region at bT ≪ 1/ΛQCD, 
factorises as hard (perturbative) and longitudinal (i.e. 
collinear, non-perturbative).  CS and RGE evolution, 

evolution in µ and ζ, 
perturbative.
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avoid the Landau pole, 
fNP accounts for the introduction of  b*, 
fNP is non-perturbative thus fit to data.

TMD factorisation

matching onto the collinear region at bT ≪ 1/ΛQCD, 
factorises as hard (perturbative) and longitudinal (i.e. 
collinear, non-perturbative).  CS and RGE evolution, 

evolution in µ and ζ, 
perturbative.
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Factorising processes
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Two TMD PDFs: 
Lots of  data: 

low-energy: FNAL, 
mid-energy: RHIC, 
high-energy: Tevatron, LHC.

One TMD PDF one FF: 
many precise data points: 

HERMES at DESY, 
COMPASS at CERN. 

EIC will deliver precise data.

Two TMD FFs: 
di-hadron prod. from: 

BELLE at KEK, 
BABAR at SLAC.

Processes for which leading-power TMD factorisation has been proven:
Drell-Yan Semi-inclusive DIS e+e- annihilation

Examples of  other precesses: 
thrust and phT distributions in single-hadron production in e+e-, 
hadron-in-jet production, 
… 12



Logarithmic counting

Accuracy γK γF K Cf/j H FFs/PDFs/αs

LL αs - - 1 1 -

NLL αs2 αs αs 1 1 LO

NLL’ αs2 αs αs αs αs LO

N2LL αs3 αs2 αs2 αs αs NLO

N2LL’ αs3 αs2 αs2 αs2 αs2 NLO

N3LL αs4 αs3 αs3 αs2 αs2 NNLO

N3LL’ αs4 αs3 αs3 αs3 αs3 NNLO
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Three different formalisms
agree very well

TMD, qT resummation, SCET 



Accuracy SIDIS Drell-Yan N. of  points Flavour dep.
DWS 1984, CERN-TH.3987/84 NLL ✘ ✔ a few ✘

BLNY 2003, hep-ph/0212159 NLL’-NNLL ✘ ✔ 116 ✘

Pavia 2013, 1309.3507 No evolution ✔ ✘ 1538 (HERMES) ✔

Torino 2014, 1312.6261 No evolution ✔ ✘ 576 (H) 6284 (C) ✘

DEMS 2014, 1407.3311 NNLL NNLL ✔ 223 ✘

Pavia 2017, 1703.10157 NLL ✔ ✔ 8059 ✘

SV 2017, 1706.01473 N3LL ✘ ✔ (LHC) 309 ✘

BSV 2019, 1902.08474 N3LL ✘ ✔ (LHC) 457 ✘

SV 2019,1912.06532 N3LL(-) ✔ ✔ (LHC) 1039 ✘

Pavia 2019, 1912.07550 N3LL ✘ ✔ (LHC) 353 ✘

SV+ 2022, 2201.07114 N3LL ✘ ✔ (LHC) 507 ✔

MAPTMD22, 2206.07598 N3LL(-) ✔ ✔ (LHC) 2031 ✘

ART23, 2305.07473 N4LL(-) ✘ ✔ (LHC) 627 ✔

MAPTMD24, 2405.13833 N3LL ✔ ✔ (LHC) 2031 ✔

Unpolarised TMD extractions 
A selection of  fits

https://inspirehep.net/files/379c95978e38eb5384453a99699e7814
https://arxiv.org/pdf/hep-ph/0212159.pdf
http://arxiv.org/abs/arXiv:1309.3507
http://arxiv.org/abs/arXiv:1312.6261
http://arxiv.org/abs/arXiv:1407.3311
http://arxiv.org/abs/arXiv:1703.10157
https://arxiv.org/pdf/1706.01473.pdf
https://arxiv.org/pdf/1902.08474.pdf
https://arxiv.org/abs/1912.06532
http://arxiv.org/abs/arXiv:1912.07550
https://arxiv.org/pdf/2201.07114.pdf
https://arxiv.org/pdf/2206.07598.pdf
https://arxiv.org/abs/2305.07473
https://arxiv.org/pdf/2405.13833


Unpolarised TMD extractions 
Many more studies and extractions…
TMD fragmentation functions from e+e- data [2108.04182, 1704.08882] 
W production in pp collisions [2011.05351] 
Di-jet and heavy-meson pair production in DIS [2008.07531, 2111.03703] 
Dijet production in pp collisions [e.g. 1807.07573] 
hadron-in-jet production [1612.04817] 
Model-independent prescription to extract TMDs [2201.07237] 
Parton-branching methods [e.g. 1804.11152] 
qT-resummation based extractions [2203.05394] 
Study of  the Sivers TMDs [1308.5003, 2004.14278, 2009.10710, 2103.03270,...] 

Pion TMDs [1907.10356, 2210.01733] 
TMD flavour dependence [1807.02101] 
… 17

https://arxiv.org/pdf/2108.04182.pdf
https://arxiv.org/pdf/1704.08882.pdf
https://arxiv.org/pdf/2011.05351.pdf
https://arxiv.org/pdf/2008.07531.pdf
https://arxiv.org/pdf/2111.03703.pdf
https://arxiv.org/pdf/1807.07573.pdf%5D
https://arxiv.org/pdf/1612.04817.pdf
https://arxiv.org/pdf/2201.07237.pdf
https://arxiv.org/pdf/1804.11152.pdf%5D
https://arxiv.org/pdf/2203.05394.pdf
https://arxiv.org/pdf/1308.5003.pdf
https://arxiv.org/pdf/2004.14278.pdf
https://arxiv.org/pdf/2009.10710.pdf
https://arxiv.org/pdf/2103.03270.pdf
https://arxiv.org/pdf/1907.10356.pdf
https://arxiv.org/pdf/2210.01733.pdf
https://arxiv.org/pdf/1807.02101.pdf


Non-perturbative function fNP: 
evolution (CS kernel):

Monte Carlo method for the experimental error propagation.

b* prescription:

b⇤(bT ) = bmax

 
1� e�b4T /b4max

1� e�b4T /b4min

!1/4

with

⇢
bmax = 2e��E

bmin = bmax/Q
<latexit sha1_base64="wEfUZBQHcfyUCRsKD6RKSdctpSU="></latexit>

5 PDFs ( ):u, u, d, d, sea

96 free parameters to fit to data.
Perturbative accuracies: N3LL.

18

MAPTMD 2024 
Main settings

5 FFs (  and ):π K



19

MAPTMD 2024 
Dataset
DY data: 

fixed-target low-energy DY, 
RHIC data, 
LHC and Tevatron data, 
selection cut qT / Q < 0.2, 
484 data points. 

SIDIS data: 
HERMES and COMPASS, 
. 
Q > 1.4 GeV, 0.2 < z < 0.7, 
1547 points.
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Kinematic coverage
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Kinematic coverage
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MAPTMD 2024 
Fit quality



23

MAPTMD 2024 
Correlation between fit parameters
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Æ3ū
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MAPTMD 2024 
Collins-Soper kernel

[2206.01105]

https://arxiv.org/pdf/2206.01105.pdf
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MAPTMD 2024 
Collins-Soper kernel
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MAPTMD 2024 
Fit quality: SIDIS
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MAPTMD 2024 
Fit quality: DY
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TMDs at the LHC 
Measurements of  Z qT distributions have reached sub-percent level uncs.:

[Eur. Phys. J. C 76(5), 1-61 (2016)]

State-of-the-art calculations are thus necessary to describe this data.
Non-perturbative corrections are very relevant a very low qT. 30



TMDs at the LHC 
The W mass

A precise determination of  the W mass plays an important role in 
testing the Standard Model and thus for BSM physics. 

This is a central task of  the LHC physics programme. 

In order to minimise experimental systematic effects, the most promising 
procedure relies on the measurement of  the W/Z ratio cross section: 

the W mass is basically determined through template fits of:

d�W

dqT
=

 
d�W /dqT

d�Z/dqT

!

exp.

 
d�Z

dqT

!

th.

<latexit sha1_base64="vf/EM36QsvdMOXf+eWCkv1xp85A="></latexit>

Therefore, an accurate and reliable prediction of  the Z spectrum is 
essential. 

TMD-based predictions are currently playing an important role 
within the LHC electroweak working group along other formalisms.

31



TMDs at the EIC 

32

[Nucl.Phys.A 1026 (2022) 122447]



TMDs at the EIC 

33

An important step is the definition of  the relevant observables to be 
measure and the respective binning. 

TMDs are crucial to take this step. 

Binning in x and Q2 under discussion:
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Conclusions
TMD factorisation provides a valuable tool to describe qT distributions 
at small values of  qT (resummation of  large logs), 

written in terms of  TMD distributions, 

Non-perturbative component of  TMDs is to be determined from data. 

A lot of  effort is being invested on the extraction of  TMD PDFs and FFs: 

tremendous progress made over the past few years, 

wide and precise datasets (COMPASS, HERMES, LHC and Tevatron exps.), 

more data to come from the LHC, 

state-of-the-art theoretical computation moving to even higher accuracy, 

looking forward to the EIC to pin down TMDs to unprecedented accuracy.
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Backup



Gluon TMDs 
The linearly polarised (hT) and unpolarised ( ) gluon TMD PDFs contribute to 
the low-qT spectrum of  Higgs production in gluon fusion:

f

Gutierrez-Reyes et al., [1907.03780]

Despite linearly polarised gluons enter at NNLL, their effect on the cross 
section can be assessed but below current LHC data accuracy:

CMS Data

37



TMD factorisation provides resummation of  large logs L = log(qT/Q): 
implemented through the Sudakov form fact R. 

A perturbative expansion in powers of  αs of  R would give:
Double-log expansionOne Sudakov

for each TMD

that can be rearranged as:

with

Integer part of m/2
Therefore, multiplying R by a power p of  αs gives:

Bottom line: any additional power of  αs causes a shift of  two units in 
the logarithmic ordering.

Logarithmic counting
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MAPTMD 2022 
Normalisation of  SIDIS

Description of  SIDIS multiplicities considerably worsens moving from 
NLL to higher perturbative orders.

Q ~ 2 GeV
HERMES multiplicities
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MAPTMD 2022 
Normalisation of  SIDIS

Q ~ 2 GeV

Large perturbative corrections particularly to the hard function:
Normalisation problem already observed in the literature.

COMPASS multiplicities

<latexit sha1_base64="jQTExRu6j4FTbuuDJ5a7mnb2GmM="></latexit>
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MAPTMD 2022 
Normalisation of  SIDIS

SIDIS multiplicity:

The SIDIS cross section integrated over  ( ) is ok.PhT dσ/dxdQdz

[2105.08725]

Normalise predictions such that integral over  gives :PhT dσ/dxdQdz
<latexit sha1_base64="ofpQOOVT/AcwddfPacdz198IUwc="></latexit>

M(x, z, PhT , Q) = N
d�

dxdQdzdPhT

d�
dxdQ

N =
d�

dxdQdzR
dPhT

d�
dxdQdzdPhT

<latexit sha1_base64="MpI/9Kd7Ku5AKo0pVTUSd6uJbxo="></latexit>

M(x, z, PhT , Q) =
d�

dxdQdzdPhT
/

d�

dxdQ

Theoretically determined normalisation, not fitted.

https://arxiv.org/pdf/2105.08725.pdf
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MAPTMD 2022 
Normalisation of  SIDIS

10°2

10°1

100

M
h

+
° x

,z
,|

P
h

T
|2

,Q
2
¢

2.65 < Q < 4 GeV

0.032 < x < 0.055

0.4 < z < 0.6

excluded bins

included bins

0.1 0.2 0.3 0.4 0.5 0.6

PhT/Q

0.8

1.0

1.2

D
a
ta

/
P

re
d

Excellent agreement upon normalisation.

N3LL

COMPASS



Agreement extends well above the expected validity region. To be clarified.
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Pavia2019 
Dataset
DY data only: 

fixed-target low-energy DY, 

STAR data 

LHC and Tevatron data, 

353 data points, 

selection cut qT / Q < 0.2.
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x1,2 =
Q
p
s
e±y

<latexit sha1_base64="sxKvRAcT5lqy5plnDfEBSnU09Kg="></latexit>

Pavia2019 
Kinematic coverage



Monte Carlo method for the experimental error propagation.

b* prescription:

b⇤(bT ) = bmax

 
1� e�b4T /b4max

1� e�b4T /b4min

!1/4

with

⇢
bmax = 2e��E

bmin = bmax/Q
<latexit sha1_base64="wEfUZBQHcfyUCRsKD6RKSdctpSU="></latexit>

Non-perturbative function fNP: 
evolution:

PDFs:

9 free parameters to fit to data.

Perturbative accuracies: NLL’, NNLL, NNLL’, N3LL
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Pavia2019 
Main settings



47

Pavia2019 
Fit quality
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SIDIS

DY
Both DY and SIDIS data: 

fixed-target low-energy DY, 

PHENIX data, 

LHC and Tevatron data, 

HERMES and COMPASS, 

457 + 582 = 1039 data points.

SV2019 
Dataset
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SV2019 
Kinematic coverage



Monte Carlo method for the experimental error propagation. 50

b* prescription:

Non-perturbative function fNP: 
evolution:

PDFs and FFs:

11 free parameters to fit to data.

b⇤(bT ) =

s
b2TB

2
NP

b2T +B2
NP

<latexit sha1_base64="HFP+dSGL6hWwhA9XKdDs9C3qu8o="></latexit>

gK(bT ) = �c0bT b⇤(bT ) !
⇢

�c0b2T for bT ! 0
�c0BNPbT for bT ! 1

<latexit sha1_base64="t5jjm/HJTbFcj6mk9/oVv2FlMu8="></latexit>

Perturbative accuracies: NNLL’(NNLO), N3LL(-) (N3LO)

SV2019 
Main settings
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Remarkably good total χ2, 

DY and SIDIS data are separately 
well described, 

Important achievement: 

simultaneous description of  SIDIS 
and DY data within the same fit at 
high perturbative order.

SV2019 
Fit quality
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SV2019 
Fit quality



COMPASS
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SV2019 
Fit quality


