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Introduction



Radiative kaon decay modes mediated by neutral-current flavour transitions
(at short distances: IV boxes, Z and v penguins)

o K AWM g Kol o Ken =l Ksp — 040, K — £ 070505
K — mvy* 9. K+ = 7500~ K — n0lt(~

K — 7'("}/(*)’}/(*) eg. Kj — w00ti—
K — yyy™

e - V. Cirigliano, G. Ecker, H. Neufeld, A. Pich, J. Portoles, Rev. Mod. Phys. 84, 399 (2012).
v 0Tl {=ce,

Decay rates naturally highly suppressed  S. L. Glashow, J. lliopoulos and L. Maiani, Phys. Rev. D 2, 1285 (1970)
S. L. Glashow and S. Weinberg, Phys. Rev. D 15, 1958 (1977)

Amplitude most of the time dominated by a long-distance component (non-perturbative QCD)
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predictions? —> determination of the low-energy constants



Most strategies implemented in the strong sector cannot easily be transposed to
the weak sector

Need to take a step back

strong sector: ChPT — three-flavour QCD

weak sector: ChPT — three-flavour QCD “augmented” by six
four-fermion operators

G 6 G 0
Lon — \/EVUSVW > CrQr(z) = Laop — \/EVusVud > Cr(v)Qr(z;v)
I=1 I=1
Q1= (5'uj)yv_a(@d;)v_a Q2 = (5"u;)v_a(@d;)v_a

Qs = (5'd;)v_a Z(quj)v+A Qo (5'dj)v—a Z(qui)V—i—A

q=u q=u

- ViV At
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Most strategies implemented in the strong sector cannot easily be transposed to
the weak sector

Need to take a step back

strong sector: ChPT — three-flavour QCD
weak sector: ChPT — three-flavour QCD “augmented” by six
four-fermion operators

G 0 G
£gCD B 71;2_1‘/“3‘/“61 Z C}BQIB(I) — £QCD — \/EVusVud Z CI Q](ZC V)

I=1

SM only required to provide the list of appropriate operators and the values of
their “couplings” (Wilson coefficients) at some scale vy ~ 1 GeV
(include RG-improved resummation of LL and NLL in pQCD)

problem shifted to the evaluation of the matrix elements of the (J;’s

problem simplifies in the 't Hooft limit NV, — 0o, N.ag = cst
G. 't Hooft, Nucl. Phys. B 72, 461 (1974); E. Witten, Nucl. Phys. B 160, 57 (1979)



On short-distance singularities



The description of the amplitudes for radiative decays will now involve hadronic
maitrix elements of

2 - 1

T{j,u(x>QI(O§ v)} T{j,u(l')ju(y)QI(O; v)} Jp = gﬂ%uu - %d%ﬁd - 557/#9



The description of the amplitudes for radiative decays will now involve hadronic
matrix elements of
2 - 1

T{j,u(x>QI<O; V)} T{j,LL(Jj)ju(y)QI(O; V)} j,u = §717uu o %d%ubd o 55’}%3

These time-ordered products are singular at short distances!

1
1874

[57.(1 = 75)d] (0) (640 — 0,0") (:é)? SRR

G. Isidori, G. Martinelli, P. Turchetti, Phys. Lett. B 633, 75 (2006)
G. D’Ambrosio, D. Greynat, M. Knecht, JHEP 02, 049 (2019); Phys. Lett. B 797, 134891 (2019)

lim T4, ()Q1(0; )} ~ —



The description of the amplitudes for radiative decays will now involve hadronic
matrix elements of
2 - 1

T{ju($>Q1<OS v)} T{ju<$)jy<y)Q1<O; v)} Jp = gﬂ’%uu - %d/ﬂbd - §§7u3

These time-ordered products are singular at short distances!

1
}Cig(l) T{jp(x)Q1(0;v)} ~ — 1874

[59,(1 = 75)d](0) (540 — 9,0") (:ci)Q SRR

G. Isidori, G. Martinelli, P. Turchetti, Phys. Lett. B 633, 75 (2006)
G. D’Ambrosio, D. Greynat, M. Knecht, JHEP 02, 049 (2019); Phys. Lett. B 797, 134891 (2019)

Does not concern process where ALL photons are real
eg. K = vy, K = myy,..

Will be present as soon as there is at least ONE virtual photon
eg. K > K—mltl— K — (T ,.

Means that other (process-dependent) operators are involved, to be identified



The description of the amplitudes for radiative decays will now involve hadronic
matrix elements of

. . . , 2 1- 1
T{]u($>Q1<OS v)} T{],u<$)]u<y)@]<0§ v)} Jp = gu’%uu - gdfﬂbd - gS’}/MS
These time-ordered products are singular at short distances!
. . | 1
L T{jp(@)Q1 (0 1)} ~ = g 571 = 96)d)(0) (978 = 9,0") o5 + -

G. Isidori, G. Martinelli, P. Turchetti, Phys. Lett. B 633, 75 (2006)
G. D’Ambrosio, D. Greynat, M. Knecht, JHEP 02, 049 (2019); Phys. Lett. B 797, 134891 (2019)

Does not concern process where ALL photons are real
eg. K = vy, K = myy,..

Will be present as soon as there is at least ONE virtual photon
eg. K > K—mltl— K — (T ,.

Means that other (process-dependent) operators are involved, to be identified

How do these SD singularities manifest themselves in concrete examples?



K — mvy*at N. — o



Structure of the amplitudes

1
AKY = 770707) = e2u(pe-)v"v(per) x = [(k — p)p(Mf — M2) — s(k +p),] X —WE(S)Q
S 167= Mz
1 w
A(Kg — n0T07) = e2(p-)y"v(pes) x = [(k —p),(Mp — MZ) — s(k +p),] X g(S)2
S 167 Mz

Have been studied in ChPT

Wi s =GrMp lays+ by s +Vi%(s;a4.5,B4,5)

S
2
MK
G. Ecker, A. Pich, E. de Rafael, Nucl. Phys. B 291, 692 (1987)

G. D’Ambrosio, G. Ecker, G. Isidori, J. Portolés, JHEP 08, 004 (1998) [arXiv:hep-ph/9808289 [hep-ph]]

a4 g and 5+,5 can be extracted from data on X — wam decays
G. D’Ambrosio, M. K. and S. Neshatpour, Phys. Lett. B 835, 137594 (2022) [arXiv:2209.02143 [hep-ph]]

a+.s (by g) — unknown LECs at NLO (NNLO)
In practice, the contributions from pion loops to the decay rates are marginal

ay.5,bi.5 ~ O(N) TT5(s) ~ O(N)



Structure of the amplitudes

AKt — 70707) = e*U(pe-)7°v(pe+) X ! (k= p)p (Mg — Mz) — s(k +p),] x 1WJ2F(8)2
s 6= Mz

1 w
A(Ks = m°0T07) = e*ulpp-)v*v(per) x ~ [(k = p)p(Mg — M7) = s(k +p),] x —g(s)z
s 167 Mz

A(KL — 7TO€+€_) = A(KL — 7T0€+€_)‘mix + A(KL — 7TO€+€_)|dir + A(KL — 7T0€+£_)‘CPC
AKy, — 70107 ) mix = €A(Kg — 7001 07)
_K%) — |IK°) K%+ |K?)

Ks) = K7) = = K= [K9) +aKD) KD = =

L
e~ lel, le| = 2.228 - 1073,

V2

AKp — 7% |cpc = AKY — m09*y* — 7%0107) ~ O(a*Gr)



When N, — o0, the four-quark operators factorize
—— hadronic matrix elements of bilinear quark operators

OO OO w00 O

Involves a certain number of form factors related to the matrix elements
(° (p)|[57,d)(0)| Ks(k)) = —[(k + p)uf+(s) + (k — p)uf—(s)]

(CTp)oap) =1 [ dho et ()T {5 3 - dyd) @) ainsd)(0)}10)
(CEp)ak) = i [ o e OT (a0l (@) sirsul 0} K (1)
EEp)olak) = 1 [ et 07 {[s7,5]() 55l O} K (k)
AND
i [t e O iy ) ) (0)H OV = (G — P ()

arXiv:2409.08568 [hep-ph]



(CTp)olarp) =i [ da et (o) TG v~ dy,d)(o)lainsd)(0)}10)
CEp)ah) = i [ b e QT (a0l @) sirsul 0} K (0)

(TVp)pla k) = ’i/d4$ e' (0| T{[57,5] (@) [5iv5ul (0)} K (k)

M2 - M7,
P(TE k) = —V2F K P(TE k) = 2F K
q°( VP)p(Q7 ) V2 Kms+m’ q°( VP)p(q7 ) +/2 Km3+m
) (2k — q) FE(g?) -1
(ms +m)(THp),(q, k) = ﬁFKM%(q_k)g_L?{Ff(qz)JrﬁFKM% e

+V2[¢%k, — (¢ k)g,)P* (4%, (¢ — k)?)

2k —q)p K, 2 o FX () + 1
F 2F e Mz —2
(q—k)Q—MIQ( S(Q)+\/7K K q2

+V2[¢°k, — (¢ k)q] P (4%, (¢ — k)?)

(ms +1m)(T0p)o(a, k) = V2FxMp

(KT (K)[[ay,ul (0)| K (k) = (K" + k), Fy (¢), (K (R)|[57,8](0)| KT (k) = (K + k), F.* (¢7)

arXiv:2409.08568 [hep-ph]



i [ dta e O (@) OH0) = (g — ) st +0 (25 )]

The divergence is absorbed by the “bare” Gilman-Wise term

6 6
EBCD \/_Vusvud [ Z C +C7VQ7V — Lqocp— %Vusvfud [ Cr(v)Qr(z; V)‘FC?V(V)Q?V}
=1 I=1
Qrv = (Ly.0)[s7" (1 — 75)d] Crv(v) = zev (v) + Ty7v (v)

F. J. Gilman and M. B. Wise, Phys. Rev. D 20, 2392 (1979); Phys. Rev. D 21, 3150 (1980)



W_|_(8) . GF 2 s Re C7v(l/)
1672 M2 = —I—EV@LSVM X {f+(s) X [§HMS(S, v)(ReCy — ReCYy) + o

2 1 -
+(ReCsy +ReCy) x | — FxP™ (s, Mz-) — = FxP¥ (s, M?) + §F7T73(3,M72r)

3

2 FxF. o FT(s) — 1 , FE(s) -1 o FE(s)+1
-3 TEASYE (3M7T — 2M3 + M3

+}

S S S
Ws(S) . GF 2 s Re C7v(V)
167T2MI2< = \/§Vusvud X {f_|_<8) X [3HMS<S, V)(Re Cl — Re 04) -+ Lo

2 F . FpeM? FXE FK
+(ReCy — ReCy) X kMic B2 (5) + B2 (9)

3 M2 — M2 s
Fx Fx
- TP (s M) = PR (5, M)+ }

o |Cr(v)| < |Cio(v)|aty ~1GeVior I =3,4,5,6
e ()5 does not contribute to Wg(s) in the large- V.. limit

e In the large- V.. limit
d C7v(V)

dv 4r«

[can be checked explicitly at order O(a,;) and O(a?)]

d

2
=3 [C1 — Cy] VEHM_S(QQ; V)




Lowest-meson-dominance approximation to the large-/V,. limit:

one resonance per channel (pseudo-scalar channel is saturated by the kaon
state) S. Peris, M. Perrottet, E. de Rafael, JHEP 05, 011 (1998)

M2 M2 M? 1
348 e EE e FE -2 ~———
V,VMD(S) Mpg - 87 u,VMD(S) Mp2 . 87 S,VMD(S) s — Mq% f+(8) MIZ(* — s

P(¢%, (¢ + p)?), PE(¢?, (¢ — k)?), PE(¢%, (¢ — k)?) are described by poles due to radial
excitations of the pion or kaon, e.g. 7(1300)

P™(q*, M) =0, PK(@ M2)~0, P¥(¢*, M2)~0



This simple picture with a single resonance does not work in the case of Il (s; v)

22 M?
M) = 35— + -
The asymptotic logarithmic behaviour must involve an infinite number of
resonances

2f2M2? 1 N.[5 s
© o (M2t~ (3 )
MZ—s | 4r? 3 [3 v =03 g

S 3 1 S
w( 7E+2+n§>:1n+2s—Mg i

Hs(s;v) =

M2

S

" (3— W) ~In(—s/M2) — 2=+ ... [s = —oq)

In QCD, the Adler function sOlls=(s; v)/0s does not have a term o< 1/s in its asymtotic
expansion (in the chiral limit) S. Peris, M. Perrottet, E. de Rafael, JHEP 05, 011 (1998)

167T2 3 2 2
- Fprp M ~ 0.9 GeV My ~ 1.5 GeV ~ M ,1450)

— M? =



Some consequences of phenomenological interest  arxiv:2409.08568 [hep-ph]

Branching fractions [with input from A. J. Buras et al., Nucl. Phys. B 423, 349 (1994)]

Br(Ks — mee™)|m..>165 Mev = 2.9(1.0) - 1077
Bro?(Kg — 1%t e™)|m..>165 Mev = (3.0715+0.2) - 1077

J. R. Batley et al. [NA48/1], Phys. Lett. B 576, 43 (2003) [arXiv:hep-ex/0309075 [hep-eX]]

Br(Kg — m°utp™) =1.3(0.4) - 107°
BroP(Kg — nutp™) = (2.9775(stat) 4 0.2(syst)) - 1077

J. R. Batley et al. [NA48/1], Phys. Lett. B 599, 197 (2004) [arXiv:hep-ex/0409011 [hep-ex]]



Some consequences of phenomenological interest  arxiv:2409.08568 [hep-ph]
Direct CPV in K; — 7wt~

Br(K — n%¢te™) =10"12 | )

2
(g) Im )\t (g) Im )\t (g)
+ Cini 1971 + Can (—1 o1 ) O

(e) —2 (n)  _
Cy2 . ~ O(107?) C2 . =5.2(1.6)
J. F. Donoghue, B. R. Holstein, G. Valencia, Phys. Rev. D 35, 2769 (1987)

G. Ecker, A. Pich, E. de Rafael, Nucl. Phys. B 303, 665 (1988)
G. Buchalla, G. D’Ambrosio, G. Isidori, Nucl. Phys. B 672, 387 (2003) [arXiv:hep-ph/0308008 [hep-ph]]

G. Isidori, C. Smith, R. Unterdorfer, Eur. Phys. J. C 36, 57 (2004) [arXiv:hep-ph/0404127 [hep-ph]]
F. Mescia, C. Smith, S. Trine, JHEP 08, 088 (2006) [arXiv:hep-ph/0606081 [hep-ph]]

O = 17.8(2.6) Y7V o — 11.9(0.6) Y7V

int Qa nt 0

The interference between direct and indirect CP violation in the branching ratio for
K; — 7070~ is unambiguously predicted to be constructive in the large- N, limit of QCD



Summary



ChPT provides the natural framework for the theoretical study of kaon physics...

... but it is difficult to make predictions for radiative decay modes of kaons without at least some
knowledge of counterterms

Implement large- /N . approach directly in the underlying theory: QCD with three active flavours
extended by an appropriate set of four-fermion operators (SM LEEFT)

Form factors for FCNC-induced transitions exhibit a more complex structure than in the strong
sector, necessary to address the issue of QCD short-distance singularities

Large-/N. QCD interesting framework to study these aspects (seldom mentioned, never
addressed)

In the case of K — 7™ it even leads to interesting phenomenological results, cf. arxiv:2409.08568

Other radiative decay modes are being studied within this framework: K — v*~*, ...



