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• These parameters are currently determined by from various moments of  or  spectra.q2, Eℓ mXc

• Lattice Results: Lattice results used quenched approximation with NRQCD action. Different method leads to different 
central values for these parameters. Probably, later, results may provide better extraction of these parameters.
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R1 =
∫ 0.2

0
dy

dΓγ

dy

∫ 0.5
0

dy
dΓγ

dy

=
A + Bλ1 + Cλ2

A′￼+ B′￼λ1 + C′￼λ2
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∫ 0.5

0
dy dΓ
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∫ 1
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dy dΓ
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• Requires the understanding of radiative decay rate (for eg ).B → Xcℓν̄γ
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1/mQ

mQ ∼ μhad ⟹

            HQ

Q

q

• Hadron considered : Q + light cloud

q̄ + gluon medium

Keep all valance constituents in 
colourless bound states : HQ

• Heavy Quark size 

1. At short Dist.- heavy quark surrounded by a static 
coulomb like colour field 

2. At large Dist.- self interaction strengthens, at  
(completely Non-perturbative)

∼ 1/mQ

A0

R ≥ Λ−1
QCD
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Hweak =
4GF

2
Vub(ūγμPLb)(ℓ̄γμPLνℓ)• Weak Hamiltonian density for  meson decays semi-leptonically to final states 

containing  quarks 
B

u
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Γ ∝ C0 + C1
λ1

m2
b

+ C2
λ2

m2
b

+ . . .

λ1 =
1
2

⟨B(v) | b̄v(iD)2bv |B(v)⟩

λ2 = −
1
12

⟨B(v) | b̄vg(σ ⋅ G)bv |B(v)⟩
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Theoretically cleaner: application of OPE 
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T(B → X → B)

• Method used to compute this transition operator : Heavy Quark Effective Theory (HQET) 

Related to

u

bb

ℓ
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(Via Imaginary part)
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λ2

m2
b

+ . . .

Dayanand Mishra GDR-inf Intensity Frontier IP2I, Lyon 5



dΓ =
1

8mB ∑ δ4(pB − px − q) |⟨Xℓνℓ |Hweak |B⟩ |2 dq2dEℓdEν• Differential decay width:

(Hweak =
4GF

2
Vcb(c̄γμPLb)(ℓ̄γμPLνℓ))

Let’s look at  B → Xcℓνℓ

Dayanand Mishra GDR-inf Intensity Frontier IP2I, Lyon 6



dΓ =
1

8mB ∑ δ4(pB − px − q) |⟨Xℓνℓ |Hweak |B⟩ |2 dq2dEℓdEν• Differential decay width:

= 2G2
F |Vub |2 ℳμνLμνdq2dEℓdEν (Hweak =

4GF

2
Vcb(c̄γμPLb)(ℓ̄γμPLνℓ))

Let’s look at  B → Xcℓνℓ

Dayanand Mishra GDR-inf Intensity Frontier IP2I, Lyon 6



dΓ =
1

8mB ∑ δ4(pB − px − q) |⟨Xℓνℓ |Hweak |B⟩ |2 dq2dEℓdEν• Differential decay width:

= 2G2
F |Vub |2 ℳμνLμνdq2dEℓdEν (Hweak =

4GF

2
Vcb(c̄γμPLb)(ℓ̄γμPLνℓ))

Lμν = 2(pμ
ℓ pν

n + pν
ℓ pμ

n − gμνpℓ . pn − iϵμνρσpℓρpnσ)

Let’s look at  B → Xcℓνℓ

Leptonic part

Dayanand Mishra GDR-inf Intensity Frontier IP2I, Lyon 6



dΓ =
1

8mB ∑ δ4(pB − px − q) |⟨Xℓνℓ |Hweak |B⟩ |2 dq2dEℓdEν• Differential decay width:

= 2G2
F |Vub |2 ℳμνLμνdq2dEℓdEν (Hweak =

4GF

2
Vcb(c̄γμPLb)(ℓ̄γμPLνℓ))

Lμν = 2(pμ
ℓ pν

n + pν
ℓ pμ

n − gμνpℓ . pn − iϵμνρσpℓρpnσ)

1
2mB ∑

Xc

⟨B |Jμ |Xc⟩⟨ |Xc |Jν |B⟩δ4(pB − pX − pℓ − pν)

Let’s look at  B → Xcℓνℓ

Leptonic part

Dayanand Mishra GDR-inf Intensity Frontier IP2I, Lyon 6



Related to  part of transition matrix element: Im
Tμν = − i∫ d4xe−iq.x⟨B |T{b̄γμPLc(x), c̄γνPLb(0)} |B⟩

dΓ =
1

8mB ∑ δ4(pB − px − q) |⟨Xℓνℓ |Hweak |B⟩ |2 dq2dEℓdEν• Differential decay width:

= 2G2
F |Vub |2 ℳμνLμνdq2dEℓdEν (Hweak =

4GF

2
Vcb(c̄γμPLb)(ℓ̄γμPLνℓ))

Lμν = 2(pμ
ℓ pν

n + pν
ℓ pμ

n − gμνpℓ . pn − iϵμνρσpℓρpnσ)

1
2mB ∑

Xc

⟨B |Jμ |Xc⟩⟨ |Xc |Jν |B⟩δ4(pB − pX − pℓ − pν)

Let’s look at  B → Xcℓνℓ

Leptonic part

Dayanand Mishra GDR-inf Intensity Frontier IP2I, Lyon 6



Related to  part of transition matrix element: Im
Tμν = − i∫ d4xe−iq.x⟨B |T{b̄γμPLc(x), c̄γνPLb(0)} |B⟩

dΓ =
1

8mB ∑ δ4(pB − px − q) |⟨Xℓνℓ |Hweak |B⟩ |2 dq2dEℓdEν• Differential decay width:

= 2G2
F |Vub |2 ℳμνLμνdq2dEℓdEν (Hweak =

4GF

2
Vcb(c̄γμPLb)(ℓ̄γμPLνℓ))

Lμν = 2(pμ
ℓ pν

n + pν
ℓ pμ

n − gμνpℓ . pn − iϵμνρσpℓρpnσ)

1
2mB ∑

Xc

⟨B |Jμ |Xc⟩⟨ |Xc |Jν |B⟩δ4(pB − pX − pℓ − pν)

Let’s look at  B → Xcℓνℓ

dΓ ∼ Im[⟨B |∫ d4xe−i(mbv−q).xT{b̄v(x)γμPLc(x), c̄(0)γνPLbv(0)} |B⟩]Lμν

• Differential decay width is related to imaginary part of transition matrix element (consequence of Optical Theorem)

Leptonic part

Dayanand Mishra GDR-inf Intensity Frontier IP2I, Lyon 6



Related to  part of transition matrix element: Im
Tμν = − i∫ d4xe−iq.x⟨B |T{b̄γμPLc(x), c̄γνPLb(0)} |B⟩

dΓ =
1

8mB ∑ δ4(pB − px − q) |⟨Xℓνℓ |Hweak |B⟩ |2 dq2dEℓdEν• Differential decay width:

= 2G2
F |Vub |2 ℳμνLμνdq2dEℓdEν (Hweak =

4GF

2
Vcb(c̄γμPLb)(ℓ̄γμPLνℓ))

Lμν = 2(pμ
ℓ pν

n + pν
ℓ pμ

n − gμνpℓ . pn − iϵμνρσpℓρpnσ)

1
2mB ∑

Xc

⟨B |Jμ |Xc⟩⟨ |Xc |Jν |B⟩δ4(pB − pX − pℓ − pν)

Let’s look at  B → Xcℓνℓ

dΓ ∼ Im[⟨B |∫ d4xe−i(mbv−q).xT{b̄v(x)γμPLc(x), c̄(0)γνPLbv(0)} |B⟩]Lμν

Where, b(x) = e−imbv.xbv(x)
(QCD) (HQET)

• Differential decay width is related to imaginary part of transition matrix element (consequence of Optical Theorem)

Transition operator 

(T(Q → X → Q) = ∑ Ci𝒪i)

Leptonic part

Dayanand Mishra GDR-inf Intensity Frontier IP2I, Lyon 6



• Operators at linear and quadratic order in  :Π

b̄vγμ(iDν)bv b̄v(D2)bv
i
2

b̄v(Gμνσμν)bvand

(dim 4 operator: does not 
contribute ) (dim 5 operator)

b̄vγμbv
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• Considering leading and next to leading order in  :Π

b

νℓ
νℓ

bu

ℓ ℓ

cut

dΓ
dyd ̂q2

=
G2

F |Vub |2 m5
b

192π3
{[12(y − ̂q2)(1 + ̂q2 − y) +

λ1

m2
b

M1( ̂q2, y) +
λ2

m2
b

M2( ̂q2, y)]θ(z)

+δ(z)[
λ1

m2
b

M3( ̂q2, y) +
λ2

m2
b

M4( ̂q2, y)] + δ′￼(z)
λ1

m2
b

M5( ̂q2, y)}
(z = 1 + ̂q2 −

̂q2

y
− y)

(dim 3 operator )
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 B → Xcℓνℓγ
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• The Relevant Feynman Diagrams are 



ℳ = (4GF
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2mB ∫

d3pl

(2π)32El ∫
d3pn

(2π)32Eν ∫
d4k

(2π)4
⟨B | Imℳ(m)

μν ℒ(m)
μν |B⟩

• Matrix element
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ℳ(1)
μν = 2(−igαβ)b̄γν (1 − γ5) iγ . (pb + Π − q)(−ieQu)γαi (γ . (pb + Π − k − q) + mc)

ℒ(1)
μν = (ℓ̄γμ(1 − γ5)νℓ) (ν̄ℓγν(1 − γ5)ℓ)

1
k2 ((pb + Π − q)2 − m2

c ) ((pb + Π − q − k)2 − m2
c ) ((pb + Π − q)2 − m2

c )
=

1
k2 ((pb − q − k)2 − m2

c )
1

(pc . k)2
−

2(pb − q) . Π
(pc . k)3

−
Π2

(pc . k)3
+

2 ((pb − q) . Π)
2

(pc . k)4

−
1

k2 ((pb − q − k)2 − m2
c )2 [ 2pc . Π

(pc . k)2
−

4(pc . Π)(pb − q) . Π
(pc . k)3

−
Π2

(pc . k)2 ] +
1

k2 ((pb − q − k)2 − m2
c )3

2(pc . Π)2

(pc . k)2

• Numerator part

(−ieQu)γβiγ . (γ . pb + Π − q) γμ (1 − γ5) b

• Denominator part

• It is the consequence of expansion of denominator in the power of  up to square order.Π
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Results 

‣  define hardness of photon
‣ Decay rate is sensitive to energy of photon.
‣ As photons become soft, decay rate increases as expected.

xmin

Figure : Plot of differential decay width ( ) with lepton 
energy in the rest frame of B meson

B → Xuμν̄γFigure : Plot of differential decay width ( ) with lepton 
energy in the rest frame of B meson

B → Xcμν̄γ

1 Γ B

dΓ
γ

dy
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‣ For hard photon : decay rate 

‣ For sufficient low photon the rate for 
radiative mode reaches to non-radiative 
mode 

∼ 𝒪(αem)ΓB→Xuℓνℓ

Figure : Plot of differential decay width with photon energy in 
the rest frame of B meson
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Summary

• One of the most important application : calculation of non-pert parameters of  ,B → Xcℓνℓ
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• Now, we have two eqns with two unknown parameters

Solving above two eqns provide value of  and  λ1 λ2

R1 =
∫ 0.2

0
dy

dΓγ

dy

∫ 0.5
0

dy
dΓγ

dy

=
A + Bλ1 + Cλ2

A′￼+ B′￼λ1 + C′￼λ2

R2 =
∫ 0.5

0
dy dΓ

dy

∫ 1
0

dy dΓ
dy

=
P + Qλ1 + Rλ2

P′￼+ Q′￼λ1 + R′￼λ2
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• Considering higher order in HQE will provide calculation of other non-perturbative parameters. 



Thank you 
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Backup 



• Why the  mode …?

‣ How the on-shell hard photon may impact this process

‣ What are the relevant operators 

‣ Can this process help in determining non-perturbation parameters 

B → Xcℓνℓγ
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Γ(B → Xℓνℓγ) = Γ(b → qℓνℓγ) + 𝒪(
ΛQCD

mb
) + . . .

• General form of decay width for B → Xcℓνℓγ
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‣ How the on-shell hard photon may impact this process

‣ What are the relevant operators 

‣ Can this process help in determining non-perturbation parameters 

B → Xcℓνℓγ

Γ(B → Xℓνℓγ) = Γ(b → qℓνℓγ) + 𝒪(
ΛQCD

mb
) + . . .

• General form of decay width for B → Xcℓνℓγ

• Analysed the gauge invariance for   B → Xcℓνℓγ No contact term arises

 Free from UV divergences problem appear in exclusive decays.⟹
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• Cutkosky Rule

‣   cut divides diagram into four body decay processes.
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• Cutkosky Rule

• Expanding delta function in  :Π

δ(pb + Π − q − k)2 = δ(pb − q − k)2 + 2Π . (pb − q − k)δ′￼(pb − q − k)2 + Π2(δ′￼(pb − q − k)2 + 2(pb − q − k)2δ′￼′￼(pb − q − k)2) + . . .

‣   cut divides diagram into four body decay processes.

( )2Im = ∫ d(PS)
2
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• Theta function provides lower bound on energy of neutrino in ,B → Xuℓνℓ
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• Theta function provides lower bound on energy of neutrino in ,B → Xuℓνℓ

how does it modify in the case of  ? B → Xuℓνℓγ
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• Theta function provides lower bound on energy of neutrino in ,B → Xuℓνℓ

how does it modify in the case of  ? B → Xuℓνℓγ

• A bit of kinematics

d(PS) =
dq2

2π
dr2

2π
dϕ2(pb; q, r)dϕ2(q; pl, pn)dϕ2(r; pu, k)
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Kallen 
Function

• Theta function provides lower bound on energy of neutrino in ,B → Xuℓνℓ

how does it modify in the case of  ? B → Xuℓνℓγ

• A bit of kinematics

d(PS) =
dq2

2π
dr2

2π
dϕ2(pb; q, r)dϕ2(q; pl, pn)dϕ2(r; pu, k)

dϕ2(pb; q, r) =
1

4π
q

mB
dϕ2(q; pℓ, pn) =

1
8π

dEℓ

q
dϕ2(r; pu, k) =

1
8π

dt

λ(q2, r2, m2
b)

(t = (pb − k)2 − m2
b)

17Dayanand Mishra GDR-inf Intensity Frontier IP2I, Lyon



Kallen 
Function

• Theta function provides lower bound on energy of neutrino in ,B → Xuℓνℓ

how does it modify in the case of  ? B → Xuℓνℓγ

• A bit of kinematics

d(PS) =
dq2

2π
dr2

2π
dϕ2(pb; q, r)dϕ2(q; pl, pn)dϕ2(r; pu, k)

dϕ2(pb; q, r) =
1

4π
q

mB
dϕ2(q; pℓ, pn) =

1
8π

dEℓ

q
dϕ2(r; pu, k) =

1
8π

dt

λ(q2, r2, m2
b)

(t = (pb − k)2 − m2
b)

Cos(θℓν) ≤ 1 ⟹ θ(2EℓEν − q2 − 2qEℓ + 2E2
ℓ)

17Dayanand Mishra GDR-inf Intensity Frontier IP2I, Lyon



Kallen 
Function

• Theta function provides lower bound on energy of neutrino in ,B → Xuℓνℓ

how does it modify in the case of  ? B → Xuℓνℓγ

• A bit of kinematics

d(PS) =
dq2

2π
dr2

2π
dϕ2(pb; q, r)dϕ2(q; pl, pn)dϕ2(r; pu, k)

dϕ2(pb; q, r) =
1

4π
q

mB
dϕ2(q; pℓ, pn) =

1
8π

dEℓ

q
dϕ2(r; pu, k) =

1
8π

dt

λ(q2, r2, m2
b)

(t = (pb − k)2 − m2
b)

Cos(θℓν) ≤ 1 ⟹ θ(2EℓEν − q2 − 2qEℓ + 2E2
ℓ) Provides lower bound on Eν

17Dayanand Mishra GDR-inf Intensity Frontier IP2I, Lyon



Kallen 
Function

• Theta function provides lower bound on energy of neutrino in ,B → Xuℓνℓ

how does it modify in the case of  ? B → Xuℓνℓγ

• A bit of kinematics

d(PS) =
dq2

2π
dr2

2π
dϕ2(pb; q, r)dϕ2(q; pl, pn)dϕ2(r; pu, k)

dϕ2(pb; q, r) =
1

4π
q

mB
dϕ2(q; pℓ, pn) =

1
8π

dEℓ

q
dϕ2(r; pu, k) =

1
8π

dt

λ(q2, r2, m2
b)
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b)
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q =
λ(q2, r2, m2

b)
4m2

b
q0 =

m2
b + q2 − r2

2mb
 Provides neutrino energy ⟹ Eν
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