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|. Geodesics

1. Geodesic motion around black holes



Kerr
black hole

~

extended, small
compact object

o
What is this
"trajectory"?

= Relativistic mechanics




Die formale Grundlage der allzemeinen
Relativititstheorie.

Von A. KINSTEIN.

1914

No field equations, but...

"From a mathematical
point of view, the motion
of a test point
corresponds to a geodesic
curve on the four-
dimensional manifold"”

u®v, uf =0

Akademie-Vortrage 1914-1932

23

Akademie-Vortrage 1914-1932

25
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Duale Sechservektoren. Ist ferner (F*) ein antisymmetrischer
Tensor (zweiten Ranges), so konnen wir zu ihm einen zweiten anti-
symmetrischen Tensor F»” bilden nach der Gleichung

= - GuF. (24)
2

Man nennt F»** den zu F** »dualen« kontravarianten Sechservektor. Um-
gekehrt ist F** zu F*" dual. Denn multipliziert man (24) mit G7;, und
summiert iiber 1 und v, so erhilt man

—_ 2 ("r" va — 2 Ga’r G,u.; Fa,g
a@u/
da aber nach (22)
G;r :Z;_El/g )"J J -]_/-:: u.v)xghagx,g— ( 8, a\r),
MmyAxd'x’ g

ist ‘, so ergibt sich

2(}" G F = — (B —F) = F,

aﬁuv 2

woraus die Behauptung folgt.

Ganz Entsprechendes gilt fir kovariante Sechservektoren. Man
beweist ferner leicht, daB Sechservektoren, welche zwei dualen reziprok
sind, selbst dual sind.

§ 7. Geodédtische Linie bzw. Gleichungen der Punktbewegung.

In § 2 ist bereits dargelegt, daBl die Bewegung eines materiellen
Punktes im Gravitationsfelde nach der Gliederung

vor sich geht. Der Bewegung eines Punktes entspricht also vomn mathe-

matischen Standpunkte eine geoditische Linse in unserer vierdimen-
sionalen Mannigfaltigkeit. Wir wollen der Vollstindigkeit halber die

! Die zweite dieser Umformungen beruht darauf, daB J,,,» nur dann nicht ver-
schwindet, wenn alle Indizes verschieden sind. Es bleiben deshalb nur die beiden
Moglichkeiten (A=2', z=2#') und (A ==#', #=2’); mit Riicksicht darauf ergibt sich
zunichst durch Summation {iber 1 und v der Ausdruck

22 {gk:r 9 gka gu,3 — g gnfgzﬁ gm} ,
x

wobei die Summe zundchst nur iiber solche Indexkombinationen (2x) zu erstrecken ist,
fiir welche 2:|-» Da aber die Klammer fiir 2. = # ohnehin verschwindet, so kann die
Summe {iber alle Kombinationen erstreckt werden. Mit Riicksicht auf (10) ergiht
sich hieraus der im Text angegebene Ausdruck.

Eixsrein: Die formnale Grundlage der allgemeinen Relativititstheorie. 1046

wird auch in der verallgemeinerten Relativitiitstheorie der Fall sein.
SchlieBen wir den letzteren Fall (ds = o) von der Betrachtung aus,
so konnen wir als Parameter A die auf der geoditischen Linie ge-
messene »Bogenlinge« s wihlen. Dann geht die Gleichung der geo-
datischen Linie iiber in

dx, dz,
ng ds: 2[ ]d.s dS—O, (23a)

wobei nach CHristorreL die Abkirzung

Uy - i agus' agvr aguv
[6'] T2 (Bx, + oz, Hx,)

eingefiihrt ist, welcher Ausdruck beziiglich der Indizes 1 und v symme-
trisch ist. Endlich multipliziert man (2 3a) mit ¢"" und summiert iiber o.
Mit Ricksicht auf (10) und bei Benutzung des bekannten CurisTorreL-

schen Symbols |
77 (R 777
{,}—gg H (242)

crhiilt man dann an Stelle von (23a)

(24)

(23b)

Dies ist die Gleichung der geoddtischen Linie in ihrer {ibersicht-
lichsten Form. Sie driickt die zweiten Ableitungen der x, nach s durch
die ersten Ableitungen aus. Durch Differenzieren von (23b) nach s
erhielte man Gleichungen, die auch eine Zuriickfilhrung der hoheren
Differenzialquotionenten bei Koordinaten nach s auf die ersten Ablei-
tungen gestatten; man erhielte so die Koordinaten in Tavrorscher Ent-
wicklung nach den Variabeln s. Gleichung (23b) entspricht der Be-
wegungsgleichung des materiellen Punktes in Minkowskischer Form,
indem s die »Eigenzeit« bedeutet.

§ 8. Bildung von Tensoren durch Differentiation.

Die fundamentale Bedeutung des Tensorbegriffes beruht bekannt-
lich darauf, da8 die Transformationsgleichungen fiir die Tensorkompo-
nenten linear und homogen sind. Dies bringt es mit sich, da8 die
Komponenten eines Tensors beziiglich eines jeden beliebigen Koordi-
natensystems verschwinden, falls sie beziiglich eines Koordinatensy-
stems verschwinden. Hat man also eine Gruppe von physikalischen
Gleichungen in eine Form gebracht, welche das Verschwinden aller
Komponenten eines Tensors aussagt, so hat dieses Gleichungssystem

Sitzungsberichte 1914. 3)
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What is this
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= a Kerr geodesic!
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Geodesics In spacetime

Kerr BH Small object

e Coordinates x* = (¢, 1,0, ¢) ® 4-momentum: p“ := uu“
e Metric coefficients g, 4(x) ® mass: u’:=— g, p°p”

Kerr
black hole

Motion
Geodesic
N

® 4-velocity u® is parallel-transported along &

dx®
dr

e functions x%(7) solve the geodesic equation

e -Z's parametrization: u% =




|. Geodesics

2. Hamiltonian formulation



Geodesics in phase space

In general
Ham. system P Law of motion
dF
e Phase space E — (F.H)

@ Poisson brackets {, }

_ _ + Leibniz rule
e Hamiltonian H




Geodesics in phase space

Ham. system

e Phase space
@ Poisson brackets {, }

e Hamiltonian H

In general

Phase space: 4 = R* x R*

(xa,pa) — (ta r, 99 ¢9ptapr9p99p¢)

[aw of motion

dF
dA

+ Leibniz rule

for geodesics

Poisson brackets: {x%, ps} = 5;

canonical (conjugated pairs)

: . 1 3
Hamiltonian: H := Eg“ PaPp

free-body in curved space(time)



|. Geodesics

3. Integrable systems



® Hamiltonian

Example: Schwarzschild

L Ip
2f 2

H(t,p;, 1, p,. 0, pp, . py) =

N 1
2r?




® Hamiltonian

Example: Schwarzschild

L Ip
2f 2

H(t,p;, 1, p,. 0, pp, . py) =

® Integrals of motion

energy: £ 1= —p,

component of ang. mom.: J, 1= p,

norm of ang. mom.: J? :=p62, +pq% csc? @

mass: u% = —2H

N 1
2r?
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Integrable systems

"number of Iintegrals of motion = number of degrees of freedom"

extra assumptions required half the dimension of phase space

In physics, we
usually replace

® Integral of motion: a function . : # — R such that {.7, H}jb

e Pairwise involution: integrals of motion satisfy {.%;, fj} = ( "0" by O(e™)
(this may not be
e Linear independence: d ¥, A ... Ad¥, # 0 almost everywhere harmless...)

Note:

® Integrability — mathematical notion (a physical system is not integrable per se)

® Here: "Liouville-Arnold" integrability — for non-deg. "classical" Ham. systems

® Integrability involves all three ingredients: ./, {, } and H.
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Why integrable systems ?

Maths:

® Integrability = Liouville-Arnold theorem: phase space foliated by invariant torii

e Integrability = preferred set of canonical coordinates: action-angle (8, %)

@ Integrability = well-defined notion of "Hamiltonian" frequency: €. := 0H/d_ 7,

® Integrability = well-understood perturbation theory: KAM /Birkhoff theorems

Kerr astrophysics:

® phase space foliation = orbits classification, parameter space picture, no chaos

@ action-angle = "first" and "flux-balance" laws and analytic solutions

® frequencies = well-defined notion of resonances (lots of astrophysical phenomena)

® perturbed systems = adapted to multi-timescale expansions and dissipation (

“MRIs)



Geodesic integrals and Killing fields

o - .for --
geodesics
--

kd




Geodesic integrability around black holes

Integral for Schwarzschild
geodesics geodesics

Killing field Definition

static axisym.
(0,)°
L

<

kd




Geodesic integrability around black holes

Killing field Definition Integral .for Schwarzgchlld Kerr.
geodesics geodesics geodesics

static axisym. static axisymmetric

(9,)° @) (3"
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Killing field Definition
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Geodesic integrability around black holes

Kerr
geodesics

Integral for Schwarzschild

Killing field Definition . .
geodesics geodesics

static axisym. static axisymmetric

ra (0)* (0,
E L

<

0) (9"

E L

4

metric tensor gcgi)

Kab

IMass

H

+ symmetric



Geodesic integrability around black holes

Integral for Schwarzschild Kerr
geodesics geodesics geodesics

Killing field Definition

static axisym. static axisymmetric

o @) (9y)° 0 (0
E LZ 15 Lz
metric tensor gé“;) te:;:r;(? Wileknesr(—:?;)se

Kab

mass mass Carter cst.

U 2 O

+ symmetric




Geodesic integrability around black holes

Integral for Schwarzschild Kerr
geodesics geodesics geodesics

Killing field Definition

static axisym. static axisymmetric
L (0)" (9" @) (9
E L L

< $

(S) metric Walker-Penrose

metric tensor g tensor g tensor K4

Kab

Carter cst.

+ symmetric
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How do things really fall around black holes”?

Kerr
black hole

extended test
compact object particle

)

=
~

)

accelerated a _  ra
worldine Y ult" =/

~

Kerr
geodesic

= What's in * ?

non-GR, hairs, environment, GSF,
extended-body effects,...



How do things really fall around black holes”?

Kerr
black hole

extended test
compact object particle

~

accelerated a _  ra
worldine Y ult" =/

Kerr
geodesic

= What's in * ?

extended-body effects,...



What happens to Kerr integrability
for the motion of spinning objects

1. account for the object's spin
2. describe as a Hamiltonian system
3. find enough Integrals of motion
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Multipolar description of extended bodies

Worldline + Momenta

Compact object

Kerr

black hole linear momentum p, translation
angular momentum S otation
abced -
quadrupoles J deformation
Compact
object \ / \
/ T
Pp 4
‘\

I

tidal centrifugal
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Kerr a
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Evolution equations

Pa
Jabcd

Sab

Dixon-Harte equations

Evolution] = |Kinematics| -+ [Dynamics
linear mom. spin-curvature multipolar
driven by ... coupling "force"

\ \ /

bc,,d
Vupa — abcdS u +Fa

VMSab — zp[aub] n Nab
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Compact

object \

Sab

Evolution equations

Dixon-Harte equations

da
U Evolution| =—
Pa
Jabcd linear mom.
driven by ...

\

V. p, =R

Kinematics

spin-curvature

coupling

a

_|_

Dynamics

multipolar
"force"

/

bcdSbcud + F,

VMSab — 2p[aub] n Nab

/

angular mom.
driven by ...

mom-velocity
misalignment

\
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Kerr
black hole

Compact

object \

Evolution equations

Pa
Jabcd

Sab

Dixon-Harte equations

Evolution

linear mom.
driven by ...

\

Kinematics

spin-curvature
coupling

_|_

Erapamaies

multipelar

/

Vupa — abcdSbcud +\r,

VMSab — 2p[aub] i a

/

angular mom.
driven by ...

mom-velocity
misalignment

":EGFEHIE"




What happens to Kerr integrability
for the motion of spinning objects

2. describe as a Hamiltonian system
3. find enough Integrals of motion



Hamiltonian formulation of MPTD equations (monopolar)

Ham. system /

® Phase space ./ S-dim

® Poisson brackets {, }

e Hamiltonian H

Phase space: Poisson brackets:
M = R* x R* {x% pg} = &,
(X% Do)

Law of motion

" (F.H)
d,

+ Leibniz rule

Hamiltonian:

. 1 ap
H:=-g""p,ps



Hamiltonian formulation of MPTD equations (dipolar)

Ham. system Law of motion

" (F.H)
d,

+ Leibniz rule

® Phase space ./ i

@ Poisson brackets {, }

e Hamiltonian H

Phase space: Poisson brackets: Hamiltonian:
M = R*x R*x R® X%, ppt = o, H = %g“ﬁpapﬂ
(X%, P S¥) P Pp} 7 0

(Po SV} = ...



Non-canonical brackets for the spin

/

(X%, pg} = 52/ , / o \\A

{Pa> Pg} = RaryepS” )

_ A7l 16
{pCUaS'By} o 2F5);S'B Y

(S, §70) = 221§V 4 Ly goley

b SS~——




Hamiltonian formulation of MPTD equations (dipolar)

Ham. system Law of motion

" (F.H)
d,

+ Leibniz rule

® Phase space ./ i

@ Poisson brackets {, }

e Hamiltonian H

Phase space: Poisson brackets: Hamiltonian:
M = R*x R*x R® X%, ppt = o, H = %g“ﬁpapﬂ
(X%, P S¥) P Pp} 7 0

(Po SV} = ...
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3. find enough Integrals of motion
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A natural question:

Is the new 14D Ham system still integrable 7

This question makes no
mathematical sense (yet)!

Use adapted tools from Ham.
mechanics to solve these issues!

Geometry

Poisson brackets are degenerate

— GR local Lorentz invariance

symplectic foliation of Poisson systems

— Casimir invariants

Analysis

OD

= system 1s not well-posed

— definition of spin in GR

pullbacks of symplectic forms

— Poisson-Dirac brackets
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Problem |: definition of spin in GR

pa
ab __ abcd — —~la b T
adm %
(Faraday F* = Magnetic B* + Electric E*)

o D¢
b spin tensor mass dipole D? = p, S
1
pa time-like vector spin vector §¢ = “de_ N




Problem |: definition of spin in GR

pa
ab __ abcd — laYd T
/ (Faraday F® = Magnetic B® + Electric E%) Sa/ \DACI

b spin tensor mass dipole D? = p, S

p“ time-like vector spin vector S =

1 abcd— S

Spin supplementary
condition (SSC):

D’ :=p §% =0




Problem |: definition of spin in GR

pCl
ab abcd— Alanb T
14-dim
/\( (Faraday F* = Magnetic B® + Electric E%) Sa/ \DACZ

g

paSab = () S4b spin tensor mass dipole D’ =]5aSab
— 1
p“ time-like vector spin vector §¢ = —g%¢dp N
T
11-dlim

Spin supplementary Algebraic equation:
\\ a condition (SSC): — restrict to sub-manifold
s | A, Db -— D Gaf _ () I in phase space A

’ 0/
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Problem Il: local Lorentz invariance of GR

Poisson bracket for the N It IS degenerate:
angular momentum: 4G, VF, {F,G} =0

{Saﬁ, S;/é} — gaySﬁé . gaésﬁy_l_ gﬁéSay . gﬁySaé

Such F : /# — R si called N There are 2 Casimir
a Casimir invariant of {, } invariants S, and 35, :

S7 1= 8,8, S Sy 1= €,,55P ST

On A , level sets of (S,,3,) are called
symplectic leaves ./ they are non-degenerate
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Fixing the problems: a summary

Where one can

fix two

YV Casimirs finally ask about
integrability !
D 850 ﬂ
I Where physical
0-dim trajectories lie |

\\ ap Pa But beware that {r,p,} #1,{0,p,} #1,{0,r} #0,... on &
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Geodesic integrals of motion

Integral in .4
Killing field Definition (geodesics)
(any compact object)

all metrics

metrics with a K%

Killing _
vector V(“kb) =0

k°p,,

Killing-Stackel V(aKbc) = ()
tensor

K*p,py

+ sym



Geodesic integrals of motion

Integral in .4
Killing field Definition (geodesics)
(any compact object)

all metrics

Killin | | )
Vectogr V(akb) =0 k“pa metrics with a K%
Kab — Yacyb
metrics with a Y% ¢
Kiling-Yano = V(Y. =0
af y
tensor + anti-sym rp aYﬁ}’p
Killing-Stackel V(aKbc) — () Kaﬁpapﬁ

tensor
+ Sym



Beyond-geodesic integrability around black holes

Integral in §,p Integral in Kerr
Killing field Definition (geodesics) (linear-in-spin order)
(any compact object) (any compact object)
Killing _
vector Viaky) =0 k°Dg,
Killing-Yano V.. Y,,. =0
tegsor @b Y PaYs,D"
+ anti-sym a* Py
Killing-Stackel V(aKbc) = () Kaﬁpapﬂ )

tensor
+ Sym



Beyond-geodesic integrability around black holes

Integral in §,p Integral in Kerr
Killing field Definition (geodesics) (linear-in-spin order)
(any compact object) (any compact object)

Dixon (1964)

Killing V. ok.o=0 o
vector (a™b) k"Pq k“pa+%Sab V_ k,
Killing-Yano =V, ¥}, =0 .
p Y
tensor + anti-sym Y¥p,Yy,p
Killing-Stickel VK., =0 K%p p ; _

tensor
+ Sym



Killing field

Killing
vector

Killing-Yano
tensor

Killing-Stackel V(aKbc) = ()

tensor

Beyond-geodesic integrability around black holes

Integral in §,p Integral in Kerr
Definition (geodesics) (linear-in-spin order)
(any compact object) (any compact object)

Dixon (1964)

V. k,=0 a

@ K*Pa k°pyt %Sdb VK,

Riidiger (1981)

V. Y., =0 (1) — grap 4 p

e Y Yy, D7 W= Kpapp+ Lo, pod™
+ anti-sym 4 5

ﬁ — 8aﬂy5Ya'BS}/
K p.ps :

+ sym
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1. Work In the correct,
physical phase space &

14-dim @

Not much left to do now...

2. Take the 5 (Kerr) invariants in the literature
H,E L,8R, QY
3. Compute the relevant Poisson brackets

(F,G}” := {F,G}" + corr



Poisson brackets of first integrals on N

- randomValues = {nt -» RandomReal[ {1, 5}], nr - RandomReal[{3, 4}], m@ -» RandomReal[{4, 8}], m® -» RandomReal[{2, 7}], a » RandomReal[{0, 1}], M-
6 -» RandomReal[ {0, x}]};

PBNQH = (PBN[Q, H] // QuadSpin) /. randomValues;
PBNKH = (PBN[K, H] // QuadSpin) /. randomvalues;  Define Poisson brackets on 14-dim M
PBNKQ = (PBN[K, Q] // QuadSpin) /. randomValues;

Print["{Q,H}1in= ", PBNQH // LinSpin // Simplify // Chop]

Print["{K,H}1in= ", PBNKH // LinSpin // Simplify // Chop]  Compute them at linear order in spin
Print["{K,Q}1in= ", PBNKQ // LinSpin // Simplify // Chop]

{Q,H}linz 0
{K,H}1in= 3.49963 D1 + 0.359485 D2 + 0.831548 D3 - 0.0187377 S1 + 0.182414 S2 Some don't vanish = may explain some

{K,Q}1in= -3.45461D1 - 0.354861 D2 - 44.921D3 - 4.01725S1 + 39.1084 S2 literature "claims" on non-integrability



Poisson brackets of firstintegrals on N + applied SSC (not P-bracket yet, but sufficient thanks to properties of Hand Q)

- randomValues = {srt - RandomReal[{0®, 1}], nr - RandomReal[{0, 1}], ¢ » RandomReal[{0, 1}], © -» RandomReal[{0, 1}], a » RandomReal
M - RandomReal[{0, 1}], r » RandomReal[{2, 10}], 6 » RandomReal[{0, v/ 2}]};

PBNKHwithSSC = (PBN[K, H] ///ToP\// QuadSpin) /. randomValues; _ _ _
PBNQHwithSSC = (PBN[Q, H] // ToP // QuadSpin) /. randomValues; Define Poisson brackets on 10-dim P

PBNKQwithSSC = (PBN[K, Q] //\ToP/// QuadSpin) /. randomValues;

Print["{Q,H}1insssc= ", PBNKHwithSSC // LinSpin // Simplify // Chop]
Print["{K,H}1in:ssc= ", PBNQHwithSSC // LinSpin // Simplify // Chop] Compute them at linear order In Spin
Printl"{K.Q}1in.ssc= ", PBNKQwithSSC // LinSpin // Simplify // Chopl

{Q,H}1in+ssc= ©

{(K,H}tinissc= © All (non-trivial ones) vanish = linear in spin integrability in Kerr
{K,Q}tin+ssc= ©



Not much left to do now...

L. Work In the correct, 2. Take the (Kerr) invariants in the literature
physical phase space &
H,E L,8R, QY

< 3. Compute the relevant Poisson brackets
/A
14-dim changes

15ij {F’ G}g) = {F’ G}/% everythging :

v 4.Conclude integrability (in Kerr, lin-in-spin)

At linear order In spin, the motion of any test body In a
\\ @ Kerr background can be described by a 5-dimensional
S Pa

Hamiltonian system that i1s integrable.



Plan

[1l. Quadrupoles

1. quadratic-in-spin motion
2. hamiltonian formulation
3. "integrability" in Kerr



What happens to Kerr integrability
for the motion of deforming objects

1. account for the object's deformation
2. describe as a Hamiltonian system
3. find enough Integrals of motion



Summary at quadratic-in-spin order

Dixon-Harte equations at quad. order

Kerr

— abcdSbCud 4 Fa[J] ___quadrupole

black hole 1 1
force
Pa @ b ; I
- a a ____quadrupolar
g]dbCCl’ - 2p u + N [J] ||t0rque||
Sab
Compact
object ™\ Spin-induced quadrupole

3
Jabcd — 1. _3p[aSb]eSe[cpd]

U
‘g /
deformability Kk = 1 for black holes
.. Kk > 1 for neutron stars
coefficient

Kk > 1 for white dwarfs



What happens to Kerr integrability
for the motion of deforming objects

2. describe as a Hamiltonian system
3. find enough Integrals of motion



Hamiltonian formulation of MPTD equations (dipolar)

Ham. system Law of motion

" (F.H)
d,

+ Leibniz rule

® Phase space ./ i

@ Poisson brackets {, }

e Hamiltonian H

Phase space: Poisson brackets: Hamiltonian:
M = R*x R*x R® X%, ppt = o, H = %g“ﬁpapﬂ
(X%, P S¥) P Pp} 7 0

(Po SV} = ...



Hamiltonian formulation of MPTD equations (quadrupole)

Ham. system Law of motion

" (F.H)
d,

+ Leibniz rule

® Phase space ./ i

@ Poisson brackets {, }

Phase space: Poisson brackets: Hamiltonian:
M = R*x R*x R® {x% ps} = &, H = %gaﬂpapﬁ
(X%, P S%) WP Ppt 70,

(Po SV} = ...



What happens to Kerr integrability
for the motion of deforming objects

Arysa AMAYa — A a Al a [ ajlaa
\_/ w @ @ @ W _J '

3. find enough Integrals of motion



Killing field

Killing
vector

Killing-Yano
tensor

Killing-Stackel V(aKbc) = ()

tensor

Beyond-geodesic integrability around black holes

Integral in §,4 Integral in Kerr
Definition (geodesics) (linear-in-spin order)
(any compact object) (any compact object)

Dixon (1964)

V. k,=0 a

@ K*Pa k°pyt %Sdb VK,

Riidiger (1981)

V. Y., =0 (1) — grap 4 p

e Y Yy, D7 W= Kpapp+ Lo, pod™
+ anti-sym 4 5

ﬁ — 8aﬂy5Ya'BS}/
K p.ps :

+ Sym



Killing field

Killing
vector

Killing-Yano
tensor

Killing-Stackel V(aKbc) = ()

tensor

Beyond-geodesic integrability around black holes

Integral in §,p Integral in Kerr Integral in Kerr
Definition (geodesics) (linear-in-spin order) (quadratic-in-spin order)
(any compact object) (any compact object) (Kerr-like object)

Dixon (1964)

V. k,=0 a

@) kP k“pat %Sdb Vaky

Riidiger (1981)

V. Y,,. =0 (1) — gap 14 p

e Y Yy, D7 W= Kpapp+ Lo, pod™
+ anti-sym 4 5

ﬁ — 8aﬂy5Ya'BS}/
K p.ps :

+ sym



Beyond-geodesic integrability around black holes

Integral in .4
(geodesics)
(any compact object)

Integral in Kerr
(linear-in-spin order)
(any compact object)

Killing field Definition

Dixon (1964)

Killing _
vector V(“kb) =0

K Pa KPSV K,

Riidiger (1981)

Killing-Yano V., Y;,.=0 (D) — gop 1] Py
tegsor “ b.)c Y, Yy, D" w=k PaPp = g },paS
+ anti-sym a* Py
ﬁ = & ,B 5Y0¥,BS}’5
apy
Killing-Stackel V(aKbc) = () Kaﬁp Py
o i

tensor
+ Sym

Integral in Kerr
(quadratic-in-spin order)
(Kerr-like object)

Dixon (1964)

kPt SV Kk,



Beyond-geodesic integrability around black holes

Integral in §,p Integral in Kerr Integral in Kerr
Killing field Definition (geodesics) (linear-in-spin order) (quadratic-in-spin order)
(any compact object) (any compact object) (Kerr-like object)
Dixon (1964) Dixon (1964)
Killing V. k.=0 o
vector (a b) k pa kapa_l_ %Sab Vakb kap(x_l_ %Sdb deb
Riidiger (1981) Druart-Compeére-Vines (2023)
Kiling-Yano = V(Y. =0 QD =Ky p. + L% » S QO =QM 4 p . §Bgr
tensor Y¥p Y 5,D" PaPp prPa afyd

+ anti-sym

ﬁ — 8aﬂ},5Ya'BS}/5 S%

Killing-Stackel V(aKbc) = ()
tensor

K“ﬁpapﬂ _ _

+ sym



Same recipe (Mathematica just takes longetr...)

L. Work In the correct, 2. Take the (Kerr) invariants in the literature
physical phase space &
H,E L,8R, Q¥

< 3. Compute the relevant Poisson brackets
/A
14-dim changes

1ézim {F’ G}g) = {F’ G}/% everythging :

v 4.Conclude integrability (in Kerr, lin-in-spin)

At quadratic order In spin, the motion of a test black

\\ 2 hole in a Kerr background can be described by a 5-
' dimensional Hamiltonian system that is integrable.
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To sumarize

In any background spacetime:

® Spin comes with degeneracies: SO(1,3) invariance + center-of-mass condition
® [ here exists adapted tools in Ham mechanics to lift these degeneracies

® Resulting Hamiltonian formulation 1s covariant, non-degenerate and 10D

In a Kerr background:
e Carter's integrability persists at linear-in-spin order for any test object (5 integrals)
e Carter's integrability persists at quadratic-in-spin order for a test BH (5 integrals)

e Still thanks to the "hidden" symmetry in Kerr (Killing-Yano tensor)



Take-away slide(s)
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+ Constants of Integrable  : Constants of :«  Integrable :+ Constants of :  Integrable
Monopolar order motion: system? motion: system? motion: system?
(geodesic) | ' ' ' ' '

-----------------------------------------------------------------------------------------------------------------------------------------------




Monopolar order
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Integrable
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Integrable
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-----------------------------------------------------------------------------------------------------------------------------------------------




Monopolar order
(geodesic)

Dipolar order
(linear-in-spin)

Quadrupolar order
(Quadratic-in-spin) :

Constants of
motion:

Constants of

motion:

Constants of

motion:
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Integrable
system?

Integrable
system?

Integrable
system?
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Constants of
motion:

Constants of
motion:

Constants of
motion:
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Integrable
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Integrable
system?
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Constants of
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Simple

Realistic

Monopolar order
(geodesic)

Constants of
motion:

Integrable
system?

Constants of
motion:

Integrable
system?

Constants of
motion:

Integrable
system?

Dipolar order
(linear-in-spin)

Constants of

motion:

Integrable
system?

Constants of
motion:

Integrable
system?

Constants of
motion:

Integrable
system?

-----------------------------------------------------------------------------------------------------------------------------------------------

Quadrupolar order
(Quadratic-in-spin) :

Constants of

motion:

5/5

Integrable
system?

YES

Constants of
motion:

4/5

Integrable
system?

NO

Constants of
motion:

3/5

Integrable
system?

NO




Simple

More Less
symmetries symmetries
~ NS-BH
Constants of Integrable Constants of Integrable Constants of Integrable
Monopolar order motion: system? motion: system? motion: system?
(geodesic)
4/4 YES 4/4 YES 3/4 NO
Constants of Integrable Constants of Integrable Constants of Integrable
Dipolar order motion: system? motion: system? motion: system?
(linear-in-spin)
5/5 YES 5/5 YES 3/5 NO
Constants of Integrable Constants of Integrable Constants of Integrable
Quadrupolar order 5 motion: system? motion: system? motion: system?
(Qquadratic-in-spin)
: 5/5 YES 4/5 NO 3/5 NO

Realistic




More |_ess
_—

symmetries symmetries

Simple

Realistic



you !

If you are interested in bridging Ham mechanics and GR motion,
please reach out: paul.ramond@©@obspm.fr

More detalls In a
series of works (with
collaborators) :

P. Ramond - IMCCE

Paper
Pape
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r

r

0: arxiv.org/abs/2402.02670 (integra

- arxiv.org/abs/2210.03866 (detai
I arxiv.org/abs/2402.05049 (appli

Other extensions coming soon(-ish)...

S d

cati

o]
ile

ity results in Kerr)

math.

s In Sc

foundations)

nwarzschild linear-in-spin)

IAP - Sep 24th, 2024



Extra content



Killing field

Killing
vector

Killing-Yano
tensor

Killing-Stackel V(aKbc) = ()

tensor

Beyond-geodesic integrability around black holes

Integral in §,p Integral in Kerr Integral in Kerr
Definition (geodesics) (linear-in-spin order) (quadratic-in-spin order)
(any compact object) (any compact object) (Kerr-like object)

Dixon (1964)

V. k,=0 a

@) kP k“pat %Sdb Vaky

Riidiger (1981)

V. Y,,. =0 (1) — gap 14 p

e Y Yy, D7 W= Kpapp+ Lo, pod™
+ anti-sym 4 5

ﬁ — 8aﬂy5Ya'BS}/
K p.ps :

+ sym



Beyond-geodesic integrability around black holes

Integral in .4
(geodesics)
(any compact object)

Integral in Kerr
(linear-in-spin order)
(any compact object)

Killing field Definition

Dixon (1964)

Killing _
vector V(“kb) =0

K Pa KPSV K,

Riidiger (1981)

Killing-Yano V., Y;,.=0 (D) — gop 1] Py
tegsor “ b.)c Y, Yy, D" w=k PaPp = g },paS
+ anti-sym a* Py
ﬁ = & ,B 5Y0¥,BS}’5
apy
Killing-Stackel V(aKbc) = () Kaﬁp Py
o i

tensor
+ Sym

Integral in Kerr
(quadratic-in-spin order)
(Kerr-like object)

Dixon (1964)

kPt SV Kk,



Beyond-geodesic integrability around black holes

Integral in §,p Integral in Kerr Integral in Kerr
Killing field Definition (geodesics) (linear-in-spin order) (quadratic-in-spin order)
(any compact object) (any compact object) (Kerr-like object)
Dixon (1964) Dixon (1964)
Killing V. k.=0 o
vector (a b) k pa kapa_l_ %Sab Vakb kap(x_l_ %Sdb deb
Riidiger (1981) Druart-Compeére-Vines (2023)
Kiling-Yano = V(Y. =0 QD =Ky p. + L% » S QO =QM 4 p . §Bgr
tensor Y¥p Y 5,D" PaPp prPa afyd

+ anti-sym

ﬁ — 8aﬂ},5Ya'BS}/5 S%

Killing-Stackel V(aKbc) = ()
tensor

K“ﬁpapﬂ _ _

+ sym



you !

If you are interested in bridging Ham mechanics and GR motion, please reach out: paul.ramond©@obspm.fr

P. Ramond - IMCCE LUTH - Mar 7th, 2024



you !

If you are interested in bridging Ham mechanics and GR motion, please reach out: paul.ramond©@obspm.fr

Paper 0: arxiv.org/abs/2402.02670 (integrability results in Kerr)

q I\/Iotre c/etallsfln ak Paper |: arxiv.org/abs/2210.03866 (math. foundations, linear-in-spin)
_p.;: sel |ebs 0 twor S Paper |l: arxiv.org/abs/2402.05049 (applications in Schwarzschild linear-in-spin)
(with collaborators) - Paper I, IV and V coming soon(-ish)...

P. Ramond - IMCCE LUTH - Mar 7th, 2024



What about quadratic-in-spin order ?

At quadratic-in-spin order, MPTD equations at quad. order

spin-induced quadrupole J<4

— abcdSbcud 4 Fa[J] ___quadrupole

"force"

Kerr
black hole

— 2p [aub] n Nab[J] ____quadrupolar

"torque"

Compact
object

\

Spin-induced quadrupole
abcd . 3 la¢bleg [c,,d]
J =K —3]9 S Se P

deformability
. Kk > 1 for neutron stars
coefficient |
k> 1 for white dwarfs

/ H
{ Kk = 1 for black holes



What about quadratic-in-spin order ?

At quadratic-in-spin order,

Jabed MPTD equations at quad. order

spin-induced quadrupole

1
= R peaS"u’ — g] Pede N Rpcde
4

— la,,b] " 7la pblcde
2]9 " 3 J cdeR

Kerr
black hole

Compact
object

\

Spin-induced quadrupole
abcd . 3 la¢bleg [c,,d]
J =K —3]9 S Se P

deformability
. Kk > 1 for neutron stars
coefficient |
k> 1 for white dwarfs

/ Iz
{ Kk = 1 for black holes



Einstein 1914 — geodesic "principle" (+ Geroch 1974)
Schwarzschild 1916 — spherically symmetric black hole

Droste 1916 — complete solution of Schw. geodesics
Backlund 1919 — Hamiltonian formulation of Schw. geodesics
Kerr 1963 — axisymmetric black hole

Carter 1968 — fourth integral of motion (using Ham. mech.)
Carter & Penrose 1970 — rank-2 Killing-Stackel tensor in Kerr
Floyd 1973 — rank-2 Killing-Yano tensor in Kerr

Hughson & Sommers 1973 — Killing tensors = Killing vectors
Dixon 1974 — multipolar extended bodies (+ Harte 2012)
Rudiger 1981 — integrals of motion at dipolar order

Compére & Druart 2023 — integrals of motion at quadrupolar order

time

GR & geodesics

Schw. geodesics
& integrability

Kerr geodesics
& integrability

Beyond geodesics
+ first integrals

Extended-body
Integrability ?



Beyond-geodesic integrability around black holes

Killing field Integral in §4p Integral in Kerr Integral in Kerr
o Definition (geodesics) (linear-in-spin order) (quadratic-in-spin order)
in (&, 8p) (@any compact object) (@ny compact object) (Kerr-like object)
Killing Dixon/Harte (1964,/2012) Dixon/Harte (1964,/2012)
vector V kb — O a 1
ka (a™b) k pa (g — ka a+ESabVakb (S:
Riidiger (1981) Druart-Compere-Vines (2023)
Killing-Yano .
tensor V(d Yb)c =0 Yaﬁ y y Q(l) — Kaﬁpapﬂ 4 LaﬁypaSﬁy Q(Z) — D(l) + Maﬂy5SaﬂS}/5
+ anti-sym Pa' pyP
Yab d SY 8y
ﬁ — 8&,6}/5Ya S}/ S%
Killing-Stickel
tensor ViaKpe) = Kaﬁpapﬂ _ _

K“b + Sym



Quadratic-in-spin integrability

1. Work in the correct, 3. Take the (Kerr) invariants in the literature
physical phase space

4. Compute the relevant Poisson brackets

changes
{F, G}gJ = {F, G}/% everything !
(again)

5. Conclude integrability
2. Construct a quadratic-

IN-spin, covariant Ham.
from scratch

At quadratic order In spin, the motion of a Kerr-like body

iIn a Kerr background can be described by a 5-
dimensional Hamiltonian system that Is integrable.




you !

Sab
Jabcd

Phs
2€ Pace Spacetime

Sap

Pa

P. Ramond - IMCCE LUTH - Mar 7th, 2024



i /@ unstable circular
= (fixed points)
scattering

T plunging N D

Ibco

-

stable circular
(fixed points)




of extended roUNd rotating
test bodies black holes

Pq
i : Sab

Jabcd

P M
ds, | :
© Pace ) Spacetime
5 )
a

P. Ramond - IMCCE LUTH - Mar 7th, 2024




time

® Einstein 1914 — geodesic "principle" (+ Geroch 1974) GR & geodesics
°



time

® Schwarzschild 1916 — spherically symmetric black hole

® Droste 1916 — complete solution of Schw. geodesics :
Schw. geodesics

e Bicklund 1919 — Hamiltonian formulation of Schw. geodesics & integrability



time

® Kerr 1963 — axisymmetric black hole

e Carter 1968 — fourth integral of motion (using Ham. mech.) Kerr geodesics
. . . & integrability

® Carter & Penrose 1970 — rank-2 Killing-Stackel tensor in Kerr

® Floyd 1973 — rank-2 Killing-Yano tensor in Kerr

® Hughson & Sommers 1973 — Killing tensors = Killing vectors



How do things really fall around black holes”?

Kerr
black hole \ extended test
compact object particle
Yy
Kerr
V u® =9

geodesic U



Kerr
geodesic

How do things really fall around black holes”?

Kerr
black hole \ extended test
compact object particle
vy
accelerated V % —
worldline w—
V u® =9



Kerr
geodesic

How do things really fall around black holes”?

Kerr

black hole extended test

compact object particle

~

accelerated a _  ra
worldiine ¥ ult" =/

V. u =9 = What's in /“ 7

non-GR, hairs, environment, etc...



Corrections to geodesic motion

only
"feels"

test
particle

IS a
"point"



Corrections to geodesic motion

em’f self-field
. / effects
test
particle

IS a
"point"



Corrections to geodesic motion

em’f self-field
. / effects
test
Bacdae
N extended-
15—

" seint ! body effects



Corrections to geodesic motion
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Corrections to geodesic motion

em’f self-field .
. effects
/ %&
test H
Beedee H
N extended-
15—

"ot body effects -

dissip.



Corrections to geodesic motion

self-field
effects

<---->

extended-
body effects

dissip.

>

gravitational
waves

Strain (107°%)

Frequency (Hz)

1.0
0.5
0.0

-0.5
-1.0

1.0
0.5
0.0

-0.5
-1.0y

0.5
0.0

-0.5

Hanford, Washington (H1)

Livingston, Louisiana (L1)

- = L1 observed —

- H1 observed
|

H1 observed (shifted, inverted)
| |

—— Numerical relativity

Reconstructed (wavelet)
i Reconstructed (template)
t t

- — Numerical relativity —
Reconstructed (wavelet)

i Reconstructed (template)

t t

e\ A

_| — Residual

_| — Residual |

0.30

0.35
Time (s)

0.40

0.45

0.30 0.35 0.40 0,45
Time (s)

o N B O ©©

Normalized amplitude



Corrections to geodesic motion

GHH‘ self-field .
. effects
%‘
periastron N LISA?
advance
test H
barticle :
o extended-
s
"ot body effects -

dissip.



Corrections to geodesic motion

self-field
effects

extended-
body effects

geodetic
precession

North-South gyroscope orientation (arc-s)

oW R e YN

O

Etoile de référence

IM Pegasi
(GLEYLE)

*

642 kilometres
Effet Lense-Thirring (400 miles)
/ 39 milliarcsecondes/année
(0,000011 degrés/année)

Précession géodétique
6 606 milliarcsecondes/année
(0,0018 degrés/année)

X

LR SRR

Précession.géodétique Effet Lense-Thirring

Q= 30M (R><v)+ G[, {2((0-R)—w}

-~ Gyroscope 1
 (offset +8 arc-s)

1 e . (otiset & ar | .

) N ST ST

O S N O .. S SO
' ‘ S~

. Sept.|2004 Nov. I2004 Jan. i2005 Mar. I2005 May I2005 July I2005

Everitt; et al. (2011). "Gravity Probe B: Final Results of a Space Experiment
to Test General Relativity". Physical Review Letters. 106 (22): 221101.



Corrections to geodesic motion

: dissip.
oy self-field .
. effects
test B
Beedee :
is-a extended- NS tidal  Cosmic Exalorer. Einstein Te .
—aak body effects > dissipation osmic eExplorer, Einstein lelescope !

dissip.



|

extended-
body effects



time

® Kerr 1963 — axisymmetric black hole

e Carter 1968 — fourth integral of motion (using Ham. mech.) Kerr geodesics
. . . & integrability

® Carter & Penrose 1970 — rank-2 Killing-Stackel tensor in Kerr

® Floyd 1973 — rank-2 Killing-Yano tensor in Kerr

® Hughson & Sommers 1973 — Killing tensors = Killing vectors



Einstein 1914 — geodesic "principle" (+ Geroch 1974)
Schwarzschild 1916 — spherically symmetric black hole

Droste 1916 — complete solution of Schw. geodesics
Backlund 1919 — Hamiltonian formulation of Schw. geodesics
Kerr 1963 — axisymmetric black hole

Carter 1968 — fourth integral of motion (using Ham. mech.)
Carter & Penrose 1970 — rank-2 Killing-Stackel tensor in Kerr
Floyd 1973 — rank-2 Killing-Yano tensor in Kerr

Hughson & Sommers 1973 — Killing tensors = Killing vectors

Dixon 1974 — multipolar extended bodies (+ Harte 2012)

time

GR & geodesics

Schw. geodesics
& integrability

Kerr geodesics
& integrability

Beyond geodesics



Monopolar order

Monopolar = S =F =N =0
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Monopolar order

Monopolar = S =F =N =0
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black hole
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Universality: monopolar test objects
follow spacetime geodesics




Dipolar order

Dipolar = F, = N = (

Kerr
black hole

Vupa — abcdSbcud_l_ 0

geodesic

V,SP= 0 4+ 0

Compact

Y 4
Y 4
. "
object '
(dipolar) \'A'
q
[ |



Dipolar order

Dipolar = F, = N = (

Kerr
black hole
V _ SbC d _|_ O pa — luua
geodesic Mpa B abed !
. U = cst
ab __
Compact , V5= 0 + 0 < # geodesic

object .
(dipolar) \'A'
|
[ |



Dipolar order

Dipolar = F, = N = (

Kerr

black hole
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Universality: dipolar test objects
follow spacetime spinodesics




Einstein 1914 — geodesic "principle" (+ Geroch 1974)
Schwarzschild 1916 — spherically symmetric black hole

Droste 1916 — complete solution of Schw. geodesics
Backlund 1919 — Hamiltonian formulation of Schw. geodesics
Kerr 1963 — axisymmetric black hole

Carter 1968 — fourth integral of motion (using Ham. mech.)
Carter & Penrose 1970 — rank-2 Killing-Stackel tensor in Kerr
Floyd 1973 — rank-2 Killing-Yano tensor in Kerr

Hughson & Sommers 1973 — Killing tensors = Killing vectors
Dixon 1974 — multipolar extended bodies (+ Harte 2012)

Rudiger 1981 — integrals of motion at dipolar order

time

GR & geodesics

Schw. geodesics
& integrability

Kerr geodesics
& integrability

Beyond geodesics
+ first integrals



event | horizon

Example: Schwarzschild geodesics

Phase space trajectories
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— Spacetime orbits

.




