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1. Geodesic motion around black holes

I. Geodesics



Kerr  
black hole

What is this 
"trajectory"?

extended, small 
compact object

 Relativistic mechanics ⇒



23Akademie-Vorträge 1914 -1932 25Akademie-Vorträge 1914 -1932

1914

"From a mathematical 
point of view, the motion 

of a test point 
corresponds to a geodesic 

curve on the four-
dimensional manifold"

uα ∇αuβ = 0

No field equations, but...



Kerr  
black hole

What is this 
"trajectory"?

 a Kerr geodesic! ⇒

extended 
compact object

How do things fall around black holes?



Geodesics in spacetime

ℒ

Kerr 
black hole

Geodesic

ua
Kerr BH

• Coordinates  
• Metric coefficients 

xα = (t, r, θ, ϕ)
gαβ(x)



Geodesics in spacetime

ℒ

Kerr 
black hole

Geodesic

ua • 4-momentum:  
• mass: 

pa := μua

μ2 := − gabpapb

Kerr BH Small object
• Coordinates  
• Metric coefficients 

xα = (t, r, θ, ϕ)
gαβ(x)



Geodesics in spacetime

ℒ

Kerr 
black hole

Geodesic

ua

• 4-velocity  is parallel-transported along  

• 's parametrization:   

•  functions  solve the geodesic equation

ua ℒ

ℒ uα =
dxα

dτ
xα(τ)

• 4-momentum:  
• mass: 

pa := μua

μ2 := − gabpapb

Kerr BH Small object

Motion

• Coordinates  
• Metric coefficients 

xα = (t, r, θ, ϕ)
gαβ(x)



2. Hamiltonian formulation

I. Geodesics



Geodesics in phase space

Ham. system

•Phase space  

•Poisson brackets  

•Hamiltonian 

ℳ
{, }

H

Law of motion

dF
dλ

= {F, H}

+ Leibniz rule

p

q

λ = 1

λ = 0

cstH =

cst'H =

in general



Geodesics in phase space

Ham. system

•Phase space  

•Poisson brackets  

•Hamiltonian 

ℳ
{, }

H

Law of motion

dF
dλ

= {F, H}

+ Leibniz rule

in general

Phase space: ℳ = ℝ4 × ℝ4 Poisson brackets: {xα, pβ} = δα
β Hamiltonian: H := 1

2 gαβpαpβ

(xα, pα) = (t, r, θ, ϕ, pt, pr, pθ, pϕ) canonical (conjugated pairs) free-body in curved space(time)

for geodesics

p

q

λ = 1

λ = 0

cstH =

cst'H =



3. Integrable systems

I. Geodesics



Example: Schwarzschild

• Hamiltonian H(t, pt, r, pr, θ, pθ, ϕ, pϕ) = −
p2

t

2 f
+

f pr

2
+

1
2r2 (p2

θ +
p2

ϕ

sin2 θ )



Example: Schwarzschild

energy:  

component of ang. mom.:  

norm of ang. mom.:  

mass: 

E := − pt

Jz := pϕ

J2 := p2
θ + p2

ϕ csc2 θ

μ2 := − 2H

• Integrals of motion

• Hamiltonian H(t, pt, r, pr, θ, pθ, ϕ, pϕ) = −
p2

t

2 f
+

f pr

2
+

1
2r2 (p2

θ +
p2

ϕ

sin2 θ )
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"number of integrals of motion  number of degrees of freedom"=
extra assumptions required half the dimension of phase space

• Integral of motion: a function  such that  

• Pairwise involution: integrals of motion satisfy  

• Linear independence:  almost everywhere

ℐ : ℳ → ℝ {ℐ, H} = 0
{ℐi , ℐj} = 0

dℐ1 ∧ … ∧ dℐn ≠ 0



Integrable systems

"number of integrals of motion  number of degrees of freedom"=

• Integrability  mathematical notion (a physical system is not integrable per se) 

• Here: "Liouville-Arnold" integrability  for non-deg. "classical" Ham. systems 

• Integrability involves all three ingredients:  and .

→
→

ℳ, {, } H

extra assumptions required half the dimension of phase space
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• Integral of motion: a function  such that  

• Pairwise involution: integrals of motion satisfy  

• Linear independence:  almost everywhere

ℐ : ℳ → ℝ {ℐ, H} = 0
{ℐi , ℐj} = 0

dℐ1 ∧ … ∧ dℐn ≠ 0



Integrable systems

"number of integrals of motion  number of degrees of freedom"=

• Integrability  mathematical notion (a physical system is not integrable per se) 

• Here: "Liouville-Arnold" integrability  for non-deg. "classical" Ham. systems 

• Integrability involves all three ingredients:  and .

→
→

ℳ, {, } H

extra assumptions required half the dimension of phase space

Note:

• Integral of motion: a function  such that  

• Pairwise involution: integrals of motion satisfy  

• Linear independence:  almost everywhere

ℐ : ℳ → ℝ {ℐ, H} = 0
{ℐi , ℐj} = 0

dℐ1 ∧ … ∧ dℐn ≠ 0

In physics, we 
usually replace 
"0" by  

(this may not be 
harmless...)

O(εn)



Why integrable systems ?

•Integrability  Liouville-Arnold theorem: phase space foliated by invariant torii 

• Integrability  preferred set of canonical coordinates: action-angle  

• Integrability  well-defined notion of "Hamiltonian" frequency:  

• Integrability  well-understood perturbation theory: KAM/Birkhoff theorems

⟹
⟹ (ϑi, 𝒥i)
⟹ Ωi := ∂H/∂𝒥i

⟹

Maths:

Kerr astrophysics:

•phase space foliation  orbits classification, parameter space picture, no chaos 

•action-angle  "first" and "flux-balance" laws and analytic solutions 

• frequencies  well-defined notion of resonances (lots of astrophysical phenomena) 

•perturbed systems  adapted to multi-timescale expansions and dissipation (EMRIs)

⟹
⟹

⟹
⟹
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Killing field Definition Integral for 
geodesics

+ symmetric
Kab Kαβpαpβ

Geodesic integrals and Killing fields

ka ∇(akb) = 0 kαpα

∇(aKbc) = 0
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Killing field Definition Integral for 
geodesics

Schwarzschild 
geodesics

Kerr 
geodesics

+ symmetric
Kab Kαβpαpβ

ka ∇(akb) = 0 kαpα (∂t)a

E
metric 

tensor g(K)
ab

Walker-Penrose 
tensor Kab

(∂ϕ)a

Lz

metric tensor g(S)
ab

(∂t)a

E
(∂ϕ)a

Lz L2

static axisym. SO(3) static axisymmetric

μ Qμ
Carter cst. massmass

Geodesic integrability around black holes

a → 0

∇(aKbc) = 0



Plan

I. Geodesics

1. geodesic motion 
2. hamiltonian formulation 
3. integrable systems

II. Adding spin

1. linear-in-spin motion 
2. hamiltonian formulation 
3. integrability in Kerr

III. Quadrupoles IV. Applications



Kerr  
black hole

What is this 
"trajectory"?

extended 
compact object

How do things fall around black holes?
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f a

 What's in  ?⇒ f a
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How do things really fall around black holes?

non-GR, hairs, environment, GSF,  
extended-body effects,... 



Kerr 
geodesic

Kerr  
black hole extended 

compact object
test 

particle

accelerated 
worldline

ua f a

f a

 What's in  ?⇒ f a

=∇uua

How do things really fall around black holes?

non-GR, hairs, environment, GSF,  
extended-body effects,... 



1. account for the object's spin
2. describe as a Hamiltonian system
3. find enough integrals of motion

What happens to Kerr integrability 
for the motion of spinning objects ?



uaKerr 
black hole

Compact 
object

Compact object

Multipolar description of extended bodies

ℒ



linear momentum pauaKerr 
black hole

Compact 
object

Compact object

Multipolar description of extended bodies

    Worldline + Momenta=

translation

ℒ

pa



linear momentum pauaKerr 
black hole

Compact 
object

angular momentum Sab

Compact object

Multipolar description of extended bodies

    Worldline + Momenta=

translation

rotation

ℒ

Sab

pa



linear momentum pauaKerr 
black hole

Compact 
object

angular momentum Sab

quadrupoles Jabcd

Compact object

Multipolar description of extended bodies

    Worldline + Momenta=

translation

rotation

deformation

ℒ

Jabcd

Sab

pa



linear momentum pauaKerr 
black hole

Compact 
object

angular momentum Sab

quadrupoles Jabcd

Compact object

Multipolar description of extended bodies

    Worldline + Momenta=

tidal centrifugal

translation

rotation

deformation

ℒ

Jabcd

Sab

pa



Kerr 
black hole

Dixon-Harte equations

Compact 
object

Kinematics Dynamics+=Evolution

Evolution equations

ua

pa

ℒ

Jabcd

Sab



Kerr 
black hole

Compact 
object

Kinematics Dynamics

RabcdSbcud∇u pa = +

+=Evolution

Evolution equations

Fa

ua

pa

ℒ

Jabcd

Sab

Dixon-Harte equations



Kerr 
black hole

Compact 
object

spin-curvature 
coupling

linear mom.  
driven by ...

Kinematics Dynamics

RabcdSbcud∇u pa = +

+=Evolution

Evolution equations

multipolar 
"force"

Fa

ua

pa

ℒ

Jabcd

Sab

Dixon-Harte equations



Kerr 
black hole

Compact 
object

Jabcd spin-curvature 
coupling

linear mom.  
driven by ...

Kinematics Dynamics

2p[aub]

RabcdSbcud∇u pa

∇uSab =

= +

+

+=Evolution

Evolution equations

multipolar 
"force"

Nab

Fa

ua

Sab

pa

ℒ

Dixon-Harte equations
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angular mom. 
driven by ...

Kinematics Dynamics
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+

+=Evolution

Evolution equations

multipolar 
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Kerr 
black hole

Compact 
object

spin-curvature 
coupling

mom-velocity 
misalignment

linear mom.  
driven by ...

angular mom. 
driven by ...

Kinematics Dynamics

2p[aub]

RabcdSbcud∇u pa

∇uSab =

= +

+

+=Evolution

Evolution equations

multipolar 
"force"

multipolar 
"torque"

Nab

Fa

ua

pa

ℒ

Jabcd

Sab

Dixon-Harte equations



What happens to Kerr integrability 
for the motion of spinning objects ?

1. account for the object's spin
2. describe as a Hamiltonian system
3. find enough integrals of motion



Ham. system

•Phase space  

•Poisson brackets  

•Hamiltonian 

ℳ

{, }

H

Law of motion

dF
dλ

= {F, H}

+ Leibniz rule

Hamiltonian formulation of MPTD equations (monopolar)

Poisson brackets: 

,{xα, pβ} = δα
β

Hamiltonian: 

H := 1
2 gαβpαpβ

Phase space: 

x R6ℳ = ℝ4 × ℝ4

(xα, pα)

xα

pα



8-dim
ℳℳ



Poisson brackets: 

, 
, 

{xα, pβ} = δα
β

{pα, pβ} ≠ 0
{pα, Sβγ} = …

Hamiltonian: 

H := 1
2 gαβpαpβ

Ham. system

•Phase space  

•Poisson brackets  

•Hamiltonian 

ℳ

{, }

H

Law of motion

dF
dλ

= {F, H}

+ Leibniz rule

Phase space: 

x R6ℳ = ℝ4 × ℝ4

(xα, pα, Sαβ)

× ℝ6

Sαβ

Hamiltonian formulation of MPTD equations (dipolar)

xα

pαSαβ



14-dim

ℳℳ



2p[aub]

RabcdSbcud∇u pa

∇uSab =

=

Non-canonical brackets for the spin

dF
dλ

= {F, H}

+ Leibniz rule



Poisson brackets: 

, 
, 

{xα, pβ} = δα
β

{pα, pβ} ≠ 0
{pα, Sβγ} = …

Hamiltonian: 

H := 1
2 gαβpαpβ

Ham. system

•Phase space  

•Poisson brackets  

•Hamiltonian 

ℳ

{, }

H

Law of motion

dF
dλ

= {F, H}

+ Leibniz rule

Phase space: 

x R6ℳ = ℝ4 × ℝ4

(xα, pα, Sαβ)

× ℝ6

Sαβ

Hamiltonian formulation of MPTD equations (dipolar)

xα

pαSαβ



14-dim

ℳℳ



1. account for the object's spin
2. describe as a Hamiltonian system
3. find enough integrals of motion

What happens to Kerr integrability 
for the motion of spinning objects ?
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A natural question:

Is the new 14D Ham system still integrable ?

This question makes no 
mathematical sense (yet)!

Use adapted tools from Ham. 
mechanics to solve these issues!

Poisson brackets are degenerate 

 GR local Lorentz invariance→

ODE system is not well-posed 

 definition of spin in GR→

pullbacks of symplectic forms 

 Poisson-Dirac brackets→

Geometry

Analysis

symplectic foliation of Poisson systems 

 Casimir invariants→



pa

(Faraday  = Magnetic  + Electric )Fab Ba Ea

Sab = εabcdp̄cSd + 2p̄[aDb]Sab Sd Db

Problem I: definition of spin in GR

Da
Sa



14-dim

ℳℳ

xα

pαSαβ



pa

(Faraday  = Magnetic  + Electric )Fab Ba Ea

spin vector

mass dipole Db = vaSab

Sa = 1
2 εabcdvbScdtime-like vector

spin tensor

pa ⟺
= p̄aSab

= 1
2 εabcdp̄bScd

Sab

Problem I: definition of spin in GR

Da
Sa



14-dim
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xα

pαSαβ

Sab = εabcdp̄cSd + 2p̄[aDb]Sab Sd Db



pa

Spin supplementary  
condition (SSC): 

Db := paSab = 0

(Faraday  = Magnetic  + Electric )Fab Ba Ea

Problem I: definition of spin in GR

Da
Sa



14-dim

ℳℳ

xα

pαSαβ

Sab = εabcdp̄cSd + 2p̄[aDb]Sab Sd Db

spin vector

mass dipole Db = vaSab

Sa = 1
2 εabcdvbScdtime-like vector

spin tensor

pa ⟺
= p̄aSab

= 1
2 εabcdp̄bScd

Sab



pa

Spin supplementary  
condition (SSC): 

Dβ := pαSαβ = 0

(Faraday  = Magnetic  + Electric )Fab Ba Ea

⟹
Algebraic equation: 

restrict to sub-manifold 
 in phase space 𝒯 ℳ

Problem I: definition of spin in GR



14-dim

ℳℳ

xα

pαSαβ



11-dim

ℳ𝒯

Da
Sa

paSab = 0

Sab = εabcdp̄cSd + 2p̄[aDb]Sab Sd Db

spin vector

mass dipole Db = vaSab

Sa = 1
2 εabcdvbScdtime-like vector

spin tensor

pa ⟺
= p̄aSab

= 1
2 εabcdp̄bScd

Sab



{Sαβ, Sγδ} = gαγSβδ − gαδSβγ + gβδSαγ − gβγSαδ

Poisson bracket for the 
angular momentum:

Problem II: local Lorentz invariance of GR

xα

pαSαβ
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Poisson bracket for the 
angular momentum:
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∃G , ∀F, {F, G} = 0

Problem II: local Lorentz invariance of GR

⟹

xα

pαSαβ
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{Sαβ, Sγδ} = gαγSβδ − gαδSβγ + gβδSαγ − gβγSαδ

Poisson bracket for the 
angular momentum:

It is degenerate: 
∃G , ∀F, {F, G} = 0

Such  si called 
a Casimir invariant of 

F : ℳ → ℝ
{, }

There are 2 Casimir 
invariants  and :S∘ S⋆

S2
∘ := gαβgγδSαγSβδ S2

⋆ := εαβγδSαβSγδ

Problem II: local Lorentz invariance of GR
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{Sαβ, Sγδ} = gαγSβδ − gαδSβγ + gβδSαγ − gβγSαδ

Poisson bracket for the 
angular momentum:

It is degenerate: 
∃G , ∀F, {F, G} = 0

Such  si called 
a Casimir invariant of 

F : ℳ → ℝ
{, }

There are 2 Casimir 
invariants  and :S∘ S⋆

S2
∘ := gαβgγδSαγSβδ S2

⋆ := εαβγδSαβSγδ

On level sets of  are called  
symplectic leaves : they are non-degenerate

ℳ , (S∘, S⋆)
𝒩

Problem II: local Lorentz invariance of GR

⟹

xα

pαSαβ



12-dim

ℳ𝒩



14-dim

ℳℳ

⟹ = cstS∘, S⋆
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Fixing the problems: a summary

𝒩

ℳ

𝒯





14-dim

ℳ

fix two  
Casimirs

enforce  
TD SSC

xα

pαSαβ



10-dim

ℳ𝒫



12-dim

ℳ



11-dim

ℳ

symplectic leaves

Fixing the problems: a summary
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Fixing the problems: a summary

ℳ

𝒫 Where physical 
trajectories lie ! 

Where one can 
finally ask about 

integrability ! 
⟺
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symplectic leaves

Fixing the problems: a summary

ℳ

𝒫 Where physical 
trajectories lie ! 

Where one can 
finally ask about 

integrability ! 
⟺

{r, pr} ≠ 1 , {θ, pθ} ≠ 1 , {θ, r} ≠ 0 , …But beware that on 𝒫



1. account for the object's spin
2. describe as a Hamiltonian system
3. find enough integrals of motion

What happens to Kerr integrability 
for the motion of spinning objects ?



Killing field Definition
Integral in gab 
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(any compact object)

Integral in Kerr 
(linear-in-spin order) 
(any compact object)

Integral in Kerr 
(quadratic-in-spin order) 

(Kerr-like object)

Killing 

vector

+ anti-sym

Killing-Stäckel  
tensor + sym

- -∇(aKbc) = 0 Kαβpαpβ

∇(akb) = 0 kαpα ℭ := kαpα+ 1
2 Sab ∇akb

Dixon/Harte (1964/2012)

Rüdiger (1981)

Geodesic integrals of motion

Druart-Compère-Vines (2023)
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Schw.

metrics with a Kab
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Integral in Kerr 
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∇(aYb)c = 0
YαβpαYβγ pγ 𝔔(1) + MαβγδSαβSγδ

𝔎

Dixon/Harte (1964/2012)

gab
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Kerr
Schw.

metrics with a Kab

metrics with a Yab
Kab = YacYb

c

Geodesic integrals of motion
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Druart-Compère-Vines (2023)
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(Kerr-like object)

Killing 
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Killing-Stäckel  
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Not much left to do now...

1. Work in the correct, 
physical phase space 𝒫
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ℳ
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pαSαβ

ℳ



10-dim
ℳ𝒫



Not much left to do now...

2. Take the 5 (Kerr) invariants in the literature

H, E, Lz, 𝔎, 𝔔(1)

1. Work in the correct, 
physical phase space 𝒫



14-dim

ℳ

xα

pαSαβ

ℳ
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Not much left to do now...

2. Take the 5 (Kerr) invariants in the literature

3. Compute the relevant Poisson brackets

H, E, Lz, 𝔎, 𝔔(1)

{F, G}𝒫 := {F, G}ℳ + corr

1. Work in the correct, 
physical phase space 𝒫



14-dim

ℳ

xα

pαSαβ

ℳ



10-dim
ℳ𝒫



Define Poisson brackets on 14-dim M

Compute them at linear order in spin

Some don't vanish  may explain some 
literature "claims" on non-integrability 

⇒



Define Poisson brackets on P

Compute them at linear order in spin

All (non-trivial ones) vanish  linear in spin integrability in Kerr ⇒

Define Poisson brackets on 10-dim P

Compute them at linear order in spin



Not much left to do now...

2. Take the (Kerr) invariants in the literature

3. Compute the relevant Poisson brackets

H, E, Lz, 𝔎, 𝔔(1)

{F, G}𝒫 := {F, G}ℳ + corr

4.Conclude integrability (in Kerr, lin-in-spin)

changes 
everything !

At linear order in spin, the motion of any test body in a 
Kerr background can be described by a 5-dimensional 

Hamiltonian system that is integrable.

1. Work in the correct, 
physical phase space 𝒫



14-dim

ℳ

xα

pαSαβ



8-dim

ℳ

ℳ



10-dim
ℳ𝒫

𝒢

12-dim

ℳ𝒩



Plan

I. Geodesics

1. geodesic motion 
2. hamiltonian formulation 
3. integrable systems

II. Adding spin

1. linear-in-spin motion 
2. hamiltonian formulation 
3. integrability in Kerr

1. quadratic-in-spin motion 
2. hamiltonian formulation 
3. "integrability" in Kerr

III. Quadrupoles



What happens to Kerr integrability 
for the motion of deforming objects ?

1. account for the object's deformation
2. describe as a Hamiltonian system
3. find enough integrals of motion



Summary at quadratic-in-spin order

Spin-induced quadrupole

2p[aub]

RabcdSbcud∇u pa

∇uSab =

= +

+

quadrupole 
"force"

quadrupolar 
"torque"Nab[J]

Fa[J]

 for black holesκ = 1
 for neutron starsκ > 1
 for white dwarfsκ ≫ 1

deformability 
coefficient

:= κ ⋅
3
μ3

p[aSb]eS [c
e pd]Sb]eS [c
eJabcd

Dixon-Harte equations at quad. order

Kerr 
black hole

Compact 
object

ua

pa

ℒ

Jabcd

Sab



What happens to Kerr integrability 
for the motion of deforming objects ?

1. account for the object's deformation
2. describe as a Hamiltonian system
3. find enough integrals of motion



Poisson brackets: 

, 
, 

{xα, pβ} = δα
β

{pα, pβ} ≠ 0
{pα, Sβγ} = …

Hamiltonian: 

H := 1
2 gαβpαpβ

Ham. system

•Phase space  

•Poisson brackets  

•Hamiltonian 

ℳ

{, }

H

Law of motion

dF
dλ

= {F, H}

+ Leibniz rule

Phase space: 

x R6ℳ = ℝ4 × ℝ4

(xα, pα, Sαβ)

× ℝ6

Sαβ

Hamiltonian formulation of MPTD equations (dipolar)

xα

pαSαβ



14-dim
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Poisson brackets: 

, 
, 

{xα, pβ} = δα
β

{pα, pβ} ≠ 0
{pα, Sβγ} = …

Hamiltonian: 

  

  

H := 1
2 gαβpαpβ

+DαβγδSαβSγδ +κQαβγδSαβSγδ

Ham. system

•Phase space  

•Poisson brackets  

•Hamiltonian 

ℳ

{, }

H

Law of motion

dF
dλ

= {F, H}

+ Leibniz rule

Phase space: 

x R6ℳ = ℝ4 × ℝ4

(xα, pα, Sαβ)

× ℝ6

Sαβ

Hamiltonian formulation of MPTD equations (quadrupole)

xα

pαSαβ



14-dim

ℳℳ



What happens to Kerr integrability 
for the motion of deforming objects ?

1. account for the object's deformation
2. describe as a Hamiltonian system
3. find enough integrals of motion



Killing field Definition
Integral in gab 

(geodesics) 

(any compact object)

Integral in Kerr 
(linear-in-spin order) 
(any compact object)

Killing 

vector

Killing-Yano

tensor + anti-sym

Killing-Stäckel  
tensor + sym

-∇(aKbc) = 0 Kαβpαpβ

∇(akb) = 0 kαpα

Rüdiger (1981)

Beyond-geodesic integrability around black holes

𝔔(1) = Kαβpαpβ + Lα
βγ pαSβγ

𝔎 = εαβγδYαβSγδ

∇(aYb)c = 0
YαβpαYβγ pγ

gab

kαpα+ 1
2 Sab ∇akb

Dixon (1964)



Killing field Definition
Integral in gab 

(geodesics) 

(any compact object)

Integral in Kerr 
(linear-in-spin order) 
(any compact object)

Integral in Kerr 
(quadratic-in-spin order) 

(Kerr-like object)

Killing 

vector

Killing-Yano

tensor + anti-sym

Killing-Stäckel  
tensor + sym
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∇(akb) = 0 kαpα

Rüdiger (1981)

Beyond-geodesic integrability around black holes
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Killing field Definition
Integral in gab 

(geodesics) 

(any compact object)

Integral in Kerr 
(linear-in-spin order) 
(any compact object)

Integral in Kerr 
(quadratic-in-spin order) 

(Kerr-like object)

Killing 

vector

Killing-Yano

tensor + anti-sym

Killing-Stäckel  
tensor + sym

- -∇(aKbc) = 0 Kαβpαpβ

∇(akb) = 0 kαpα

Rüdiger (1981)

Beyond-geodesic integrability around black holes

𝔔(1) = Kαβpαpβ + Lα
βγ pαSβγ

𝔎 = εαβγδYαβSγδ

∇(aYb)c = 0
YαβpαYβγ pγ

gab
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Killing field Definition
Integral in gab 

(geodesics) 

(any compact object)

Integral in Kerr 
(linear-in-spin order) 
(any compact object)

Integral in Kerr 
(quadratic-in-spin order) 

(Kerr-like object)

Killing 

vector

Killing-Yano

tensor + anti-sym

Killing-Stäckel  
tensor + sym

- -∇(aKbc) = 0 Kαβpαpβ

∇(akb) = 0 kαpα

Dixon (1964)

Rüdiger (1981)

Beyond-geodesic integrability around black holes

Druart-Compère-Vines (2023)

𝔔(1) = Kαβpαpβ + Lα
βγ pαSβγ

𝔎 = εαβγδYαβSγδ

∇(aYb)c = 0
YαβpαYβγ pγ 𝔔(2) = 𝔔(1) + MαβγδSαβSγδ

𝔎

Dixon (1964)

gab

kαpα+ 1
2 Sab ∇akb kαpα+ 1

2 Sab ∇akb



Same recipe (Mathematica just takes longer...)

2. Take the (Kerr) invariants in the literature

3. Compute the relevant Poisson brackets

H, E, Lz, 𝔎, 𝔔(2)

{F, G}𝒫 := {F, G}ℳ + corr

4.Conclude integrability (in Kerr, lin-in-spin)

changes 
everything !

At quadratic order in spin, the motion of a test black 
hole in a Kerr background can be described by a 5-
dimensional Hamiltonian system that is integrable.

1. Work in the correct, 
physical phase space 𝒫



14-dim

ℳ

xα

pαSαβ



8-dim

ℳ

ℳ



10-dim
ℳ𝒫

𝒢

12-dim

ℳ𝒩



To sumarize

• Spin comes with degeneracies: SO(1,3) invariance + center-of-mass condition 

• There exists adapted tools in Ham mechanics to lift these degeneracies 

• Resulting Hamiltonian formulation is covariant, non-degenerate and 10D

• Kerr geodesics' integrability persists at linear-in-spin order (5 integrals) 

• This is thanks to the "hidden" symmetry in Kerr (Killing-Yano tensor) 

• Explains contradictory statements and settles spin-induced chaos conjecture

In any background spacetime:

In a Kerr background:
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• Carter's integrability persists at linear-in-spin order for any test object (5 integrals) 

• Carter's integrability persists at quadratic-in-spin order for a test BH (5 integrals) 

• Still thanks to the "hidden" symmetry in Kerr (Killing-Yano tensor)
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To sumarize

• Spin comes with degeneracies: SO(1,3) invariance + center-of-mass condition 

• There exists adapted tools in Ham mechanics to lift these degeneracies 

• Resulting Hamiltonian formulation is covariant, non-degenerate and 10D

In any background spacetime:

In a Kerr background:

• Carter's integrability persists at linear-in-spin order for any test object (5 integrals) 

• Carter's integrability persists at quadratic-in-spin order for a test BH (5 integrals) 

• Still thanks to the "hidden" symmetry in Kerr (Killing-Yano tensor)
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Thank you !

More details in a  
series of works (with 

collaborators) : 

Paper 0: arxiv.org/abs/2402.02670  (integrability results in Kerr)
Paper I: arxiv.org/abs/2210.03866 (details and math. foundations)
Paper II: arxiv.org/abs/2402.05049 (applications in Schwarzschild linear-in-spin)
Other extensions coming soon(-ish)... 

If you are interested in bridging Ham mechanics and GR motion, 
please reach out: paul.ramond@obspm.fr
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2 Sab ∇akb

Dixon (1964) Dixon (1964)
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Integral in Kerr 
(linear-in-spin order) 
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Integral in Kerr 
(quadratic-in-spin order) 

(Kerr-like object)

Killing 

vector

Killing-Yano

tensor + anti-sym

Killing-Stäckel  
tensor + sym

- -∇(aKbc) = 0 Kαβpαpβ

∇(akb) = 0 kαpα

Dixon (1964)

Rüdiger (1981)

Beyond-geodesic integrability around black holes

Druart-Compère-Vines (2023)

𝔔(1) = Kαβpαpβ + Lα
βγ pαSβγ

𝔎 = εαβγδYαβSγδ

∇(aYb)c = 0
YαβpαYβγ pγ 𝔔(2) = 𝔔(1) + MαβγδSαβSγδ

𝔎

Dixon (1964)

gab

kαpα+ 1
2 Sab ∇akb kαpα+ 1

2 Sab ∇akb
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Thank you !

More details in a  
6-part series of works 
(with collaborators) : 

Paper 0: arxiv.org/abs/2402.02670  (integrability results in Kerr)
Paper I: arxiv.org/abs/2210.03866 (math. foundations, linear-in-spin)
Paper II: arxiv.org/abs/2402.05049 (applications in Schwarzschild linear-in-spin)
Paper III, IV and V coming soon(-ish)... 

If you are interested in bridging Ham mechanics and GR motion, please reach out: paul.ramond@obspm.fr
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• Bäcklund 1919  Hamiltonian formulation of Schw. geodesics 

• Kerr 1963  axisymmetric black hole 
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• Carter & Penrose 1970  rank-2 Killing-Stäckel tensor in Kerr 

• Floyd 1973  rank-2 Killing-Yano tensor in Kerr 

• Hughson & Sommers 1973  Killing tensors  Killing vectors  
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• Rüdiger 1981  integrals of motion at dipolar order 
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Killing field 

in   (E,gab) 

Definition
Integral in gab 

(geodesics) 

(any compact object)

Integral in Kerr 
(linear-in-spin order) 
(any compact object)

Integral in Kerr 
(quadratic-in-spin order) 

(Kerr-like object)

+ anti-sym

+ sym
- -

Kab

∇(aKbc) = 0 Kαβpαpβ

ka
∇(akb) = 0

(ℰ, gab)

kαpα ℭ := kαpα+ 1
2 Sab ∇akb

Dixon/Harte (1964/2012)

Rüdiger (1981)

Beyond-geodesic integrability around black holes

Killing  
vector

Killing-Stäckel  
tensor

Druart-Compère-Vines (2023)

ℭ

𝔔(1) = Kαβpαpβ + Lα
βγ pαSβγ

𝔎 = εαβγδYαβSγδYab

Killing-Yano  
tensor ∇(aYb)c = 0

YαβpαYβγ pγ 𝔔(2) = 𝔔(1) + MαβγδSαβSγδ

𝔎

⇒

Dixon/Harte (1964/2012)

gab



Quadratic-in-spin integrability

3. Take the (Kerr) invariants in the literature

4. Compute the relevant Poisson brackets

μ̃, E, Lz, 𝔎, 𝔔(2)


ℳ

xα

pαSαβ


ℳ

ℳ

ℳ𝒫

𝒢

{F, G}𝒫 = {F, G}ℳ + corr

1. Work in the correct, 
physical phase space

5. Conclude integrability

changes 
everything ! 

(again)

At quadratic order in spin, the motion of a Kerr-like body 
in a Kerr background can be described by a 5-

dimensional Hamiltonian system that is integrable.

2. Construct a quadratic-
in-spin, covariant Ham. 
from scratch
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An example in Schwarzschild coordinates

• New Hamiltonian

H = − E2

2 u
+ u(1 − u)4 p2

u

8M2 + J2(1 − u)2

8M2

1 dof Hamiltonian, parameterised by E,J 

ε = 1

j

ε
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worldline
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How do things really fall around black holes?

0=∇uua

non-GR, hairs, environment, etc... 
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Everitt; et al. (2011). "Gravity Probe B: Final Results of a Space Experiment 
to Test General Relativity". Physical Review Letters. 106 (22): 221101.
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