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Massive black hole binaries for LISA

Science case

MBHBs cardinal sources for LISA, SNRs of thousands !

 Waveform errors (systematics) crucial for:
• golden events for EM counterparts
• golden events for TGR
• population inference and cosmology
• global fit and residuals

ESA UNCLASSIFIED - Releasable to the Public LISA Definition Study Report - ESA-SCI-DIR-RP-002
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Figure 3.4: Strain amplitude spectral density of the GW signal of merging MBHBs versus the observer-frame frequency,
for systems studied in Tables 3.2, 3.3, 3.4, with mass ratio 0.5. Source-frame masses and redshifts are indicated in
round boxes (coloured traces). Lines are colour coded according to the time to merger at each frequency. Solid teal,
solid blue and dashed black lines denote LISA’s instrumental strain amplitude, the Galactic foreground, and their sum,
respectively. The grey shaded area is the extrapolation of LISA’s instrumental noise below 0.1 mHz.

present at cosmic noon, around redshift z ⇠ 2, when the star formation rate and AGN activity reach
their peak [288]. EM observations further reveal the existence of rare, distant quasars at redshift
z ⇠ 6 � 7 [439], shining when the Universe was only 700–800Myrs old and the neutral baryons of the
intergalactic medium were still turning into a tenuous plasma, completing cosmic reionisation. They
have masses around 109 M� that can not form directly from the gravitational collapse of gigantic gas
clouds of such mass or any other object, and thus pose questions on their rapid mass growth from
seeds of about 102 to 104 M�, on time-scales of less than a billion years. MBHs are expected all to
be born from seeds, and current EM observations indicate that their present-day mass is acquired by
accretion and to a lesser extent by mergers. Early Black Hole growth is now being unveiled by JWST
[372] with the discovery of a vigorously accreting 106 M� MBH at z ⇠ 10 [289]. In addition JWST
is now observing a rich population of AGN with masses around 106–107 M� in the redshift interval
4< z < 11, with evidence of candidate merging MBHs around z ⇠ 4 [290]. LISA will be sensitive to
mergers of systems in this mass and redshift range.
MBHBs as LISA transient sources and the nature of the measurements – LISA will detect
the Inspiral-Merger-Ringdown (IMR) signal of MBHBs with total mass from 105 M� up to about
107 M�, and the inspiral-only of binaries of a few 103–104 M�. These sources become detectable by
LISA weeks/days/hours before the merger, depending on mass and redshift, and become quiescence
shortly after coalescence, forming a class of transient sources, in contrast to the continuous sources
such as Galactic binaries and EMRIs. Figure 3.4 shows IMR tracks of merging MBHB as a function
of the GW frequency f as measured in the LISA-frame. Figure 3.5 shows LISA’s cosmic horizon,
which extends even beyond z ⇠ 12. Thus, LISA will let us pierce deep into the epoch of cosmic
reionisation, when the first stars, Black Holes and galaxies are forming.
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In the literature:

• a lot of recent activity in LVK/LISA 
• similarity 3G/LISA

[Toubiana&al 2023]
[Pitte&al 2023]
[Jan&al 2024]
[Dhani&al 2024]
[Kapil&al 2024]

Example signals
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LISA response and sky localization of MBHBs
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FIG. 12. Examples of multi-modal posterior distributions in the sky localization: from left to right, 1mode, 2modes and 8modes
binary systems. The blue contours represent the MCMC results while the black ellipses correspond to the Fisher estimates for
1�, 2� and 3� errors. The black square indicates the true binary position in the sky. The presence of 2modes and 8modes
events, and the relative probability weight of the modes, can be recovered only with a Bayesian analysis.

FIG. 13. Distribution of the 1mode, 2modes and 8modes EMcps in the z � M plane in the maximising case for the three
astrophysical scenarios. The grey solid curved lines in background correspond to constant redshifted chirp mass values.

days, so the e↵ect of LISA motion is insu�cient to elim-
inate the reflected sky position, which remains degener-
ate. At lower chirp mass and redshift, on the other hand,
the combination of the high-frequency response with the
motion of the detector fully eliminates the degeneracy
and the events are unimodal. However, even if it is pos-
sible to identify a general trend, the two sub-populations
of 1mode and 2modes events do overlap in the z � M
plane, because redshift and Mz are not the only quan-
tities a↵ecting the parameter estimation, and there is a
large dispersion according to the orientation angles. Re-
gardless of the astrophysical model, the 8modes systems
are high chirp mass MBHBs, for which LISA will be able
to observe only the merger and ringdown, gathering little
information from the constellation orbital motion; fur-
thermore, their GW signal will not reach high enough
frequencies for the frequency-dependence of the detector
response to help.

Although 2modes systems seem to constitute a signif-

icant portion of the total EMcps, especially for the mas-
sive astrophysical models Q3d and Q3nd, this is partly
caused by the fact that, to identify an event as bimodal,
we impose a relatively low threshold to the probability
of the secondary mode, i.e. 5%. In this regard, it is in-
structive to look at the probability weight of each mode.
In Fig. 14 we present the number of bimodal EMcps as
a function of the probability in the primary and sec-
ondary modes, for all astrophysical models. It is clear
that the primary mode is always more probable than the
secondary one, which mitigates the risk, for a substan-
tial fraction of the EMcps, of missing the counterpart if
telescopes are pointed only at the primary mode.

In Fig. 15 we show the number of 8modes EMcps in
each octant of the sky, as a function of the probability
of the sky position mode. While the primary mode re-
mains always more probable, the seven spurious modes
are rather equiprobable, with probability that can be as
large as 10%. This is likely to constitute a serious issue

• ‘Pattern function’ response is a source of information at 
high mass, depends on  amplitudes

• Multimodality broken by subdominant effects in response 
(motion, high-f)

• LISA sky localization at high mass: weak effects, high SNR

hℓm

Multimodality patterns:

Degeneracy breaking:

• motion of LISA: weak for short high-mass signals
• high-frequency effects in the response: only at high frequencies

Response:

Time and frequency-dependency
Time: motion of LISA on its orbit
Frequency: inter-spacecraft delays

‘Pattern function’ localization:
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Without these effects TDIA, TDIE 
become 2 LIGO-like channels 

The size of the main mode in the sky is driven by the pattern 
function response  for 2 channels, with higher harmonics: 
amplitude/phase of important

F+, F×
hℓm
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Waveform systematics and parameter estimation

Systematic biases:
Ignoring the effect of the noise, bias given by the best-fit parameters on the 
model signal manifold: Δθ = θbf − θtr

- Assess waveform models 
systematics for LISA with full PE
- Compare with simpler methods

• the bias is SNR-independent (optimization problem), but requires to 
explore the full parameter space [expensive]

• the statistical errors scale with SNR: significant bias ?
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Mismatch (unfaithfulness):
Mismatch, optimization over time/phase/polarization:

• Computed locally [fast]
• SNR-independent
• Used in waveform modelling
• Different versions: single-detector 

optimized over sky, combining h+, h×

Indistinguishability criterion: [Lindblom&al 2008]
[Chatziioannou&al 2019]
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• Constant : dimension, 
approximate

• Scaling  robust
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<latexit sha1_base64="dMs+wzzD7WZ4p53hEdCs0Ak5oEA=">AAACSHicdVC7SgNBFJ2N7/iKWtoMBkELw64EtQzYWFhEMCpkQ7g7mU0GZ2aXmbtCWPaX/BBrGwvt7ezEzsmj8Hlg4HDOudy5J0qlsOj7T15pZnZufmFxqby8srq2XtnYvLJJZhhvsUQm5iYCy6XQvIUCJb9JDQcVSX4d3Z6O/Os7bqxI9CUOU95R0NciFgzQSd3KWSg1DRXggIHMz4u9EAccoZuHRtEoLvZpaIWi/6WCA2f3FRT73UrVr/lj0N8kmJIqmaLZrbyGvYRlimtkEqxtB36KnRwMCiZ5UQ4zy1Ngt9DnbUc1KG47+fjigu46pUfjxLinkY7VrxM5KGuHKnLJ0a/tT28k/ulF6i+5nWF80smFTjPkmk32x5mkmNBRq7QnDGcoh44AM8KdQNkADDB03ZddN8HPJn6Tq8NacFSrX9Srjca0pUWyTXbIHgnIMWmQM9IkLcLIPXkkz+TFe/DevHfvYxItedOZLfINpdIneCSyXA==</latexit>

lnL(✓bf) ⇠ lnL(✓1��)

<latexit sha1_base64="df5nXNH+V1EiaznXi1EOgKgIylc="></latexit>

MM = 1�maxt,', ,...
(hm|htr)p

(hm|hm)
p

(htr|htr)

<latexit sha1_base64="86NylOxjdldYrkae3una+4lwDAk="></latexit>

lnL(✓) = �1

2
(h(✓)� htr|h(✓)� htr)

Goals:
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Analysis settings: waveform models

[Pompili&al 2023]

    Aligned spin case: mismatch with NR ~ 
Precessing spin case: mismatch with NR ~ 

10−4 − 10−2

10−3 − 10−1

18

Approximant SEOBNRv4 SEOBNRv5 IMRPhenomXAS TEOBResumS-GIOTTO

medianmaxMM 1.44⇥10�3 1.99⇥10�4 1.31⇥10�4 5.12⇥10�4

%maxMM < 10�3 38% 90% 97% 76%

%maxMM < 10�4 1% 27% 29% 1%

Table I. Summary of the (2,2)-mode mismatch over a range of total masses between 10 and 300 M�, between di↵erent aligned-spin approxi-
mants and the 442 NR simulations used in this work. We display the median of the maximum mismatch across total mass, and the fraction of
cases falling below 10�3 and 10�4.

Figure 7. The sky-and-polarization averaged, SNR-weighted mismatch, for inclination ◆ = ⇡/3, over a range of total masses between 20 and
300 M� between di↵erent aligned-spin multipolar approximants and the 441 SXSNR simulations used in this work. The colored lines highlight
cases with the worst maximum mismatch for each model.

was calibrated to private q = 18 BAM waveforms, with di↵er-
ent spin values, which have not been used for SEOBNRv5HM.
TEOBResumS-GIOTTO achieves unfaithfulness between 10�3

and 10�2 for most cases, but also has an appreciable number
of outliers reaching mismatch 10%, possibly pointing to ro-
bustness issues in some of the higher modes close to merger.

In order to quantify how much the increase of the
mismatch with the total mass is related to the missing
modes, we show in Fig. 8 the sky-and-polarization aver-

aged, SNR-weighted mismatch, for inclination ◆ = ⇡/3, over
a range of total masses between 20 and 300 M� of NR
waveforms with the same modes as SEOBNRv5HM (`,m) =
(2,2), (3,3), (2,1), (4,4), (5,5), (3,2), (4,3) against NR wave-
forms with all (`  5) modes. As expected we see an increase
of the mismatch with total mass, indicating that the error due
to neglecting some higher modes is mostly important in the
ringdown, and we see it can reach more than 0.4% for high q
and large spins. This tells us that to reach the same accuracy of

Injections:

NRHybSur3dq8 
• SXS NR simulations hybridized with long EOB 

inspirals (covers ~6 months for )
• Surrogate interpolant, time-domain

M = 105M⊙

[Varma&al 2018]

Limitations:
• aligned spins only
• in the inspiral, all based on PN/EOB

Templates:

Efficient Fourier-domain models from 2 families: 
• PhenomHM 
• PhenomXHM 
• SEOBNRv4HM_ROM 
• SEOBNRv5HM_ROM [Pompili&al 2023]

[Cotesta&al 2018]

[London&al 2017]

[García-Quirós&al 2020]

Mode content for all: 22, 21, 33, 44
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Parameter space 
exploration:

We use PE sampling tools: lisabeta

PE provides posteriors,  provides the 
bias

Fourier-domain full response (same for injection 
and templates)

Direct FD Whittle likelihood (no approx.)

max ln ℒ

Tempering the analysis:

104 106 108

Msource (MØ)

5

10

15

20
z

1w

104 106 108

Msource (MØ)

5

10

15

20

z

2d

104 106 108

Msource (MØ)

5

10

15

20

z

merger

10

20

50

200

500

1000

3000

S
N

R

•
•

•  simulations
• uniform 
• uniform 
• uniform 
• randomize orientations

Mz = [105,106,107]M⊙
zmin = 1

N = 240
q ∈ [1,8]
χ1 ∈ [−0.8,0.8]
χ2 ∈ [−0.8,0.8]

Start at large z / small SNR, then 
increase SNR gradually

Parameter estimation:

[Marsat&al 2020]

Equivalent to a tempering scheme 
with non-0 base temperature 

Additional parallel tempering with 
4 temps. 

[Preliminary]

Analysis settings: waveform models
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SNRs and mismatches

<latexit sha1_base64="GJIq80xI1dGHscTmw8JdkON7qvU="></latexit>

MM = 1�maxt,', ,...
(hm|h0)p

(hm|hm)
p

h0|h0

Mismatch:
• averaged response
• single-detector
• optimized: time, phase, 

polarization, sky

<latexit sha1_base64="Qe6IYH7sKbMDWGwEqboskJz+LSw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlK0W6EghtXUh99QBvDZDpph84kYWYilFhw46+4caGIW3/CnX/jpM1CWw9cOJxzL/fe40WMSmVZ38bC4tLyympuLb++sbm1be7sNmUYC0waOGShaHtIEkYD0lBUMdKOBEHcY6TlDc9Tv3VPhKRhcKtGEXE46gfUpxgpLbnmfpcjNRA8ubm8Ht+V4RksDlzrQdexaxaskjUBnCd2RgogQ901v7q9EMecBAozJGXHtiLlJEgoihkZ57uxJBHCQ9QnHU0DxIl0kskPY3iklR70Q6ErUHCi/p5IEJdyxD3dmV4sZ71U/M/rxMqvOgkNoliRAE8X+TGDKoRpILBHBcGKjTRBWFB9K8QDJBBWOra8DsGefXmeNMsl+6RUuaoUatUsjhw4AIegCGxwCmrgAtRBA2DwCJ7BK3gznowX4934mLYuGNnMHvgD4/MHwrmWRg==</latexit>

SNR2 = (h0|h0)

Signal-to-noise ratios:

• Mismatches order-of-
magnitude similar to LVK

• Improvement for more 
recent models

SNRs up to thousands at z = 1
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Example Parameter estimation with systematics I

<latexit sha1_base64="RUzQExwCggT6QPKNhQiIYNYaR/Q="></latexit>

Mz = 105 M�
z SNR
1.0 317
1.76 158
3.11 79
5.59 40
10.21 20
18.97 10

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 105M⊙ q = 4 χ1 = 0.5 χ2 = 0.3

LISA plane

Intrinsic params. Sky localisation
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Example Parameter estimation with systematics I

<latexit sha1_base64="RUzQExwCggT6QPKNhQiIYNYaR/Q="></latexit>

Mz = 105 M�
z SNR
1.0 317
1.76 158
3.11 79
5.59 40
10.21 20
18.97 10

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 105M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics I

<latexit sha1_base64="RUzQExwCggT6QPKNhQiIYNYaR/Q="></latexit>

Mz = 105 M�
z SNR
1.0 317
1.76 158
3.11 79
5.59 40
10.21 20
18.97 10

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 105M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics I

<latexit sha1_base64="RUzQExwCggT6QPKNhQiIYNYaR/Q="></latexit>

Mz = 105 M�
z SNR
1.0 317
1.76 158
3.11 79
5.59 40
10.21 20
18.97 10

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 105M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics I

<latexit sha1_base64="RUzQExwCggT6QPKNhQiIYNYaR/Q="></latexit>

Mz = 105 M�
z SNR
1.0 317
1.76 158
3.11 79
5.59 40
10.21 20
18.97 10

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

The good:
• converges on the true parameters
• mild bias at , z = 1 SNR = 317

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 105M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics II

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3



14

Example Parameter estimation with systematics II

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics II

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics II

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics II

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

The bad:
• converges ‘near’ the true parameters
• significant bias at , z = 1 SNR = 1907

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: PhenomXHM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics III

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: SEOBNRv5HM_ROM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3



19

Example Parameter estimation with systematics III

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: SEOBNRv5HM_ROM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics III

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: SEOBNRv5HM_ROM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3

µ

L(
µ)

±h = 0

±h 6= 0

Waveform errors lead to 
the selection of the wrong 
sky mode !
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Example Parameter estimation with systematics III

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: SEOBNRv5HM_ROM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Example Parameter estimation with systematics III

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

<latexit sha1_base64="bPMQ2R/VpQE73QKbMRW1BdMZcA4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFC24Kbhx4aKCfUATwmQyaYfOJGFmIpRQ3Pgrblwo4tavcOffOGmz0NYDFw7n3Mu99/gJo1JZ1rdRWlldW98ob1a2tnd298z9g66MU4FJB8csFn0fScJoRDqKKkb6iSCI+4z0/PF17vceiJA0ju7VJCEuR8OIhhQjpSXPPHJ8opB3C50rWHM4UiPBM4GC6ZlnVq26NQNcJnZBqqBA2zO/nCDGKSeRwgxJObCtRLkZEopiRqYVJ5UkQXiMhmSgaYQ4kW42e2EKT7USwDAWuiIFZ+rviQxxKSfc1535kXLRy8X/vEGqwqab0ShJFYnwfFGYMqhimOcBAyoIVmyiCcKC6lshHiGBsNKpVXQI9uLLy6R7Xrcv6o27RrXVLOIog2NwAmrABpegBW5AG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP/rJloM=</latexit> �
L
(r
ad

)

<latexit sha1_base64="tw2xxZOVgpBpSnPsQikSjd0YhIM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRogU3BTcuXFSwD2hCmEwm7dDJJMxMhBK6cOOvuHGhiFs/wp1/46TNQlsPDBzOOZe59/gJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo56MU4FJF8csFgMfScIoJ11FFSODRBAU+Yz0/cl17vcfiJA05vdqmhA3QiNOQ4qR0pJnVh2mwwHybqFzBetOhNRYRJlAwezMM2tWw5oDrhK7IDVQoOOZX04Q4zQiXGGGpBzaVqLcDAlFMSOzipNKkiA8QSMy1JSjiEg3mx8xg6daCWAYC/24gnP190SGIimnka+T+ZJy2cvF/7xhqsKWm1GepIpwvPgoTBlUMcwbgQEVBCs21QRhQfWuEI+RQFjp3iq6BHv55FXSO2/YF43mXbPWbhV1lEEVnIA6sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjES0Zxcwx+APj8weDqpdc</latexit>

�L (rad)

The ugly:
• converges to the wrong sky mode
• important bias at , z = 1 SNR = 1907

LISA plane

Intrinsic params. Sky localisation

• Injection: NRHybSur3dq8 { , , , }
• Template: SEOBNRv5HM_ROM

M = 106M⊙ q = 4 χ1 = 0.5 χ2 = 0.3
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Statistical significance of biases: intrinsic parameters

Bias in chirp mass:

Bias in longitude (on corrected skymode):
Wrong skymode 
recovered:

<latexit sha1_base64="eLKuljZwliymEOoposF3f5097q8="></latexit>

phenomxhm
Mz(M�) % wrong
105 0 %
106 10 %
107 54 %

Large biases at high mass
Wrong skymodes common
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Linking mismatches and biases

<latexit sha1_base64="zLjS6uLxx5Jofig6NYcHgS4ypV8=">AAACF3icbVDLSgMxFM34rPU16tJNsAguZJiRogU3BTeupD76gM5QMmnahiYzIckIZehfuPFX3LhQxK3u/Bsz7SDaeiBwcs693HtPKBhV2nW/rIXFpeWV1cJacX1jc2vb3tltqDiRmNRxzGLZCpEijEakrqlmpCUkQTxkpBkOLzK/eU+konF0p0eCBBz1I9qjGGkjdWzHJ0JRZmh4DP1z+PPl0BcyFjqGPkd6IHl6e3Uz7tgl13EngPPEy0kJ5Kh17E+/G+OEk0hjhpRqe67QQYqkppiRcdFPFBEID1GftA2NECcqSCd3jeGhUbqwF0vzIg0n6u+OFHGlRjw0ldmOatbLxP+8dqJ7lSClkUg0ifB0UC9h0FybhQS7VBKs2cgQhCU1u0I8QBJhbaIsmhC82ZPnSePE8U6d8nW5VK3kcRTAPjgAR8ADZ6AKLkEN1AEGD+AJvIBX69F6tt6s92npgpX37IE/sD6+Aedtn8I=</latexit>

✏b, ✏m / SNR

<latexit sha1_base64="arFUnJbaNccdUevJ9h/BdBqc5sY="></latexit>

✏m =

r
2

D
SNR2MM

<latexit sha1_base64="1J7NqpU+Qolx2p0NrAjWXfcQFxo=">AAACGnicbZC7SgNBFIZnvRtvUUubwSDEJuyKqI0gaGEZwUQhG8LZydlkyOyFmbNCWPIcNr6KjYUidmLj2zi5FJr4w8A3/zmHmfMHqZKGXPfbmZtfWFxaXlktrK1vbG4Vt3fqJsm0wJpIVKLvAzCoZIw1kqTwPtUIUaDwLuhdDut3D6iNTOJb6qfYjKATy1AKIGu1ip6PqZHKYsDPuR9qELl/hYqA+9RFgkHuG9mJoDy+Hg5axZJbcUfis+BNoMQmqraKn347EVmEMQkFxjQ8N6VmDpqkUDgo+JnBFEQPOtiwGEOEppmPVhvwA+u0eZhoe2LiI/f3RA6RMf0osJ0RUNdM14bmf7VGRuFZM5dxmhHGYvxQmClOCR/mxNtSoyDVtwBCS/tXLrpg4yGbZsGG4E2vPAv1o4p3Ujm+OS5dnE3iWGF7bJ+VmcdO2QW7ZlVWY4I9smf2yt6cJ+fFeXc+xq1zzmRml/2R8/UDauuhGA==</latexit>

✏b =
�✓

�(✓)

From indistinguishability criterion:
<latexit sha1_base64="IJ/WJcAQlY7PQILt2o1tu5r7UNM=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwVZJQtAsXBV24qdRHW6GJZTKdtEMnD2YmQgn5Dzf+ihsXirgSXPg3TtoI2npg4HDOucy9x40YFdIwvrTCwuLS8kpxtbS2vrG5pW/vtEUYc0xaOGQhv3WRIIwGpCWpZOQ24gT5LiMdd3Sa+Z17wgUNgxs5jojjo0FAPYqRVFJPt2wfySH3k0YjhSfQ9jjCyVmaWGnOzTT5iVxfXKV3VtrTy0bFmADOEzMnZZCj2dM/7H6IY58EEjMkRNc0IukkiEuKGUlLdixIhPAIDUhX0QD5RDjJ5LYUHiilD72QqxdIOFF/TyTIF2LsuyqZrSlmvUz8z+vG0qs5CQ2iWJIATz/yYgZlCLOiYJ9ygiUbK4Iwp2pXiIdIVSJVnSVVgjl78jxpWxXzqFK9rJbrtbyOItgD++AQmOAY1ME5aIIWwOABPIEX8Ko9as/am/Y+jRa0fGYX/IH2+Q08nKGI</latexit>

MM <
D

2

1

SNR2

BothFrom bias measured in PE:

 means that the mismatch is large 
enough to indicate a significant bias 
ϵm > 1  indicates means that PE measures a 

significant bias 
ϵb > 1 Relation between mismatch 

and bias unclear
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Example Parameter estimation with systematics III: Cutler-Vallisneri bias

• Cutler-Vallisneri biases give 
reasonable estimates in mild cases

• Fails to capture distant secondary 
mode

Linearized biases (Cutler-Vallisneri):

[Flanagan-Hughes 1997]
[Cutler-Vallisneri 2007]

<latexit sha1_base64="A4t0ecvdIaGaxtX8i2pNUXCyItE="></latexit>

�✓i = F�1
ij (@jh|�h)

In the linear signal approximation [local], 
estimation of bias:

<latexit sha1_base64="BG4wTjWVpHSp+DB1BnkOjIjWGwQ=">AAACEHicbVBNS8MwGE79nPOr6tFLcIjzMloZ6kUYCOJxgvuArZQ0S9dsaVqSVBh1P8GLf8WLB0W8evTmvzHdiujmA4Enz/O+b/I+XsyoVJb1ZSwsLi2vrBbWiusbm1vb5s5uU0aJwKSBIxaJtockYZSThqKKkXYsCAo9Rlre8DLzW3dESBrxWzWKiROiPqc+xUhpyTWPrtyUDsbwApa7MRKKIuZSGMB7+HMdwOAYumbJqlgTwHli56QEctRd87Pbi3ASEq4wQ1J2bCtWTprNxIyMi91EkhjhIeqTjqYchUQ66WShMTzUSg/6kdCHKzhRf3ekKJRyFHq6MkQqkLNeJv7ndRLlnzsp5XGiCMfTh/yEQRXBLB3Yo4JgxUaaICyo/ivEARIIK51hUYdgz648T5onFfu0Ur2plmq1PI4C2AcHoAxscAZq4BrUQQNg8ACewAt4NR6NZ+PNeJ+WLhh5zx74A+PjG1g9m4U=</latexit>

Fij = (@ih|@jh)
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Outlook

• Compare to LVK/3G studies

• Focus on high masses: NR waveforms long enough ?

• More realistic waveforms: precession (and eccentricity)

Results

• Unsurprisingly, strong biases for loud LISA signals at 

• Strong dependence on mass: at , low-mass much better than high mass 

• Noticeable improvement for most recent waveform models

• Degeneracies in the sky position can lead to the wrong sky mode to be selected

• Indications that the distinguishability criterion does not apply well; Cutler-Vallisneri bias 
esimates can work but do not capture multimodality

z = 1

z = 1

Results and outlook

[Preliminary]
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Fitting factors in parameter space

<latexit sha1_base64="aeWpfZjJcHlvwu9TkMfP8mTdTo0="></latexit>

FF = 1�max✓
(hm|h0)p

(hm|hm)
p

h0|h0

Fitting factor, computed at 
best-fit params (optimization 
over all parameters):

Trend: strong dependence on M
Trend: larger errors at large spins
Trend in q ?

<latexit sha1_base64="jWn7vxBvqV7BbrXvq4/4kHjK7Ns="></latexit>

lnLmax = �SNR2 ⇥ FF
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Waveform systematics and parameter estimation

Different questions for systematics:

Systematic biases:
Ignoring the effect of the noise, bias given by the best-fit parameters on the 
model signal manifold: Δθ = θbf − θtr

Are current waveform models 
accurate enough for LISA ?

How accurate do they need to be ?

• Are waveforms good enough for prospective science ? Are e.g. 
Fisher errors accurate with approx. waveforms ? More forgiving.

• Will the biases be statistically significant ?
• Will biases affect hierarchical analyses (population, cosmology) ? 

How will they stack (coherent/incoherent) ?
• Will residuals affect the rest of the global fit ?
• How will tests of GR be affected ?
• Can we mitigate the biases ? Computational aspects for low-

latency ?

• the bias is SNR-independent (optimization problem), but requires to 
explore the full parameter space [expensive]

• the statistical errors scale with SNR

<latexit sha1_base64="FGNxJ4KNu2mzks3dd019o6SuRmg=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREinZZcOOygn1AE8JkOm2HziRh5kaoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu994SJ4Boc59sqrK1vbG4Vt0s7u3v7B/bhUVvHqaKsRWMRq25INBM8Yi3gIFg3UYzIULBOOL6Z+Z0HpjSPo3uYJMyXZBjxAacEjBTYJ6NAVjwYMSBB5imJQU0vArvsVJ058Cpxc1JGOZqB/eX1Y5pKFgEVROue6yTgZ0QBp4JNS16qWULomAxZz9CISKb9bH79FJ8bpY8HsTIVAZ6rvycyIrWeyNB0SgIjvezNxP+8XgqDup/xKEmBRXSxaJAKDDGeRYH7XDEKYmIIoYqbWzEdEUUomMBKJgR3+eVV0r6sulfV2l2t3KjncRTRKTpDFeSia9RAt6iJWoiiR/SMXtGb9WS9WO/Wx6K1YOUzx+gPrM8fJNqVAQ==</latexit>

hm(✓tr)

<latexit sha1_base64="4E9dy6HkXHbxkkLAXWEtP7uZrvA=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqpiRStMuCG5cV7AOaECbTSTN08mDmRiihCzf+ihsXirj1I9z5N07bINp64MKZc+5l7j1+KrgCy/oy1tY3Nre2Szvl3b39g0Pz6LirkkxS1qGJSGTfJ4oJHrMOcBCsn0pGIl+wnj++nvm9eyYVT+I7mKTMjcgo5gGnBLTkmZXQyx0ZYZDTmgMhA/LzPvfMqlW35sCrxC5IFRVoe+anM0xoFrEYqCBKDWwrBTcnEjgVbFp2MsVSQsdkxAaaxiRiys3nR0zxmVaGOEikrhjwXP09kZNIqUnk686IQKiWvZn4nzfIIGi6OY/TDFhMFx8FmcCQ4FkieMgloyAmmhAqud4V05BIQkHnVtYh2Msnr5LuRd2+rDduG9VWs4ijhCroFNWQja5QC92gNuogih7QE3pBr8aj8Wy8Ge+L1jWjmDlBf2B8fAOmyJgT</latexit>

htr(✓tr)

<latexit sha1_base64="PcluBBgMTAPloRW2jqcvaC3n+9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREinZZcOOygn1AU8JkOmmHziRh5kaoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wSJ4Boc59sqrK1vbG4Vt0s7u3v7B/bhUVvHqaKsRWMRq25ANBM8Yi3gIFg3UYzIQLBOML6Z+Z0HpjSPo3uYJKwvyTDiIacEjOTbJyNfVjwYMSB+5imJg3B64dtlp+rMgVeJm5MyytH07S9vENNUsgioIFr3XCeBfkYUcCrYtOSlmiWEjsmQ9QyNiGS6n82vn+JzowxwGCtTEeC5+nsiI1LriQxMpyQw0sveTPzP66UQ1vsZj5IUWEQXi8JUYIjxLAo84IpREBNDCFXc3IrpiChCwQRWMiG4yy+vkvZl1b2q1u5q5UY9j6OITtEZqiAXXaMGukVN1EIUPaJn9IrerCfrxXq3PhatBSufOUZ/YH3+APcFlOM=</latexit>

hm(✓bf)
<latexit sha1_base64="GMjZmjlJzsCE8+5pT1Dzqo+bMwk=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxI0S4LbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stPVA4HDOveTcEyacaeO6305pY3Nre6e8W9nbPzg8qh6fdLVMFaEdIrlU/RBrypmgHcMMp/1EURyHnPbC6W3u956o0kyKRzNLaBDjsWARI9hYyR/E2EwI5tn9fFituXV3AbROvILUoEB7WP0ajCRJYyoM4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lAsdUB9ki8hxdWGWEIqnsEwYt1N8bGY61nsWhncwj6lUvF//z/NREzSBjIkkNFWT5UZRyZCTK70cjpigxfGYJJorZrIhMsMLE2JYqtgRv9eR10r2qe9f1xkOj1moWdZThDM7hEjy4gRbcQRs6QEDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AYJ2kWI=</latexit>

M

<latexit sha1_base64="2GNiQ81YtKfssgOZXkKT2tf3vKk=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxI0S4LunBZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Nh9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3au6d11vPDRqrWZRRxnO4BwuwYMbaME9tKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fdMmRWQ==</latexit>D

<latexit sha1_base64="05+F0ITu3l+XBw6yAu7E/S8LaH0=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7ArQXMRAnrwGME8ILuE2UknGTL7YKZXCTGf4sWDIl79Em/+jZNkD5pY0FBUddPdFSRSaHScbyu3tr6xuZXfLuzs7u0f2MXDpo5TxaHBYxmrdsA0SBFBAwVKaCcKWBhIaAWj65nfegClRRzd4zgBP2SDSPQFZ2ikrl0M6BX1bkAiox4OAVnXLjllZw66StyMlEiGetf+8noxT0OIkEumdcd1EvQnTKHgEqYFL9WQMD5iA+gYGrEQtD+Znz6lp0bp0X6sTEVI5+rviQkLtR6HgekMGQ71sjcT//M6Kfar/kRESYoQ8cWifiopxnSWA+0JBRzl2BDGlTC3Uj5kinE0aRVMCO7yy6ukeV52L8qVu0qpVs3iyJNjckLOiEsuSY3ckjppEE4eyTN5JW/Wk/VivVsfi9aclc0ckT+wPn8AynKTCw==</latexit>

b = �✓
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Waveform systematics and parameter estimation

<latexit sha1_base64="FGNxJ4KNu2mzks3dd019o6SuRmg=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREinZZcOOygn1AE8JkOm2HziRh5kaoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu994SJ4Boc59sqrK1vbG4Vt0s7u3v7B/bhUVvHqaKsRWMRq25INBM8Yi3gIFg3UYzIULBOOL6Z+Z0HpjSPo3uYJMyXZBjxAacEjBTYJ6NAVjwYMSBB5imJQU0vArvsVJ058Cpxc1JGOZqB/eX1Y5pKFgEVROue6yTgZ0QBp4JNS16qWULomAxZz9CISKb9bH79FJ8bpY8HsTIVAZ6rvycyIrWeyNB0SgIjvezNxP+8XgqDup/xKEmBRXSxaJAKDDGeRYH7XDEKYmIIoYqbWzEdEUUomMBKJgR3+eVV0r6sulfV2l2t3KjncRTRKTpDFeSia9RAt6iJWoiiR/SMXtGb9WS9WO/Wx6K1YOUzx+gPrM8fJNqVAQ==</latexit>

hm(✓tr)

<latexit sha1_base64="4E9dy6HkXHbxkkLAXWEtP7uZrvA=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqpiRStMuCG5cV7AOaECbTSTN08mDmRiihCzf+ihsXirj1I9z5N07bINp64MKZc+5l7j1+KrgCy/oy1tY3Nre2Szvl3b39g0Pz6LirkkxS1qGJSGTfJ4oJHrMOcBCsn0pGIl+wnj++nvm9eyYVT+I7mKTMjcgo5gGnBLTkmZXQyx0ZYZDTmgMhA/LzPvfMqlW35sCrxC5IFRVoe+anM0xoFrEYqCBKDWwrBTcnEjgVbFp2MsVSQsdkxAaaxiRiys3nR0zxmVaGOEikrhjwXP09kZNIqUnk686IQKiWvZn4nzfIIGi6OY/TDFhMFx8FmcCQ4FkieMgloyAmmhAqud4V05BIQkHnVtYh2Msnr5LuRd2+rDduG9VWs4ijhCroFNWQja5QC92gNuogih7QE3pBr8aj8Wy8Ge+L1jWjmDlBf2B8fAOmyJgT</latexit>

htr(✓tr)

<latexit sha1_base64="PcluBBgMTAPloRW2jqcvaC3n+9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREinZZcOOygn1AU8JkOmmHziRh5kaoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wSJ4Boc59sqrK1vbG4Vt0s7u3v7B/bhUVvHqaKsRWMRq25ANBM8Yi3gIFg3UYzIQLBOML6Z+Z0HpjSPo3uYJKwvyTDiIacEjOTbJyNfVjwYMSB+5imJg3B64dtlp+rMgVeJm5MyytH07S9vENNUsgioIFr3XCeBfkYUcCrYtOSlmiWEjsmQ9QyNiGS6n82vn+JzowxwGCtTEeC5+nsiI1LriQxMpyQw0sveTPzP66UQ1vsZj5IUWEQXi8JUYIjxLAo84IpREBNDCFXc3IrpiChCwQRWMiG4yy+vkvZl1b2q1u5q5UY9j6OITtEZqiAXXaMGukVN1EIUPaJn9IrerCfrxXq3PhatBSufOUZ/YH3+APcFlOM=</latexit>

hm(✓bf)
<latexit sha1_base64="GMjZmjlJzsCE8+5pT1Dzqo+bMwk=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxI0S4LbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stPVA4HDOveTcEyacaeO6305pY3Nre6e8W9nbPzg8qh6fdLVMFaEdIrlU/RBrypmgHcMMp/1EURyHnPbC6W3u956o0kyKRzNLaBDjsWARI9hYyR/E2EwI5tn9fFituXV3AbROvILUoEB7WP0ajCRJYyoM4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lAsdUB9ki8hxdWGWEIqnsEwYt1N8bGY61nsWhncwj6lUvF//z/NREzSBjIkkNFWT5UZRyZCTK70cjpigxfGYJJorZrIhMsMLE2JYqtgRv9eR10r2qe9f1xkOj1moWdZThDM7hEjy4gRbcQRs6QEDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AYJ2kWI=</latexit>

M

<latexit sha1_base64="2GNiQ81YtKfssgOZXkKT2tf3vKk=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxI0S4LunBZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Nh9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3au6d11vPDRqrWZRRxnO4BwuwYMbaME9tKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fdMmRWQ==</latexit>D

<latexit sha1_base64="05+F0ITu3l+XBw6yAu7E/S8LaH0=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7ArQXMRAnrwGME8ILuE2UknGTL7YKZXCTGf4sWDIl79Em/+jZNkD5pY0FBUddPdFSRSaHScbyu3tr6xuZXfLuzs7u0f2MXDpo5TxaHBYxmrdsA0SBFBAwVKaCcKWBhIaAWj65nfegClRRzd4zgBP2SDSPQFZ2ikrl0M6BX1bkAiox4OAVnXLjllZw66StyMlEiGetf+8noxT0OIkEumdcd1EvQnTKHgEqYFL9WQMD5iA+gYGrEQtD+Znz6lp0bp0X6sTEVI5+rviQkLtR6HgekMGQ71sjcT//M6Kfar/kRESYoQ8cWifiopxnSWA+0JBRzl2BDGlTC3Uj5kinE0aRVMCO7yy6ukeV52L8qVu0qpVs3iyJNjckLOiEsuSY3ckjppEE4eyTN5JW/Wk/VivVsfi9aclc0ckT+wPn8AynKTCw==</latexit>

b = �✓

Mismatch (unfaithfulness):
Mismatch, optimization over time/phase/polarization:

• Computed locally [fast]
• SNR-independent
• Different versions: single-detector 

optimized over sky, combining h+, h×

Indistinguishability criterion: [Lindblom&al 2008]
[Chatziioannou&al 2019]
[Toubiana-Gair 2024]
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Linearized biases (Cutler-Vallisneri): [Flanagan-Hughes 1997]
[Cutler-Vallisneri 2007]
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In the linear signal approximation, estimation of 
bias [fast]:

Can we assess biases with efficient 
tools ?
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The full response
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sinc [⇡fL (1� k · nl)] exp [i⇡f (L+ k · (pr + ps))]nl · P · nl(tf )
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Time and frequency-dependency in transfer functions
Time: motion of LISA on its orbit
Frequency: departure from long-wavelength approx.

The LISA instrumental response

+ Doppler phase: exp [2i⇡fk · p0(tf )]
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become equivalent to 2 LIGO-
like channels

• For short transients the LISA 
motion has only a weak effect

Example FD transfer function

Pattern function response with HM:
7

If we introduce

F
`m
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1

2
�2Y`me
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�
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+
a,e + iF

⇥
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�

+
1

2
(�1)`�2Y

⇤
`,�me

+2i L
�
F

+
a,e � iF

⇥
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�
, (44)

the mode transfer functions (30) become

ã, ẽ =
X

`,m

T `m
a,e h̃`m

= (�6i⇡fL) exp[2i⇡fk · p0]
X

`,m

F
`m
a,e h̃`m . (45)

We see that scaling out (�6i⇡fL) as in (31) brings us
back to strain-like observables. The only di↵erence with
the response of a ground-based observatory is then the
time dependency entering p0(t) and the LISA frame an-
gles �L(t), �L(t),  L(t) (see (A15)), with the time eval-
uated at t

`m
f .

Finally, we note that we could include the polarization
angle in the pattern functions as follows. Above we have
chosen to write  as an outside prefactor, but we could
write  -dependent pattern functions as

F
+
a,e(�L,�L, L) = cos 2 LF

+
a,e + sin 2 LF

⇥
a,e , (46a)

F
⇥
a,e(�L,�L, L) = � sin 2 LF

+
a,e + cos 2 LF

⇥
a,e . (46b)

so that in the low-frequency approximation the response
for the strain-like observables (31) is

h̃a,e = F
+
a,e(�L,�L, L)h̃+ + F

⇥
a,e(�L,�L, L)h̃⇥ , (47)

if we ignore the delay k · p0 and treat the angles as con-
stants. This is the more familiar form of the instrument
response used for ground-based detectors.

III. METHODOLOGY

A. Bayesian setting

Introducing the standard matched-filter inner prod-
uct [69] (also called overlap) as

(ã|b̃) = 4Re

Z +1

0
df

ã(f)b̃⇤(f)

Sn(f)
, (48)

for stationary Gaussian noise with PSD Sn, the likelihood
L = p(d|✓) for a given gravitational wave channel takes
the form

ln L = �1

2
(h(✓) � d|h(✓) � d) , (49)

with the data stream being a superposition of the grav-
itational wave signal for the true parameters ✓0 and the
noise realization in the experiment, d = h(✓0) + n. The

posterior distribution for the physical parameters ✓ given
the observed data d is then

p (✓|d) =
p(d|✓)p(✓)

p(d)
, (50)

with p(✓) the priors on the parameters, and p(d) the
evidence. The focus of this work is not selecting between
di↵erent models, so we will treat p(d) as a normalization
constant and do not consider it further.

In general, the templates h(✓) used for the analysis
will only be an approximation of the physical signals
present in the data stream d. In this work we will ignore
entirely this distinction and assume that our template
waveforms exactly match the astrophysical waveforms.
In other words, we will not explore the issue of system-
atic errors arising from incomplete modeling of compact
binary merger waveforms.

In our analysis, we will simulate signals and perform
Bayesian analyses of them with Eq. (49) and (50) to ob-
tain the parameter posteriors. In doing so, we will use
the so-called zero-noise approximation, i.e. setting n = 0.
This allows us to accelerate the likelihood computation
as explained in Sec. III C. The approximation is su�cient
to explore the structure of the likelihood and the param-
eter degeneracies, greatly improving with respect to the
Fisher matrix approach. The extension of our analysis
to include nonzero noise realizations will be discussed in
future work.

The log-likelihood function that we use, with a zero
noise realization, is a sum over the three independent
channels A, E, T (27) rescaled according to (29):

ln L = �1

2
[(ã � ãinj|ã � ãinj) + (ẽ � ẽinj|ẽ � ẽinj)

+
�
t̃ � t̃inj|t̃ � t̃inj

�⇤
, (51)

with the “inj” subscript indicating the simulated signals,
and where the inner products (·|·) are given by (48) with
the noise PSDs (33).

B. Reduced order model for EOBNRv2HM
waveforms.

As opposed to previous studies of Bayesian param-
eter recovery for LISA, we wish to use full inspiral-
merger-ringdown signals. Since higher harmonics will
play a crucial role in our analysis, in this study we
use the E↵ective-One-Body (EOB) waveform model
EOBNRv2HM [70]. These waveforms are based on the EOB
formalism [71, 72], and are calibrated to numerical rela-
tivity waveforms. The model is limited to non-spinning
systems on quasicircular orbits, but includes a set of
higher harmonics in the signal, among the most impor-
tant quantitatively:

(`, m) = (2, 2), (2, 1), (3, 3), (4, 4), (5, 5) . (52)

The waveforms are generated in the time domain by in-
tegrating a system of ordinary di↵erential equations, an

+ TDI combinations
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LISA response and multimodality in the sky
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FIG. 12. Examples of multi-modal posterior distributions in the sky localization: from left to right, 1mode, 2modes and 8modes
binary systems. The blue contours represent the MCMC results while the black ellipses correspond to the Fisher estimates for
1�, 2� and 3� errors. The black square indicates the true binary position in the sky. The presence of 2modes and 8modes
events, and the relative probability weight of the modes, can be recovered only with a Bayesian analysis.

FIG. 13. Distribution of the 1mode, 2modes and 8modes EMcps in the z � M plane in the maximising case for the three
astrophysical scenarios. The grey solid curved lines in background correspond to constant redshifted chirp mass values.

days, so the e↵ect of LISA motion is insu�cient to elim-
inate the reflected sky position, which remains degener-
ate. At lower chirp mass and redshift, on the other hand,
the combination of the high-frequency response with the
motion of the detector fully eliminates the degeneracy
and the events are unimodal. However, even if it is pos-
sible to identify a general trend, the two sub-populations
of 1mode and 2modes events do overlap in the z � M
plane, because redshift and Mz are not the only quan-
tities a↵ecting the parameter estimation, and there is a
large dispersion according to the orientation angles. Re-
gardless of the astrophysical model, the 8modes systems
are high chirp mass MBHBs, for which LISA will be able
to observe only the merger and ringdown, gathering little
information from the constellation orbital motion; fur-
thermore, their GW signal will not reach high enough
frequencies for the frequency-dependence of the detector
response to help.

Although 2modes systems seem to constitute a signif-

icant portion of the total EMcps, especially for the mas-
sive astrophysical models Q3d and Q3nd, this is partly
caused by the fact that, to identify an event as bimodal,
we impose a relatively low threshold to the probability
of the secondary mode, i.e. 5%. In this regard, it is in-
structive to look at the probability weight of each mode.
In Fig. 14 we present the number of bimodal EMcps as
a function of the probability in the primary and sec-
ondary modes, for all astrophysical models. It is clear
that the primary mode is always more probable than the
secondary one, which mitigates the risk, for a substan-
tial fraction of the EMcps, of missing the counterpart if
telescopes are pointed only at the primary mode.

In Fig. 15 we show the number of 8modes EMcps in
each octant of the sky, as a function of the probability
of the sky position mode. While the primary mode re-
mains always more probable, the seven spurious modes
are rather equiprobable, with probability that can be as
large as 10%. This is likely to constitute a serious issue

• Multimodality broken by subdominant effects in 
response (motion, high-f)

Multimodality pattern:

Degeneracy breaking:

• motion of LISA: eliminates all modes but the antipodal, weak for 
short high-mass signals

• high-frequency effects in the response: eliminates all modes but 
the reflected, only at high frequencies
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FIG. 14. Log-likelihood (51) at degenerate modes in the sky summarized in Table III, for di↵erent response approximations
(from left to right: Full, Frozen, Low-f), with 22-mode only (top) and with higher harmonics (bottom). The log-likelihood is
shown as a function of the maximal frequency where we cut the 22-mode signal (with the rescaling (59) for the other modes),
which can be thought of as accumulating signal with time (the vertical lines represent the time cuts of IVB and the merger).
The lines represent the sky positions listed in Table III: in terms of LISA-frame parameters full or dashed stands for the
reflection in latitude, and the color stands for the ⇡/2-shifted longitudes. The dashed black curve corresponds to the reflected

position, and the dashed red to the antipodal position. At the true position (solid black), lnL is zero by construction while it
is decreasing as a function of f for other sky positions. Reaching a very negative lnL means that this sky position is excluded
by the data accumulated thus far. In the left panel, the circles indicate the maximum log-likelihood found among the posterior
samples, when the parameters are allowed to deviate slightly from the theoretical degenerate point.

all, including the higher harmonics does not change this
qualitative picture, despite an earlier onset of frequency-
dependent degeneracy-breaking features.

Limitations of such explorations should be made clear:
by using a pointwise estimate, we cannot make statistical
statements and are missing volume e↵ects discussed in
Sec. VC; by transforming the angular parameters with
an analytical prescription while keeping the other fixed,
we are in a sense overconstraining the degeneracy. In
particular, it is conceivable that one could find a better
match to the injected signal in the vicinity of a degenerate
sky mode, by adjusting slightly all parameters.

This is indeed what happens in multidimensional
Bayesian parameter estimation, and is illustrated in
Fig. 14: in the first panel, for the three pre-merger anal-
yses as well as for the post-merger analysis, we overlay
circles indicating the best ln L found among the poste-
rior samples, in each eighth of the sky corresponding to
the eight sky modes (when no samples are present in this
region of the sky, nothing is displayed). A sampler is not
an optimizer, so the precise value achieved is not opti-
mal and would vary when repeating runs; nevertheless,
this measure gives a good proxy for how much closer to
the injected signal we could get by slightly biasing the

parameters.
We see that the best ln L among samples can be higher

than the point estimate would tell us, especially for the
analysis at ⇠ 7 min before merger, and higher harmonics
make a visible di↵erence. This has consequences for ap-
proximations like the Fisher analysis, if secondary peaks
are shifted from the analytical predictions. We leave for
future work the investigation of approximate representa-
tions of sky degeneracies.

VII. STELLAR MASS BLACK HOLES

A. Signals and transfer functions

Stellar-mass black-hole binary (SBHB) inspirals have
been recently recognized as a potentially important
source of LISA detections [7, 48]. Full Bayesian param-
eter estimation studies for these LISA signals have not
yet been developed, but the Fisher approach has been
used in [7, 48–50]. In this section we present two case
studies of parameter inference for such sources using the
formalism and methods described earlier, while limiting
the analysis to the extrinsic parameters (excluding the

True

Reflected
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Fisher localization: impact of waveform model

[Marsat, Mangiagli, Toubiana, in prep.]

• In the high-mass range (HM important), older 
waveform models can be inaccurate also for 
prospective PE 

• Modern waveform models agree well for 
prospective

Analysis settings:

• Fisher matrix localization: sky area of the main 
mode of the posterior

• Randomization over 1000 orientations, mass ratios, 
spins

• Change the waveform model: PhenomHM, 
PhenomXHM, SEOBNRv5HM_ROM
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Sky multimodalities for LISA MBHBs
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Applications: EM counterparts and cosmological inference
[Mangiagli&al 2022, Mangiagli&al 2023]

o  1 mode
o  2 modes
o  >2 modes

Threshold: 
5% prob.

• Bayesian PE required to explore 
multimodal posteriors

• Simulation of 90yrs catalogs
• Custom proposals for degeneracies

Multimodality in the sky 
present, but rare for 

counterpart candidates 
post-merger

Astrophysical models [Barausse 2012]:
• Heavy seeds - delay (Q3d)
• Heavy seeds - no delay (Q3nd)
• PopIII seeds - delay (Pop3)
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Fisher localization: impact of response approximation

[Marsat, Mangiagli, Toubiana, in prep.]

• Sky localization at high mass: weak effects, high SNR
• Unlike LVK localization from triangulation, LISA 

localization potentially vulnerable to systematics

• ‘Pattern function’ response is the main source of 
main-mode localization at high mass, from 
subdominant HM

• Multimodality broken in turn by subdominant effects 
in response (motion, high-f)

Analysis settings:

• Fisher matrix localization: sky area of the main 
mode of the posterior

• Randomization over 1000 orientations, mass ratios, 
spins

• Change the response model: keep or ignore the 
motion and high-f effects
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Example Parameter estimation with systematics III

<latexit sha1_base64="kS60JdGt9aPVEM1lIjrodujlq+g="></latexit>

Mz = 106 M�
z SNR
1.0 1907
1.76 954
3.11 477
5.59 238
10.21 119
18.97 59

• Injection: NRHybSur3dq8
• Template: SEOBNRv5HM_ROM
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Example Parameter estimation with systematics III: TD signals and residuals
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(4, 4)• Wide range of signal morphology
• High-mass signals are completely 

merger/HM dominated

Whitened time-domain signals



38

Example Parameter estimation with systematics III: TD signals and residuals

• Residuals are ‘visually’ small…
• Details of HM at merger are 

important
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Biases caused by missing higher harmonics
12

a) Marginalised posterior distribution on mass and spin parameters without noise.

b) Marginalised posterior distribution on mass and spin parameters for noisy data.

FIG. 6: Four out of six models with di↵erent number of modes are represented here. The posterior of the model M6

in blue manages to find the true values with high accuracy, while other models tend to induce biases, specially for
spin parameters. In the bottom figure, we see how the introduction of noise does not change our ability to find the
true values with 6 modes for this particular source.

Missing higher harmonics 
can cause biases: cross-
products between modes

[Chantal Pitte&al 2023]

11

a) Square terms (lm|lm) b) Cross terms (22|l0m0)

c) Cross terms (21|l0m0) d) Cross terms (lm|l0m0)

FIG. 5: Cumulative contribution to the squared SNR (in absolute value) of di↵erent pairs of modes depending on
the frequency. The upper left figure shows the contribution of the square pairs, where we can see the quadrupolar
making the higher contribution. All the other figures show cross terms, from where we can highlight the contribu-
tion of the quadrupolar mode with higher modes (22|l0m0), which are predominant over others cross terms.

TABLE V: Estimated value for models M1 and M6, for the two data sets, without and with noise.

Parameter True value
Estimated value Estimated value Estimated value with Estimated value with

with M1 (noiseless) with M6 (noiseless) M1 (with noise) M6 (with noise)
logMc (M�) 5.93302 5.93371+0.00019

�0.00016 5.93303+0.00010
�0.00010 5.93374+0.00019

�0.00016 5.93304+0.00009
�0.00010

q 2.759 2.411+0.012
�0.011 2.751+0.019

�0.021 2.414+0.012
�0.012 2.759+0.013

�0.023

�1 -0.549 -0.890+0.009
�0007. -0.559+0.016

�0.024 -0.888+0.009
�0.008 -0.549+0.011

�0.021

�2 0.232 0.996+0.004
�0.019 0.261+0.064

�0.043 0.996+0.004
�0.018 0.231+0.057

�0.030

In Table V we list the parameter’s true values and
the estimated values, with models M1 and M6 with and
without the presence of noise. The super- and sub-scripts
indicate the 68% confidence interval. We can see that in
both cases, i.e. with and without noise, the model featur-
ing only the dominant quadrupole mode is inaccurate in
finding the true values, while the estimated mean value
with all modes is consistent with the true value. This
shows that for the medium-SNR and medium-mass case
that we study (see Fig.4), the absence of higher modes
would already result in biased estimated values. These
biases would only get worse for higher-SNR and higher-
mass systems.

In Fig. 7 we illustrate the impact of the parameter
biases on the reconstruction of post-merger waveform.
Shown in Fig. 7a, we randomly select 200 samples from
posterior distributions obtained with models M1, M3 and

M6, and generate the waveform in the time domain with
the same model. This illustration serves as a visual rep-
resentation of the amplitude and phase from the results
obtained by each model. The fact that we cannot dis-
tinguish individual lines is an e↵ect of the small statisti-
cal errors: the posteriors are centred around biased pa-
rameters, but with a small dispersion. The waveform
reconstruction would therefore be “confidently wrong”.
Trying to inform a ringdown analysis with IMR informa-
tion from biased analyses would presumably raise issues.
If we compare M3 and M6 (in orange and blue respec-
tively), enlarging the image we see visible di↵erences in
the post-merger. This feature, consistently with the sig-
nificant Bayes factor for model M6 over model M3, high-
lights the contribution of less predominant modes such
as (2,1), (3,2) and (4,3).

In one of the tests performed to look for deviations

‘Simpler’ waveform error: missing higher 
harmonic(s)
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There should be 
better bias estimators 
than CV - robustness ?

[Sophia Yi &al, in prep.]

Biases caused by missing higher harmonics

Mchirp q chip chim Deltat dist inc phi lambda beta psi
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Mode config: [(2, 2), (3, 3), (2, 1)]

ptemcee

CV bias

Nelder-Mead bias

iter. gradient bias

Estimating the bias is an optimization problem

• Cutler Vallisneri is one step of Newton’s gradient descent, 
approximating the Hessian with the Fisher matrix

• Are there better optimization algorithms ? (e.g. simplex method)

• One simple idea is to repeat CV as iterated gradient descent 

<latexit sha1_base64="8/8ftqsj+pPmjdnT/ob/RGMFh7k="></latexit>

�✓ = H
�1 ·r lnL

<latexit sha1_base64="kcESLr9PRJFCR34CBgwWkefArRI="></latexit>

Hij = @i@j lnL ⇠ (@ih|@jh)

[Preliminary]
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sample only from the boundary of the parameter space,
which corresponds to the faces of a cube in the 3d case.
We select the parameter in the validation set that has the
largest error (cf. Eq. (2)), and add this to our training
set (hence the name greedy parameters). We repeat until
the validation error reaches a certain threshold.

In order to estimate the di↵erence between two com-
plexified waveforms, h1 and h2, we use the time-domain
mismatch,

MM = 1 � hh1, h2ip
hh1, h1i hh2, h2i

, (2)

hh1, h2i =

����
Z tmax

tmin

h1(t)h⇤
2 (t)dt

���� , (3)

where ⇤ indicates a complex conjugation, and |.| indicates
the absolute value. Note that in this section, we do not
perform an optimization over time and phase shifts. In
addition, we assume a flat noise curve.

FIG. 1. Largest mismatch of the surrogate (over the entire
validation set) as a function of number of greedy parameters
used to train the PN surrogate. The PN surrogate is seen
to converge to the validation waveforms as the size of the
training data set increases.

Figure 1 shows how the maximum validation error de-
creases as we add greedy parameters to our training data
set. For our case, we stop at 100 greedy parameters (at
which point the mismatch is < 10�6) and use those pa-
rameters to perform the NR simulations. Note that we
don’t expect 100 NR simulations to produce an NR sur-
rogate with comparable accuracy, MM < 10�6, for two
reasons. First, unlike the PN waveforms used here, the
NR simulations also include the merger-ringdown part,
which we expect to be more di�cult to model. Second,
the NR numerical truncation error is typically higher
than 10�6 in mismatch, therefore the numerical noise
will limit the accuracy.

III. NR SIMULATIONS

The NR simulations for this model are performed us-
ing the Spectral Einstein Code (SpEC) [48–53] developed
by the SXS [54] collaboration. Of the 100 cases deter-
mined in Sec. II, only 91 simulations were successfully
completed3. These simulations have been assigned the
identifiers SXS:BBH:1419 - SXS:BBH:1509, and will be
made publicly available in the upcoming update of the
SXS public catalog [55]. For cases with equal mass, but
unequal spins, we can exchange the two BHs to get an
extra data point. There are 13 such cases, leading to a
total of 104 NR waveforms. These are shown as circular
markers in Fig. 2.

FIG. 2. The parameter space covered by the 104 NR wave-
forms (circle markers) used in the construction of the surro-
gate model in Sec. VI. We also show the 9 long NR waveforms
(square markers) used to test hybridization in Sec. VII B, and
the 8 NR waveforms (triangle markers) used to test extrap-
olation in Sec. VII C. The axes show the mass ratio and the
spin on the heavier BH, while the colors indicate the spin on
the lighter BH. The black rectangle indicates the bounds of
the training region: 1  q  8, �0.8  �1z, �2z  0.8.

The start time of these simulations varies between
4270M and 5227M before the peak of the waveform am-
plitude (defined in Eq. (38)), where M = m1 + m2 is the
total Christodoulou mass measured after the initial burst
of junk radiation. The algorithm for choosing a fiducial
time at which junk radiation ends is discussed in Ref. [55].
The initial orbital parameters are chosen through an iter-
ative procedure [56] such that the orbits are quasicircular;
the largest eccentricity for these simulations is 7.5⇥10�4,
while the median value is 4.2 ⇥ 10�4. The waveforms

3
The main reason for failure is large constraint violation as the

binary approaches merger. We believe a better gauge condition

may be needed for some of these simulations.
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Mismatches of NR surrogate

12

FIG. 6. Errors in NRHybSur3dq8 and SEOBNRv4HM when compared against hybrid waveforms. For NRHybSur3dq8, we
show out-of-sample errors. Mismatches are computed at several points in the sky of the source frame using all available
modes in each waveform: For the hybrid waveforms and NRHybSur3dq8, that is `  4 and (5, 5), but not (4, 1) or (4, 0). For
SEOBNRv4HM that is (2, 2), (2, 1), (3, 3), (4, 4), and (5, 5). Left: Mismatches computed using a flat noise curve, but including
only the late inspiral part of the waveforms, starting at �3500M before the peak. Therefore, we are essentially comparing
only to the NR part of the hybrid waveforms. For comparison, we also show the NR resolution error, obtained by comparing
the two highest available resolutions. The histograms are normalized such that the area under each curve is 1 when integrated
over log10(Mismatch). Right: Mismatches as a function of total mass, computed using the Advanced LIGO design sensitivity
noise curve. Here we compare against the full hybrid waveforms. The solid (dashed) lines show the 95th�percentile (median)
mismatch values over points on the sky as well as di↵erent hybrid waveforms.

VII. RESULTS

In order to estimate the di↵erence between two wave-
forms, h1 and h2, we use the mismatch, defined in Eq. (2),
but in this section instead of Eq. (3) we use the frequency-
domain inner-product

hh1, h2i = 4Re

Z fmax

fmin

h̃1(f)h̃⇤
2 (f)

Sn(f)
df, (49)

where h̃(f) indicates the Fourier transform of the com-
plex strain h(t), ⇤ indicates a complex conjugation, Re
indicates the real part, and Sn(f) is the one-sided power
spectral density of a GW detector. We taper the time
domain waveform using a Planck window [103], and then
zero-pad to the nearest power of two. We further zero-
pad the waveform to increase the length by a factor of
eight before performing the Fourier transform. The ta-
pering at the start of the waveform is done over 1.5 cycles
of the (2, 2) mode. The tapering at the end is done over
the last 20M . Note that our model contains times up to
135M after the peak of the waveform amplitude, and the
signal has essentially died down by the last 20M .

We compute mismatches following the procedure de-
scribed in Appendix D of Ref. [27]: the mismatches are
optimized over shifts in time, polarization angle, and ini-
tial orbital phase. Both plus and cross polarizations are
treated on an equal footing by using a two-detector setup
where one detector sees only the plus and the other only
the cross polarization. We compute the mismatches at
37 points uniformly distributed on the sky in the source

frame, and we use all available modes of a given waveform
model.

When computing flat noise mismatches (Sn = 1), we
take fmin to be the frequency of the (2, 2) mode at the end
of the initial tapering window, and fmax = 5f

peak
22 , where

f
peak
22 is the frequency of the (2, 2) mode at its peak. This

choice of fmax ensures that we capture the peak frequen-
cies of all modes considered in this work, including the
(5, 5) mode, whose frequency has the highest multiple
of the (2, 2) mode frequency of all the modes we model.
We also compute mismatches with the Advanced-LIGO
design sensitivity Zero-Detuned-HighP noise curve [104].
For this we use fmin = 20Hz and fmax = 2000Hz.

A. Surrogate errors

We evaluate the accuracy of our new surrogate model,
NRHybSur3dq8, by computing mismatches against hy-
brid waveforms. For this, we compute “out-of-sample”
errors as follows. We first randomly divide the 104 train-
ing waveforms into groups of ⇠5 waveforms each. For
each group, we build a trial surrogate using the remain-
ing ⇠99 training waveforms and test against these five
validation ones. We also compute the mismatch be-
tween an existing higher-mode waveform model, SEOB-
NRv4HM [15], and the hybrid waveforms.

Figure 6 summarizes mismatches of both NRHyb-
Sur3dq8 and SEOBNRv4HM versus the hybrid wave-
forms. We use all available modes for each waveform
model. In the left panel we show mismatches computed

[Varma&al 2018]
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Statistical significance of biases: intrinsic parameters



43

Statistical significance of biases: extrinsic parameters
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Likelihood:

Degeneracy breaking for 8 sky maxima

Instrument response:

[Marsat&al 2020]
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Discussion: thoughts on biases

•Estimating biases is an SNR-independent deterministic optimization problem: best method ? 
Should waveform modellers evaluate parameter biases along mismatches ?

•The stochastic view on biases: introduce stochastic waveform errors, marginalize over 
waveform uncertainty

•The deterministic view on biases: model the bias as a parameter map (how quickly is it 
varying with parameters ?), for instance with dedicated NR injections in the vicinity of 
detected signals

•Different goals for waveform errors: evaluate width of posterior / likelihood surface simply 
connected through gradient descent to optimum / no significant biases

•Tests of GR: are modified-GR effects orthogonal to waveform errors ? Orthogonality better 
in the inspiral, not much at merger
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