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I-  Ultra-light Dark Matter as a Dark Matter candidate

FuzzyDM

SFDM, ALPs

- 27% of the energy density of the universe

- Cold (non-relativistic)

- Dark: small electromagnetic interactions

- Collisionless / pressureless: small self-interactions or interactions with baryons

Introduction        Self-similar solutions for FDM        Solitons and halos for quartic self-interaction        Soliton and halos for truncated self-interaction        Conclusion

The standard cosmological model, ΛCDM  à DM is described as a cold DM fluid.
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However, we remain ignorant about its basic properties for example the mass.
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What we know about dark matter

• 27% of the energy density of the universe.
• Dark (transparent): no/weakly electromagnetic interactions.
• Collisionless: no/weakly self-interaction or interaction with baryons
• Cold (non-relativistic): moves much slower than c.
• Pressureless: gravitational attractive, clusters.

However there remains a huge uncertainty on its mass and many scenarios exist, 
from elementary particles to macroscopic objects:
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The standard cosmological model, ΛCDM  à DM is described as a cold DM fluid.
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What we know about dark matter

• 27% of the energy density of the universe.
• Dark (transparent): no/weakly electromagnetic interactions.
• Collisionless: no/weakly self-interaction or interaction with baryons
• Cold (non-relativistic): moves much slower than c.
• Pressureless: gravitational attractive, clusters.

A) Known properties of DM
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Figure 1. Visualization of possible solutions to the dark matter problem.
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Renewed interest in recent years (Hui, Ostriker, Tremaine, Witten 2017), especially since WIMPs have not been detected yet 
and ULDM might alleviate some small-scale tensions of LCDM.

These problems may be solved by a proper account of baryonic physics (feedback from Supernovae and AGN), 
but ULDM remains an interesting candidate on its own.

C) Ultra-light dark matter
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10�22 eV < m < 1 eV



For Fuzzy Dark Matter:
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m ⇠ 10�22eV

De Broglie wavelength:
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�dB ⇠ 1 kpc

The DM density field behaves like CDM on large scales but structures are suppressed below 
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�dB

In particular, hydrostatic flat cores (« solitons ») can form at the center of DM halos.

However, this model already seems ruled out by Lyman-alpha forest power 
spectra (because of this suppression of small-scale power).

D) Fuzzy dark matter
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E) Self-interactions

Instead of relying on the quantum pressure (large         ), we can also suppress small-scale structures 
through self-interactions.
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This also generates an effective pressure, which is now due to the self-interactions.



II-  Fast oscillations in Ultra-light Dark Matter density

A) Background at leading order

For a mostly quadratic potential with small self-interactions:

simulations, which agree with the well-known Navarro-
Frenk-White (NFW) profile [87]. In fact, supermassive
BHs are expected to involve baryonic physics, as cooling
and dissipation allow baryons to fall into gravitational
potential wells. Nonequilibrium physics may also come
into play through the mergers of smaller BHs, whereas the
initial seeds could result from the remnants of massive stars
or the collapse of large gas clouds or of stellar clusters.
See, for instance, Ref. [88] for a recent review of scenarios
for the assembly of supermassive BHs. Similar baryonic
processes should also be present in scalar DM cosmologies;
hence, we expect supermassive BHs to form as well in these
scenarios.
Thus, in this paper, we investigate the smooth accretion

onto the supermassive BH after a solitonic halo profile has
formed on the galactic scale (similar to the NFW halo
profile for CDM scenarios). We find that outside the
Schwarzschild radius and close enough to the black hole
the scalar dynamics are described by a stationary solution
with nonvanishing flux. This corresponds to the infall of
dark matter into the central BH. Far away from the center,
the dynamics reproduce the static soliton behavior, with a
solution whose density is nearly constant in the core before
falling off rapidly towards zero [89]. This selects a unique
solution with constant flux and nearly vanishing velocity
far away from the BH, which is similar to the transonic
solution obtained for the hydrodynamic case. We find
typically that the lifetime of the soliton, despite the falling
of matter into the BH, is larger than the age of the Universe.
Moreover, the constraints on the density profile of dark
matter inferred from the stellar dynamics in the vicinity of
the central BH [90,91] are easily met.
This manuscript is arranged as follows. In Sec. II,

we describe the main equations of a generic model of
scalar DM within a Schwarzschild geometry, in both
isotropic coordinates (Sec. II A 2) and Eddington coordi-
nates (Sec. III D). In Sec. III, we analyze the main features
of the scalar DM solitons for the harmonic case. In Sec. IV,
we extend this analysis to the self-interacting case deter-
mined by a quartic term. In Sec. V, we derive the long
lifetime associated with the scalar-field soliton found in the
previous section. Finally, the main conclusions are sum-
marized in Sec. VI.

II. DARK MATTER SCALAR FIELD

A. Scalar-field action

The scalar-field action is

Sϕ ¼
Z

d4x
ffiffiffiffiffiffi−gp

"
−
1

2
gμν∂μϕ∂νϕ − VðϕÞ

#
: ð1Þ

We also write the scalar-field potential as

VðϕÞ ¼ m2

2
ϕ2 þ VIðϕÞ; ð2Þ

where VI is the self-interaction potential. In this work, we
focus on the quartic self-interaction potential

VIðϕÞ ¼
λ4
4
ϕ4: ð3Þ

Such scalar fields can play the role of DM and build scalar
solitons, i.e., static profiles with a finite core, at the center
of galactic halos. These solitons can be the result of the
balance between the self-gravity of the scalar cloud and a
“quantum pressure” (due to the fact that the underlying
equations of motion are the Klein-Gordon equation, or the
Schrödinger equation in the nonrelativistic limit, rather
than the hydrodynamical Euler equation) or to a repulsive
self-interaction, associated with λ4 > 0. In this paper,
following our previous work [89], we focus on the large
scalar-mass limit

m ≫ 10−21 eV; ð4Þ

which ensures that the quantum pressure is negligible from
cosmological to galactic scales. Then, the galactic solitons
are due to the balance between gravity and the repulsive
self-interaction. In the large scalar-mass limit, the analysis
simplifies, and we can derive in the next sections explicit
expressions for the scalar-field profile and its inflow onto
the supermassive BH. Around a Schwarzschild BH, we
shall see below that the large-mass limit becomes defined
by the lower bound (40), which is somewhat larger than (4).

B. Schwarzschild metric

Close to the BH, the contribution from the scalar field is
negligible, and the metric is the standard Schwarzschild
metric [92,93]

ds2 ¼ −
$
1 −

rs
r̃

%
dt2 þ

$
1 −

rs
r̃

%−1
dr̃2 þ r̃2dΩ⃗2; ð5Þ

where r̃ is the Schwarzschild radial coordinate and rs ¼
2GM is the Schwarzschild radius of the BH of mass M.
Throughout this paper, we work in natural units with c ¼ 1.

C. Isotropic coordinates

We focus on spherically symmetric systems, as we
consider a spherical scalar cloud around a supermassive
Schwarzschild BH. To simplify the matching with the
Newtonian gauge at large scales, we work with the
isotropic radial coordinate r and the time t throughout
this paper, except in Secs. III D, IV F, and IVG. Then, the
static spherically symmetric metric can be written in the
isotropic form
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�̈+ 3H�̇+
dV

d�
= 0 V =

1

2
m2�2

H ⌧ m

̈ϕ̄þ 3H _̄ϕþm2ϕ̄þ dVI

dϕ
¼ 0; ð22Þ

whose solution can be written as a slowly varying defor-
mation of the harmonic oscillator,

ϕ̄ðtÞ ¼ φ̄ðtÞ cosðmt − S̄ðtÞÞ: ð23Þ

Notice the similarity with the ansatz (9) defining the
complex scalar field ψ . The amplitude of the scalar field
evolves in time and decreases with the scale factor

φ̄ ¼ φ̄0a−3=2; ð24Þ

while the phase evolves according to

S̄ðtÞ ¼ S̄0 −
Z

t

t0
dtmΦI

!
m2φ̄2

0

2a3

"
: ð25Þ

Hence, at the background level, the scalar field oscillates
harmonically at the leading order, with the high frequency
m given by the scalar mass. The Hubble expansion and the
self-interactions give rise to a slow decay of the amplitude
and to a phase shift. The power-law decay φ̄ ∝ a−3=2 shows
that the scalar-field energy density ρ̄ϕ ≃m2ϕ̄2=2 decreases
like a−3 and plays the role of a nonrelativistic dark-matter
component.

2. Nonrelativistic limit

Comparing the solution (23) with the nonrelativistic
decomposition (9), we can see that, at the background level,
the complex scalar field ψ̄ is

ψ̄ðtÞ ¼ ψ̄0a−3=2eiS̄; with ψ̄0 ¼
ffiffiffiffi
m
2

r
φ̄0 ¼

ffiffiffiffiffi
ρ̄0
m

r
: ð26Þ

We can check that the solution defined by ρ̄ ¼ ρ̄0=a3 and S̄
given by Eq. (25), which also can be written as

_̄S ¼ −
mΛ4a3

2ρ̄0

X∞

n¼2

λ2n
ð2nÞ!
ðn!Þ2

!
ρ̄0

2m2Λ2a3

"
n
; ð27Þ

is indeed the solution of the equations of motion derived
from the hydrodynamical action, which read

_̄S ¼ −m
dVI

dρ
; ð28Þ

_̄ρþ 3Hρ̄ ¼ 0: ð29Þ

Hence, at the background level, the evolution of the scalar
field given by the hydrodynamical equations reproduces the
full solution to the scalar-field equation (22).

III. TACHYONIC INSTABILITY FOR SMOOTH
SELF-INTERACTIONS

A. Polynomial self-interactions

In the first part of this paper, we consider the scenario
illustrated in Fig. 1, associated with slowly-varying self-
interaction potentials. For template, we take a low-order
polynomial case where we directly define the model at the
nonrelativistic level,

ΦI ¼ −c1
ρ
ρΛ

þ c2
ρ2

ρ2Λ
; VI ¼ −c1

ρ2

2ρΛ
þ c2

ρ3

3ρ2Λ
; ð30Þ

with ci > 0. This corresponds to

VIðϕÞ ¼ −
c1m4

3ρΛ
ϕ4 þ 2c2m6

15ρ2Λ
ϕ6: ð31Þ

FIG. 1. The main stages of the formation of scalar dark-matter clumps for the tachyonic scenario (31). Cosmic time grows from the left
column to the right column, and from the upper panel to the lower panel within each column. See the main text for explanations.
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V
Klein-Gordon . eq.: e.g., no self-interactions:

the scalar field oscillates with frequency m, and a slow decay of the amplitude:

� = �0(a/a0)
�3/2 cos(mt)

behaves like dark matter: ⇢ / a�3

V / �n w =
hp�i
h⇢�i

=
n� 2

n+ 2

where the speed of sound squared becomes negative at low
background densities. We first use a perturbative approach
in Sec. III B, to follow the growth of the scalar-field density
perturbations. In Sec. III C, we study the stable isolated
scalar-field configurations that arise in such a model, i.e.,
the “solitons” that correspond to the final dark matter
clumps. We estimate in Sec. III D the efficiency of the
collisional aggregation of these scalar clouds, shortly after
their formation and before they are diluted by the expansion
of the Universe, and we check in Sec. III E that they do not
collapse to black holes. Then, in Sec. III F, we take into
account theoretical constraints to compute the parameter
space of this scenario. In Sec. III G we compute the scales
spanned by the scalar dark-matter clumps and in Sec. III H
we check that they are far beyond the reach of microlensing
observations.
Next, in Sec. IV, we present a different mechanism for

clump formation, associated with a parametric resonance.
We take as an example a Lagrangian inspired from axion
monodromy, where a dominant mass term is corrected by a
subleading cosine term. The parametric resonance then
arises from the interplay between this oscillating self-
interaction term, the quantum pressure, and the kinetic
terms of the scalar field. We again describe the perturbative
growth of the scalar-field density fluctuations and the stable
solitons that can arise. We also compute the parameter
space of this second scenario and the size of the scalar
clumps. Again, we check that they do not collapse into
black holes and are much below the observational threshold
of microlensing observations.
We present our main conclusions in Sec. V. We finally

complete our discussion with different Appendices on
thermodynamical phase transitions, parametric resonance,
and soliton profiles.

II. CLASSICAL FIELDS AND THEIR
NONRELATIVISTIC LIMIT

A. Classicality

In the following, we shall be interested in models of
scalar dark matter where the dark-matter field can be
described classically. This is a reasonable approximation
for the quantum field ϕ, whose nonrelativistic behavior will
give rise to dark matter, if the occupation number N of the
associated quantum state is very large. Denoting by ρ the
energy density of the field and by n ¼ ρ=m the number
density, where m is the mass of the scalar, the occupation
number can be estimated as [48]

N ≃
ρ
m
λ3dB; λdB ¼ 2π

mv
; ð1Þ

where λdB is the de Broglie wavelength of the scalar
particles associated to ϕ. Here v is their typical velocity.
This gives the condition for classicality

N ∼
ρ

m4v3
≫ 1: ð2Þ

We can envisage two types of situations. In the first one,
the energy density of the scalar field is nearly homo-
geneously distributed in the Universe and behaves like
ρ ≃ ρ0=a3, where ρ0 is the present dark-matter density in
the Universe. Inside large-scale inhomogeneities such as
galaxy halos, the typical velocity of dark-matter particles v0
is small and the classical regime is attained when

m4v30 ≪ ρ0 ∼ 10−48 GeV4; ð3Þ

where we consider low redshifts in the matter era. As we
expect v0 ≃ 10−3, this is the case when

cosmological inhomogeneities only∶ m ≪ 0.1 eV: ð4Þ

In this mass range the field can be treated classically. This
also applies at higher redshifts, as ρ ∝ a−3 and typically
v ∼ a−1 because of the expansion of the Universe.
Another scenario is the one that we consider in this

paper: dark matter is made of scalar-field clumps created in
the radiation era and forming a bound state of dark-matter
fluid. Then, in a fashion similar to primordial black holes,
these clumps play the role of dark matter particles and
behave at late times as in standard CDM cosmologies. In
this case, the density ρ is large inside the clumps, reflecting
the large energy densities at the time of their formation, and
the velocity is negligible as these clumps are equilibrium
configurations. Hence, for such clumpsN will be very large
and we can treat ϕ as a classical field. In fact, the
classicality condition (2) will provide a self-consistency
constraint on the parameter space of the scenarios we study
in this paper.

B. Equations of motion

We focus on scalar-field models characterized by canoni-
cal kinetic terms and an interaction potential VIðϕÞ. Thus,
they are governed by the action

S½ϕ% ¼
Z

d4x
ffiffiffiffiffiffi−gp

"
−
1

2
gμν∂μϕ∂νϕ − VðϕÞ

#
; ð5Þ

with

VðϕÞ ¼ 1

2
m2ϕ2 þ VIðϕÞ: ð6Þ

In this paper, we restrict our study to the nonrelativistic
regime, when the self-interactions are small as compared
with the quadratic part,

VI ≪
1

2
m2ϕ2: ð7Þ
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the “solitons” that correspond to the final dark matter
clumps. We estimate in Sec. III D the efficiency of the
collisional aggregation of these scalar clouds, shortly after
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of the Universe, and we check in Sec. III E that they do not
collapse to black holes. Then, in Sec. III F, we take into
account theoretical constraints to compute the parameter
space of this scenario. In Sec. III G we compute the scales
spanned by the scalar dark-matter clumps and in Sec. III H
we check that they are far beyond the reach of microlensing
observations.
Next, in Sec. IV, we present a different mechanism for
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We take as an example a Lagrangian inspired from axion
monodromy, where a dominant mass term is corrected by a
subleading cosine term. The parametric resonance then
arises from the interplay between this oscillating self-
interaction term, the quantum pressure, and the kinetic
terms of the scalar field. We again describe the perturbative
growth of the scalar-field density fluctuations and the stable
solitons that can arise. We also compute the parameter
space of this second scenario and the size of the scalar
clumps. Again, we check that they do not collapse into
black holes and are much below the observational threshold
of microlensing observations.
We present our main conclusions in Sec. V. We finally

complete our discussion with different Appendices on
thermodynamical phase transitions, parametric resonance,
and soliton profiles.

II. CLASSICAL FIELDS AND THEIR
NONRELATIVISTIC LIMIT

A. Classicality

In the following, we shall be interested in models of
scalar dark matter where the dark-matter field can be
described classically. This is a reasonable approximation
for the quantum field ϕ, whose nonrelativistic behavior will
give rise to dark matter, if the occupation number N of the
associated quantum state is very large. Denoting by ρ the
energy density of the field and by n ¼ ρ=m the number
density, where m is the mass of the scalar, the occupation
number can be estimated as [48]

N ≃
ρ
m
λ3dB; λdB ¼ 2π

mv
; ð1Þ

where λdB is the de Broglie wavelength of the scalar
particles associated to ϕ. Here v is their typical velocity.
This gives the condition for classicality

N ∼
ρ

m4v3
≫ 1: ð2Þ

We can envisage two types of situations. In the first one,
the energy density of the scalar field is nearly homo-
geneously distributed in the Universe and behaves like
ρ ≃ ρ0=a3, where ρ0 is the present dark-matter density in
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also applies at higher redshifts, as ρ ∝ a−3 and typically
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B. Equations of motion

We focus on scalar-field models characterized by canoni-
cal kinetic terms and an interaction potential VIðϕÞ. Thus,
they are governed by the action

S½ϕ% ¼
Z

d4x
ffiffiffiffiffiffi−gp

"
−
1

2
gμν∂μϕ∂νϕ − VðϕÞ

#
; ð5Þ

with

VðϕÞ ¼ 1

2
m2ϕ2 þ VIðϕÞ: ð6Þ

In this paper, we restrict our study to the nonrelativistic
regime, when the self-interactions are small as compared
with the quadratic part,

VI ≪
1

2
m2ϕ2: ð7Þ
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̈ϕ̄þ 3H _̄ϕþm2ϕ̄þ dVI

dϕ
¼ 0; ð22Þ

whose solution can be written as a slowly varying defor-
mation of the harmonic oscillator,

ϕ̄ðtÞ ¼ φ̄ðtÞ cosðmt − S̄ðtÞÞ: ð23Þ

Notice the similarity with the ansatz (9) defining the
complex scalar field ψ . The amplitude of the scalar field
evolves in time and decreases with the scale factor

φ̄ ¼ φ̄0a−3=2; ð24Þ

while the phase evolves according to

S̄ðtÞ ¼ S̄0 −
Z

t

t0
dtmΦI

!
m2φ̄2

0

2a3

"
: ð25Þ

Hence, at the background level, the scalar field oscillates
harmonically at the leading order, with the high frequency
m given by the scalar mass. The Hubble expansion and the
self-interactions give rise to a slow decay of the amplitude
and to a phase shift. The power-law decay φ̄ ∝ a−3=2 shows
that the scalar-field energy density ρ̄ϕ ≃m2ϕ̄2=2 decreases
like a−3 and plays the role of a nonrelativistic dark-matter
component.

2. Nonrelativistic limit

Comparing the solution (23) with the nonrelativistic
decomposition (9), we can see that, at the background level,
the complex scalar field ψ̄ is

ψ̄ðtÞ ¼ ψ̄0a−3=2eiS̄; with ψ̄0 ¼
ffiffiffiffi
m
2

r
φ̄0 ¼

ffiffiffiffiffi
ρ̄0
m

r
: ð26Þ

We can check that the solution defined by ρ̄ ¼ ρ̄0=a3 and S̄
given by Eq. (25), which also can be written as

_̄S ¼ −
mΛ4a3

2ρ̄0

X∞

n¼2

λ2n
ð2nÞ!
ðn!Þ2

!
ρ̄0

2m2Λ2a3

"
n
; ð27Þ

is indeed the solution of the equations of motion derived
from the hydrodynamical action, which read

_̄S ¼ −m
dVI

dρ
; ð28Þ

_̄ρþ 3Hρ̄ ¼ 0: ð29Þ

Hence, at the background level, the evolution of the scalar
field given by the hydrodynamical equations reproduces the
full solution to the scalar-field equation (22).

III. TACHYONIC INSTABILITY FOR SMOOTH
SELF-INTERACTIONS

A. Polynomial self-interactions

In the first part of this paper, we consider the scenario
illustrated in Fig. 1, associated with slowly-varying self-
interaction potentials. For template, we take a low-order
polynomial case where we directly define the model at the
nonrelativistic level,

ΦI ¼ −c1
ρ
ρΛ

þ c2
ρ2

ρ2Λ
; VI ¼ −c1

ρ2

2ρΛ
þ c2

ρ3

3ρ2Λ
; ð30Þ

with ci > 0. This corresponds to

VIðϕÞ ¼ −
c1m4

3ρΛ
ϕ4 þ 2c2m6

15ρ2Λ
ϕ6: ð31Þ

FIG. 1. The main stages of the formation of scalar dark-matter clumps for the tachyonic scenario (31). Cosmic time grows from the left
column to the right column, and from the upper panel to the lower panel within each column. See the main text for explanations.
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pressure that balances the gravitational attraction, allowing
for clouds of dark matter to be stable on large scales. Such
clouds form solitonlike objects that are candidates for
representing dark-matter halos with a finite core. This
behavior is typically obtained for dark-matter scalar fields
with a positive ϕ4 self-interaction. Moreover, as shown in
[33], these solitons are long lived even when the super-
massive black hole (BH) at the center of the halo is taken
into account. Indeed, the lifetime of such objects is longer
than the age of the Universe.
Here we consider models of scalar dark matter where the

scalar mass term is complemented with k-essence kinetic
terms [34]. On large scales and in the nonrelativistic limit,
these models are equivalent to self-interacting models of
scalars with polynomial interactions. We extend this
analysis to the case where there is a supermassive BH at
the center of the galaxies. In this case, the equivalence with
polynomial models is more subtle; in particular, we show
that regular dark-matter profiles with constant scalar fluxes,
which must behave as ingoing waves close to the BH
horizon, cannot always be connected to the solitonic
solution at large radii. This happens for the ð∂ϕÞ4 model,
where the scalar field cannot sustain a large scalar cloud in the
presence of the central BH. We give conditions for the
existence of regular solutions where the scalar profile exists
and is regular from the BH horizon to spatial infinity. On top
of the usual k-essence stability conditions for the absence of
ghosts and gradient instabilities, we find that the growth of
the k-essence function for large argument cannot be too
steep. In this case, this also guarantees that the models are
stable under quantum corrections, even though the model
becomes nonlinear close to the BH horizon.
The paper is arranged as follows. InSec. II,wedescribe the

models of scalar darkmatter with nonlinear kinetic terms and
connect them in the nonrelativistic regime with theories that
have nonlinear scalar potentials. In Sec. III, we present the
nonlinear solutions to the modified Klein-Gordon equation
and the constant flux solutions. In Sec. IV, we make the
connection between the nonlinear solutions and the large-
radius and nonrelativistic limits. We also consider the
behavior close to the horizon. In Sec. V, we give the example
of quartic Lagrangians for which constant flux solutions
connected to stable solitons at large radii do not exist. We
then discuss when global solutions exist in Sec. VI. Then, in
Sec. VII, we give an explicit example of models for which
constant flux solutions up to very large radii exist and the
lifetime of the soliton is larger than the age of theUniverse. In
Sec. VIII, we discuss the quantum stability of these models.
We finally conclude in Sec. IX.

II. DARK-MATTER SCALAR FIELD WITH
DERIVATIVE SELF-INTERACTIONS

A. Scalar-field action with nonstandard kinetic term

In this paper, we investigate scenarios where the dark-
matter scalar-field action is

Sϕ ¼
Z

d4x
ffiffiffiffiffiffi−gp

"
Λ4KðXÞ −m2

2
ϕ2

#
; ð1Þ

where the normalized kinetic argument X is given by

X ¼ −
1

2Λ4
gμν∂μϕ∂νϕ; ð2Þ

and we decompose the nonstandard kinetic term KðXÞ as
the sum of the standard term X and a nonstandard nonlinear
contribution KI,

KðXÞ ¼ X þ KIðXÞ: ð3Þ

We assume that KI admits the small-X expansion

X ≪ 1∶ KIðXÞ ¼
X

n≥2

kn
n
Xn: ð4Þ

The scale Λ plays the role of the strong coupling scale. We
shall check that the models make sense quantum mechan-
ically even when X ≫ 1; see Sec. VIII.
As shown in [27], in the nonrelativistic and large-mass

regime, where KI ≪ X, the small nonlinear correction KI is
equivalent to a small nonlinear potential VI, with VI ≪
m2ϕ2=2 and

VIðϕÞ ¼ Λ4
X

n≥4

λn
n
ϕn

Λn ; ð5Þ

with

λ2n ¼ −2kn
$
m2

2Λ2

%n
: ð6Þ

This result is obtained at leading order in the large-mass
limit, when the dynamics are averaged over the fast
oscillations eimt driven by the zeroth-order quadratic
Lagrangian Λ4X −m2ϕ2=2.
In the case of a quartic derivative self-interaction, we

obtain

KIðXÞ ¼
k2
2
X2; VIðϕÞ ¼

λ4
4
ϕ4; λ4 ¼−k2

m4

2Λ4
: ð7Þ

For positive λ4, hence negative k2, this gives rise to an
effective pressure on small scales [27]. This leads to a
nonzero Jeans length for the growth of cosmological struc-
tures, and in virialized halos the scalar field can relax to a
static soliton, where the halo self-gravity is balanced by this
effective pressure due to the (derivative) self-interaction.
Therefore, in this paper we focus on the case

λ4 > 0; k2 < 0: ð8Þ
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B) Non-relativistic regime

Sϕ ¼
Z

d4x
ffiffiffiffiffiffi−gp

"
−
1

2
gμν∂μϕ∂νϕ − VðϕÞ

#
; ð1Þ

where we include a quartic self-interaction,

VðϕÞ¼m2

2
ϕ2þVIðϕÞ with VIðϕÞ¼

λ4
4
ϕ4; λ4>0: ð2Þ

The coupling constant λ4 is taken positive to ensure that the
self-interaction is repulsive (a negative sign corresponds to
attractive self-interaction). This leads to an effective pres-
sure that can counterbalance gravity and lead to static and
stable dark matter halos on small scales, called solitons in
the following.
On the cosmological background or on galactic scales,

the oscillations of the scalar field due to the quadratic mass
term are required to be dominant, leading to an upper
bound on λ4. This ensures that, at lowest order, the scalar
field behaves as cold dark matter with a vanishing pressure.
Then, the interaction term is a small perturbation that
slightly modifies the harmonic oscillations of the scalar
field and gives rise to an effective pressure, which leads to
deviations from the CDM scenario on small scales. In
particular, this leads to a characteristic scale [33]

ra ¼
ffiffiffiffiffiffiffi
3λ4
2

r
MPl

m2
; ð3Þ

where MPl is the reduced Planck mass. This sets both the
Jeans length, which is independent of density and redshift
[37,38] and below which density perturbations of the
cosmological background cease to grow and oscillate,
and the size of hydrostatic equilibria (solitons) that can
form after collapse and decoupling from the Hubble
expansion. In the nonrelativistic regime, which applies to
large scales in the late Universe and to astrophysical scales
far from BH horizons, one can decompose the solutions to
the nonlinear Klein-Gordon equation between the fast
oscillations at frequency m and a slowly varying envelope
that evolves on cosmological or astrophysical timescales.
The latter is then governed by the Schrödinger equation.
We refer the reader to [33] for a cosmological study of these
SFDM scenarios. In the following, we focus on subgalactic
scales and discard the expansion of the universe.

B. Nonrelativistic regime

In the nonrelativistic weak-gravity regime, it is conven-
ient to write the real scalar field ϕ in terms of a complex
field ψ as

ϕ ¼ 1ffiffiffiffiffiffiffi
2m

p ðe−imtψ þ eimtψ⋆Þ: ð4Þ

In this regime, where typical frequencies _ψ=ψ and
momenta ∇ψ=ψ are much smaller than m, the complex
scalar field ψ obeys the Schrödinger equation,

i _ψ ¼ −
∇2ψ
2m

þmðΦN þΦIÞψ ; ð5Þ

whereΦN is the Newtonian gravitational potential andΦI is
the nonrelativistic self-interaction potential. For the quartic
self-interaction it reads [33]

ΦI ¼
mjψ j2

ρa
with ρa ¼

4m4

3λ4
: ð6Þ

It is also convenient to express ψ in terms of the amplitude
ρ and the phase s by the Madelung transform [39],

ψ ¼
ffiffiffiffi
ρ
m

r
eis: ð7Þ

Then, the real and imaginary parts of the Schrödinger
equation (5) give

_ρþ∇ ·
$
ρ
∇s
m

%
¼ 0; ð8Þ

_s
m
þ ð∇sÞ2

2m2
¼ −ðΦN þΦIÞ; ð9Þ

while the nonrelativistic self-interaction potential reads

ΦI ¼
ρ
ρa

¼ 3λ4ρ
4m4

: ð10Þ

Defining the curl-free velocity field v⃗ by

v⃗ ¼ ∇s
m

; ð11Þ

Eqs. (8)–(9) give the usual continuity and Euler equations,

_ρþ∇ · ðρv⃗Þ ¼ 0; ð12Þ

_v⃗þ ðv⃗ ·∇Þv⃗ ¼ −∇ðΦN þΦIÞ: ð13Þ

Thus, in the nonrelativistic regime, we can go from the
Klein-Gordon equation to the Schrödinger equation and
next to a hydrodynamical picture. In the Hamilton-Jacobi
and Euler equations (9) and (13) we have neglected the
quantum pressure term

ΦQ ¼ −
∇2 ffiffiffi

ρ
p

2m2 ffiffiffi
ρ

p : ð14Þ

This is because in this paper we focus on the regime
associated with the condition (27) below, where the self-
interaction dominates over the quantum pressure. Then,
wavelike effects, such as interference patterns, are
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1) From Klein-Gordon eq. to  Schrödinger eq.:
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Decompose the real scalar field      in terms of the complex scalar field�  

factorizes (removes) the fast oscillations of frequency m  ̇ ⌧ m , r ⌧ m 

 (x, t) evolves slowly, on astrophysical or cosmological scales.

Instead of the Klein-Gordon eq., it obeys a (non-linear) Schrödinger eq.:

Newtonian 
gravitational potential self-interactions

At linear order in the gravitational potential Φ and for
m ≫ H, where H is the Hubble expansion rate, the
equation of motion of the real scalar field ϕ in a perturbed
Friedmann-Lemaître-Robertson-Walker universe (FLRW)
is

ϕ̈þ 3H _ϕ −
1

a2
∇2ϕþ ð1þ 2ΦÞm2ϕþ dVI

dϕ
¼ 0; ð8Þ

where a is the scale factor of the Universe, normalized to
unity now. As we are interested in the classical behavior of
the field ϕ in the nonrelativistic limit, it is convenient to
decompose

ϕ ¼ 1ffiffiffiffiffiffiffi
2m

p ðψe−imt þ ψ⋆eimtÞ; ð9Þ

when the spatial and time variations of ψ are small
compared to m. This ansatz emphasizes the fact that the
scalar field oscillates with a pulsation m as the quadratic
terms in the scalar field action (5) dominate, following (7).
From this we can deduce the equation of motion of the
nonrelativistic complex scalar field ψ ,

i
"
_ψ þ 3

2
Hψ

#
¼ −

∇2ψ
2ma2

þmΦψ þ ∂VI

∂ψ⋆ ; ð10Þ

which is a nonlinear version of the Schrödinger equation.
Here we introduced the effective nonrelativistic self-inter-
action potential VIðψ ;ψ⋆Þ, which is obtained from VI by
averaging over the leading oscillations e%imt of ϕ. For
polynomial self-interactions, or analytic potentials that can
be defined by their Taylor expansion, with

VIðϕÞ ¼ Λ4
X

p≥3

λp
p

"
ϕ
Λ

#
p
; ð11Þ

one obtains [33]

VIðψ ;ψ⋆Þ ¼ Λ4
X

p≥2

λ2p
2p

ð2pÞ!
ðp!Þ2

"
ψψ⋆

2mΛ2

#
p
: ð12Þ

It is convenient to introduce the Madelüng transform [49]

ψ ¼
ffiffiffiffi
ρ
m

r
eiS: ð13Þ

This defines the effective density field ρ, which coincides
with the scalar-field energy density in this nonrelativistic
limit. The phase S defines an effective curl-free velocity
field v⃗,

v⃗ ¼ ∇⃗S
ma

: ð14Þ

Then, the equations of motion take a familiar form, i.e., the
one of hydrodynamics [39]. The real part of the nonlinear
Schrödinger equation gives the continuity equation

_ρþ 3Hρþ 1

a
∇ · ðρv⃗Þ ¼ 0: ð15Þ

We can see that the self-interactions due to VI do not
modify this continuity equation. The imaginary part of the
nonlinear Schrödinger equation becomes the Hamilton-
Jacobi relation

_Sþ ð∇SÞ2

2ma2
¼ −mΦ −m

dVI

dρ
þ 1

2ma2
∇2 ffiffiffi

ρ
p
ffiffiffi
ρ

p ; ð16Þ

where the nonrelativistic self-interaction potential VIðρÞ is
directly obtained from VIðψ ;ψ⋆Þ in Eq. (12) with
ψψ⋆ ¼ ρ=m,

VIðρÞ ¼ Λ4
X

p≥2

λ2p
2p

ð2pÞ!
ðp!Þ2

"
ρ

2m2Λ2

#
p
: ð17Þ

Then, taking the gradient of Eq. (16) gives the hydrody-
namical Euler equation,

_v⃗þHv⃗þ 1

a
ðv⃗ ·∇Þv⃗ ¼ −

1

a
∇ðΦþΦI þΦQÞ; ð18Þ

where we used ∇ðv⃗2Þ ¼ 2ðv⃗ ·∇Þv⃗ as ∇ × v⃗ ¼ 0. The self-
interaction potential ΦIðρÞ is defined by

ΦIðρÞ ¼
dVI

dρ
; ð19Þ

and we have introduced the “quantum pressure” term

ΦQ ¼ −
∇2 ffiffiffi

ρ
p

2m2a2
ffiffiffi
ρ

p : ð20Þ

The continuity equation and the Euler equation will show
unstable solutions in the examples we consider in this
article, because of attractive self-interactions ΦI at low
densities. This description is valid provided the nonlinear
terms are small compared to the quadratic terms in the
original action, as in (7). This translates into the conditions

VI ≪ ρ; hence ΦI ≪ 1: ð21Þ

C. Cosmological background

1. Real scalar field ϕ

We now restrict our attention to the cosmological
background, where the scalar field ϕ̄ only depends on
time. The corresponding equation of motion is
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with the scalar-field energy density in this nonrelativistic
limit. The phase S defines an effective curl-free velocity
field v⃗,
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Then, the equations of motion take a familiar form, i.e., the
one of hydrodynamics [39]. The real part of the nonlinear
Schrödinger equation gives the continuity equation

_ρþ 3Hρþ 1
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We can see that the self-interactions due to VI do not
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nonlinear Schrödinger equation becomes the Hamilton-
Jacobi relation
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Then, taking the gradient of Eq. (16) gives the hydrody-
namical Euler equation,
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ðv⃗ ·∇Þv⃗ ¼ −

1
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∇ðΦþΦI þΦQÞ; ð18Þ

where we used ∇ðv⃗2Þ ¼ 2ðv⃗ ·∇Þv⃗ as ∇ × v⃗ ¼ 0. The self-
interaction potential ΦIðρÞ is defined by

ΦIðρÞ ¼
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and we have introduced the “quantum pressure” term

ΦQ ¼ −
∇2 ffiffiffi
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2m2a2
ffiffiffi
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The continuity equation and the Euler equation will show
unstable solutions in the examples we consider in this
article, because of attractive self-interactions ΦI at low
densities. This description is valid provided the nonlinear
terms are small compared to the quadratic terms in the
original action, as in (7). This translates into the conditions

VI ≪ ρ; hence ΦI ≪ 1: ð21Þ

C. Cosmological background

1. Real scalar field ϕ

We now restrict our attention to the cosmological
background, where the scalar field ϕ̄ only depends on
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2) From Schrödinger eq. to hydrodynamics (Madelung transformation)

Sϕ ¼
Z

d4x
ffiffiffiffiffiffi−gp

"
−
1

2
gμν∂μϕ∂νϕ − VðϕÞ

#
; ð1Þ

where we include a quartic self-interaction,

VðϕÞ¼m2

2
ϕ2þVIðϕÞ with VIðϕÞ¼

λ4
4
ϕ4; λ4>0: ð2Þ

The coupling constant λ4 is taken positive to ensure that the
self-interaction is repulsive (a negative sign corresponds to
attractive self-interaction). This leads to an effective pres-
sure that can counterbalance gravity and lead to static and
stable dark matter halos on small scales, called solitons in
the following.
On the cosmological background or on galactic scales,

the oscillations of the scalar field due to the quadratic mass
term are required to be dominant, leading to an upper
bound on λ4. This ensures that, at lowest order, the scalar
field behaves as cold dark matter with a vanishing pressure.
Then, the interaction term is a small perturbation that
slightly modifies the harmonic oscillations of the scalar
field and gives rise to an effective pressure, which leads to
deviations from the CDM scenario on small scales. In
particular, this leads to a characteristic scale [33]

ra ¼
ffiffiffiffiffiffiffi
3λ4
2

r
MPl

m2
; ð3Þ

where MPl is the reduced Planck mass. This sets both the
Jeans length, which is independent of density and redshift
[37,38] and below which density perturbations of the
cosmological background cease to grow and oscillate,
and the size of hydrostatic equilibria (solitons) that can
form after collapse and decoupling from the Hubble
expansion. In the nonrelativistic regime, which applies to
large scales in the late Universe and to astrophysical scales
far from BH horizons, one can decompose the solutions to
the nonlinear Klein-Gordon equation between the fast
oscillations at frequency m and a slowly varying envelope
that evolves on cosmological or astrophysical timescales.
The latter is then governed by the Schrödinger equation.
We refer the reader to [33] for a cosmological study of these
SFDM scenarios. In the following, we focus on subgalactic
scales and discard the expansion of the universe.

B. Nonrelativistic regime

In the nonrelativistic weak-gravity regime, it is conven-
ient to write the real scalar field ϕ in terms of a complex
field ψ as

ϕ ¼ 1ffiffiffiffiffiffiffi
2m

p ðe−imtψ þ eimtψ⋆Þ: ð4Þ

In this regime, where typical frequencies _ψ=ψ and
momenta ∇ψ=ψ are much smaller than m, the complex
scalar field ψ obeys the Schrödinger equation,

i _ψ ¼ −
∇2ψ
2m

þmðΦN þΦIÞψ ; ð5Þ

whereΦN is the Newtonian gravitational potential andΦI is
the nonrelativistic self-interaction potential. For the quartic
self-interaction it reads [33]

ΦI ¼
mjψ j2

ρa
with ρa ¼

4m4

3λ4
: ð6Þ

It is also convenient to express ψ in terms of the amplitude
ρ and the phase s by the Madelung transform [39],

ψ ¼
ffiffiffiffi
ρ
m

r
eis: ð7Þ

Then, the real and imaginary parts of the Schrödinger
equation (5) give

_ρþ∇ ·
$
ρ
∇s
m

%
¼ 0; ð8Þ

_s
m
þ ð∇sÞ2

2m2
¼ −ðΦN þΦIÞ; ð9Þ

while the nonrelativistic self-interaction potential reads

ΦI ¼
ρ
ρa

¼ 3λ4ρ
4m4

: ð10Þ

Defining the curl-free velocity field v⃗ by

v⃗ ¼ ∇s
m

; ð11Þ

Eqs. (8)–(9) give the usual continuity and Euler equations,

_ρþ∇ · ðρv⃗Þ ¼ 0; ð12Þ

_v⃗þ ðv⃗ ·∇Þv⃗ ¼ −∇ðΦN þΦIÞ: ð13Þ

Thus, in the nonrelativistic regime, we can go from the
Klein-Gordon equation to the Schrödinger equation and
next to a hydrodynamical picture. In the Hamilton-Jacobi
and Euler equations (9) and (13) we have neglected the
quantum pressure term

ΦQ ¼ −
∇2 ffiffiffi

ρ
p

2m2 ffiffiffi
ρ

p : ð14Þ

This is because in this paper we focus on the regime
associated with the condition (27) below, where the self-
interaction dominates over the quantum pressure. Then,
wavelike effects, such as interference patterns, are
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the following.
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Jeans length, which is independent of density and redshift
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cosmological background cease to grow and oscillate,
and the size of hydrostatic equilibria (solitons) that can
form after collapse and decoupling from the Hubble
expansion. In the nonrelativistic regime, which applies to
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The latter is then governed by the Schrödinger equation.
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ρa
with ρa ¼

4m4

3λ4
: ð6Þ

It is also convenient to express ψ in terms of the amplitude
ρ and the phase s by the Madelung transform [39],

ψ ¼
ffiffiffiffi
ρ
m

r
eis: ð7Þ

Then, the real and imaginary parts of the Schrödinger
equation (5) give

_ρþ∇ ·
$
ρ
∇s
m

%
¼ 0; ð8Þ

_s
m
þ ð∇sÞ2

2m2
¼ −ðΦN þΦIÞ; ð9Þ

while the nonrelativistic self-interaction potential reads

ΦI ¼
ρ
ρa

¼ 3λ4ρ
4m4

: ð10Þ

Defining the curl-free velocity field v⃗ by

v⃗ ¼ ∇s
m

; ð11Þ

Eqs. (8)–(9) give the usual continuity and Euler equations,

_ρþ∇ · ðρv⃗Þ ¼ 0; ð12Þ

_v⃗þ ðv⃗ ·∇Þv⃗ ¼ −∇ðΦN þΦIÞ: ð13Þ

Thus, in the nonrelativistic regime, we can go from the
Klein-Gordon equation to the Schrödinger equation and
next to a hydrodynamical picture. In the Hamilton-Jacobi
and Euler equations (9) and (13) we have neglected the
quantum pressure term

ΦQ ¼ −
∇2 ffiffiffi

ρ
p

2m2 ffiffiffi
ρ

p : ð14Þ

This is because in this paper we focus on the regime
associated with the condition (27) below, where the self-
interaction dominates over the quantum pressure. Then,
wavelike effects, such as interference patterns, are
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3)  Soliton (ground state): hydrostatic equilibrium

negligible. However, the dynamics remain different from
that of CDM particles because of the self-interaction.

C. Static equilibrium: Soliton around a BH

In contrast with CDM, the pressure due to the self-
interaction allows for the formation of static equilibrium
configurations with zero velocities [40–42], which are
sometimes called Bose-Einstein condensates or boson
stars. In the more familiar FDM case, such static solutions
where gravity is balanced by the quantum pressure (14),
rather than by the self-interaction (6), are often called
solitons [12,43,44] and correspond to a bound ground state
of the linear Schrödinger equation in the Newtonian
gravitational potential. In our case, the self-interaction
adds an explicit nonlinearity to the Schrödinger equation,
through the self-interaction potential ΦI in Eq. (5), in
addition to the self-gravity included in the Newtonian
potential ΦN. As we have in mind extended scalar clouds,
which may reach galactic size as for the FDM scenario,
rather than compact objects, we call these hydrostatic
equilibrium solitons as in the FDM case, rather than boson
stars. They are again bound ground states of the
Schrödinger equation (5), where the full potential now
reads Φ ¼ ΦN þΦI. As for FDM, this is actually a non-
linear equation of motion, because of the self-gravity inΦN
and of the dependence of the self-interaction potential ΦI
on ρ ¼ mjψ j2. From Eq. (13), the equation of hydrostatic
equilibrium reads

∇ðΦN þΦIÞ ¼ 0; ð15Þ

which we integrate as

ΦN þΦI ¼ α; with α ¼ ΦNðRsolÞ: ð16Þ

Here we have introduced the radius Rsol of the spherically
symmetric soliton, where the density is zero and hence
ΦI ¼ 0, which determines the value of the integration
constant α. The Newtonian gravitational potential is given
by the sum of the contributions from the central BH and
from the scalar-cloud self-gravity,

ΦN ¼ ΦBH þΦsg; ð17Þ

with

ΦBH ¼ −
GMBH

r
¼ −

rs
2r

; ∇2Φsg ¼ 4πGρ; ð18Þ

where rs ¼ 2GMBH is the Schwarzschild radius of the BH
of mass MBH. Taking the divergence of Eq. (15), using
Eqs. (18) and (10) and looking for a spherically symmetric
solution, we obtain

d2ΦI

dr2
þ 2

r
dΦI

dr
þ 1

r2a
ΦI ¼ 0; with ra ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGρa

p ; ð19Þ

where ra was also defined in Eq. (3). Introducing the
dimensionless radius x ¼ r=ra, we recover the differential
equation satisfied by spherical Bessel functions of order
zero. Thus, ΦI ¼ aj0ðxÞ þ by0ðxÞ. At small radii, the
gravitational potential is dominated by the BH and from
Eq. (16) we obtain ΦI ≃ rs=ð2rÞ. This determines the
integration constant b, and we can write the solution for
the density ρ in the nonrelativistic regime as

r ≫ rs∶ρðrÞ ¼ ρ0
sinðr=raÞ
ðr=raÞ

þ ρa
rs
2ra

cosðr=raÞ
ðr=raÞ

: ð20Þ

The first termdominates at large radii,where thegravitational
potential is mostly given by the soliton self-gravity, while the
second term dominates at small radii, where the gravitational
potential is mostly due to the BH. This transition radius rsg is
typically much smaller than the size of the soliton Rsol, and
much greater than the Schwarzschild radius,

Rsol ≃ πra; rsg ¼ rs
ρa
ρ0

; rs ≪ rsg ≪ Rsol: ð21Þ

Then, far inside the soliton we have

rs ≪ r ≪ r1=3sg r2=3a ∶ ρ ¼ ρ0 þ ρa
rs
2r

: ð22Þ

In terms of the fields ψ and ϕ this static soliton reads

ψ ¼
ffiffiffiffi
ρ
m

r
e−iαmt; ϕ ¼

ffiffiffiffiffi
2ρ

p

m
cos½ð1þ αÞmt&; ð23Þ

as the phase s reads s ¼ −αmt.
In the case of FDM, where the soliton can reach kpc size,

numerical simulations [43,45] show that outside this core
the scalar field is out of equilibrium, with large density
fluctuations and a mean falloff that follows the NFW profile
[46] found for CDM. We expect a similar behavior for
SFDM, in cases where there is a unique soliton of kpc size
inside galaxies. However, in this paper we also consider
scenarios with much smaller values of ra, where there
could be many scalar clouds of smaller size in the galaxy. In
any case, using the hierarchy of scales (21), we do not
specify here the dark matter profile beyond the soliton
radius. As we shall find in Sec. V C, the interaction
between the BH and the scalar cloud is governed by radii
r≲ rsg, that is, radii where the BH gravity is subdominant,
and do not significantly contribute to the accretion and the
dynamical friction of the BH. In contrast with the colli-
sionless case, there is no infrared divergence and our results
do not depend on the dynamics near the scalar cloud border
or beyond.
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with
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where rs ¼ 2GMBH is the Schwarzschild radius of the BH
of mass MBH. Taking the divergence of Eq. (15), using
Eqs. (18) and (10) and looking for a spherically symmetric
solution, we obtain
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ΦI ¼ 0; with ra ¼
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4πGρa
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where ra was also defined in Eq. (3). Introducing the
dimensionless radius x ¼ r=ra, we recover the differential
equation satisfied by spherical Bessel functions of order
zero. Thus, ΦI ¼ aj0ðxÞ þ by0ðxÞ. At small radii, the
gravitational potential is dominated by the BH and from
Eq. (16) we obtain ΦI ≃ rs=ð2rÞ. This determines the
integration constant b, and we can write the solution for
the density ρ in the nonrelativistic regime as
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as the phase s reads s ¼ −αmt.
In the case of FDM, where the soliton can reach kpc size,

numerical simulations [43,45] show that outside this core
the scalar field is out of equilibrium, with large density
fluctuations and a mean falloff that follows the NFW profile
[46] found for CDM. We expect a similar behavior for
SFDM, in cases where there is a unique soliton of kpc size
inside galaxies. However, in this paper we also consider
scenarios with much smaller values of ra, where there
could be many scalar clouds of smaller size in the galaxy. In
any case, using the hierarchy of scales (21), we do not
specify here the dark matter profile beyond the soliton
radius. As we shall find in Sec. V C, the interaction
between the BH and the scalar cloud is governed by radii
r≲ rsg, that is, radii where the BH gravity is subdominant,
and do not significantly contribute to the accretion and the
dynamical friction of the BH. In contrast with the colli-
sionless case, there is no infrared divergence and our results
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or beyond.
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fluctuations and a mean falloff that follows the NFW profile
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α ¼ 3

Z
U

0
duu2y1=ðn−1Þ: ð165Þ

Thus, for each index n, we must find the value α that
satisfies the condition (165), where yðuÞ is the α-
dependent solution of Eq. (163) with the boundary
conditions yð0Þ ¼ 1 and y0ð0Þ ¼ 0. From this fundamental
solution, we obtain the profile for any mass M from
Eq. (164), which gives ΦIð0Þ ¼ α1−nðM=MaÞ2ðn−1Þ=ð3n−4Þ.
This gives in turn the scaling laws (154). In the case
n ¼ 2, the explicit solution (158), y2ðuÞ ¼ sinðuÞ=u, gives
at once U2 ¼ π and α2 ¼ 3π. From a numerical compu-
tation, we obtain for n ¼ 3 the values U3 ≃ 1.7 and
α3 ≃ 2.6, and for n ¼ 4 the values U4 ≃ 1.4 and α4 ≃ 1.9.
We compare in Fig. 2 the profiles of the nonrelativistic

potential ΦI and of the density ρ for the cases n ¼ 2, 3,
and 4, normalized to their value at the center. The radial
coordinate is normalized to the radius Rs of the soliton. We
can see that the shape of the potential ΦI does not vary
much from n ¼ 2 to n ¼ 4 but the density profile looks
increasingly like a top-hat for higher n, with a flatter core
and a vertical slope at the boundary Rs for n > 2.

G. The cosine model

For the cosine model described in Sec. II G 3, the
nonrelativistic potential ΦIðρÞ is given by Eq. (73). In
terms of the dimensionless variables p and y defined by

p ¼ ρ
ρb

; ΦIðρÞ ¼
8ρb
ρa

yðpÞ; ð166Þ

we have

yðpÞ ¼ 1 − 2J1ð
ffiffiffiffi
p

p Þ= ffiffiffiffi
p

p
: ð167Þ

As shown in Fig. 3, the function yðpÞ behaves as p=8
for p ≪ 1, it reaches a maximum of ymax ≃ 1.13 at
pmax ≃ 26.37, and goes to unity at large p with decreasing
oscillations. Defining again the characteristic radius
ra ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGρa

p
, and the dimensionless coordinate

x ¼ r=ra, the soliton profile is given by the nonlinear
equation

d2y
dx2

þ 2

x
dy
dx

þ pðyÞ
8

¼ 0: ð168Þ

At low density ρ and potential ΦI, we recover the linear
equation (157) of the quartic case. At pmaxρb the potential
ΦI becomes attractive, which gives rise to an instability.
At greater densities it shows a series of attractive and
repulsive domains but remains of finite amplitude.
Therefore, it cannot support massive and high-density
halos. Thus, a well-defined and smooth soliton profile
only exists for halos with a central density that is below
the critical value ρmax ¼ pmaxρb.

H. Stability

Stable equilibria of isolated systems correspond to
minima of the total energy at fixed mass. Saddle points
are given by the equation δE − αδM ¼ 0 for the first-order
variations, where α is the Lagrange multiplier associated
with the constraint of fixed mass [37]. From Eq. (137) this
yields

Z
dr⃗
"
δρ

v⃗2

2
þ ρv⃗ · δv⃗þ δρðΦþΦIÞ − αδρ

#
¼ 0: ð169Þ

FIG. 2. Profiles of the nonrelativistic self-interaction potential
ΦI (upper panel) and of the density ρ (lower panel) for the power-
law cases n ¼ 2, 3, and 4.
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FIG. 3. Nonrelativistic self-interaction potential ΦIðρÞ for a
cosine scalar field potential VIðϕÞ.
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As compared with CDM, the self-interactions allow the formation of hydrostatic equilibrium solutions, 
with a balance between gravity and the effective pressure:

Finite-size halo, called « soliton » or « boson star »

Density profile

KIðXÞ ¼ 0; VIðϕÞ ¼ Λ4 λ2n
2n

ϕ2n

Λ2n ; ð61Þ

or if the nonlinear kinetic term is a monomial and the self-
interaction potential vanishes,

VIðϕÞ ¼ 0; KIðXÞ ¼ Λ4 kn
n

Xn

Λ4n : ð62Þ

The nonrelativistic self-interaction potential ΦI is also a
power law,

ΦIðρÞ ¼
!
ρ
ρa

"
n−1

; ð63Þ

with

ρa ¼
!
λ2nΛ2

4m2

ð2nÞ!
ðn!Þ2

"−1=ðn−1Þ
2m2Λ2 ð64Þ

for the potential case (61), and

ρa ¼
!
−
kn
4

ð2nÞ!
ðn!Þ2

"−1=ðn−1Þ
4Λ4 ð65Þ

for the kinetic case (62). Here we focus on the cases λ2n > 0
or kn < 0, where the potential ΦI gives a repulsive force.
To ensure that the background scalar field behaves like

pressureless dark matter, at least from the time of radiation-
matter equality until now, we must satisfy the constraint
(20). This implies ΦIðρ̄eqÞ≲ 1, hence

V̄eff
I ≲ ρ̄∶ ρa ≳ ρ̄eq ∼ 1011ρ̄0 ∼ 10−36 GeV4: ð66Þ

In the kinetic case (62), this implies for coefficients kn of
order unity that the cutoff Λ must be above 1 eV,

if kn ∼ 1∶ Λ≳ 1 eV: ð67Þ

3. Cosine potential

For illustrative purposes, let us consider a bounded
potential such as a cosine, with a standard kinetic term. As
explained above, this could also correspond to a bounded
nonlinear correction to the kinetic term. Following the
two-scale scenario discussed below Eq. (20), we write the
full scalar-field potential as the sum of a leading quadratic
term and a subleading nonlinear potential, taken to be a
cosine,

VðϕÞ ¼ m2
0

2
ϕ2 þM4

I ½cosðϕ=ΛÞ − 1&; M4
I

Λ2
≪ m2

0: ð68Þ

We can absorb the quadratic part of the cosine into the
mass term and write VðϕÞ ¼ m2

2 ϕ2 þ VIðϕÞ, with

m2 ¼ m2
0 −

M4
I

Λ2
≃m2

0; ð69Þ

VIðϕÞ ¼ M4
I

#
cosðϕ=ΛÞ − 1þ ϕ2

2Λ2

$
: ð70Þ

For ϕ ≪ Λ we recover a quartic potential, with
λ4 ¼ M4

I =ð6Λ4Þ. Using the resummation described in
Sec. II G 1, the function UI defined in Eq. (54) reads

UIðxÞ ¼
M4

I

Λ4

#
1 −

sin
ffiffiffi
x

p
ffiffiffi
x

p
$
; ð71Þ

and the function U IðxÞ defined in Eq. (56) reads

U IðxÞ ¼
2M4

I

Λ4

#
1 −

J1ð2
ffiffiffi
x

p
Þffiffiffi

x
p

$
: ð72Þ

This yields for the nonrelativistic self-interaction potential
ΦIðρÞ,

ΦIðρÞ ¼
8ρb
ρa

#
1 −

2J1ð
ffiffiffiffiffiffiffiffiffiffi
ρ=ρb

p
Þffiffiffiffiffiffiffiffiffiffi

ρ=ρb
p

$
; ð73Þ

with

ρa ¼
8m4Λ4

M4
I

; ρb ¼
m2Λ2

2
; ρb ≪ ρa: ð74Þ

At low densities we again recover the case of the quartic
potential, while at high densities the self-interaction potential
converges to a finite value,

ρ ≪ ρb∶ ΦIðρÞ ¼
ρ
ρa

þ ' ' ' ð75Þ

ρ ≫ ρb∶ ΦIðρÞ ¼
8ρb
ρa

≪ 1: ð76Þ

The resummation (73) is justified because the series expan-
sions of VI, UI and U I converge over the full positive real
axis. Independently of the details of the scalar-field potential,
the generic consequence of a bounded VIðϕÞ is a bounded
nonrelativistic potential ΦIðρÞ.
Because the potential ΦI now satisfies a small upper

bound, we automatically verify the pressureless condition
(20) for the background at all redshifts. This no longer
constrains ρa to be larger than ρ̄eq, or the first expansion
coefficient λ4 to obey Eq. (27), as long as ρb ≪ ρa and
ρb < ρ̄eq. However, the constraints (27) and (66) still apply,
for the other reason described in Eq. (28) and Sec. IV E
below, associated with the formation of large-scale struc-
tures. Indeed, the Jeans length set by the repulsive self-
interaction, given by Eqs. (128) and (129), must remain
below 20 kpc to ensure that Lyman-α clouds and galaxies
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timing problem [115], a discrepancy observed in the For-
nax galaxy where the expected strong dynamical friction,
predicted by the standard CDM model, fails to reproduce
the observations of slowly migrating globular clusters to-
wards the galaxy center, and their relevance to gravi-
tational waves where dynamical friction can slow down
binary systems and induce phase shifts in gravitational
wave emission.

In this paper, we explore the e↵ects of dynamical fric-
tion and mass accretion experienced by a Schwarzschild
black hole moving within a self-interacting scalar dark
matter cloud at supersonic velocities. Our primary focus
is on the Thomas-Fermi regime, where self-interactions
are significant and the wavelike e↵ects of the scalar field
are negligible. This regime results in dark matter dynam-
ics within the solitonic solution behaving more like a gas
than FDM, although it retains distinctive characteristics.
This study of the supersonic regime complements our
previous investigation in the subsonic case [116], o↵er-
ing relevance to ongoing research on gravitational waves.
The implications of mass accretion and dynamical fric-
tion on binary systems can be critical, potentially de-
tectable by upcoming gravitational wave detectors such
as DECIGO or LISA [101, 117–120]. Additionally, the
application of such results to the Fornax globular clus-
ter timing problem, where the CDM dynamical friction
appears too strong, is of particular interest.

The outline of the paper is as follows. Section II
introduces scalar field dark matter with quartic self-
interactions, discussing its equations of motion and equi-
librium solitonic solutions. Section III compares the sub-
sonic and supersonic regimes and calculates the large-
distance expansions of the dark matter flow for both the
upstream and downstream regions, including the appear-
ance and location of shock fronts and boundary layers.
Section IV describes the relation between these asymp-
totic expansions and the BH accretion rate and derives
the drag force exerted on the BH. Section V discusses
the accretion rate in comparison with the radial case and
with the classical Hoyle-Lyttleton prediction, and high-
lights the two regimes obtained at moderate and high
Mach numbers. Section VI compares the magnitudes
of the accretion drag and dynamical friction, while Sec-
tion VII provides an independent computation of the dy-
namical friction from the gravitational force exerted by
the BH wake. Section VIII presents a numerical compu-
tation of the density and velocity fields for a moderate
Mach number, to illustrate the behaviour of the system
with a bow shock upstream of the BH. Section IX com-
pares our results with the behaviours of other systems
(collisionless, perfect fluid and FDM cases). Finally, we
conclude our study in Section X.

II. DARK MATTER SCALAR FIELD

A. Scalar-field action

As in our previous work [116], we consider a scalar-field
dark matter scenario described by the action

S� =

Z
d
4
x
p
�g


�1

2
g
µ⌫
@µ�@⌫�� V (�)

�
, (1)

with a quartic self-interaction,

V (�) =
m

2

2
�
2 + VI(�) with VI(�) =

�4

4
�
4
. (2)

Here m is the mass of the scalar field and �4 its coupling
constant, which is taken positive. This corresponds to a
repulsive self-interaction, which gives rise to an e↵ective
pressure that can balance gravity. This allows the for-
mation of stable static equilibria, also called boson stars
or solitons. Thus, in this paper we consider the super-
sonic motion of a BH inside such an extended soliton, or
quasi-static dark matter halo.
The parameters m and �4 determine the characteristic

density and radius

⇢a =
4m4

3�4

, ra =
1p

4⇡G⇢a
. (3)

The dynamics that we study in this paper will only de-
pend on this combination ⇢a and on the mass and veloc-
ity of the BH. Thus, di↵erent dark matter models with
the same ⇢a show the same large-scale dynamics. We
refer to [116] for a presentation of the regions in the pa-
rameter space (m,�4) where our computations apply, for
various BH masses. We briefly recall below the equa-
tions of motion of the scalar field in the relativistic and
nonrelativistic regimes.

B. Relativistic regime

As in [116], we neglect the gravitational backreaction
of the scalar cloud and we consider the steady-state limit,
that is, the growth and the displacement of the BH are
small as compared with the BH mass and the dark mat-
ter halo radius. Then, working with the isotropic radial
coordinate r, the static spherically symmetric metric can
be written as

ds
2 = �f(r) dt2 + h(r) (dr2 + r

2
d~⌦2). (4)

Close to the BH, below a transition radius rsg, the BH
gravity dominates and the isotropic metric functions f(r)
and h(r) read as

rs

4
< r ⌧ rsg : f(r) =

✓
1� rs/(4r)

1 + rs/(4r)

◆2

,

h(r) = (1 + rs/(4r))
4
, (5)
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Numerical simulations of FDM indeed find that solitons form, from gravitational collapse, within an extended NFW-like 
out-of-equilibrium halo. 

Chen et al. 2020
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Boson star growth with no self-interactions

FIG. 1. Snapshots of the density field from one simulation
with eN = 1005.3, eL = 18. (a) Projected density at the initial
time. (b) Projected density at et = 10, which shows that
minicluster is forming in the box. (c )Projected density at
et = 30. (d) Projected density at et = 200. A single dense
object is visible at the centre of the minicluster.

FIG. 2. Density profiles of the minicluster at di↵erent times
(colored dots) compared with solitonic profiles (solid lines) as
given by Eq. (C10) with the same central densities.

is the core-halo mass relation [38], M⇤ / M1/3
halo, where

Mhalo is mass of the halo, and we assume the mass of
stable halos in box is proportional to the total mass in
the box, eN .

FIG. 3. The mean stacked maximum density evolution (solid

lines) for di↵erent box sizes eL = 25, 20, 18, 15 and total mass
eN = 691, 754, 817, 880, 942, 1005, 1131. The data from simu-
lation with the same box size eL but di↵erent total mass eN
are divided into 500 time bins. The shaded regions show the
1� � intervals. The time and maximum density are normal-
ized by the condensation time, ⌧gravity and the total mass,
eN4/3
691 , where eN691 = eN/691. Note that here ⌧gravity is com-

puted using Eq. (9) for the initial configuration, i.e. R = L,
v = v0, and n = N/L3, to avoid ambiguities in the definitions
of halo radius and density.

B. Condensation of bosons with self-interactions

Here we include self-interaction. Attractive self-
interactions can promote condensation of bosons, while
repulsive self-interactions can impede condensation of
bosons. Simulating the GPP equations, we study the
evolution of bosons with self-interactions.

1. Boss with attractive self-interactions

Levkov et al. [40] predict that su�ciently weak at-
tractive self-interactions, like those of the QCD axion,
have a negligible e↵ect on boson star formation. How-
ever, this prediction has not been directly demonstrated.
For bosons with weak attractive self-interaction, such
as QCD axions with v ⇡ 10�9, and decay constant
fa ⇡ 1011GeV, where fa = �1/

p
�12g, we obtain an

estimate on the self-interaction coupling of eg ⇡ �10�2 .
We run some simulations at this range of eg. One of these
simulations is shown in Fig. 4. We can see the process
of formation of the minicluster and condensation of the
boson star. This process is similar to the pure gravity
case, Fig. 1. The radial density profiles of the miniclus-
ter and analytic profiles of soliton with and without self-
interactions are given in Fig. 5 and fitted by Eq. (C11)
and Eq. (C10), respectively. We discover that the radial
density profile of the minicluster coincides with the den-
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ever, this prediction has not been directly demonstrated.
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�12g, we obtain an

estimate on the self-interaction coupling of eg ⇡ �10�2 .
We run some simulations at this range of eg. One of these
simulations is shown in Fig. 4. We can see the process
of formation of the minicluster and condensation of the
boson star. This process is similar to the pure gravity
case, Fig. 1. The radial density profiles of the miniclus-
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Amin and Mocz 2019, ....

m � 10�18eV : galactic soliton governed by the balance between the repulsive self-interaction and self-gravity.

m ⇠ 10�21eV : Fuzzy Dark Matter (de Broglie wavelength of galactic size): galactic soliton governed by the balance 
between the quantum pressure and self-gravity.

Soliton

Granules



III-  Impact of the oscillatory DM gravitational potential on GW 

A) DM oscillations

de Broglie wavelength �dB of dark matter particles. Since the characteristic momen-

tum of the dark matter particles is k = mv, where v ⇡ 10�3 is the typical velocity

in the Galaxy, we have

�dB ⌘ k�1 = (mv)�1 ⇡ 600 pc

✓
10�23 eV

m

◆✓
10�3

v

◆
. (2.1)

Taking into account that the number density of dark matter particles in the Galaxy

is given by n = ⇢DM/m, we estimate the characteristic occupation number of dark

matter in the galactic halo as

�N

�x3�p3
⇠ n/k3 =

⇢DM

mk3
⇡ 1096

✓
⇢DM

0.3GeV/cm3

◆✓
10�23 eV

m

◆
. (2.2)

Since the occupation number is huge, the dark matter in the Galaxy is in the domain

of validity of the classical field theory, and can be described by a classical scalar field

�(x, t). Generally, such a field can be represented as a collection of plane waves of

typical momentum k. The frequencies are given by the corresponding energy, which

in the non-relativistic limit equals E ' m+mv2/2. Since the characteristic time scale

corresponding to the second term (�!)�1 = 2/(mv2) is very large (the corresponding

length scale is of order 1 Mpc), to the leading order we can set the frequency to be

equal to m. Thus the field we are dealing with has the form

�(x, t) = A(x) cos (mt+ ↵(x)) . (2.3)

Energy-momentum tensor of a free scalar field is given by

Tµ⌫ = @µ� @⌫�� 1

2
gµ⌫

�
(@�)2 �m2�2

�
. (2.4)

Plugging here the Ansatz for the field (2.3), we see that the energy density T00 has

a dominant time-independent component

⇢DM ⌘ T00 =
1

2
m2A2 , (2.5)

and an oscillating part which, however, is proportional to (r�)2 ⇠ k2�2 and hence

small,

⇢oscDM ⇠ k2

m2
⇢DM = v2⇢DM . (2.6)

On the other hand, the dominant term of the spatial components Tij oscillates in

time with frequency

! = 2m

and amplitude of the order of ⇢DM :

Tij = �1

2
m2A2 cos (! t+ 2↵) �ij ⌘ p(x, t) �ij . (2.7)

– 3 –

Khmelnitsky & Rubakov. 2013

slow variations on astrophysical scales

fast oscillations

The density field has a subleading oscillatory component:
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In the optical approximation, as for the Sachs-Wolfe effect for CMB photons, the gravitational potential along the line of sight 
leads to a frequency shift of the GW signal:
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The integrated Sachs-Wolfe effect is neglected 
(many oscillations along the l.o.s.):
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178 equations we find the local Newtonian potential to be [52]

ΨNðx⃗; tÞ ¼ Ψ0ðx⃗Þ þ Ψoscðx⃗Þ cos½ωtþ 2αðx⃗Þ&; ð3Þ

179180 with

ω ¼ 2mϕ: ð4Þ

181182 The leading component in Eq. (3), Ψ0, which evolves on
183 astrophysical timescales, is given by the usual Poisson
184 equation,

∇2Ψ0 ¼ 4πGρ; ð5Þ

185186 where ρ is the DM density averaged over the fast oscil-
187 lations at frequency ω, whereas the subleading oscillating
188 component Ψosc is given by

Ψosc ¼ π
Gρ
m2

ϕ

: ð6Þ

189190 The de Broglie wavelength λdB of the DM particles is
191 λdB ¼ 2π=ðmϕvÞ, with v the typical virial velocity of the
192 DM cloud. The effective quantum pressure smoothes out
193 inhomogeneities on scales smaller than λdB; therefore
194 typical wave numbers k of the DM density field verify
195 k < 2π=λdB (k can be much smaller if there are repulsive
196 self-interactions that contribute to an additional pressure, or
197 more generally as in CDM scenarios when the size of the
198 cloud is related to its formation process rather than to mϕ).
199 Then, comparing Eqs. (5) and (6) we have

k <
2π
λdB

∶ k < mϕv;
Ψosc

Ψ0

∼
k2

m2
ϕ

< v2 ≪ 1; ð7Þ

200201 for nonrelativistic DM clouds.
202 As pointed out in Ref. [52] in the context of pulsar timing
203 arrays (PTAs), the oscillating component Ψosc will lead,
204 through Eq. (2), to an oscillating frequency drift of the GW,
205 which could be detected, whereas the constant term Ψ0 is
206 degenerate with binary parameters. We shall find below that
207 a detection requires a DM density that is much larger than
208 the solar neighborhood estimate. Therefore, we can assume
209 the gravitational potential at emission to dominate in
210 Eq. (2), and we write the observed frequency of the GW
211 signal as

f ¼ f̄ þ Δf ¼ f̄ð1þ ΨÞ; ð8Þ

212213 where f̄ is the unperturbed frequency, that is, for a binary
214 system in vacuum, and Δf is the frequency shift due to the
215 binary DM environment, with

Ψ ¼ Ψ0 þΨosc cosðωt − θÞ; ð9Þ

216217where θ ¼ −2αðx⃗eÞ − π and we redefinedΨ0 with a change
218of sign. The optical approximation (2) is valid for

f ≳ ω; whence mϕ <
!
fmin

1 Hz

"
3 × 10−16 eV; ð10Þ

219220where fmin is the minimum frequency of the GW interfer-
221ometer. Compared with the contributions from Eq. (2), the
222integrated Sachs-Wolfe effect is suppressed by a factor
223k=ω < v ≪ 1 and can be neglected for nonrelativistic
224clouds.
225Throughout this paper, we work at linear order in the DM
226density and gravitational potential. Our analysis is not
227restricted to the clouds associated with solitons in Fuzzy
228DM scenarios (i.e., stable equilibria governed by the
229balance between gravity and quantum pressure). It also
230applies to more general cases, such as solitons governed by
231the balance between gravity and the effective pressure due
232to repulsive self-interactions, or virialized halos supported
233by their velocity dispersion (as for CDM).

234B. Gravitational wave phase shift

235The GW signal from the binary systems we consider
236takes the form hðtÞ ¼ AðtÞ cos½ΦðtÞ&, where the phase ΦðtÞ
237and the time t are related to the frequency f and the
238frequency drift ḟ by

Φ ¼ 2π
Z

df
f
ḟ
; t ¼

Z
df

1

ḟ
: ð11Þ

239240At leading order, the amplitude grows as AðtÞ ∝ f2=3 and
241the frequency drift due to the emission of GW by the binary
242system reads

ḟ ¼ 96π8=3

5c5
ðGMÞ5=3f11=3; ð12Þ

243244where M is the chirp mass of the two compact objects of
245mass m1 and m2, and

M ¼ m1 þm2; ν ¼ m1m2=M2; M ¼ ν3=5M; ð13Þ

246247where ν is the symmetric mass ratio [54,57].
248Going to Fourier space, h̃ðfÞ ¼

R
dtei2πfthðtÞ, one

249obtains in the stationary phase approximation h̃ðfÞ ¼
250AðfÞeiψðfÞ with

AðfÞ ∝ f−7=6; ψðfÞ ¼ 2πft⋆ −Φðt⋆Þ − π=4; ð14Þ

251252where the saddle point t⋆ is determined by fðt⋆Þ ¼ f.
253At zeroth order in the DM environment, we have
254f̄ðt̄⋆Þ ¼ f and
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reception (negligible)emission

C) GW phase shift

GW signal:
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h(t) = A(t) cos[�(t)]

178 equations we find the local Newtonian potential to be [52]

ΨNðx⃗; tÞ ¼ Ψ0ðx⃗Þ þ Ψoscðx⃗Þ cos½ωtþ 2αðx⃗Þ&; ð3Þ

179180 with

ω ¼ 2mϕ: ð4Þ

181182 The leading component in Eq. (3), Ψ0, which evolves on
183 astrophysical timescales, is given by the usual Poisson
184 equation,

∇2Ψ0 ¼ 4πGρ; ð5Þ

185186 where ρ is the DM density averaged over the fast oscil-
187 lations at frequency ω, whereas the subleading oscillating
188 component Ψosc is given by

Ψosc ¼ π
Gρ
m2

ϕ

: ð6Þ

189190 The de Broglie wavelength λdB of the DM particles is
191 λdB ¼ 2π=ðmϕvÞ, with v the typical virial velocity of the
192 DM cloud. The effective quantum pressure smoothes out
193 inhomogeneities on scales smaller than λdB; therefore
194 typical wave numbers k of the DM density field verify
195 k < 2π=λdB (k can be much smaller if there are repulsive
196 self-interactions that contribute to an additional pressure, or
197 more generally as in CDM scenarios when the size of the
198 cloud is related to its formation process rather than to mϕ).
199 Then, comparing Eqs. (5) and (6) we have

k <
2π
λdB

∶ k < mϕv;
Ψosc

Ψ0

∼
k2

m2
ϕ

< v2 ≪ 1; ð7Þ

200201 for nonrelativistic DM clouds.
202 As pointed out in Ref. [52] in the context of pulsar timing
203 arrays (PTAs), the oscillating component Ψosc will lead,
204 through Eq. (2), to an oscillating frequency drift of the GW,
205 which could be detected, whereas the constant term Ψ0 is
206 degenerate with binary parameters. We shall find below that
207 a detection requires a DM density that is much larger than
208 the solar neighborhood estimate. Therefore, we can assume
209 the gravitational potential at emission to dominate in
210 Eq. (2), and we write the observed frequency of the GW
211 signal as

f ¼ f̄ þ Δf ¼ f̄ð1þ ΨÞ; ð8Þ

212213 where f̄ is the unperturbed frequency, that is, for a binary
214 system in vacuum, and Δf is the frequency shift due to the
215 binary DM environment, with

Ψ ¼ Ψ0 þΨosc cosðωt − θÞ; ð9Þ

216217where θ ¼ −2αðx⃗eÞ − π and we redefinedΨ0 with a change
218of sign. The optical approximation (2) is valid for

f ≳ ω; whence mϕ <
!
fmin

1 Hz

"
3 × 10−16 eV; ð10Þ

219220where fmin is the minimum frequency of the GW interfer-
221ometer. Compared with the contributions from Eq. (2), the
222integrated Sachs-Wolfe effect is suppressed by a factor
223k=ω < v ≪ 1 and can be neglected for nonrelativistic
224clouds.
225Throughout this paper, we work at linear order in the DM
226density and gravitational potential. Our analysis is not
227restricted to the clouds associated with solitons in Fuzzy
228DM scenarios (i.e., stable equilibria governed by the
229balance between gravity and quantum pressure). It also
230applies to more general cases, such as solitons governed by
231the balance between gravity and the effective pressure due
232to repulsive self-interactions, or virialized halos supported
233by their velocity dispersion (as for CDM).

234B. Gravitational wave phase shift

235The GW signal from the binary systems we consider
236takes the form hðtÞ ¼ AðtÞ cos½ΦðtÞ&, where the phase ΦðtÞ
237and the time t are related to the frequency f and the
238frequency drift ḟ by

Φ ¼ 2π
Z

df
f
ḟ
; t ¼

Z
df

1

ḟ
: ð11Þ

239240At leading order, the amplitude grows as AðtÞ ∝ f2=3 and
241the frequency drift due to the emission of GW by the binary
242system reads

ḟ ¼ 96π8=3

5c5
ðGMÞ5=3f11=3; ð12Þ

243244where M is the chirp mass of the two compact objects of
245mass m1 and m2, and

M ¼ m1 þm2; ν ¼ m1m2=M2; M ¼ ν3=5M; ð13Þ

246247where ν is the symmetric mass ratio [54,57].
248Going to Fourier space, h̃ðfÞ ¼

R
dtei2πfthðtÞ, one

249obtains in the stationary phase approximation h̃ðfÞ ¼
250AðfÞeiψðfÞ with

AðfÞ ∝ f−7=6; ψðfÞ ¼ 2πft⋆ −Φðt⋆Þ − π=4; ð14Þ

251252where the saddle point t⋆ is determined by fðt⋆Þ ¼ f.
253At zeroth order in the DM environment, we have
254f̄ðt̄⋆Þ ¼ f and
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Phase and time related to the frequency drift:

Going to Fourier space:
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h̃(f) =

Z
dt ei2⇡fth(t) = A(f)ei (f)

178 equations we find the local Newtonian potential to be [52]

ΨNðx⃗; tÞ ¼ Ψ0ðx⃗Þ þ Ψoscðx⃗Þ cos½ωtþ 2αðx⃗Þ&; ð3Þ

179180 with

ω ¼ 2mϕ: ð4Þ

181182 The leading component in Eq. (3), Ψ0, which evolves on
183 astrophysical timescales, is given by the usual Poisson
184 equation,

∇2Ψ0 ¼ 4πGρ; ð5Þ

185186 where ρ is the DM density averaged over the fast oscil-
187 lations at frequency ω, whereas the subleading oscillating
188 component Ψosc is given by

Ψosc ¼ π
Gρ
m2

ϕ

: ð6Þ

189190 The de Broglie wavelength λdB of the DM particles is
191 λdB ¼ 2π=ðmϕvÞ, with v the typical virial velocity of the
192 DM cloud. The effective quantum pressure smoothes out
193 inhomogeneities on scales smaller than λdB; therefore
194 typical wave numbers k of the DM density field verify
195 k < 2π=λdB (k can be much smaller if there are repulsive
196 self-interactions that contribute to an additional pressure, or
197 more generally as in CDM scenarios when the size of the
198 cloud is related to its formation process rather than to mϕ).
199 Then, comparing Eqs. (5) and (6) we have

k <
2π
λdB

∶ k < mϕv;
Ψosc

Ψ0

∼
k2

m2
ϕ

< v2 ≪ 1; ð7Þ

200201 for nonrelativistic DM clouds.
202 As pointed out in Ref. [52] in the context of pulsar timing
203 arrays (PTAs), the oscillating component Ψosc will lead,
204 through Eq. (2), to an oscillating frequency drift of the GW,
205 which could be detected, whereas the constant term Ψ0 is
206 degenerate with binary parameters. We shall find below that
207 a detection requires a DM density that is much larger than
208 the solar neighborhood estimate. Therefore, we can assume
209 the gravitational potential at emission to dominate in
210 Eq. (2), and we write the observed frequency of the GW
211 signal as

f ¼ f̄ þ Δf ¼ f̄ð1þ ΨÞ; ð8Þ

212213 where f̄ is the unperturbed frequency, that is, for a binary
214 system in vacuum, and Δf is the frequency shift due to the
215 binary DM environment, with

Ψ ¼ Ψ0 þΨosc cosðωt − θÞ; ð9Þ

216217where θ ¼ −2αðx⃗eÞ − π and we redefinedΨ0 with a change
218of sign. The optical approximation (2) is valid for

f ≳ ω; whence mϕ <
!
fmin

1 Hz

"
3 × 10−16 eV; ð10Þ

219220where fmin is the minimum frequency of the GW interfer-
221ometer. Compared with the contributions from Eq. (2), the
222integrated Sachs-Wolfe effect is suppressed by a factor
223k=ω < v ≪ 1 and can be neglected for nonrelativistic
224clouds.
225Throughout this paper, we work at linear order in the DM
226density and gravitational potential. Our analysis is not
227restricted to the clouds associated with solitons in Fuzzy
228DM scenarios (i.e., stable equilibria governed by the
229balance between gravity and quantum pressure). It also
230applies to more general cases, such as solitons governed by
231the balance between gravity and the effective pressure due
232to repulsive self-interactions, or virialized halos supported
233by their velocity dispersion (as for CDM).

234B. Gravitational wave phase shift

235The GW signal from the binary systems we consider
236takes the form hðtÞ ¼ AðtÞ cos½ΦðtÞ&, where the phase ΦðtÞ
237and the time t are related to the frequency f and the
238frequency drift ḟ by

Φ ¼ 2π
Z

df
f
ḟ
; t ¼

Z
df

1

ḟ
: ð11Þ

239240At leading order, the amplitude grows as AðtÞ ∝ f2=3 and
241the frequency drift due to the emission of GW by the binary
242system reads

ḟ ¼ 96π8=3

5c5
ðGMÞ5=3f11=3; ð12Þ

243244where M is the chirp mass of the two compact objects of
245mass m1 and m2, and

M ¼ m1 þm2; ν ¼ m1m2=M2; M ¼ ν3=5M; ð13Þ

246247where ν is the symmetric mass ratio [54,57].
248Going to Fourier space, h̃ðfÞ ¼

R
dtei2πfthðtÞ, one

249obtains in the stationary phase approximation h̃ðfÞ ¼
250AðfÞeiψðfÞ with

AðfÞ ∝ f−7=6; ψðfÞ ¼ 2πft⋆ −Φðt⋆Þ − π=4; ð14Þ

251252where the saddle point t⋆ is determined by fðt⋆Þ ¼ f.
253At zeroth order in the DM environment, we have
254f̄ðt̄⋆Þ ¼ f and
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178 equations we find the local Newtonian potential to be [52]

ΨNðx⃗; tÞ ¼ Ψ0ðx⃗Þ þ Ψoscðx⃗Þ cos½ωtþ 2αðx⃗Þ&; ð3Þ

179180 with

ω ¼ 2mϕ: ð4Þ

181182 The leading component in Eq. (3), Ψ0, which evolves on
183 astrophysical timescales, is given by the usual Poisson
184 equation,

∇2Ψ0 ¼ 4πGρ; ð5Þ

185186 where ρ is the DM density averaged over the fast oscil-
187 lations at frequency ω, whereas the subleading oscillating
188 component Ψosc is given by

Ψosc ¼ π
Gρ
m2

ϕ

: ð6Þ

189190 The de Broglie wavelength λdB of the DM particles is
191 λdB ¼ 2π=ðmϕvÞ, with v the typical virial velocity of the
192 DM cloud. The effective quantum pressure smoothes out
193 inhomogeneities on scales smaller than λdB; therefore
194 typical wave numbers k of the DM density field verify
195 k < 2π=λdB (k can be much smaller if there are repulsive
196 self-interactions that contribute to an additional pressure, or
197 more generally as in CDM scenarios when the size of the
198 cloud is related to its formation process rather than to mϕ).
199 Then, comparing Eqs. (5) and (6) we have

k <
2π
λdB

∶ k < mϕv;
Ψosc

Ψ0

∼
k2

m2
ϕ

< v2 ≪ 1; ð7Þ

200201 for nonrelativistic DM clouds.
202 As pointed out in Ref. [52] in the context of pulsar timing
203 arrays (PTAs), the oscillating component Ψosc will lead,
204 through Eq. (2), to an oscillating frequency drift of the GW,
205 which could be detected, whereas the constant term Ψ0 is
206 degenerate with binary parameters. We shall find below that
207 a detection requires a DM density that is much larger than
208 the solar neighborhood estimate. Therefore, we can assume
209 the gravitational potential at emission to dominate in
210 Eq. (2), and we write the observed frequency of the GW
211 signal as

f ¼ f̄ þ Δf ¼ f̄ð1þ ΨÞ; ð8Þ

212213 where f̄ is the unperturbed frequency, that is, for a binary
214 system in vacuum, and Δf is the frequency shift due to the
215 binary DM environment, with

Ψ ¼ Ψ0 þΨosc cosðωt − θÞ; ð9Þ

216217where θ ¼ −2αðx⃗eÞ − π and we redefinedΨ0 with a change
218of sign. The optical approximation (2) is valid for

f ≳ ω; whence mϕ <
!
fmin

1 Hz

"
3 × 10−16 eV; ð10Þ

219220where fmin is the minimum frequency of the GW interfer-
221ometer. Compared with the contributions from Eq. (2), the
222integrated Sachs-Wolfe effect is suppressed by a factor
223k=ω < v ≪ 1 and can be neglected for nonrelativistic
224clouds.
225Throughout this paper, we work at linear order in the DM
226density and gravitational potential. Our analysis is not
227restricted to the clouds associated with solitons in Fuzzy
228DM scenarios (i.e., stable equilibria governed by the
229balance between gravity and quantum pressure). It also
230applies to more general cases, such as solitons governed by
231the balance between gravity and the effective pressure due
232to repulsive self-interactions, or virialized halos supported
233by their velocity dispersion (as for CDM).

234B. Gravitational wave phase shift

235The GW signal from the binary systems we consider
236takes the form hðtÞ ¼ AðtÞ cos½ΦðtÞ&, where the phase ΦðtÞ
237and the time t are related to the frequency f and the
238frequency drift ḟ by

Φ ¼ 2π
Z

df
f
ḟ
; t ¼

Z
df

1

ḟ
: ð11Þ

239240At leading order, the amplitude grows as AðtÞ ∝ f2=3 and
241the frequency drift due to the emission of GW by the binary
242system reads

ḟ ¼ 96π8=3

5c5
ðGMÞ5=3f11=3; ð12Þ

243244where M is the chirp mass of the two compact objects of
245mass m1 and m2, and

M ¼ m1 þm2; ν ¼ m1m2=M2; M ¼ ν3=5M; ð13Þ

246247where ν is the symmetric mass ratio [54,57].
248Going to Fourier space, h̃ðfÞ ¼

R
dtei2πfthðtÞ, one

249obtains in the stationary phase approximation h̃ðfÞ ¼
250AðfÞeiψðfÞ with

AðfÞ ∝ f−7=6; ψðfÞ ¼ 2πft⋆ −Φðt⋆Þ − π=4; ð14Þ

251252where the saddle point t⋆ is determined by fðt⋆Þ ¼ f.
253At zeroth order in the DM environment, we have
254f̄ðt̄⋆Þ ¼ f and
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Saddle-point approximation:

B) Frequency shift

This effect is due to the propagation of the GW from the source to the observer, not to new physics modifying the production of the GW. 

<latexit sha1_base64="uZWn70LlOkt5TfhfcC8uxx3ZRQw=">AAACKXicbVDLSgNBEJyN7/iKevQyGAQDGnbF10UI6sGTRDAqZMMyO+mNg7MPZnrFsOzvePFXvCgo6tUfcRJz0MSChqKqm+4uP5FCo21/WIWx8YnJqemZ4uzc/MJiaWn5Usep4tDgsYzVtc80SBFBAwVKuE4UsNCXcOXfHvf8qztQWsTRBXYTaIWsE4lAcIZG8ko1N1CMZ+4JSGQ0yLMgp4fUrWvhnW1k7h1wep97sIkeVOjWsLGJFa9Utqt2H3SUOANSJgPUvdKL2455GkKEXDKtm46dYCtjCgWXkBfdVEPC+C3rQNPQiIWgW1n/05yuG6VNg1iZipD21d8TGQu17oa+6QwZ3uhhryf+5zVTDA5amYiSFCHiP4uCVFKMaS822hYKOMquIYwrYW6l/IaZ6NCEWzQhOMMvj5LL7aqzV9093ynXjgZxTJNVskY2iEP2SY2ckjppEE4eyBN5JW/Wo/VsvVufP60FazCzQv7A+voGQaelYQ==</latexit>

�f

f
=  N (~xe, te)� N (~x, t)



At leading order, the frequency drift is due to the emission of GW:

178 equations we find the local Newtonian potential to be [52]

ΨNðx⃗; tÞ ¼ Ψ0ðx⃗Þ þ Ψoscðx⃗Þ cos½ωtþ 2αðx⃗Þ&; ð3Þ

179180 with

ω ¼ 2mϕ: ð4Þ

181182 The leading component in Eq. (3), Ψ0, which evolves on
183 astrophysical timescales, is given by the usual Poisson
184 equation,

∇2Ψ0 ¼ 4πGρ; ð5Þ

185186 where ρ is the DM density averaged over the fast oscil-
187 lations at frequency ω, whereas the subleading oscillating
188 component Ψosc is given by

Ψosc ¼ π
Gρ
m2

ϕ

: ð6Þ

189190 The de Broglie wavelength λdB of the DM particles is
191 λdB ¼ 2π=ðmϕvÞ, with v the typical virial velocity of the
192 DM cloud. The effective quantum pressure smoothes out
193 inhomogeneities on scales smaller than λdB; therefore
194 typical wave numbers k of the DM density field verify
195 k < 2π=λdB (k can be much smaller if there are repulsive
196 self-interactions that contribute to an additional pressure, or
197 more generally as in CDM scenarios when the size of the
198 cloud is related to its formation process rather than to mϕ).
199 Then, comparing Eqs. (5) and (6) we have

k <
2π
λdB

∶ k < mϕv;
Ψosc

Ψ0

∼
k2

m2
ϕ

< v2 ≪ 1; ð7Þ

200201 for nonrelativistic DM clouds.
202 As pointed out in Ref. [52] in the context of pulsar timing
203 arrays (PTAs), the oscillating component Ψosc will lead,
204 through Eq. (2), to an oscillating frequency drift of the GW,
205 which could be detected, whereas the constant term Ψ0 is
206 degenerate with binary parameters. We shall find below that
207 a detection requires a DM density that is much larger than
208 the solar neighborhood estimate. Therefore, we can assume
209 the gravitational potential at emission to dominate in
210 Eq. (2), and we write the observed frequency of the GW
211 signal as

f ¼ f̄ þ Δf ¼ f̄ð1þ ΨÞ; ð8Þ

212213 where f̄ is the unperturbed frequency, that is, for a binary
214 system in vacuum, and Δf is the frequency shift due to the
215 binary DM environment, with

Ψ ¼ Ψ0 þΨosc cosðωt − θÞ; ð9Þ

216217where θ ¼ −2αðx⃗eÞ − π and we redefinedΨ0 with a change
218of sign. The optical approximation (2) is valid for

f ≳ ω; whence mϕ <
!
fmin

1 Hz

"
3 × 10−16 eV; ð10Þ

219220where fmin is the minimum frequency of the GW interfer-
221ometer. Compared with the contributions from Eq. (2), the
222integrated Sachs-Wolfe effect is suppressed by a factor
223k=ω < v ≪ 1 and can be neglected for nonrelativistic
224clouds.
225Throughout this paper, we work at linear order in the DM
226density and gravitational potential. Our analysis is not
227restricted to the clouds associated with solitons in Fuzzy
228DM scenarios (i.e., stable equilibria governed by the
229balance between gravity and quantum pressure). It also
230applies to more general cases, such as solitons governed by
231the balance between gravity and the effective pressure due
232to repulsive self-interactions, or virialized halos supported
233by their velocity dispersion (as for CDM).

234B. Gravitational wave phase shift

235The GW signal from the binary systems we consider
236takes the form hðtÞ ¼ AðtÞ cos½ΦðtÞ&, where the phase ΦðtÞ
237and the time t are related to the frequency f and the
238frequency drift ḟ by

Φ ¼ 2π
Z

df
f
ḟ
; t ¼

Z
df

1

ḟ
: ð11Þ

239240At leading order, the amplitude grows as AðtÞ ∝ f2=3 and
241the frequency drift due to the emission of GW by the binary
242system reads

ḟ ¼ 96π8=3

5c5
ðGMÞ5=3f11=3; ð12Þ

243244where M is the chirp mass of the two compact objects of
245mass m1 and m2, and

M ¼ m1 þm2; ν ¼ m1m2=M2; M ¼ ν3=5M; ð13Þ

246247where ν is the symmetric mass ratio [54,57].
248Going to Fourier space, h̃ðfÞ ¼

R
dtei2πfthðtÞ, one

249obtains in the stationary phase approximation h̃ðfÞ ¼
250AðfÞeiψðfÞ with

AðfÞ ∝ f−7=6; ψðfÞ ¼ 2πft⋆ −Φðt⋆Þ − π=4; ð14Þ

251252where the saddle point t⋆ is determined by fðt⋆Þ ¼ f.
253At zeroth order in the DM environment, we have
254f̄ðt̄⋆Þ ¼ f and
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The Sachs-Wolfe effect due to the DM gravitational potential gives a contribution 
(due to the correction to the observed frequency):

tc − t̄⋆ ¼
Z

∞

f
df

1

ḟ
¼ 5

256π

!
πGM
c3

"−5=3
f−8=3; ð15Þ

255256 with the phase given by

Φc − Φ̄⋆ ¼ 2π
Z

∞

f
df

f
ḟ
¼ 1

16

!
πGMf
c3

"−5=3
; ð16Þ

257258 where tc and Φc are the time and the phase at that
259 coalescence time. This gives the standard result for the
260 phase ψ̄ðfÞ of the Fourier-space waveform,

ψ̄ðfÞ ¼ 2πftc −Φc −
π
4
þ ψGWðfÞ; ð17Þ

261262 with

ψGWðfÞ ¼
3

128

!
πGMf
c3

"−5=3#
1þ

!
3715

756
þ 55ν

9

"

×
!
πGMf
c3

"
2=3

$
: ð18Þ

263264 Here we have included the first post-Newtonian correction
265 (1-PN order). This gives two terms, which behave as f−5=3

266 and f−1, that allowus to constrain both binarymassesm1 and
267 m2 from the observations [50]. We do not consider higher
268 order post-Newtonian contributions in this paper, which can
269 be used to constrain the spins of the compact objects.
270 Because of the DM perturbation Eq. (8), the saddle
271 point time t⋆ associated with a frequency f is shifted at first
272 order by

t⋆ ¼ t̄⋆ þ Δt⋆; with Δt⋆ ¼ − f̄ðt̄⋆Þ
f̄0ðt̄⋆Þ

Ψðt̄⋆Þ; ð19Þ

273274 while the phase Φ⋆ ¼ Φ̄⋆ þ ΔΦ⋆ is shifted by

ΔΦ⋆ ¼ 2πfΔt⋆ − 2π
Z

tc

t̄⋆
dtf̄Ψ: ð20Þ

275276 This gives a shift of the phase ΔψðfÞ of the Fourier-space
277 waveform,

ΔψðfÞ ¼ 2π
Z

tc

t̄⋆
dtf̄Ψ: ð21Þ

278279 Using Eq. (15), we can write this integral as

Δψ ¼ 2π

!
5

256π

"
3=8

!
πGM
c3

"−5=8 Z tc

t̄⋆
dtðtc − tÞ−3=8ΨðtÞ:

ð22Þ

280281 The constant term Ψ0 of the gravitational potential in
282 Eq. (9) gives the contribution,

Δψ0ðfÞ ¼
Ψ0

16

!
πGMf
c3

"−5=3
: ð23Þ

283284We can see that this term, which scales as f−5=3, is fully
285degenerate with the leading GW phase in Eq. (18).
286Moreover, for nonrelativistic DM clouds Ψ0 ≪ 1.
287Therefore, we would need to know the distribution of
288white dwarf masses (or more generally binary masses) with
289a very high accuracy to distinguish the effect of the
290contribution (23). Thus Ψ0 cannot be discriminated from
291a small shift of the binary massesm1 andm2, and we do not
292consider it any further.
293The time-dependent term of the gravitational potential in
294Eq. (9) gives the contribution,

ΔψoscðfÞ ¼ Ψosc2π

!
5

256π

"
3=8

!
πGMω

c3

"−5=8

× Re½eið5π=16þθ−ωtcÞγð5=8;−iyÞ&; ð24Þ

295296where γða; zÞ is the incomplete gamma function and

y ¼ ωðtc − t̄⋆Þ ¼
mϕ

m⋆
; m⋆ ¼ f

128π
5

!
πGMf
c3

"
5=3

:

ð25Þ

297298299For low scalar mass, mϕ ≪ m⋆, we obtain

mϕ ≪ m⋆∶ ΔψoscðfÞ ¼
Ψosc

16

!
πGMf
c3

"−5=3
cosðωtc − θÞ:

ð26Þ

300301Because of the bounds in Eq. (7), this phase shift is even
302smaller than for the constant potential contribution of
303Eq. (23), and it is again degenerate with the GW phase
304in Eq. (18). For high scalar masses, mϕ ≫ m⋆, we obtain

mϕ ≫ m⋆∶ ΔψoscðfÞ ¼ ΨoscΓð5=8Þ2π
!

5

256π

"
3=8

×
!
πGMω

c3

"−5=8
cosðωtc − θ − 5π=16Þ; ð27Þ

305306which is degenerate with the constant factorΦc in Eq. (17).
307Therefore, the DM phase shift is degenerate in both low and
308high scalar mass limits. This means that the contribution of
309the DM environment binary gravitational wave forms can
310only potentially be distinguished for scalar masses of the
311order of m⋆, which can span a few orders of magnitude
312depending on the frequency range of the GW interferom-
313eter. Notice that this typical mass m⋆ is much smaller than
314the signal’s frequency as long as the GWs do not probe the
315Schwarzschild radius of the system. This must of course be
316satisfied for our semiclassical description of the propaga-
317tion of the GWs to hold.
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The contribution from the constant part is degenerate 
with the leading GW contribution:tc − t̄⋆ ¼

Z
∞

f
df

1

ḟ
¼ 5

256π

!
πGM
c3

"−5=3
f−8=3; ð15Þ

255256 with the phase given by

Φc − Φ̄⋆ ¼ 2π
Z

∞

f
df

f
ḟ
¼ 1

16

!
πGMf
c3

"−5=3
; ð16Þ

257258 where tc and Φc are the time and the phase at that
259 coalescence time. This gives the standard result for the
260 phase ψ̄ðfÞ of the Fourier-space waveform,

ψ̄ðfÞ ¼ 2πftc −Φc −
π
4
þ ψGWðfÞ; ð17Þ

261262 with

ψGWðfÞ ¼
3

128

!
πGMf
c3

"−5=3#
1þ

!
3715

756
þ 55ν

9

"

×
!
πGMf
c3

"
2=3

$
: ð18Þ

263264 Here we have included the first post-Newtonian correction
265 (1-PN order). This gives two terms, which behave as f−5=3

266 and f−1, that allowus to constrain both binarymassesm1 and
267 m2 from the observations [50]. We do not consider higher
268 order post-Newtonian contributions in this paper, which can
269 be used to constrain the spins of the compact objects.
270 Because of the DM perturbation Eq. (8), the saddle
271 point time t⋆ associated with a frequency f is shifted at first
272 order by

t⋆ ¼ t̄⋆ þ Δt⋆; with Δt⋆ ¼ − f̄ðt̄⋆Þ
f̄0ðt̄⋆Þ

Ψðt̄⋆Þ; ð19Þ

273274 while the phase Φ⋆ ¼ Φ̄⋆ þ ΔΦ⋆ is shifted by

ΔΦ⋆ ¼ 2πfΔt⋆ − 2π
Z

tc

t̄⋆
dtf̄Ψ: ð20Þ

275276 This gives a shift of the phase ΔψðfÞ of the Fourier-space
277 waveform,

ΔψðfÞ ¼ 2π
Z

tc

t̄⋆
dtf̄Ψ: ð21Þ

278279 Using Eq. (15), we can write this integral as

Δψ ¼ 2π

!
5

256π

"
3=8

!
πGM
c3

"−5=8 Z tc

t̄⋆
dtðtc − tÞ−3=8ΨðtÞ:

ð22Þ

280281 The constant term Ψ0 of the gravitational potential in
282 Eq. (9) gives the contribution,

Δψ0ðfÞ ¼
Ψ0

16

!
πGMf
c3

"−5=3
: ð23Þ

283284We can see that this term, which scales as f−5=3, is fully
285degenerate with the leading GW phase in Eq. (18).
286Moreover, for nonrelativistic DM clouds Ψ0 ≪ 1.
287Therefore, we would need to know the distribution of
288white dwarf masses (or more generally binary masses) with
289a very high accuracy to distinguish the effect of the
290contribution (23). Thus Ψ0 cannot be discriminated from
291a small shift of the binary massesm1 andm2, and we do not
292consider it any further.
293The time-dependent term of the gravitational potential in
294Eq. (9) gives the contribution,

ΔψoscðfÞ ¼ Ψosc2π

!
5

256π

"
3=8

!
πGMω

c3

"−5=8

× Re½eið5π=16þθ−ωtcÞγð5=8;−iyÞ&; ð24Þ

295296where γða; zÞ is the incomplete gamma function and

y ¼ ωðtc − t̄⋆Þ ¼
mϕ

m⋆
; m⋆ ¼ f

128π
5

!
πGMf
c3

"
5=3

:

ð25Þ

297298299For low scalar mass, mϕ ≪ m⋆, we obtain

mϕ ≪ m⋆∶ ΔψoscðfÞ ¼
Ψosc

16

!
πGMf
c3

"−5=3
cosðωtc − θÞ:

ð26Þ

300301Because of the bounds in Eq. (7), this phase shift is even
302smaller than for the constant potential contribution of
303Eq. (23), and it is again degenerate with the GW phase
304in Eq. (18). For high scalar masses, mϕ ≫ m⋆, we obtain

mϕ ≫ m⋆∶ ΔψoscðfÞ ¼ ΨoscΓð5=8Þ2π
!

5

256π

"
3=8

×
!
πGMω

c3

"−5=8
cosðωtc − θ − 5π=16Þ; ð27Þ

305306which is degenerate with the constant factorΦc in Eq. (17).
307Therefore, the DM phase shift is degenerate in both low and
308high scalar mass limits. This means that the contribution of
309the DM environment binary gravitational wave forms can
310only potentially be distinguished for scalar masses of the
311order of m⋆, which can span a few orders of magnitude
312depending on the frequency range of the GW interferom-
313eter. Notice that this typical mass m⋆ is much smaller than
314the signal’s frequency as long as the GWs do not probe the
315Schwarzschild radius of the system. This must of course be
316satisfied for our semiclassical description of the propaga-
317tion of the GWs to hold.
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tc − t̄⋆ ¼
Z

∞

f
df

1

ḟ
¼ 5

256π

!
πGM
c3

"−5=3
f−8=3; ð15Þ

255256 with the phase given by

Φc − Φ̄⋆ ¼ 2π
Z

∞

f
df

f
ḟ
¼ 1

16

!
πGMf
c3

"−5=3
; ð16Þ

257258 where tc and Φc are the time and the phase at that
259 coalescence time. This gives the standard result for the
260 phase ψ̄ðfÞ of the Fourier-space waveform,

ψ̄ðfÞ ¼ 2πftc −Φc −
π
4
þ ψGWðfÞ; ð17Þ

261262 with

ψGWðfÞ ¼
3

128

!
πGMf
c3

"−5=3#
1þ

!
3715

756
þ 55ν

9

"

×
!
πGMf
c3

"
2=3

$
: ð18Þ

263264 Here we have included the first post-Newtonian correction
265 (1-PN order). This gives two terms, which behave as f−5=3

266 and f−1, that allowus to constrain both binarymassesm1 and
267 m2 from the observations [50]. We do not consider higher
268 order post-Newtonian contributions in this paper, which can
269 be used to constrain the spins of the compact objects.
270 Because of the DM perturbation Eq. (8), the saddle
271 point time t⋆ associated with a frequency f is shifted at first
272 order by

t⋆ ¼ t̄⋆ þ Δt⋆; with Δt⋆ ¼ − f̄ðt̄⋆Þ
f̄0ðt̄⋆Þ

Ψðt̄⋆Þ; ð19Þ

273274 while the phase Φ⋆ ¼ Φ̄⋆ þ ΔΦ⋆ is shifted by

ΔΦ⋆ ¼ 2πfΔt⋆ − 2π
Z

tc

t̄⋆
dtf̄Ψ: ð20Þ

275276 This gives a shift of the phase ΔψðfÞ of the Fourier-space
277 waveform,

ΔψðfÞ ¼ 2π
Z

tc

t̄⋆
dtf̄Ψ: ð21Þ

278279 Using Eq. (15), we can write this integral as

Δψ ¼ 2π

!
5

256π

"
3=8

!
πGM
c3

"−5=8 Z tc

t̄⋆
dtðtc − tÞ−3=8ΨðtÞ:

ð22Þ

280281 The constant term Ψ0 of the gravitational potential in
282 Eq. (9) gives the contribution,

Δψ0ðfÞ ¼
Ψ0

16

!
πGMf
c3

"−5=3
: ð23Þ

283284We can see that this term, which scales as f−5=3, is fully
285degenerate with the leading GW phase in Eq. (18).
286Moreover, for nonrelativistic DM clouds Ψ0 ≪ 1.
287Therefore, we would need to know the distribution of
288white dwarf masses (or more generally binary masses) with
289a very high accuracy to distinguish the effect of the
290contribution (23). Thus Ψ0 cannot be discriminated from
291a small shift of the binary massesm1 andm2, and we do not
292consider it any further.
293The time-dependent term of the gravitational potential in
294Eq. (9) gives the contribution,

ΔψoscðfÞ ¼ Ψosc2π

!
5

256π

"
3=8

!
πGMω

c3

"−5=8

× Re½eið5π=16þθ−ωtcÞγð5=8;−iyÞ&; ð24Þ

295296where γða; zÞ is the incomplete gamma function and

y ¼ ωðtc − t̄⋆Þ ¼
mϕ

m⋆
; m⋆ ¼ f

128π
5

!
πGMf
c3

"
5=3

:

ð25Þ

297298299For low scalar mass, mϕ ≪ m⋆, we obtain

mϕ ≪ m⋆∶ ΔψoscðfÞ ¼
Ψosc

16

!
πGMf
c3

"−5=3
cosðωtc − θÞ:

ð26Þ

300301Because of the bounds in Eq. (7), this phase shift is even
302smaller than for the constant potential contribution of
303Eq. (23), and it is again degenerate with the GW phase
304in Eq. (18). For high scalar masses, mϕ ≫ m⋆, we obtain

mϕ ≫ m⋆∶ ΔψoscðfÞ ¼ ΨoscΓð5=8Þ2π
!

5

256π

"
3=8

×
!
πGMω

c3

"−5=8
cosðωtc − θ − 5π=16Þ; ð27Þ

305306which is degenerate with the constant factorΦc in Eq. (17).
307Therefore, the DM phase shift is degenerate in both low and
308high scalar mass limits. This means that the contribution of
309the DM environment binary gravitational wave forms can
310only potentially be distinguished for scalar masses of the
311order of m⋆, which can span a few orders of magnitude
312depending on the frequency range of the GW interferom-
313eter. Notice that this typical mass m⋆ is much smaller than
314the signal’s frequency as long as the GWs do not probe the
315Schwarzschild radius of the system. This must of course be
316satisfied for our semiclassical description of the propaga-
317tion of the GWs to hold.
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255256 with the phase given by

Φc − Φ̄⋆ ¼ 2π
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πGMf
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257258 where tc and Φc are the time and the phase at that
259 coalescence time. This gives the standard result for the
260 phase ψ̄ðfÞ of the Fourier-space waveform,

ψ̄ðfÞ ¼ 2πftc −Φc −
π
4
þ ψGWðfÞ; ð17Þ

261262 with

ψGWðfÞ ¼
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: ð18Þ

263264 Here we have included the first post-Newtonian correction
265 (1-PN order). This gives two terms, which behave as f−5=3

266 and f−1, that allowus to constrain both binarymassesm1 and
267 m2 from the observations [50]. We do not consider higher
268 order post-Newtonian contributions in this paper, which can
269 be used to constrain the spins of the compact objects.
270 Because of the DM perturbation Eq. (8), the saddle
271 point time t⋆ associated with a frequency f is shifted at first
272 order by

t⋆ ¼ t̄⋆ þ Δt⋆; with Δt⋆ ¼ − f̄ðt̄⋆Þ
f̄0ðt̄⋆Þ

Ψðt̄⋆Þ; ð19Þ

273274 while the phase Φ⋆ ¼ Φ̄⋆ þ ΔΦ⋆ is shifted by

ΔΦ⋆ ¼ 2πfΔt⋆ − 2π
Z

tc

t̄⋆
dtf̄Ψ: ð20Þ

275276 This gives a shift of the phase ΔψðfÞ of the Fourier-space
277 waveform,

ΔψðfÞ ¼ 2π
Z

tc

t̄⋆
dtf̄Ψ: ð21Þ

278279 Using Eq. (15), we can write this integral as

Δψ ¼ 2π

!
5

256π

"
3=8

!
πGM
c3

"−5=8 Z tc

t̄⋆
dtðtc − tÞ−3=8ΨðtÞ:

ð22Þ

280281 The constant term Ψ0 of the gravitational potential in
282 Eq. (9) gives the contribution,

Δψ0ðfÞ ¼
Ψ0

16

!
πGMf
c3

"−5=3
: ð23Þ

283284We can see that this term, which scales as f−5=3, is fully
285degenerate with the leading GW phase in Eq. (18).
286Moreover, for nonrelativistic DM clouds Ψ0 ≪ 1.
287Therefore, we would need to know the distribution of
288white dwarf masses (or more generally binary masses) with
289a very high accuracy to distinguish the effect of the
290contribution (23). Thus Ψ0 cannot be discriminated from
291a small shift of the binary massesm1 andm2, and we do not
292consider it any further.
293The time-dependent term of the gravitational potential in
294Eq. (9) gives the contribution,

ΔψoscðfÞ ¼ Ψosc2π

!
5

256π

"
3=8

!
πGMω

c3

"−5=8

× Re½eið5π=16þθ−ωtcÞγð5=8;−iyÞ&; ð24Þ

295296where γða; zÞ is the incomplete gamma function and

y ¼ ωðtc − t̄⋆Þ ¼
mϕ

m⋆
; m⋆ ¼ f

128π
5

!
πGMf
c3

"
5=3

:

ð25Þ

297298299For low scalar mass, mϕ ≪ m⋆, we obtain

mϕ ≪ m⋆∶ ΔψoscðfÞ ¼
Ψosc

16

!
πGMf
c3

"−5=3
cosðωtc − θÞ:

ð26Þ

300301Because of the bounds in Eq. (7), this phase shift is even
302smaller than for the constant potential contribution of
303Eq. (23), and it is again degenerate with the GW phase
304in Eq. (18). For high scalar masses, mϕ ≫ m⋆, we obtain

mϕ ≫ m⋆∶ ΔψoscðfÞ ¼ ΨoscΓð5=8Þ2π
!

5

256π

"
3=8

×
!
πGMω

c3

"−5=8
cosðωtc − θ − 5π=16Þ; ð27Þ

305306which is degenerate with the constant factorΦc in Eq. (17).
307Therefore, the DM phase shift is degenerate in both low and
308high scalar mass limits. This means that the contribution of
309the DM environment binary gravitational wave forms can
310only potentially be distinguished for scalar masses of the
311order of m⋆, which can span a few orders of magnitude
312depending on the frequency range of the GW interferom-
313eter. Notice that this typical mass m⋆ is much smaller than
314the signal’s frequency as long as the GWs do not probe the
315Schwarzschild radius of the system. This must of course be
316satisfied for our semiclassical description of the propaga-
317tion of the GWs to hold.
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263264 Here we have included the first post-Newtonian correction
265 (1-PN order). This gives two terms, which behave as f−5=3

266 and f−1, that allowus to constrain both binarymassesm1 and
267 m2 from the observations [50]. We do not consider higher
268 order post-Newtonian contributions in this paper, which can
269 be used to constrain the spins of the compact objects.
270 Because of the DM perturbation Eq. (8), the saddle
271 point time t⋆ associated with a frequency f is shifted at first
272 order by

t⋆ ¼ t̄⋆ þ Δt⋆; with Δt⋆ ¼ − f̄ðt̄⋆Þ
f̄0ðt̄⋆Þ

Ψðt̄⋆Þ; ð19Þ

273274 while the phase Φ⋆ ¼ Φ̄⋆ þ ΔΦ⋆ is shifted by

ΔΦ⋆ ¼ 2πfΔt⋆ − 2π
Z

tc

t̄⋆
dtf̄Ψ: ð20Þ

275276 This gives a shift of the phase ΔψðfÞ of the Fourier-space
277 waveform,

ΔψðfÞ ¼ 2π
Z

tc

t̄⋆
dtf̄Ψ: ð21Þ

278279 Using Eq. (15), we can write this integral as

Δψ ¼ 2π

!
5

256π

"
3=8

!
πGM
c3

"−5=8 Z tc

t̄⋆
dtðtc − tÞ−3=8ΨðtÞ:

ð22Þ

280281 The constant term Ψ0 of the gravitational potential in
282 Eq. (9) gives the contribution,

Δψ0ðfÞ ¼
Ψ0

16

!
πGMf
c3

"−5=3
: ð23Þ

283284We can see that this term, which scales as f−5=3, is fully
285degenerate with the leading GW phase in Eq. (18).
286Moreover, for nonrelativistic DM clouds Ψ0 ≪ 1.
287Therefore, we would need to know the distribution of
288white dwarf masses (or more generally binary masses) with
289a very high accuracy to distinguish the effect of the
290contribution (23). Thus Ψ0 cannot be discriminated from
291a small shift of the binary massesm1 andm2, and we do not
292consider it any further.
293The time-dependent term of the gravitational potential in
294Eq. (9) gives the contribution,

ΔψoscðfÞ ¼ Ψosc2π

!
5

256π

"
3=8

!
πGMω

c3

"−5=8

× Re½eið5π=16þθ−ωtcÞγð5=8;−iyÞ&; ð24Þ

295296where γða; zÞ is the incomplete gamma function and

y ¼ ωðtc − t̄⋆Þ ¼
mϕ

m⋆
; m⋆ ¼ f

128π
5

!
πGMf
c3

"
5=3

:

ð25Þ

297298299For low scalar mass, mϕ ≪ m⋆, we obtain

mϕ ≪ m⋆∶ ΔψoscðfÞ ¼
Ψosc

16

!
πGMf
c3

"−5=3
cosðωtc − θÞ:

ð26Þ

300301Because of the bounds in Eq. (7), this phase shift is even
302smaller than for the constant potential contribution of
303Eq. (23), and it is again degenerate with the GW phase
304in Eq. (18). For high scalar masses, mϕ ≫ m⋆, we obtain

mϕ ≫ m⋆∶ ΔψoscðfÞ ¼ ΨoscΓð5=8Þ2π
!

5

256π

"
3=8

×
!
πGMω

c3

"−5=8
cosðωtc − θ − 5π=16Þ; ð27Þ

305306which is degenerate with the constant factorΦc in Eq. (17).
307Therefore, the DM phase shift is degenerate in both low and
308high scalar mass limits. This means that the contribution of
309the DM environment binary gravitational wave forms can
310only potentially be distinguished for scalar masses of the
311order of m⋆, which can span a few orders of magnitude
312depending on the frequency range of the GW interferom-
313eter. Notice that this typical mass m⋆ is much smaller than
314the signal’s frequency as long as the GWs do not probe the
315Schwarzschild radius of the system. This must of course be
316satisfied for our semiclassical description of the propaga-
317tion of the GWs to hold.
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257258 where tc and Φc are the time and the phase at that
259 coalescence time. This gives the standard result for the
260 phase ψ̄ðfÞ of the Fourier-space waveform,

ψ̄ðfÞ ¼ 2πftc −Φc −
π
4
þ ψGWðfÞ; ð17Þ

261262 with

ψGWðfÞ ¼
3

128

!
πGMf
c3

"−5=3#
1þ

!
3715

756
þ 55ν

9

"

×
!
πGMf
c3

"
2=3

$
: ð18Þ

263264 Here we have included the first post-Newtonian correction
265 (1-PN order). This gives two terms, which behave as f−5=3

266 and f−1, that allowus to constrain both binarymassesm1 and
267 m2 from the observations [50]. We do not consider higher
268 order post-Newtonian contributions in this paper, which can
269 be used to constrain the spins of the compact objects.
270 Because of the DM perturbation Eq. (8), the saddle
271 point time t⋆ associated with a frequency f is shifted at first
272 order by

t⋆ ¼ t̄⋆ þ Δt⋆; with Δt⋆ ¼ − f̄ðt̄⋆Þ
f̄0ðt̄⋆Þ

Ψðt̄⋆Þ; ð19Þ

273274 while the phase Φ⋆ ¼ Φ̄⋆ þ ΔΦ⋆ is shifted by

ΔΦ⋆ ¼ 2πfΔt⋆ − 2π
Z

tc

t̄⋆
dtf̄Ψ: ð20Þ

275276 This gives a shift of the phase ΔψðfÞ of the Fourier-space
277 waveform,

ΔψðfÞ ¼ 2π
Z

tc

t̄⋆
dtf̄Ψ: ð21Þ

278279 Using Eq. (15), we can write this integral as

Δψ ¼ 2π

!
5

256π

"
3=8

!
πGM
c3

"−5=8 Z tc

t̄⋆
dtðtc − tÞ−3=8ΨðtÞ:

ð22Þ

280281 The constant term Ψ0 of the gravitational potential in
282 Eq. (9) gives the contribution,

Δψ0ðfÞ ¼
Ψ0

16

!
πGMf
c3

"−5=3
: ð23Þ

283284We can see that this term, which scales as f−5=3, is fully
285degenerate with the leading GW phase in Eq. (18).
286Moreover, for nonrelativistic DM clouds Ψ0 ≪ 1.
287Therefore, we would need to know the distribution of
288white dwarf masses (or more generally binary masses) with
289a very high accuracy to distinguish the effect of the
290contribution (23). Thus Ψ0 cannot be discriminated from
291a small shift of the binary massesm1 andm2, and we do not
292consider it any further.
293The time-dependent term of the gravitational potential in
294Eq. (9) gives the contribution,

ΔψoscðfÞ ¼ Ψosc2π

!
5

256π

"
3=8

!
πGMω

c3

"−5=8

× Re½eið5π=16þθ−ωtcÞγð5=8;−iyÞ&; ð24Þ

295296where γða; zÞ is the incomplete gamma function and

y ¼ ωðtc − t̄⋆Þ ¼
mϕ

m⋆
; m⋆ ¼ f

128π
5

!
πGMf
c3

"
5=3

:

ð25Þ

297298299For low scalar mass, mϕ ≪ m⋆, we obtain

mϕ ≪ m⋆∶ ΔψoscðfÞ ¼
Ψosc

16

!
πGMf
c3

"−5=3
cosðωtc − θÞ:

ð26Þ

300301Because of the bounds in Eq. (7), this phase shift is even
302smaller than for the constant potential contribution of
303Eq. (23), and it is again degenerate with the GW phase
304in Eq. (18). For high scalar masses, mϕ ≫ m⋆, we obtain

mϕ ≫ m⋆∶ ΔψoscðfÞ ¼ ΨoscΓð5=8Þ2π
!

5

256π

"
3=8

×
!
πGMω

c3

"−5=8
cosðωtc − θ − 5π=16Þ; ð27Þ

305306which is degenerate with the constant factorΦc in Eq. (17).
307Therefore, the DM phase shift is degenerate in both low and
308high scalar mass limits. This means that the contribution of
309the DM environment binary gravitational wave forms can
310only potentially be distinguished for scalar masses of the
311order of m⋆, which can span a few orders of magnitude
312depending on the frequency range of the GW interferom-
313eter. Notice that this typical mass m⋆ is much smaller than
314the signal’s frequency as long as the GWs do not probe the
315Schwarzschild radius of the system. This must of course be
316satisfied for our semiclassical description of the propaga-
317tion of the GWs to hold.
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257258 where tc and Φc are the time and the phase at that
259 coalescence time. This gives the standard result for the
260 phase ψ̄ðfÞ of the Fourier-space waveform,

ψ̄ðfÞ ¼ 2πftc −Φc −
π
4
þ ψGWðfÞ; ð17Þ

261262 with

ψGWðfÞ ¼
3

128

!
πGMf
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"

×
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2=3
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263264 Here we have included the first post-Newtonian correction
265 (1-PN order). This gives two terms, which behave as f−5=3

266 and f−1, that allowus to constrain both binarymassesm1 and
267 m2 from the observations [50]. We do not consider higher
268 order post-Newtonian contributions in this paper, which can
269 be used to constrain the spins of the compact objects.
270 Because of the DM perturbation Eq. (8), the saddle
271 point time t⋆ associated with a frequency f is shifted at first
272 order by

t⋆ ¼ t̄⋆ þ Δt⋆; with Δt⋆ ¼ − f̄ðt̄⋆Þ
f̄0ðt̄⋆Þ

Ψðt̄⋆Þ; ð19Þ

273274 while the phase Φ⋆ ¼ Φ̄⋆ þ ΔΦ⋆ is shifted by

ΔΦ⋆ ¼ 2πfΔt⋆ − 2π
Z

tc

t̄⋆
dtf̄Ψ: ð20Þ

275276 This gives a shift of the phase ΔψðfÞ of the Fourier-space
277 waveform,

ΔψðfÞ ¼ 2π
Z

tc

t̄⋆
dtf̄Ψ: ð21Þ

278279 Using Eq. (15), we can write this integral as

Δψ ¼ 2π

!
5

256π

"
3=8

!
πGM
c3

"−5=8 Z tc

t̄⋆
dtðtc − tÞ−3=8ΨðtÞ:

ð22Þ

280281 The constant term Ψ0 of the gravitational potential in
282 Eq. (9) gives the contribution,

Δψ0ðfÞ ¼
Ψ0

16

!
πGMf
c3

"−5=3
: ð23Þ

283284We can see that this term, which scales as f−5=3, is fully
285degenerate with the leading GW phase in Eq. (18).
286Moreover, for nonrelativistic DM clouds Ψ0 ≪ 1.
287Therefore, we would need to know the distribution of
288white dwarf masses (or more generally binary masses) with
289a very high accuracy to distinguish the effect of the
290contribution (23). Thus Ψ0 cannot be discriminated from
291a small shift of the binary massesm1 andm2, and we do not
292consider it any further.
293The time-dependent term of the gravitational potential in
294Eq. (9) gives the contribution,

ΔψoscðfÞ ¼ Ψosc2π

!
5

256π

"
3=8

!
πGMω

c3

"−5=8

× Re½eið5π=16þθ−ωtcÞγð5=8;−iyÞ&; ð24Þ

295296where γða; zÞ is the incomplete gamma function and

y ¼ ωðtc − t̄⋆Þ ¼
mϕ

m⋆
; m⋆ ¼ f

128π
5

!
πGMf
c3

"
5=3

:

ð25Þ

297298299For low scalar mass, mϕ ≪ m⋆, we obtain

mϕ ≪ m⋆∶ ΔψoscðfÞ ¼
Ψosc

16

!
πGMf
c3

"−5=3
cosðωtc − θÞ:

ð26Þ

300301Because of the bounds in Eq. (7), this phase shift is even
302smaller than for the constant potential contribution of
303Eq. (23), and it is again degenerate with the GW phase
304in Eq. (18). For high scalar masses, mϕ ≫ m⋆, we obtain

mϕ ≫ m⋆∶ ΔψoscðfÞ ¼ ΨoscΓð5=8Þ2π
!

5

256π

"
3=8

×
!
πGMω

c3

"−5=8
cosðωtc − θ − 5π=16Þ; ð27Þ

305306which is degenerate with the constant factorΦc in Eq. (17).
307Therefore, the DM phase shift is degenerate in both low and
308high scalar mass limits. This means that the contribution of
309the DM environment binary gravitational wave forms can
310only potentially be distinguished for scalar masses of the
311order of m⋆, which can span a few orders of magnitude
312depending on the frequency range of the GW interferom-
313eter. Notice that this typical mass m⋆ is much smaller than
314the signal’s frequency as long as the GWs do not probe the
315Schwarzschild radius of the system. This must of course be
316satisfied for our semiclassical description of the propaga-
317tion of the GWs to hold.
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ḟ
¼ 5

256π

!
πGM
c3

"−5=3
f−8=3; ð15Þ

255256 with the phase given by

Φc − Φ̄⋆ ¼ 2π
Z

∞

f
df

f
ḟ
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257258 where tc and Φc are the time and the phase at that
259 coalescence time. This gives the standard result for the
260 phase ψ̄ðfÞ of the Fourier-space waveform,

ψ̄ðfÞ ¼ 2πftc −Φc −
π
4
þ ψGWðfÞ; ð17Þ

261262 with
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263264 Here we have included the first post-Newtonian correction
265 (1-PN order). This gives two terms, which behave as f−5=3

266 and f−1, that allowus to constrain both binarymassesm1 and
267 m2 from the observations [50]. We do not consider higher
268 order post-Newtonian contributions in this paper, which can
269 be used to constrain the spins of the compact objects.
270 Because of the DM perturbation Eq. (8), the saddle
271 point time t⋆ associated with a frequency f is shifted at first
272 order by

t⋆ ¼ t̄⋆ þ Δt⋆; with Δt⋆ ¼ − f̄ðt̄⋆Þ
f̄0ðt̄⋆Þ

Ψðt̄⋆Þ; ð19Þ

273274 while the phase Φ⋆ ¼ Φ̄⋆ þ ΔΦ⋆ is shifted by

ΔΦ⋆ ¼ 2πfΔt⋆ − 2π
Z

tc

t̄⋆
dtf̄Ψ: ð20Þ

275276 This gives a shift of the phase ΔψðfÞ of the Fourier-space
277 waveform,

ΔψðfÞ ¼ 2π
Z

tc

t̄⋆
dtf̄Ψ: ð21Þ

278279 Using Eq. (15), we can write this integral as

Δψ ¼ 2π

!
5

256π

"
3=8

!
πGM
c3

"−5=8 Z tc

t̄⋆
dtðtc − tÞ−3=8ΨðtÞ:

ð22Þ

280281 The constant term Ψ0 of the gravitational potential in
282 Eq. (9) gives the contribution,

Δψ0ðfÞ ¼
Ψ0

16

!
πGMf
c3

"−5=3
: ð23Þ

283284We can see that this term, which scales as f−5=3, is fully
285degenerate with the leading GW phase in Eq. (18).
286Moreover, for nonrelativistic DM clouds Ψ0 ≪ 1.
287Therefore, we would need to know the distribution of
288white dwarf masses (or more generally binary masses) with
289a very high accuracy to distinguish the effect of the
290contribution (23). Thus Ψ0 cannot be discriminated from
291a small shift of the binary massesm1 andm2, and we do not
292consider it any further.
293The time-dependent term of the gravitational potential in
294Eq. (9) gives the contribution,

ΔψoscðfÞ ¼ Ψosc2π

!
5

256π

"
3=8

!
πGMω

c3

"−5=8

× Re½eið5π=16þθ−ωtcÞγð5=8;−iyÞ&; ð24Þ

295296where γða; zÞ is the incomplete gamma function and

y ¼ ωðtc − t̄⋆Þ ¼
mϕ

m⋆
; m⋆ ¼ f

128π
5

!
πGMf
c3

"
5=3

:

ð25Þ

297298299For low scalar mass, mϕ ≪ m⋆, we obtain

mϕ ≪ m⋆∶ ΔψoscðfÞ ¼
Ψosc

16

!
πGMf
c3

"−5=3
cosðωtc − θÞ:

ð26Þ

300301Because of the bounds in Eq. (7), this phase shift is even
302smaller than for the constant potential contribution of
303Eq. (23), and it is again degenerate with the GW phase
304in Eq. (18). For high scalar masses, mϕ ≫ m⋆, we obtain

mϕ ≫ m⋆∶ ΔψoscðfÞ ¼ ΨoscΓð5=8Þ2π
!

5

256π

"
3=8

×
!
πGMω

c3

"−5=8
cosðωtc − θ − 5π=16Þ; ð27Þ

305306which is degenerate with the constant factorΦc in Eq. (17).
307Therefore, the DM phase shift is degenerate in both low and
308high scalar mass limits. This means that the contribution of
309the DM environment binary gravitational wave forms can
310only potentially be distinguished for scalar masses of the
311order of m⋆, which can span a few orders of magnitude
312depending on the frequency range of the GW interferom-
313eter. Notice that this typical mass m⋆ is much smaller than
314the signal’s frequency as long as the GWs do not probe the
315Schwarzschild radius of the system. This must of course be
316satisfied for our semiclassical description of the propaga-
317tion of the GWs to hold.
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Low scalar mass, degeneracy with leading GW term
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257258 where tc and Φc are the time and the phase at that
259 coalescence time. This gives the standard result for the
260 phase ψ̄ðfÞ of the Fourier-space waveform,

ψ̄ðfÞ ¼ 2πftc −Φc −
π
4
þ ψGWðfÞ; ð17Þ

261262 with
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263264 Here we have included the first post-Newtonian correction
265 (1-PN order). This gives two terms, which behave as f−5=3

266 and f−1, that allowus to constrain both binarymassesm1 and
267 m2 from the observations [50]. We do not consider higher
268 order post-Newtonian contributions in this paper, which can
269 be used to constrain the spins of the compact objects.
270 Because of the DM perturbation Eq. (8), the saddle
271 point time t⋆ associated with a frequency f is shifted at first
272 order by

t⋆ ¼ t̄⋆ þ Δt⋆; with Δt⋆ ¼ − f̄ðt̄⋆Þ
f̄0ðt̄⋆Þ

Ψðt̄⋆Þ; ð19Þ

273274 while the phase Φ⋆ ¼ Φ̄⋆ þ ΔΦ⋆ is shifted by

ΔΦ⋆ ¼ 2πfΔt⋆ − 2π
Z

tc

t̄⋆
dtf̄Ψ: ð20Þ

275276 This gives a shift of the phase ΔψðfÞ of the Fourier-space
277 waveform,

ΔψðfÞ ¼ 2π
Z

tc

t̄⋆
dtf̄Ψ: ð21Þ

278279 Using Eq. (15), we can write this integral as

Δψ ¼ 2π
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!
πGM
c3

"−5=8 Z tc

t̄⋆
dtðtc − tÞ−3=8ΨðtÞ:

ð22Þ

280281 The constant term Ψ0 of the gravitational potential in
282 Eq. (9) gives the contribution,

Δψ0ðfÞ ¼
Ψ0

16

!
πGMf
c3

"−5=3
: ð23Þ

283284We can see that this term, which scales as f−5=3, is fully
285degenerate with the leading GW phase in Eq. (18).
286Moreover, for nonrelativistic DM clouds Ψ0 ≪ 1.
287Therefore, we would need to know the distribution of
288white dwarf masses (or more generally binary masses) with
289a very high accuracy to distinguish the effect of the
290contribution (23). Thus Ψ0 cannot be discriminated from
291a small shift of the binary massesm1 andm2, and we do not
292consider it any further.
293The time-dependent term of the gravitational potential in
294Eq. (9) gives the contribution,

ΔψoscðfÞ ¼ Ψosc2π

!
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"
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!
πGMω

c3

"−5=8

× Re½eið5π=16þθ−ωtcÞγð5=8;−iyÞ&; ð24Þ

295296where γða; zÞ is the incomplete gamma function and

y ¼ ωðtc − t̄⋆Þ ¼
mϕ

m⋆
; m⋆ ¼ f

128π
5

!
πGMf
c3

"
5=3

:

ð25Þ

297298299For low scalar mass, mϕ ≪ m⋆, we obtain

mϕ ≪ m⋆∶ ΔψoscðfÞ ¼
Ψosc

16

!
πGMf
c3

"−5=3
cosðωtc − θÞ:

ð26Þ

300301Because of the bounds in Eq. (7), this phase shift is even
302smaller than for the constant potential contribution of
303Eq. (23), and it is again degenerate with the GW phase
304in Eq. (18). For high scalar masses, mϕ ≫ m⋆, we obtain

mϕ ≫ m⋆∶ ΔψoscðfÞ ¼ ΨoscΓð5=8Þ2π
!

5

256π

"
3=8

×
!
πGMω

c3

"−5=8
cosðωtc − θ − 5π=16Þ; ð27Þ

305306which is degenerate with the constant factorΦc in Eq. (17).
307Therefore, the DM phase shift is degenerate in both low and
308high scalar mass limits. This means that the contribution of
309the DM environment binary gravitational wave forms can
310only potentially be distinguished for scalar masses of the
311order of m⋆, which can span a few orders of magnitude
312depending on the frequency range of the GW interferom-
313eter. Notice that this typical mass m⋆ is much smaller than
314the signal’s frequency as long as the GWs do not probe the
315Schwarzschild radius of the system. This must of course be
316satisfied for our semiclassical description of the propaga-
317tion of the GWs to hold.
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Large scalar mass, degeneracy with constant factor
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257258 where tc and Φc are the time and the phase at that
259 coalescence time. This gives the standard result for the
260 phase ψ̄ðfÞ of the Fourier-space waveform,
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263264 Here we have included the first post-Newtonian correction
265 (1-PN order). This gives two terms, which behave as f−5=3

266 and f−1, that allowus to constrain both binarymassesm1 and
267 m2 from the observations [50]. We do not consider higher
268 order post-Newtonian contributions in this paper, which can
269 be used to constrain the spins of the compact objects.
270 Because of the DM perturbation Eq. (8), the saddle
271 point time t⋆ associated with a frequency f is shifted at first
272 order by

t⋆ ¼ t̄⋆ þ Δt⋆; with Δt⋆ ¼ − f̄ðt̄⋆Þ
f̄0ðt̄⋆Þ

Ψðt̄⋆Þ; ð19Þ

273274 while the phase Φ⋆ ¼ Φ̄⋆ þ ΔΦ⋆ is shifted by

ΔΦ⋆ ¼ 2πfΔt⋆ − 2π
Z

tc

t̄⋆
dtf̄Ψ: ð20Þ

275276 This gives a shift of the phase ΔψðfÞ of the Fourier-space
277 waveform,

ΔψðfÞ ¼ 2π
Z

tc

t̄⋆
dtf̄Ψ: ð21Þ

278279 Using Eq. (15), we can write this integral as

Δψ ¼ 2π

!
5

256π

"
3=8

!
πGM
c3

"−5=8 Z tc

t̄⋆
dtðtc − tÞ−3=8ΨðtÞ:

ð22Þ

280281 The constant term Ψ0 of the gravitational potential in
282 Eq. (9) gives the contribution,

Δψ0ðfÞ ¼
Ψ0

16

!
πGMf
c3

"−5=3
: ð23Þ

283284We can see that this term, which scales as f−5=3, is fully
285degenerate with the leading GW phase in Eq. (18).
286Moreover, for nonrelativistic DM clouds Ψ0 ≪ 1.
287Therefore, we would need to know the distribution of
288white dwarf masses (or more generally binary masses) with
289a very high accuracy to distinguish the effect of the
290contribution (23). Thus Ψ0 cannot be discriminated from
291a small shift of the binary massesm1 andm2, and we do not
292consider it any further.
293The time-dependent term of the gravitational potential in
294Eq. (9) gives the contribution,

ΔψoscðfÞ ¼ Ψosc2π

!
5

256π

"
3=8

!
πGMω

c3

"−5=8

× Re½eið5π=16þθ−ωtcÞγð5=8;−iyÞ&; ð24Þ

295296where γða; zÞ is the incomplete gamma function and

y ¼ ωðtc − t̄⋆Þ ¼
mϕ

m⋆
; m⋆ ¼ f

128π
5

!
πGMf
c3

"
5=3

:

ð25Þ

297298299For low scalar mass, mϕ ≪ m⋆, we obtain

mϕ ≪ m⋆∶ ΔψoscðfÞ ¼
Ψosc

16

!
πGMf
c3

"−5=3
cosðωtc − θÞ:

ð26Þ

300301Because of the bounds in Eq. (7), this phase shift is even
302smaller than for the constant potential contribution of
303Eq. (23), and it is again degenerate with the GW phase
304in Eq. (18). For high scalar masses, mϕ ≫ m⋆, we obtain

mϕ ≫ m⋆∶ ΔψoscðfÞ ¼ ΨoscΓð5=8Þ2π
!

5

256π

"
3=8

×
!
πGMω

c3

"−5=8
cosðωtc − θ − 5π=16Þ; ð27Þ

305306which is degenerate with the constant factorΦc in Eq. (17).
307Therefore, the DM phase shift is degenerate in both low and
308high scalar mass limits. This means that the contribution of
309the DM environment binary gravitational wave forms can
310only potentially be distinguished for scalar masses of the
311order of m⋆, which can span a few orders of magnitude
312depending on the frequency range of the GW interferom-
313eter. Notice that this typical mass m⋆ is much smaller than
314the signal’s frequency as long as the GWs do not probe the
315Schwarzschild radius of the system. This must of course be
316satisfied for our semiclassical description of the propaga-
317tion of the GWs to hold.
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257258 where tc and Φc are the time and the phase at that
259 coalescence time. This gives the standard result for the
260 phase ψ̄ðfÞ of the Fourier-space waveform,
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π
4
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263264 Here we have included the first post-Newtonian correction
265 (1-PN order). This gives two terms, which behave as f−5=3

266 and f−1, that allowus to constrain both binarymassesm1 and
267 m2 from the observations [50]. We do not consider higher
268 order post-Newtonian contributions in this paper, which can
269 be used to constrain the spins of the compact objects.
270 Because of the DM perturbation Eq. (8), the saddle
271 point time t⋆ associated with a frequency f is shifted at first
272 order by
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282 Eq. (9) gives the contribution,
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283284We can see that this term, which scales as f−5=3, is fully
285degenerate with the leading GW phase in Eq. (18).
286Moreover, for nonrelativistic DM clouds Ψ0 ≪ 1.
287Therefore, we would need to know the distribution of
288white dwarf masses (or more generally binary masses) with
289a very high accuracy to distinguish the effect of the
290contribution (23). Thus Ψ0 cannot be discriminated from
291a small shift of the binary massesm1 andm2, and we do not
292consider it any further.
293The time-dependent term of the gravitational potential in
294Eq. (9) gives the contribution,
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mϕ ≪ m⋆∶ ΔψoscðfÞ ¼
Ψosc

16

!
πGMf
c3

"−5=3
cosðωtc − θÞ:

ð26Þ

300301Because of the bounds in Eq. (7), this phase shift is even
302smaller than for the constant potential contribution of
303Eq. (23), and it is again degenerate with the GW phase
304in Eq. (18). For high scalar masses, mϕ ≫ m⋆, we obtain
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305306which is degenerate with the constant factorΦc in Eq. (17).
307Therefore, the DM phase shift is degenerate in both low and
308high scalar mass limits. This means that the contribution of
309the DM environment binary gravitational wave forms can
310only potentially be distinguished for scalar masses of the
311order of m⋆, which can span a few orders of magnitude
312depending on the frequency range of the GW interferom-
313eter. Notice that this typical mass m⋆ is much smaller than
314the signal’s frequency as long as the GWs do not probe the
315Schwarzschild radius of the system. This must of course be
316satisfied for our semiclassical description of the propaga-
317tion of the GWs to hold.
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263264 Here we have included the first post-Newtonian correction
265 (1-PN order). This gives two terms, which behave as f−5=3

266 and f−1, that allowus to constrain both binarymassesm1 and
267 m2 from the observations [50]. We do not consider higher
268 order post-Newtonian contributions in this paper, which can
269 be used to constrain the spins of the compact objects.
270 Because of the DM perturbation Eq. (8), the saddle
271 point time t⋆ associated with a frequency f is shifted at first
272 order by

t⋆ ¼ t̄⋆ þ Δt⋆; with Δt⋆ ¼ − f̄ðt̄⋆Þ
f̄0ðt̄⋆Þ
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273274 while the phase Φ⋆ ¼ Φ̄⋆ þ ΔΦ⋆ is shifted by

ΔΦ⋆ ¼ 2πfΔt⋆ − 2π
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275276 This gives a shift of the phase ΔψðfÞ of the Fourier-space
277 waveform,
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280281 The constant term Ψ0 of the gravitational potential in
282 Eq. (9) gives the contribution,

Δψ0ðfÞ ¼
Ψ0
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283284We can see that this term, which scales as f−5=3, is fully
285degenerate with the leading GW phase in Eq. (18).
286Moreover, for nonrelativistic DM clouds Ψ0 ≪ 1.
287Therefore, we would need to know the distribution of
288white dwarf masses (or more generally binary masses) with
289a very high accuracy to distinguish the effect of the
290contribution (23). Thus Ψ0 cannot be discriminated from
291a small shift of the binary massesm1 andm2, and we do not
292consider it any further.
293The time-dependent term of the gravitational potential in
294Eq. (9) gives the contribution,

ΔψoscðfÞ ¼ Ψosc2π
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297298299For low scalar mass, mϕ ≪ m⋆, we obtain

mϕ ≪ m⋆∶ ΔψoscðfÞ ¼
Ψosc
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300301Because of the bounds in Eq. (7), this phase shift is even
302smaller than for the constant potential contribution of
303Eq. (23), and it is again degenerate with the GW phase
304in Eq. (18). For high scalar masses, mϕ ≫ m⋆, we obtain

mϕ ≫ m⋆∶ ΔψoscðfÞ ¼ ΨoscΓð5=8Þ2π
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305306which is degenerate with the constant factorΦc in Eq. (17).
307Therefore, the DM phase shift is degenerate in both low and
308high scalar mass limits. This means that the contribution of
309the DM environment binary gravitational wave forms can
310only potentially be distinguished for scalar masses of the
311order of m⋆, which can span a few orders of magnitude
312depending on the frequency range of the GW interferom-
313eter. Notice that this typical mass m⋆ is much smaller than
314the signal’s frequency as long as the GWs do not probe the
315Schwarzschild radius of the system. This must of course be
316satisfied for our semiclassical description of the propaga-
317tion of the GWs to hold.
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D) Comparison with dynamical friction

In many cases (CDM, supersonic motion in fluids or SFDM), the drag force on a BH moving within a medium 
takes the form of the Chandrasekhar result:

318 The factor (24) depends on the chirp mass M, which at
319 the Newtonian level is degenerate with Ψ0 as seen in (23).
320 However, for nonrelativistic DM clouds Ψ0 ≪ 1, and this
321 shift can only lead to a small bias in the measurement of
322 M, as seen by the comparison with (18). Therefore, we can
323 neglect the impact of the shift (23) and the parameter Ψ0 in
324 the Fisher matrix analysis described in Sec. III below. For
325 jΨ0j < 0.1 the detection thresholds that we obtain for Ψosc
326 and the dark matter density ρ would be biased by less
327 than 10%.

328 C. Comparison with dynamical friction

329 If a binary system is embedded within a DM halo, its
330 GWs signal will be affected by other, more usual, effects, in
331 addition to the phase shift in Eq. (24) associated with the
332 specific oscillatory behavior of the Newtonian potential in
333 Eq. (3). These include the impact of the DM halo on the
334 orbital radius of the binary, due to gravitational force from
335 the enclosed DM mass, the matter accretion onto the
336 compact objects, and the dynamical friction. The rate of
337 matter accretion can depend on the details of the DMmodel
338 but the dynamical friction often takes the form of the usual
339 Chandrasekhar result [53],

mi
˙v⃗i ¼ −

4πG2m2
i ρ

v3i
Λv⃗i; ð28Þ

340341 where Λ is the Coulomb logarithm and the index i ¼ f1; 2g
342 labels the two components of the binary system. The
343 expression in Eq. (28) derived for collisionless media,
344 such as CDM, also applies to Fuzzy DM or scenarios with
345 non-negligible self-interactions in the supersonic regime,
346 although Λ depends on the model. Therefore, it is interest-
347 ing to compare the phase shift we derived in Eq. (24) with
348 the generic effect of the dynamical friction, Eq. (28), which
349 is expected to be also present in most cases. To keep the
350 analysis general and simple, we approximate Λ as a
351 constant, and in our numerical computations we will take
352 Λ ¼ 10. As described for instance in Ref. [50], the drag
353 force, Eq. (28), leads to a slow decay of the orbital radius a,
354 in addition to the shrinking due to the emission of GWs,
355 which reads

ȧdf ¼ −a
!

a
GM

"
3=2

8πG2ρΛ
m3

1 þm3
2

μ2
; ð29Þ

356357 where μ ¼ m1m2=M is the reduced mass. This in turn gives
358 rise to an additional drift of the GWs frequency,

ḟdf ¼ 12Gρ
Λðm3

1 þm3
2Þ

ν1=5M3
; ð30Þ

359360 and to a phase shift,

Δψdf ¼ −
75

38912

πG3Mρ
c6

!
πGMf
c3

"−16=3 Λðm3
1 þm3

2Þ
ν1=5M3

:

ð31Þ

361362Here, as in [50], we consider the effects due to DM as a
363linear perturbation to the GW emission and assumed that
364the contribution of Eq. (30) to the frequency drift is small as
365compared with the contribution of Eq. (12) due to the
366emission of GWs.

367III. DETECTION THRESHOLD

368A. Fisher matrix analysis

369We use a Fisher matrix analysis to investigate which DM
370densities can be probed by GW waveforms, through the
371impact of the oscillating Newtonian potential in Eq. (9) on
372the phase of Eq. (24). As usual [58,59], the Fisher matrix
373reads

Γij ¼ 4Re
Z

fmax

fmin

df
SnðfÞ

!
∂h̃
∂θi

"⋆!
∂h̃
∂θj

"
; ð32Þ

374375where SnðfÞ is the noise spectral density of the GW
376interferometer and fθig is the set of parameters that we
377wish to measure. In this paper we consider fθig ¼
378ftc;Φc; lnðm1Þ; lnðm2Þ;Ψoscg, as we discard the spins of
379the compact objects. The amplitude A0 would be an
380additional parameter; however, the Fisher matrix is
381block-diagonal as ΓA0;θi ¼ 0 and the amplitude A0 is com-
382pletely decorrelated from the other parameters fθig [58].
383Therefore, we do not consider the amplitude any further.
384From the Fisher matrix Γij we obtain the covariance matrix
385Σij ¼ ðΓ−1Þij, which gives the standard deviation on the
386various parameters as σi ¼ hðΔθiÞ2i1=2 ¼

ffiffiffiffiffiffi
Σii

p
. We obtain

387in this fashion the 1-sigma error bar on the amplitude of
388the DM oscillating potential Ψosc, or equivalently on the
389DM density ρ through Eq. (6). We perform the analysis for
390a fiducial ρ ¼ 0, i.e. assuming the binary is in vacuum.
391Then, we identify σρ as the detection threshold on the DM
392density ρ.
393The signal-to-noise ratio is given by

ðSNRÞ2 ¼ 4

Z
fmax

fmin

df
SnðfÞ

jh̃ðfÞj2: ð33Þ

394395Writing the GWform as h̃ðfÞ ¼ A0f−7=6eiψðfÞ at leading
396order, we obtain the standard expression,

Γij ¼
ðSNRÞ2

R fmax
fmin

df
SnðfÞ

f−7=3

Z
fmax

fmin

df
SnðfÞ

f−7=3
∂ψ
∂θi

∂ψ
∂θj

: ð34Þ

397398The derivatives are computed from Eqs. (17), (18), and
399(24), which we simplify as
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This gives a correction to the frequency drift and to the GW phase,

which is independent of the scalar mass:

318 The factor (24) depends on the chirp mass M, which at
319 the Newtonian level is degenerate with Ψ0 as seen in (23).
320 However, for nonrelativistic DM clouds Ψ0 ≪ 1, and this
321 shift can only lead to a small bias in the measurement of
322 M, as seen by the comparison with (18). Therefore, we can
323 neglect the impact of the shift (23) and the parameter Ψ0 in
324 the Fisher matrix analysis described in Sec. III below. For
325 jΨ0j < 0.1 the detection thresholds that we obtain for Ψosc
326 and the dark matter density ρ would be biased by less
327 than 10%.

328 C. Comparison with dynamical friction

329 If a binary system is embedded within a DM halo, its
330 GWs signal will be affected by other, more usual, effects, in
331 addition to the phase shift in Eq. (24) associated with the
332 specific oscillatory behavior of the Newtonian potential in
333 Eq. (3). These include the impact of the DM halo on the
334 orbital radius of the binary, due to gravitational force from
335 the enclosed DM mass, the matter accretion onto the
336 compact objects, and the dynamical friction. The rate of
337 matter accretion can depend on the details of the DMmodel
338 but the dynamical friction often takes the form of the usual
339 Chandrasekhar result [53],
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i ρ

v3i
Λv⃗i; ð28Þ

340341 where Λ is the Coulomb logarithm and the index i ¼ f1; 2g
342 labels the two components of the binary system. The
343 expression in Eq. (28) derived for collisionless media,
344 such as CDM, also applies to Fuzzy DM or scenarios with
345 non-negligible self-interactions in the supersonic regime,
346 although Λ depends on the model. Therefore, it is interest-
347 ing to compare the phase shift we derived in Eq. (24) with
348 the generic effect of the dynamical friction, Eq. (28), which
349 is expected to be also present in most cases. To keep the
350 analysis general and simple, we approximate Λ as a
351 constant, and in our numerical computations we will take
352 Λ ¼ 10. As described for instance in Ref. [50], the drag
353 force, Eq. (28), leads to a slow decay of the orbital radius a,
354 in addition to the shrinking due to the emission of GWs,
355 which reads

ȧdf ¼ −a
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356357 where μ ¼ m1m2=M is the reduced mass. This in turn gives
358 rise to an additional drift of the GWs frequency,
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361362Here, as in [50], we consider the effects due to DM as a
363linear perturbation to the GW emission and assumed that
364the contribution of Eq. (30) to the frequency drift is small as
365compared with the contribution of Eq. (12) due to the
366emission of GWs.

367III. DETECTION THRESHOLD

368A. Fisher matrix analysis

369We use a Fisher matrix analysis to investigate which DM
370densities can be probed by GW waveforms, through the
371impact of the oscillating Newtonian potential in Eq. (9) on
372the phase of Eq. (24). As usual [58,59], the Fisher matrix
373reads
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374375where SnðfÞ is the noise spectral density of the GW
376interferometer and fθig is the set of parameters that we
377wish to measure. In this paper we consider fθig ¼
378ftc;Φc; lnðm1Þ; lnðm2Þ;Ψoscg, as we discard the spins of
379the compact objects. The amplitude A0 would be an
380additional parameter; however, the Fisher matrix is
381block-diagonal as ΓA0;θi ¼ 0 and the amplitude A0 is com-
382pletely decorrelated from the other parameters fθig [58].
383Therefore, we do not consider the amplitude any further.
384From the Fisher matrix Γij we obtain the covariance matrix
385Σij ¼ ðΓ−1Þij, which gives the standard deviation on the
386various parameters as σi ¼ hðΔθiÞ2i1=2 ¼

ffiffiffiffiffiffi
Σii

p
. We obtain

387in this fashion the 1-sigma error bar on the amplitude of
388the DM oscillating potential Ψosc, or equivalently on the
389DM density ρ through Eq. (6). We perform the analysis for
390a fiducial ρ ¼ 0, i.e. assuming the binary is in vacuum.
391Then, we identify σρ as the detection threshold on the DM
392density ρ.
393The signal-to-noise ratio is given by

ðSNRÞ2 ¼ 4

Z
fmax

fmin

df
SnðfÞ

jh̃ðfÞj2: ð33Þ

394395Writing the GWform as h̃ðfÞ ¼ A0f−7=6eiψðfÞ at leading
396order, we obtain the standard expression,
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397398The derivatives are computed from Eqs. (17), (18), and
399(24), which we simplify as
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E) Fisher matrix analysis

318 The factor (24) depends on the chirp mass M, which at
319 the Newtonian level is degenerate with Ψ0 as seen in (23).
320 However, for nonrelativistic DM clouds Ψ0 ≪ 1, and this
321 shift can only lead to a small bias in the measurement of
322 M, as seen by the comparison with (18). Therefore, we can
323 neglect the impact of the shift (23) and the parameter Ψ0 in
324 the Fisher matrix analysis described in Sec. III below. For
325 jΨ0j < 0.1 the detection thresholds that we obtain for Ψosc
326 and the dark matter density ρ would be biased by less
327 than 10%.

328 C. Comparison with dynamical friction

329 If a binary system is embedded within a DM halo, its
330 GWs signal will be affected by other, more usual, effects, in
331 addition to the phase shift in Eq. (24) associated with the
332 specific oscillatory behavior of the Newtonian potential in
333 Eq. (3). These include the impact of the DM halo on the
334 orbital radius of the binary, due to gravitational force from
335 the enclosed DM mass, the matter accretion onto the
336 compact objects, and the dynamical friction. The rate of
337 matter accretion can depend on the details of the DMmodel
338 but the dynamical friction often takes the form of the usual
339 Chandrasekhar result [53],

mi
˙v⃗i ¼ −

4πG2m2
i ρ

v3i
Λv⃗i; ð28Þ

340341 where Λ is the Coulomb logarithm and the index i ¼ f1; 2g
342 labels the two components of the binary system. The
343 expression in Eq. (28) derived for collisionless media,
344 such as CDM, also applies to Fuzzy DM or scenarios with
345 non-negligible self-interactions in the supersonic regime,
346 although Λ depends on the model. Therefore, it is interest-
347 ing to compare the phase shift we derived in Eq. (24) with
348 the generic effect of the dynamical friction, Eq. (28), which
349 is expected to be also present in most cases. To keep the
350 analysis general and simple, we approximate Λ as a
351 constant, and in our numerical computations we will take
352 Λ ¼ 10. As described for instance in Ref. [50], the drag
353 force, Eq. (28), leads to a slow decay of the orbital radius a,
354 in addition to the shrinking due to the emission of GWs,
355 which reads

ȧdf ¼ −a
!

a
GM

"
3=2

8πG2ρΛ
m3

1 þm3
2

μ2
; ð29Þ

356357 where μ ¼ m1m2=M is the reduced mass. This in turn gives
358 rise to an additional drift of the GWs frequency,

ḟdf ¼ 12Gρ
Λðm3

1 þm3
2Þ

ν1=5M3
; ð30Þ

359360 and to a phase shift,

Δψdf ¼ −
75

38912

πG3Mρ
c6

!
πGMf
c3

"−16=3 Λðm3
1 þm3

2Þ
ν1=5M3

:

ð31Þ

361362Here, as in [50], we consider the effects due to DM as a
363linear perturbation to the GW emission and assumed that
364the contribution of Eq. (30) to the frequency drift is small as
365compared with the contribution of Eq. (12) due to the
366emission of GWs.

367III. DETECTION THRESHOLD

368A. Fisher matrix analysis

369We use a Fisher matrix analysis to investigate which DM
370densities can be probed by GW waveforms, through the
371impact of the oscillating Newtonian potential in Eq. (9) on
372the phase of Eq. (24). As usual [58,59], the Fisher matrix
373reads

Γij ¼ 4Re
Z

fmax

fmin

df
SnðfÞ

!
∂h̃
∂θi

"⋆!
∂h̃
∂θj

"
; ð32Þ

374375where SnðfÞ is the noise spectral density of the GW
376interferometer and fθig is the set of parameters that we
377wish to measure. In this paper we consider fθig ¼
378ftc;Φc; lnðm1Þ; lnðm2Þ;Ψoscg, as we discard the spins of
379the compact objects. The amplitude A0 would be an
380additional parameter; however, the Fisher matrix is
381block-diagonal as ΓA0;θi ¼ 0 and the amplitude A0 is com-
382pletely decorrelated from the other parameters fθig [58].
383Therefore, we do not consider the amplitude any further.
384From the Fisher matrix Γij we obtain the covariance matrix
385Σij ¼ ðΓ−1Þij, which gives the standard deviation on the
386various parameters as σi ¼ hðΔθiÞ2i1=2 ¼

ffiffiffiffiffiffi
Σii

p
. We obtain

387in this fashion the 1-sigma error bar on the amplitude of
388the DM oscillating potential Ψosc, or equivalently on the
389DM density ρ through Eq. (6). We perform the analysis for
390a fiducial ρ ¼ 0, i.e. assuming the binary is in vacuum.
391Then, we identify σρ as the detection threshold on the DM
392density ρ.
393The signal-to-noise ratio is given by

ðSNRÞ2 ¼ 4

Z
fmax

fmin

df
SnðfÞ

jh̃ðfÞj2: ð33Þ

394395Writing the GWform as h̃ðfÞ ¼ A0f−7=6eiψðfÞ at leading
396order, we obtain the standard expression,

Γij ¼
ðSNRÞ2

R fmax
fmin

df
SnðfÞ

f−7=3

Z
fmax

fmin

df
SnðfÞ

f−7=3
∂ψ
∂θi

∂ψ
∂θj

: ð34Þ

397398The derivatives are computed from Eqs. (17), (18), and
399(24), which we simplify as
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318 The factor (24) depends on the chirp mass M, which at
319 the Newtonian level is degenerate with Ψ0 as seen in (23).
320 However, for nonrelativistic DM clouds Ψ0 ≪ 1, and this
321 shift can only lead to a small bias in the measurement of
322 M, as seen by the comparison with (18). Therefore, we can
323 neglect the impact of the shift (23) and the parameter Ψ0 in
324 the Fisher matrix analysis described in Sec. III below. For
325 jΨ0j < 0.1 the detection thresholds that we obtain for Ψosc
326 and the dark matter density ρ would be biased by less
327 than 10%.

328 C. Comparison with dynamical friction

329 If a binary system is embedded within a DM halo, its
330 GWs signal will be affected by other, more usual, effects, in
331 addition to the phase shift in Eq. (24) associated with the
332 specific oscillatory behavior of the Newtonian potential in
333 Eq. (3). These include the impact of the DM halo on the
334 orbital radius of the binary, due to gravitational force from
335 the enclosed DM mass, the matter accretion onto the
336 compact objects, and the dynamical friction. The rate of
337 matter accretion can depend on the details of the DMmodel
338 but the dynamical friction often takes the form of the usual
339 Chandrasekhar result [53],

mi
˙v⃗i ¼ −

4πG2m2
i ρ

v3i
Λv⃗i; ð28Þ

340341 where Λ is the Coulomb logarithm and the index i ¼ f1; 2g
342 labels the two components of the binary system. The
343 expression in Eq. (28) derived for collisionless media,
344 such as CDM, also applies to Fuzzy DM or scenarios with
345 non-negligible self-interactions in the supersonic regime,
346 although Λ depends on the model. Therefore, it is interest-
347 ing to compare the phase shift we derived in Eq. (24) with
348 the generic effect of the dynamical friction, Eq. (28), which
349 is expected to be also present in most cases. To keep the
350 analysis general and simple, we approximate Λ as a
351 constant, and in our numerical computations we will take
352 Λ ¼ 10. As described for instance in Ref. [50], the drag
353 force, Eq. (28), leads to a slow decay of the orbital radius a,
354 in addition to the shrinking due to the emission of GWs,
355 which reads

ȧdf ¼ −a
!

a
GM

"
3=2

8πG2ρΛ
m3

1 þm3
2

μ2
; ð29Þ

356357 where μ ¼ m1m2=M is the reduced mass. This in turn gives
358 rise to an additional drift of the GWs frequency,

ḟdf ¼ 12Gρ
Λðm3

1 þm3
2Þ

ν1=5M3
; ð30Þ

359360 and to a phase shift,

Δψdf ¼ −
75

38912

πG3Mρ
c6

!
πGMf
c3

"−16=3 Λðm3
1 þm3

2Þ
ν1=5M3

:

ð31Þ

361362Here, as in [50], we consider the effects due to DM as a
363linear perturbation to the GW emission and assumed that
364the contribution of Eq. (30) to the frequency drift is small as
365compared with the contribution of Eq. (12) due to the
366emission of GWs.

367III. DETECTION THRESHOLD

368A. Fisher matrix analysis

369We use a Fisher matrix analysis to investigate which DM
370densities can be probed by GW waveforms, through the
371impact of the oscillating Newtonian potential in Eq. (9) on
372the phase of Eq. (24). As usual [58,59], the Fisher matrix
373reads

Γij ¼ 4Re
Z

fmax

fmin

df
SnðfÞ

!
∂h̃
∂θi

"⋆!
∂h̃
∂θj

"
; ð32Þ

374375where SnðfÞ is the noise spectral density of the GW
376interferometer and fθig is the set of parameters that we
377wish to measure. In this paper we consider fθig ¼
378ftc;Φc; lnðm1Þ; lnðm2Þ;Ψoscg, as we discard the spins of
379the compact objects. The amplitude A0 would be an
380additional parameter; however, the Fisher matrix is
381block-diagonal as ΓA0;θi ¼ 0 and the amplitude A0 is com-
382pletely decorrelated from the other parameters fθig [58].
383Therefore, we do not consider the amplitude any further.
384From the Fisher matrix Γij we obtain the covariance matrix
385Σij ¼ ðΓ−1Þij, which gives the standard deviation on the
386various parameters as σi ¼ hðΔθiÞ2i1=2 ¼

ffiffiffiffiffiffi
Σii

p
. We obtain

387in this fashion the 1-sigma error bar on the amplitude of
388the DM oscillating potential Ψosc, or equivalently on the
389DM density ρ through Eq. (6). We perform the analysis for
390a fiducial ρ ¼ 0, i.e. assuming the binary is in vacuum.
391Then, we identify σρ as the detection threshold on the DM
392density ρ.
393The signal-to-noise ratio is given by

ðSNRÞ2 ¼ 4

Z
fmax

fmin

df
SnðfÞ

jh̃ðfÞj2: ð33Þ

394395Writing the GWform as h̃ðfÞ ¼ A0f−7=6eiψðfÞ at leading
396order, we obtain the standard expression,

Γij ¼
ðSNRÞ2

R fmax
fmin

df
SnðfÞ

f−7=3

Z
fmax

fmin

df
SnðfÞ

f−7=3
∂ψ
∂θi

∂ψ
∂θj

: ð34Þ

397398The derivatives are computed from Eqs. (17), (18), and
399(24), which we simplify as
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318 The factor (24) depends on the chirp mass M, which at
319 the Newtonian level is degenerate with Ψ0 as seen in (23).
320 However, for nonrelativistic DM clouds Ψ0 ≪ 1, and this
321 shift can only lead to a small bias in the measurement of
322 M, as seen by the comparison with (18). Therefore, we can
323 neglect the impact of the shift (23) and the parameter Ψ0 in
324 the Fisher matrix analysis described in Sec. III below. For
325 jΨ0j < 0.1 the detection thresholds that we obtain for Ψosc
326 and the dark matter density ρ would be biased by less
327 than 10%.

328 C. Comparison with dynamical friction

329 If a binary system is embedded within a DM halo, its
330 GWs signal will be affected by other, more usual, effects, in
331 addition to the phase shift in Eq. (24) associated with the
332 specific oscillatory behavior of the Newtonian potential in
333 Eq. (3). These include the impact of the DM halo on the
334 orbital radius of the binary, due to gravitational force from
335 the enclosed DM mass, the matter accretion onto the
336 compact objects, and the dynamical friction. The rate of
337 matter accretion can depend on the details of the DMmodel
338 but the dynamical friction often takes the form of the usual
339 Chandrasekhar result [53],

mi
˙v⃗i ¼ −

4πG2m2
i ρ

v3i
Λv⃗i; ð28Þ

340341 where Λ is the Coulomb logarithm and the index i ¼ f1; 2g
342 labels the two components of the binary system. The
343 expression in Eq. (28) derived for collisionless media,
344 such as CDM, also applies to Fuzzy DM or scenarios with
345 non-negligible self-interactions in the supersonic regime,
346 although Λ depends on the model. Therefore, it is interest-
347 ing to compare the phase shift we derived in Eq. (24) with
348 the generic effect of the dynamical friction, Eq. (28), which
349 is expected to be also present in most cases. To keep the
350 analysis general and simple, we approximate Λ as a
351 constant, and in our numerical computations we will take
352 Λ ¼ 10. As described for instance in Ref. [50], the drag
353 force, Eq. (28), leads to a slow decay of the orbital radius a,
354 in addition to the shrinking due to the emission of GWs,
355 which reads

ȧdf ¼ −a
!

a
GM

"
3=2

8πG2ρΛ
m3

1 þm3
2

μ2
; ð29Þ

356357 where μ ¼ m1m2=M is the reduced mass. This in turn gives
358 rise to an additional drift of the GWs frequency,

ḟdf ¼ 12Gρ
Λðm3

1 þm3
2Þ

ν1=5M3
; ð30Þ

359360 and to a phase shift,

Δψdf ¼ −
75

38912

πG3Mρ
c6

!
πGMf
c3

"−16=3 Λðm3
1 þm3

2Þ
ν1=5M3

:

ð31Þ

361362Here, as in [50], we consider the effects due to DM as a
363linear perturbation to the GW emission and assumed that
364the contribution of Eq. (30) to the frequency drift is small as
365compared with the contribution of Eq. (12) due to the
366emission of GWs.

367III. DETECTION THRESHOLD

368A. Fisher matrix analysis

369We use a Fisher matrix analysis to investigate which DM
370densities can be probed by GW waveforms, through the
371impact of the oscillating Newtonian potential in Eq. (9) on
372the phase of Eq. (24). As usual [58,59], the Fisher matrix
373reads

Γij ¼ 4Re
Z

fmax

fmin

df
SnðfÞ

!
∂h̃
∂θi

"⋆!
∂h̃
∂θj

"
; ð32Þ

374375where SnðfÞ is the noise spectral density of the GW
376interferometer and fθig is the set of parameters that we
377wish to measure. In this paper we consider fθig ¼
378ftc;Φc; lnðm1Þ; lnðm2Þ;Ψoscg, as we discard the spins of
379the compact objects. The amplitude A0 would be an
380additional parameter; however, the Fisher matrix is
381block-diagonal as ΓA0;θi ¼ 0 and the amplitude A0 is com-
382pletely decorrelated from the other parameters fθig [58].
383Therefore, we do not consider the amplitude any further.
384From the Fisher matrix Γij we obtain the covariance matrix
385Σij ¼ ðΓ−1Þij, which gives the standard deviation on the
386various parameters as σi ¼ hðΔθiÞ2i1=2 ¼

ffiffiffiffiffiffi
Σii

p
. We obtain

387in this fashion the 1-sigma error bar on the amplitude of
388the DM oscillating potential Ψosc, or equivalently on the
389DM density ρ through Eq. (6). We perform the analysis for
390a fiducial ρ ¼ 0, i.e. assuming the binary is in vacuum.
391Then, we identify σρ as the detection threshold on the DM
392density ρ.
393The signal-to-noise ratio is given by

ðSNRÞ2 ¼ 4

Z
fmax

fmin

df
SnðfÞ

jh̃ðfÞj2: ð33Þ

394395Writing the GWform as h̃ðfÞ ¼ A0f−7=6eiψðfÞ at leading
396order, we obtain the standard expression,

Γij ¼
ðSNRÞ2

R fmax
fmin

df
SnðfÞ

f−7=3

Z
fmax

fmin

df
SnðfÞ

f−7=3
∂ψ
∂θi

∂ψ
∂θj

: ð34Þ

397398The derivatives are computed from Eqs. (17), (18), and
399(24), which we simplify as
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Eq. (24) with the generic e↵ect of the dynamical fric-
tion, Eq. (28), which is expected to be also present in
most cases. To keep the analysis general and simple, we
approximate ⇤ as a constant, and in our numerical com-
putations we will take ⇤ = 10. As described for instance
in Ref. [50], the drag force, Eq. (28), leads to a slow decay
of the orbital radius a, in addition to the shrinking due
to the emission of GWs, which reads

ȧdf = �a

✓
a

GM

◆3/2

8⇡G2⇢⇤
m3

1 +m3
2

µ2
, (29)

where µ = m1m2/M is the reduced mass. This in turn
gives rise to an additional drift of the GWs frequency;

ḟdf = 12G⇢⇤(m
3
1 +m3

2)

⌫1/5M3
, (30)

and to a phase shift;

� df = � 75

38912

⇡G3M⇢

c6

✓
⇡GMf

c3

◆�16/3 ⇤(m3
1 +m3

2)

⌫1/5M3
.

(31)
Here, as in [50], we consider the e↵ects due to DM as
a linear perturbation to the GW emission and assumed
that the contribution of Eq. (30) to the frequency drift is
small as compared with the contribution of Eq. (12) due
to the emission of GWs.

III. DETECTION THRESHOLD

A. Fisher matrix analysis

We use a Fisher matrix analysis to investigate which
DM densities can be probed by GW waveforms, through
the impact of the oscillating Newtonian potential in
Eq. (9) on the phase of Eq. (24). As usual [58, 59], the
Fisher matrix reads

�ij = 4Re

Z fmax

fmin

df

Sn(f)

 
@h̃

@✓i

!? 
@h̃

@✓j

!
, (32)

where Sn(f) is the noise spectral density of the GW
interferometer and {✓i} is the set of parameters that
we wish to measure. In this paper we consider {✓i} =
{tc,�c, ln(m1), ln(m2), osc}, as we discard the spins of
the compact objects. The amplitude A0 would be an ad-
ditional parameter, however, the Fisher matrix is block-
diagonal as �A0,✓i = 0 and the amplitude A0 is com-
pletely decorrelated from the other parameters {✓i} [58].
Therefore, we do not consider the amplitude any further.
From the Fisher matrix �ij we obtain the covariance ma-
trix ⌃ij =

�
��1

�
ij
, which gives the standard deviation on

the various parameters as �i = h(�✓i)2i1/2 =
p
⌃ii. We

obtain in this fashion the 1-sigma error bar on the ampli-
tude of the DM oscillating potential  osc, or equivalently
on the DM density ⇢ through Eq. (6). We perform the

analysis for a fiducial ⇢ = 0, i.e. assuming the binary is in
vacuum. Then, we identify �⇢ as the detection threshold
on the DM density ⇢.
The signal-to-noise ratio is given by

(SNR)2 = 4

Z fmax

fmin

df

Sn(f)
|h̃(f)|2. (33)

Writing the GWform as h̃(f) = A0f�7/6ei (f) at leading
order, we obtain the standard expression

�ij =
(SNR)2

R fmax

fmin

df
Sn(f)

f�7/3

Z fmax

fmin

df

Sn(f)
f�7/3 @ 

@✓i

@ 

@✓j
.

(34)
The derivatives are computed from Eqs.(17), (18) and
(24), which we simplify as

� osc(f) ⇠  osc2⇡

✓
5

256⇡

◆3/8✓⇡GM2m�

c3

◆�5/8

⇥
�����
✓
5

8
,�i

m�

m?(f)

◆���� , (35)

where we have discarded the random phase factor and di-
rectly compute the modulus of the term in the real part.
This provides the order of magnitude of the phase shift
associated with the DM environment, through the im-
pact of the oscillating gravitational potential. As we take
 osc = 0 as the fiducial case, the derivatives in Eq. (34)
with respect to {tc,�c, ln(m1), ln(m2)} arise from the
zeroth-order terms, Eqns. (17) and (18), whereas the
derivative with respect to  osc is given by (35).
To compare with the impact of dynamical friction,

Eq. (31), we also perform a separate Fisher analysis
where we only include the phase shift in Eq. (31) for
the impact of DM. Then we consider the parameters
{✓i} = {tc,�c, ln(m1), ln(m2), ⇢} and we directly obtain
the detection threshold �⇢ on the DM density ⇢, which
does not depend on the particle mass m�.

B. LISA

m1 (M�) m2 (M�) SNR dL (Mpc) detections

MBBH 106 5⇥ 105 3⇥ 104 103 0.4 - 600

IBBH 104 5⇥ 103 708 103 0.4 - 600

IMRI 104 10 64 103 8 - 80

EMRI 105 10 22 103 20 - 400

WD 0.4 0.3 7 5⇥ 10�3 104

TABLE I. Masses, SNR (Signal-to-Noise Ratio), luminosity
distance and expected number of detections for the events
that we consider for LISA (for a four-year observational time).

We now consider various binary systems that should
be observed by the LISA interferometer: Massive Binary



F) LISA
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400401 where we have discarded the random phase factor and
402 directly compute the modulus of the term in the real part.
403 This provides the order of magnitude of the phase shift
404 associated with the DM environment, through the impact of
405 the oscillating gravitational potential. As we take Ψosc ¼ 0
406 as the fiducial case, the derivatives in Eq. (34) with respect
407 to ftc;Φc; lnðm1Þ; lnðm2Þg arise from the zeroth-order
408 terms, Eqs. (17) and (18), whereas the derivative with
409 respect to Ψosc is given by (35).
410 To compare with the impact of dynamical friction,
411 Eq. (31), we also perform a separate Fisher analysis
412 where we only include the phase shift in Eq. (31) for
413 the impact of DM. Then we consider the parameters
414 fθig ¼ ftc;Φc; lnðm1Þ; lnðm2Þ; ρg, and we directly obtain
415 the detection threshold σρ on the DM density ρ, which does
416 not depend on the particle mass mϕ.

417 B. LISA

418 We now consider various binary systems that should be
419 observed by the LISA interferometer: massive binary black
420 holes (MBBH), intermediary binary black holes (IBBH),
421 intermediate mass ratio inspirals (IMRI), extreme mass
422 ratio inspirals (EMRI), and white dwarfs binaries (WD).
423 We give in Table I the masses, SNR, luminosity distance dL
424 and expected number of detections over four years of the
425 typical events that we use for the numerical computations.
426 The predictions of the numbers of events involving massive
427 BHs are very uncertain, as shown by the range of the
428 estimates given inTable I, obtained from [60–63]. In contrast,
429 LISA is guaranteed to observed many WD binaries
430 [42,64,65]. Note that the detection thresholds obtained in
431 Figs. 1 and 2 are for a single event and the estimates for the
432 number of detections shown in Tables I and II are only given
433 as an indication of the likelihood of such events.
434 We show in the upper panel in Fig. 1 our results for the
435 detection threshold on the oscillating DM gravitational
436 potentialΨosc, for these events. The vertical blue dotted line

437is the upper boundary, Eq. (10), for the MBBH case.
438For other events this upper boundary is located to the right of
439the DM particle mass range shown in the picture. As
440explained in Sec. II B, the phase shift of Eq. (24) due to
441the DM oscillating gravitational potential is degenerate at
442low and high masses with the standard result. Thus, the
443amplitudeΨosc is poorly constrained at low and high masses
444and the best constraints are obtained formϕ ∼ 10−22 eV. We
445do not consider masses below 10−23 eV because they cannot
446constitute a large fraction of the DM (the de Broglie wave-
447length would be greater than galactic cores). In agreement
448withEq. (25),MBBHand IBBHevents,which have a greater
449chirp mass M, probe somewhat higher scalar masses than
450EMRI and IMRI events. White dwarfs have smaller mass
451than these massive BHs. This increases the phase shift (35)
452and improves the detection threshold, in agreement with our
453numerical result shown in Fig. 1.
454We show in the lower panel in Fig. 1 our results for the
455detection threshold on the DM density ρ. From Eq. (6) we
456have σρ ∝ m2σΨosc

. This leads to the very fast growth with
457mϕ of the detection threshold σρ. In addition to these
458curves, the horizontal lines show the detection thresholds
459associated with the dynamical friction, Eq. (31), which are

F1:1FIG. 1. Detection thresholds on the amplitude Ψosc of the
F1:2oscillating DM gravitational potential (upper panel) and on the
F1:3DM density ρ (lower panel), as a function of the scalar mass mϕ.
F1:4We show the results obtained for various events with the
F1:5LISA interferometer. In the lower panel, the shaded blue area
F1:6is the exclusion region associated with the upper bound (37)
F1:7with Mcloud ¼ 107M⊙.

TABLE I. Masses, SNR (signal-to-noise ratio), luminosity
distance and expected number of detections for the events that
we consider for LISA (for a four-year observational time).

m1 (M⊙) m2 (M⊙) SNR dL (Mpc) Detections

MBBH 106 5 × 105 3 × 104 103 0.4–600
IBBH 104 5 × 103 708 103 0.4–600
IMRI 104 10 64 103 8–80
EMRI 105 10 22 103 20–400
WD 0.4 0.3 7 5 × 10−3 104
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400401 where we have discarded the random phase factor and
402 directly compute the modulus of the term in the real part.
403 This provides the order of magnitude of the phase shift
404 associated with the DM environment, through the impact of
405 the oscillating gravitational potential. As we take Ψosc ¼ 0
406 as the fiducial case, the derivatives in Eq. (34) with respect
407 to ftc;Φc; lnðm1Þ; lnðm2Þg arise from the zeroth-order
408 terms, Eqs. (17) and (18), whereas the derivative with
409 respect to Ψosc is given by (35).
410 To compare with the impact of dynamical friction,
411 Eq. (31), we also perform a separate Fisher analysis
412 where we only include the phase shift in Eq. (31) for
413 the impact of DM. Then we consider the parameters
414 fθig ¼ ftc;Φc; lnðm1Þ; lnðm2Þ; ρg, and we directly obtain
415 the detection threshold σρ on the DM density ρ, which does
416 not depend on the particle mass mϕ.

417 B. LISA

418 We now consider various binary systems that should be
419 observed by the LISA interferometer: massive binary black
420 holes (MBBH), intermediary binary black holes (IBBH),
421 intermediate mass ratio inspirals (IMRI), extreme mass
422 ratio inspirals (EMRI), and white dwarfs binaries (WD).
423 We give in Table I the masses, SNR, luminosity distance dL
424 and expected number of detections over four years of the
425 typical events that we use for the numerical computations.
426 The predictions of the numbers of events involving massive
427 BHs are very uncertain, as shown by the range of the
428 estimates given inTable I, obtained from [60–63]. In contrast,
429 LISA is guaranteed to observed many WD binaries
430 [42,64,65]. Note that the detection thresholds obtained in
431 Figs. 1 and 2 are for a single event and the estimates for the
432 number of detections shown in Tables I and II are only given
433 as an indication of the likelihood of such events.
434 We show in the upper panel in Fig. 1 our results for the
435 detection threshold on the oscillating DM gravitational
436 potentialΨosc, for these events. The vertical blue dotted line

437is the upper boundary, Eq. (10), for the MBBH case.
438For other events this upper boundary is located to the right of
439the DM particle mass range shown in the picture. As
440explained in Sec. II B, the phase shift of Eq. (24) due to
441the DM oscillating gravitational potential is degenerate at
442low and high masses with the standard result. Thus, the
443amplitudeΨosc is poorly constrained at low and high masses
444and the best constraints are obtained formϕ ∼ 10−22 eV. We
445do not consider masses below 10−23 eV because they cannot
446constitute a large fraction of the DM (the de Broglie wave-
447length would be greater than galactic cores). In agreement
448withEq. (25),MBBHand IBBHevents,which have a greater
449chirp mass M, probe somewhat higher scalar masses than
450EMRI and IMRI events. White dwarfs have smaller mass
451than these massive BHs. This increases the phase shift (35)
452and improves the detection threshold, in agreement with our
453numerical result shown in Fig. 1.
454We show in the lower panel in Fig. 1 our results for the
455detection threshold on the DM density ρ. From Eq. (6) we
456have σρ ∝ m2σΨosc

. This leads to the very fast growth with
457mϕ of the detection threshold σρ. In addition to these
458curves, the horizontal lines show the detection thresholds
459associated with the dynamical friction, Eq. (31), which are

F1:1FIG. 1. Detection thresholds on the amplitude Ψosc of the
F1:2oscillating DM gravitational potential (upper panel) and on the
F1:3DM density ρ (lower panel), as a function of the scalar mass mϕ.
F1:4We show the results obtained for various events with the
F1:5LISA interferometer. In the lower panel, the shaded blue area
F1:6is the exclusion region associated with the upper bound (37)
F1:7with Mcloud ¼ 107M⊙.

TABLE I. Masses, SNR (signal-to-noise ratio), luminosity
distance and expected number of detections for the events that
we consider for LISA (for a four-year observational time).

m1 (M⊙) m2 (M⊙) SNR dL (Mpc) Detections

MBBH 106 5 × 105 3 × 104 103 0.4–600
IBBH 104 5 × 103 708 103 0.4–600
IMRI 104 10 64 103 8–80
EMRI 105 10 22 103 20–400
WD 0.4 0.3 7 5 × 10−3 104
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400401 where we have discarded the random phase factor and
402 directly compute the modulus of the term in the real part.
403 This provides the order of magnitude of the phase shift
404 associated with the DM environment, through the impact of
405 the oscillating gravitational potential. As we take Ψosc ¼ 0
406 as the fiducial case, the derivatives in Eq. (34) with respect
407 to ftc;Φc; lnðm1Þ; lnðm2Þg arise from the zeroth-order
408 terms, Eqs. (17) and (18), whereas the derivative with
409 respect to Ψosc is given by (35).
410 To compare with the impact of dynamical friction,
411 Eq. (31), we also perform a separate Fisher analysis
412 where we only include the phase shift in Eq. (31) for
413 the impact of DM. Then we consider the parameters
414 fθig ¼ ftc;Φc; lnðm1Þ; lnðm2Þ; ρg, and we directly obtain
415 the detection threshold σρ on the DM density ρ, which does
416 not depend on the particle mass mϕ.

417 B. LISA

418 We now consider various binary systems that should be
419 observed by the LISA interferometer: massive binary black
420 holes (MBBH), intermediary binary black holes (IBBH),
421 intermediate mass ratio inspirals (IMRI), extreme mass
422 ratio inspirals (EMRI), and white dwarfs binaries (WD).
423 We give in Table I the masses, SNR, luminosity distance dL
424 and expected number of detections over four years of the
425 typical events that we use for the numerical computations.
426 The predictions of the numbers of events involving massive
427 BHs are very uncertain, as shown by the range of the
428 estimates given inTable I, obtained from [60–63]. In contrast,
429 LISA is guaranteed to observed many WD binaries
430 [42,64,65]. Note that the detection thresholds obtained in
431 Figs. 1 and 2 are for a single event and the estimates for the
432 number of detections shown in Tables I and II are only given
433 as an indication of the likelihood of such events.
434 We show in the upper panel in Fig. 1 our results for the
435 detection threshold on the oscillating DM gravitational
436 potentialΨosc, for these events. The vertical blue dotted line

437is the upper boundary, Eq. (10), for the MBBH case.
438For other events this upper boundary is located to the right of
439the DM particle mass range shown in the picture. As
440explained in Sec. II B, the phase shift of Eq. (24) due to
441the DM oscillating gravitational potential is degenerate at
442low and high masses with the standard result. Thus, the
443amplitudeΨosc is poorly constrained at low and high masses
444and the best constraints are obtained formϕ ∼ 10−22 eV. We
445do not consider masses below 10−23 eV because they cannot
446constitute a large fraction of the DM (the de Broglie wave-
447length would be greater than galactic cores). In agreement
448withEq. (25),MBBHand IBBHevents,which have a greater
449chirp mass M, probe somewhat higher scalar masses than
450EMRI and IMRI events. White dwarfs have smaller mass
451than these massive BHs. This increases the phase shift (35)
452and improves the detection threshold, in agreement with our
453numerical result shown in Fig. 1.
454We show in the lower panel in Fig. 1 our results for the
455detection threshold on the DM density ρ. From Eq. (6) we
456have σρ ∝ m2σΨosc

. This leads to the very fast growth with
457mϕ of the detection threshold σρ. In addition to these
458curves, the horizontal lines show the detection thresholds
459associated with the dynamical friction, Eq. (31), which are

F1:1FIG. 1. Detection thresholds on the amplitude Ψosc of the
F1:2oscillating DM gravitational potential (upper panel) and on the
F1:3DM density ρ (lower panel), as a function of the scalar mass mϕ.
F1:4We show the results obtained for various events with the
F1:5LISA interferometer. In the lower panel, the shaded blue area
F1:6is the exclusion region associated with the upper bound (37)
F1:7with Mcloud ¼ 107M⊙.

TABLE I. Masses, SNR (signal-to-noise ratio), luminosity
distance and expected number of detections for the events that
we consider for LISA (for a four-year observational time).

m1 (M⊙) m2 (M⊙) SNR dL (Mpc) Detections

MBBH 106 5 × 105 3 × 104 103 0.4–600
IBBH 104 5 × 103 708 103 0.4–600
IMRI 104 10 64 103 8–80
EMRI 105 10 22 103 20–400
WD 0.4 0.3 7 5 × 10−3 104

BRAX, VALAGEAS, BURRAGE, and CEMBRANOS PHYS. REV. D XX, 000000 (XXXX)

6

ΔψoscðfÞ ∼ Ψosc2π

!
5

256π

"
3=8

!
πGM2mϕ

c3

"−5=8

×
####γ
!
5

8
;−i

mϕ

m⋆ðfÞ

"####; ð35Þ

400401 where we have discarded the random phase factor and
402 directly compute the modulus of the term in the real part.
403 This provides the order of magnitude of the phase shift
404 associated with the DM environment, through the impact of
405 the oscillating gravitational potential. As we take Ψosc ¼ 0
406 as the fiducial case, the derivatives in Eq. (34) with respect
407 to ftc;Φc; lnðm1Þ; lnðm2Þg arise from the zeroth-order
408 terms, Eqs. (17) and (18), whereas the derivative with
409 respect to Ψosc is given by (35).
410 To compare with the impact of dynamical friction,
411 Eq. (31), we also perform a separate Fisher analysis
412 where we only include the phase shift in Eq. (31) for
413 the impact of DM. Then we consider the parameters
414 fθig ¼ ftc;Φc; lnðm1Þ; lnðm2Þ; ρg, and we directly obtain
415 the detection threshold σρ on the DM density ρ, which does
416 not depend on the particle mass mϕ.

417 B. LISA

418 We now consider various binary systems that should be
419 observed by the LISA interferometer: massive binary black
420 holes (MBBH), intermediary binary black holes (IBBH),
421 intermediate mass ratio inspirals (IMRI), extreme mass
422 ratio inspirals (EMRI), and white dwarfs binaries (WD).
423 We give in Table I the masses, SNR, luminosity distance dL
424 and expected number of detections over four years of the
425 typical events that we use for the numerical computations.
426 The predictions of the numbers of events involving massive
427 BHs are very uncertain, as shown by the range of the
428 estimates given inTable I, obtained from [60–63]. In contrast,
429 LISA is guaranteed to observed many WD binaries
430 [42,64,65]. Note that the detection thresholds obtained in
431 Figs. 1 and 2 are for a single event and the estimates for the
432 number of detections shown in Tables I and II are only given
433 as an indication of the likelihood of such events.
434 We show in the upper panel in Fig. 1 our results for the
435 detection threshold on the oscillating DM gravitational
436 potentialΨosc, for these events. The vertical blue dotted line

437is the upper boundary, Eq. (10), for the MBBH case.
438For other events this upper boundary is located to the right of
439the DM particle mass range shown in the picture. As
440explained in Sec. II B, the phase shift of Eq. (24) due to
441the DM oscillating gravitational potential is degenerate at
442low and high masses with the standard result. Thus, the
443amplitudeΨosc is poorly constrained at low and high masses
444and the best constraints are obtained formϕ ∼ 10−22 eV. We
445do not consider masses below 10−23 eV because they cannot
446constitute a large fraction of the DM (the de Broglie wave-
447length would be greater than galactic cores). In agreement
448withEq. (25),MBBHand IBBHevents,which have a greater
449chirp mass M, probe somewhat higher scalar masses than
450EMRI and IMRI events. White dwarfs have smaller mass
451than these massive BHs. This increases the phase shift (35)
452and improves the detection threshold, in agreement with our
453numerical result shown in Fig. 1.
454We show in the lower panel in Fig. 1 our results for the
455detection threshold on the DM density ρ. From Eq. (6) we
456have σρ ∝ m2σΨosc

. This leads to the very fast growth with
457mϕ of the detection threshold σρ. In addition to these
458curves, the horizontal lines show the detection thresholds
459associated with the dynamical friction, Eq. (31), which are

F1:1FIG. 1. Detection thresholds on the amplitude Ψosc of the
F1:2oscillating DM gravitational potential (upper panel) and on the
F1:3DM density ρ (lower panel), as a function of the scalar mass mϕ.
F1:4We show the results obtained for various events with the
F1:5LISA interferometer. In the lower panel, the shaded blue area
F1:6is the exclusion region associated with the upper bound (37)
F1:7with Mcloud ¼ 107M⊙.

TABLE I. Masses, SNR (signal-to-noise ratio), luminosity
distance and expected number of detections for the events that
we consider for LISA (for a four-year observational time).

m1 (M⊙) m2 (M⊙) SNR dL (Mpc) Detections

MBBH 106 5 × 105 3 × 104 103 0.4–600
IBBH 104 5 × 103 708 103 0.4–600
IMRI 104 10 64 103 8–80
EMRI 105 10 22 103 20–400
WD 0.4 0.3 7 5 × 10−3 104
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WD have smaller mass, which improves the detection threshold.

178 equations we find the local Newtonian potential to be [52]

ΨNðx⃗; tÞ ¼ Ψ0ðx⃗Þ þ Ψoscðx⃗Þ cos½ωtþ 2αðx⃗Þ&; ð3Þ

179180 with

ω ¼ 2mϕ: ð4Þ

181182 The leading component in Eq. (3), Ψ0, which evolves on
183 astrophysical timescales, is given by the usual Poisson
184 equation,

∇2Ψ0 ¼ 4πGρ; ð5Þ

185186 where ρ is the DM density averaged over the fast oscil-
187 lations at frequency ω, whereas the subleading oscillating
188 component Ψosc is given by

Ψosc ¼ π
Gρ
m2

ϕ

: ð6Þ

189190 The de Broglie wavelength λdB of the DM particles is
191 λdB ¼ 2π=ðmϕvÞ, with v the typical virial velocity of the
192 DM cloud. The effective quantum pressure smoothes out
193 inhomogeneities on scales smaller than λdB; therefore
194 typical wave numbers k of the DM density field verify
195 k < 2π=λdB (k can be much smaller if there are repulsive
196 self-interactions that contribute to an additional pressure, or
197 more generally as in CDM scenarios when the size of the
198 cloud is related to its formation process rather than to mϕ).
199 Then, comparing Eqs. (5) and (6) we have

k <
2π
λdB

∶ k < mϕv;
Ψosc

Ψ0

∼
k2

m2
ϕ

< v2 ≪ 1; ð7Þ

200201 for nonrelativistic DM clouds.
202 As pointed out in Ref. [52] in the context of pulsar timing
203 arrays (PTAs), the oscillating component Ψosc will lead,
204 through Eq. (2), to an oscillating frequency drift of the GW,
205 which could be detected, whereas the constant term Ψ0 is
206 degenerate with binary parameters. We shall find below that
207 a detection requires a DM density that is much larger than
208 the solar neighborhood estimate. Therefore, we can assume
209 the gravitational potential at emission to dominate in
210 Eq. (2), and we write the observed frequency of the GW
211 signal as

f ¼ f̄ þ Δf ¼ f̄ð1þ ΨÞ; ð8Þ

212213 where f̄ is the unperturbed frequency, that is, for a binary
214 system in vacuum, and Δf is the frequency shift due to the
215 binary DM environment, with

Ψ ¼ Ψ0 þΨosc cosðωt − θÞ; ð9Þ

216217where θ ¼ −2αðx⃗eÞ − π and we redefinedΨ0 with a change
218of sign. The optical approximation (2) is valid for

f ≳ ω; whence mϕ <
!
fmin

1 Hz

"
3 × 10−16 eV; ð10Þ

219220where fmin is the minimum frequency of the GW interfer-
221ometer. Compared with the contributions from Eq. (2), the
222integrated Sachs-Wolfe effect is suppressed by a factor
223k=ω < v ≪ 1 and can be neglected for nonrelativistic
224clouds.
225Throughout this paper, we work at linear order in the DM
226density and gravitational potential. Our analysis is not
227restricted to the clouds associated with solitons in Fuzzy
228DM scenarios (i.e., stable equilibria governed by the
229balance between gravity and quantum pressure). It also
230applies to more general cases, such as solitons governed by
231the balance between gravity and the effective pressure due
232to repulsive self-interactions, or virialized halos supported
233by their velocity dispersion (as for CDM).

234B. Gravitational wave phase shift

235The GW signal from the binary systems we consider
236takes the form hðtÞ ¼ AðtÞ cos½ΦðtÞ&, where the phase ΦðtÞ
237and the time t are related to the frequency f and the
238frequency drift ḟ by

Φ ¼ 2π
Z

df
f
ḟ
; t ¼

Z
df

1

ḟ
: ð11Þ

239240At leading order, the amplitude grows as AðtÞ ∝ f2=3 and
241the frequency drift due to the emission of GW by the binary
242system reads

ḟ ¼ 96π8=3

5c5
ðGMÞ5=3f11=3; ð12Þ

243244where M is the chirp mass of the two compact objects of
245mass m1 and m2, and

M ¼ m1 þm2; ν ¼ m1m2=M2; M ¼ ν3=5M; ð13Þ

246247where ν is the symmetric mass ratio [54,57].
248Going to Fourier space, h̃ðfÞ ¼

R
dtei2πfthðtÞ, one

249obtains in the stationary phase approximation h̃ðfÞ ¼
250AðfÞeiψðfÞ with

AðfÞ ∝ f−7=6; ψðfÞ ¼ 2πft⋆ −Φðt⋆Þ − π=4; ð14Þ

251252where the saddle point t⋆ is determined by fðt⋆Þ ¼ f.
253At zeroth order in the DM environment, we have
254f̄ðt̄⋆Þ ¼ f and
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400401 where we have discarded the random phase factor and
402 directly compute the modulus of the term in the real part.
403 This provides the order of magnitude of the phase shift
404 associated with the DM environment, through the impact of
405 the oscillating gravitational potential. As we take Ψosc ¼ 0
406 as the fiducial case, the derivatives in Eq. (34) with respect
407 to ftc;Φc; lnðm1Þ; lnðm2Þg arise from the zeroth-order
408 terms, Eqs. (17) and (18), whereas the derivative with
409 respect to Ψosc is given by (35).
410 To compare with the impact of dynamical friction,
411 Eq. (31), we also perform a separate Fisher analysis
412 where we only include the phase shift in Eq. (31) for
413 the impact of DM. Then we consider the parameters
414 fθig ¼ ftc;Φc; lnðm1Þ; lnðm2Þ; ρg, and we directly obtain
415 the detection threshold σρ on the DM density ρ, which does
416 not depend on the particle mass mϕ.

417 B. LISA

418 We now consider various binary systems that should be
419 observed by the LISA interferometer: massive binary black
420 holes (MBBH), intermediary binary black holes (IBBH),
421 intermediate mass ratio inspirals (IMRI), extreme mass
422 ratio inspirals (EMRI), and white dwarfs binaries (WD).
423 We give in Table I the masses, SNR, luminosity distance dL
424 and expected number of detections over four years of the
425 typical events that we use for the numerical computations.
426 The predictions of the numbers of events involving massive
427 BHs are very uncertain, as shown by the range of the
428 estimates given inTable I, obtained from [60–63]. In contrast,
429 LISA is guaranteed to observed many WD binaries
430 [42,64,65]. Note that the detection thresholds obtained in
431 Figs. 1 and 2 are for a single event and the estimates for the
432 number of detections shown in Tables I and II are only given
433 as an indication of the likelihood of such events.
434 We show in the upper panel in Fig. 1 our results for the
435 detection threshold on the oscillating DM gravitational
436 potentialΨosc, for these events. The vertical blue dotted line

437is the upper boundary, Eq. (10), for the MBBH case.
438For other events this upper boundary is located to the right of
439the DM particle mass range shown in the picture. As
440explained in Sec. II B, the phase shift of Eq. (24) due to
441the DM oscillating gravitational potential is degenerate at
442low and high masses with the standard result. Thus, the
443amplitudeΨosc is poorly constrained at low and high masses
444and the best constraints are obtained formϕ ∼ 10−22 eV. We
445do not consider masses below 10−23 eV because they cannot
446constitute a large fraction of the DM (the de Broglie wave-
447length would be greater than galactic cores). In agreement
448withEq. (25),MBBHand IBBHevents,which have a greater
449chirp mass M, probe somewhat higher scalar masses than
450EMRI and IMRI events. White dwarfs have smaller mass
451than these massive BHs. This increases the phase shift (35)
452and improves the detection threshold, in agreement with our
453numerical result shown in Fig. 1.
454We show in the lower panel in Fig. 1 our results for the
455detection threshold on the DM density ρ. From Eq. (6) we
456have σρ ∝ m2σΨosc

. This leads to the very fast growth with
457mϕ of the detection threshold σρ. In addition to these
458curves, the horizontal lines show the detection thresholds
459associated with the dynamical friction, Eq. (31), which are

F1:1FIG. 1. Detection thresholds on the amplitude Ψosc of the
F1:2oscillating DM gravitational potential (upper panel) and on the
F1:3DM density ρ (lower panel), as a function of the scalar mass mϕ.
F1:4We show the results obtained for various events with the
F1:5LISA interferometer. In the lower panel, the shaded blue area
F1:6is the exclusion region associated with the upper bound (37)
F1:7with Mcloud ¼ 107M⊙.

TABLE I. Masses, SNR (signal-to-noise ratio), luminosity
distance and expected number of detections for the events that
we consider for LISA (for a four-year observational time).

m1 (M⊙) m2 (M⊙) SNR dL (Mpc) Detections

MBBH 106 5 × 105 3 × 104 103 0.4–600
IBBH 104 5 × 103 708 103 0.4–600
IMRI 104 10 64 103 8–80
EMRI 105 10 22 103 20–400
WD 0.4 0.3 7 5 × 10−3 104

BRAX, VALAGEAS, BURRAGE, and CEMBRANOS PHYS. REV. D XX, 000000 (XXXX)

6

The density threshold increases with the scalar mass.

dynamical friction

460 independent of mϕ. We can see that for mϕ ≳ 10−21 eV
461 dynamical friction is more important than the oscillatory
462 gravitational potential. For EMRIs and IMRIs this is
463 actually the case at all masses. As compared with the
464 DM density in the solar neighborhood, ρ ∼ 1M⊙=pc3,
465 LISA can only detect DM densities that are higher by a
466 factor of at least 105. Such DM clouds may be formed at
467 high redshifts, z ∼ 104. This would correspond to the matter
468 density at the formation time when such clumps form by a
469 rapid instability, e.g. tachyonic [39]. However, their very
470 large radii make such a scenario somewhat unlikely.
471 Indeed, we can expect their radius to be greater than the
472 Compton wavelength,

λC ¼ 2π
mϕ

¼
!

mϕ

1 eV

"−1
4 × 10−23 pc: ð36Þ

473474For mϕ ∼ 10−22 eV, as for Fuzzy DM scenarios, this
475corresponds to clouds of parsec size or greater. They would
476be smaller than globular clusters, which can reach sizes of
477100 pc, but denser by a factor 103. The comparison between
478the Compton and de Broglie wavelengths, λdB ¼ λC=v,
479suggests that clouds with R ∼ λC would also be relativistic.
480For a given mass Mcloud of the DM cloud, the inequality
481R > λc of the cloud radius gives the upper bound,

ρ ¼ Mcloud

R3
<

Mcloud

λ3c
¼ Mcloud

1M⊙

!
mϕ

1 eV

"
3

1045 g=cm3: ð37Þ

482483We show this upper bound with Mcloud ¼ 107M⊙ by the
484blue shaded area in the lower panel in Fig. 1. Thus, we can
485see that the high densities required to detect the phase shift
486Δψosc also imply very high cloud masses,Mcloud ≳ 105M⊙
487for WD binaries.

488C. DECIGO

489We also consider stellar-mass BHs, neutron stars and
490white dwarfs events that could be detected by the DECIGO
491interferometer. We choose as typical cases three events
492detected by LIGO and Virgo [66] given in Table II, as well
493as a typical white dwarf merger. The expected detection
494rates are obtained from [43–45,67]. We can see that many
495events are expected for these four classes of binaries.
496We show in Fig. 2 our results for the detection thresholds
497on the oscillating DM gravitational potential Ψosc and the
498density ρ, for various events with the DECIGO interfer-
499ometer. For all events the upper boundary, Eq. (10), is
500located to the right of the DM particle mass range shown in
501the picture. The thresholds for DECIGO and LISA are of
502about the same orders of magnitude, although they are
503somewhat more favorable for DECIGO. In particular, the
504required DM density are further below the upper bound of
505Eq. (37). For NS and WD binaries the GW waveform is
506more sensitive to dynamical friction than to the DM
507oscillations for almost all DM masses. For BH binaries
508the signal associated with the DM oscillations dominates
509over dynamical friction for mϕ ≲ 10−21 eV.

510IV. CONCLUSIONS

511In this work, we have examined whether the oscillatory
512behavior of the gravitational potential of DM halos pre-
513dicted by some DM scenarios could be detected by
514gravitational wave interferometers such as LISA and
515DECIGO, if binary systems were embedded within high-
516density DM clouds. Building on the early work in Ref. [52],
517which considered the impact of these oscillations on pulsar
518timing signals, we now consider their impact on the phase
519of the GW form received by interferometers. We derived
520the associated phase shift and performed a Fisher analysis
521to estimate the detection thresholds that can be expected for
522near future instruments, for a variety of binary systems.

F2:1 FIG. 2. DM detection thresholds as in Fig. 1 but for the
F2:2 DECIGO interferometer.

TABLE II. Masses, SNR, luminosity distance and expected
number of detections of the events that we consider for DECIGO,
for a one-year observational time.

m1 (M⊙) m2 (M⊙) SNR dL (Mpc) Detections

GW150914 35.6 30.6 2815 440 >104

GW170608 11 7.6 1290 320 >104

GW170817 1.46 1.27 2124 40 105

WD 0.4 0.3 8 375 >6600
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For dynamical friction is more important than the oscillations of the DM potential.

460 independent of mϕ. We can see that for mϕ ≳ 10−21 eV
461 dynamical friction is more important than the oscillatory
462 gravitational potential. For EMRIs and IMRIs this is
463 actually the case at all masses. As compared with the
464 DM density in the solar neighborhood, ρ ∼ 1M⊙=pc3,
465 LISA can only detect DM densities that are higher by a
466 factor of at least 105. Such DM clouds may be formed at
467 high redshifts, z ∼ 104. This would correspond to the matter
468 density at the formation time when such clumps form by a
469 rapid instability, e.g. tachyonic [39]. However, their very
470 large radii make such a scenario somewhat unlikely.
471 Indeed, we can expect their radius to be greater than the
472 Compton wavelength,

λC ¼ 2π
mϕ

¼
!

mϕ

1 eV

"−1
4 × 10−23 pc: ð36Þ

473474For mϕ ∼ 10−22 eV, as for Fuzzy DM scenarios, this
475corresponds to clouds of parsec size or greater. They would
476be smaller than globular clusters, which can reach sizes of
477100 pc, but denser by a factor 103. The comparison between
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489We also consider stellar-mass BHs, neutron stars and
490white dwarfs events that could be detected by the DECIGO
491interferometer. We choose as typical cases three events
492detected by LIGO and Virgo [66] given in Table II, as well
493as a typical white dwarf merger. The expected detection
494rates are obtained from [43–45,67]. We can see that many
495events are expected for these four classes of binaries.
496We show in Fig. 2 our results for the detection thresholds
497on the oscillating DM gravitational potential Ψosc and the
498density ρ, for various events with the DECIGO interfer-
499ometer. For all events the upper boundary, Eq. (10), is
500located to the right of the DM particle mass range shown in
501the picture. The thresholds for DECIGO and LISA are of
502about the same orders of magnitude, although they are
503somewhat more favorable for DECIGO. In particular, the
504required DM density are further below the upper bound of
505Eq. (37). For NS and WD binaries the GW waveform is
506more sensitive to dynamical friction than to the DM
507oscillations for almost all DM masses. For BH binaries
508the signal associated with the DM oscillations dominates
509over dynamical friction for mϕ ≲ 10−21 eV.

510IV. CONCLUSIONS

511In this work, we have examined whether the oscillatory
512behavior of the gravitational potential of DM halos pre-
513dicted by some DM scenarios could be detected by
514gravitational wave interferometers such as LISA and
515DECIGO, if binary systems were embedded within high-
516density DM clouds. Building on the early work in Ref. [52],
517which considered the impact of these oscillations on pulsar
518timing signals, we now consider their impact on the phase
519of the GW form received by interferometers. We derived
520the associated phase shift and performed a Fisher analysis
521to estimate the detection thresholds that can be expected for
522near future instruments, for a variety of binary systems.
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TABLE II. Masses, SNR, luminosity distance and expected
number of detections of the events that we consider for DECIGO,
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The detection thresholds are of the same order as for LISA, but somewhat better.



IV-  Conclusion

This probe is unlikely to be competitive with other more direct observations of DM substructures. 
523 We find that this probe is unlikely to be competitive
524 with more direct observations of DM substructures. For
525 mϕ > 10−21 eV the effect of the DM environment on the
526 GW form due to the usual dynamical friction (the drag
527 force that contributes to the shrinking of the orbital radius
528 of the binary system) is expected to dominate over the
529 effect associated with these oscillatory features of the DM
530 gravitational potential (which only affect a subleading
531 component of ΨN). For low particle masses below
532 10−23 eV, the scalar clouds are associated with Compton
533 wavelengths greater than the parsec scale. This implies DM
534 clouds that are too large to provide realistic DM scenarios.
535 For DM masses mϕ ∼ 10−22 eV, the phase shift asso-
536 ciated with the oscillations of the DM gravitational poten-
537 tial can only be detected by LISA or DECIGO for densities
538 that are greater than that in the solar neighborhood by a
539 factor 105 (LISA) or 104 (DECIGO). This would also
540 correspond to cloud masses above 105M⊙ (LISA) or
541 103M⊙ (DECIGO) and radii above 0.4 pc. Although such
542 high-density structures may be possible, if they formed at
543 redshifts z ∼ 104, this would require a nonstandard for-
544 mation mechanism, such as instabilities due to DM self-
545 interactions. In this sense, LISA and DECIGO would only
546 be sensitive to the oscillatory features from exotic types
547 of DM.
548 Therefore, except for a small region in the parameter
549 space of DM models, the phase of the GW wave form is
550 unlikely to be sensitive to the oscillatory features of DM

551gravitational potentials. This justifies standard analyses of
552the emission of GWs by binary systems, where the DM
553environment is neglected or considered through its usual
554effects: dynamical friction, accretion and gravitational pull
555by the enclosed DM mass within the orbital radius. On the
556other hand, from a beyond the standard model perspective,
557LISA and DECIGO could provide us with a window on the
558physics of dark matter and its possible exotic properties in
559the radiation era before large scale structures of the
560Universe form.
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Except for a small region of the DM parameter space, standard analysis where such an effect is neglected are justified.
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B. Accretion drag force
For the particular model in Eqs. (2.1) and (2.2), it was shown

in Ref. [16] that the accretion rate of scalar dark matter onto a
BH follows two regimes,

{BH < {acc : .
<BH =

.
<max, {BH > {acc : .

<BH =
.
<BHL,

(2.7)
with

{acc =
22/3
B 21/3

(3�¢)1/3 ,
.
<max = 3c�¢⇢0A2

B2 =
12c�¢⇢0G2<2

BH

22
B2

,

.
<BHL =

4c⇢0G2<2
BH

{3
BH

, (2.8)

where an overdot denotes differentiation with respect to time
and �¢ ' 0.66 is obtained from a numerical computation of
the critical flux [14], which is associated with the unique radial
transonic solution that matches the supersonic infall at the
Schwarzschild radius to the static equilibrium soliton at large
distances. This critical behavior is similar to that found for
hydrodynamical flows in the classic studies of Refs. [74,75],
and is closely related to the case of a polytropic gas with index
W = 2 [14,15]. However, close to the BH, the dynamics deviates
from that of a polytropic gas as one enters the relativistic
regime. Near the Schwarzschild radius, the scalar field must
be described by the nonlinear Klein-Gordon equation instead
of hydrodynamics [14]. This implies that the critical flux
and the accretion rate .

<max differ from the usual Bondi result
.
<Bondi ⇠ ⇢0G2<2

BH/23
B. This is manifest in the dependence of

.
<max on the speed of light 2, which is absent from the usual
Bondi result.

The high-velocity regime corresponds to the standard
accretion-column picture [76,77] and we recover the Bondi-
Hoyle-Lyttleton accretion rate .

<BHL. There, most of the
accretion comes from the narrow wake behind the BH,
delimited by a conical shock within the Mach angle sin \2 =
1/M ⌧ 1, where M = {BH/2B is the BH Mach number.

In the low-velocity regime the Bondi-Hoyle-Lyttleton ac-
cretion rate is greater than the maximum accretion rate .

<max
that is allowed by the effective pressure associated with the
self-interactions (close to the BH horizon the velocity cannot
be greater than 2 and the density greater than ⇢0). Then, the
accretion column is no longer a narrow cone behind the BH
and it encloses the BH from all sides. There is a bow shock
upstream of the BH, with a subsonic region that contains the
BH and diverts most of the dark matter flux. Close to the
horizon the flow is approximately radial and we recover the
accretion rate .

<max. See [16] for details.
Now consider a BH moving with velocity vBH through this

scalar cloud. In the nonrelativistic limit {BH ⌘ |vBH | ⌧ 2
and in the reference frame of the cloud, the accretion of zero-
momentum dark matter does not change the BH momentum
but slows down its velocity as

<BH
.vBH |acc = � .

<BHvBH. (2.9)

C. Dynamical friction
Dynamical friction also acts to reduce the BH’s velocity.

As in the hydrodynamical case [2,4,5], the dynamical friction
force (in the steady-state limit) vanishes for subsonic speeds
{BH < 2B [15] but is nonzero at supersonic speeds. The
additional force on the BH in the latter regime reads [16]

<BH
.vBH |df = �

8cG2<2
BH⇢0

3{3
BH

ln
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AIR
AUV

◆
vBH, (2.10)

where AIR is the usual large-radius cutoff while the small-radius
cutoff of the logarithmic Coulomb factor is given by

AUV = 6
r

2
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22
B

✓
2B
{BH

◆3/2
(2.11)

and 4 is Euler’s number (not to be confused with the orbital
eccentricity e in Sec. III). Equation (2.10) takes the same
form as the collisionless result by Chandrasekhar [1] but with a
multiplicative factor 2/3. In addition, the ultra-violet cutoff AUV
is here fully determined by the physics of the scalar field and its
effective pressure, instead of the minimum impact parameter
1min ⇠ G<BH/{2

BH. As we have AUV ⇠ 1min
p
{BH/2B > 1min,

we can see that the dynamical friction (2.10) is smaller than
the collisionless result, with a damping factor below 2/3.

For a steady straight-line trajectory, we may take for the
infra-red cutoff the size of the dark matter soliton, which
depends explicitly on <DM and _4 via Eq. (2.3). However,
for bodies moving on circular orbits of radius Aorb, numerical
simulations and analytical studies find that for gaseous media a
good match is obtained by using AIR = 2Aorb [78,79]. This can
be understood as follows. Estimating the dynamical friction
from the exchange of momentum with distant encounters or
streamlines of impact parameter 1, as in the classical study
[1], the duration an encounter is �C ⇠ 1/{BH. Requiring this
time to be smaller than the orbital period %orb ⇠ Aorb/{BH,
so that the BH does not turn around during the encounter,
gives 1 . Aorb. If we estimate the dynamical friction from
the gravitational attraction by the BH wake, at large distance
in the BH rest-frame matter flows away at the radial velocity
{BH. Therefore, the wake is aligned behind the BH up to the
distance 3 ⇠ {BH%orb/2, which gives again the large-radius
cutoff 3 . Aorb. Therefore, we take

AIR = 2Aorb, (2.12)

with the same normalization as found for gaseous media [78].

D. Dark matter halo
Approximating the bulk of the soliton as a spherical halo

of density ⇢0 and radius 'sol, centered at position x0, the halo
gravitational potential reads

|x � x0 | < 'sol : �halo(x) =
2c
3
G⇢0 |x � x0 |2. (2.13)

This gives the gravitational acceleration

<BH
.vBH |halo = �4c

3
G<BH⇢0(x � x0). (2.14)
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Gravity of the dark matter cloud:

Accretion drag:

Dynamical friction:
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I- Additional forces on the BHs due to the dark matter environment 
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with

⌫df =
8cG2⇢0µ

3

2’
8=1

⇥df,8
<3

8

µ3 ln

 
4<2µ5

18<7
8

!

,

⇠df = �8cG2⇢0µ

3

2’
8=1

⇥df,8
<3

8

µ3 . (3.31)

At lowest order over the eccentricity e we obtain

h .eidf =
3e
2

✓
0

G<

◆3/2 "

⌫df + ⇠df ln

 r
G<
0

1
2B

!

� ⇠df
3

#

,

h .0idf = �0
✓

0

G<

◆3/2 "

⌫df + ⇠df ln

 r
G<
0

1
2B

!#

. (3.32)

Thus, the dynamical friction increases the eccentricity, if e > 0,
and reduces the size of the orbit.

E. GWs emission for the Keplerian dynamics
As is well known, the emission of GWs makes the orbits

become more circular and tighter, until the BHs merge. At
lowest order in a post-Newtonian expansion and using the
quadrupole formula, the drifts of the eccentricity and of the
semi-major axis are given by the standard results [80]

h .eigw = �304⌫2
150

e
✓
G<
220

◆3
(1 � e2)�5/2

✓
1 + 121

304
e2
◆

(3.33)
and

h .0igw = �64⌫2
5

✓
G<
220

◆3 1 + 73
24e

2 + 37
96e

4

(1 � e2)7/2 . (3.34)

Throughout this paper, we work at the lowest post-Newtonian
order (3.34). This is sufficient for our purpose, which is to
estimate the dark matter density thresholds associated with a
significant impact on the GW signal. As discussed in Sec. IV
below, the dark matter corrections are most important in the
early inspiral and behave as negative post-Newtonian orders.
As such, they are not degenerate with higher post-Newtonian
orders.

We assume in this paper that the impact of the dark matter
on the binary is smaller than that of the emission of GWs,
which decreases the eccentricity. Therefore, in the following,
we consider circular orbits with e = 0.

F. Effect of the halo gravity
As can be checked at once in Eqs.(3.23)-(3.24), the ⌧-

term associated with the halo gravity does not modify the
eccentricity and the size of the orbit over one period, h .eihalo = 0
and h .0ihalo = 0. Indeed, within the approximation (2.14)
of a time-independent halo gravitational potential, this is a
conservative force. However, this modification of the Keplerian
potential induces a change of the orbital frequency and of the
emission of gravitational waves. Focusing on the binary and

halo gravity only, the equation of motion (3.14) corresponds
to the energy

⇢ =
1
2
µ{2 � Gµ<

A
+ 2cG⇢0µA2

3
. (3.35)

Writing the Euler-Lagrange equations of motion, we obtain for
circular orbits of radius 0 the velocity

{q =

r
G<
0

✓
1 + 2c⇢003

3<

◆
. (3.36)

Here and in the following, we work at linear order in ⇢0. Thus,
relative corrections to the Keplerian results are set by the ratio
between the dark matter mass inside the orbital radius and the
binary total mass, The orbital frequency and the energy read
as

5orb =
1

2c

r
G<
03

✓
1 + 2c⇢003

3<

◆
(3.37)

and

⇢ = �G<µ

20
+ 4cG⇢0µ02

3
. (3.38)

As expected, the higher mass in the system, and hence the larger
gravity, increases the orbital frequency. Using the quadrupole
formula [80],

P =
G

525
®� ( 9:)®� ( 9:), �( 9:) = ⌫<r 9r: , (3.39)

where P is the rate of energy loss by gravitational waves and
�( 9:) the mass quadrupole moment, we obtain for circular
orbits

P =
32⌫2G4<5

52505

✓
1 + 4c⇢003

<

◆
. (3.40)

Then, the balance equation 3⇢
3C = �P gives for the drift of the

orbital radius

h .0igw = �64⌫G3<3

52503

✓
1 � 4c⇢003

3<

◆
, (3.41)

which agrees with Eq.(3.34) at e = 0 when the dark matter halo
is negligible. Although the additional halo gravity increases
the radiative loss (3.40), this is more than compensated by the
higher energy (3.38) and the orbital drift is reduced.

IV. GW PHASE AND THE IMPACT OF DARK
MATTER

A. Constant mass approximation
At lowest order, we can sum the contributions from the

accretion of dark matter, the dynamical friction and the
emission of GWs. This gives the total drift of the orbital
radius

h .0i = h .0iacc + h .0idf + h .0igw. (4.1)

6

with

⌫df =
8cG2⇢0µ

3

2’
8=1

⇥df,8
<3

8

µ3 ln

 
4<2µ5

18<7
8

!

,

⇠df = �8cG2⇢0µ

3

2’
8=1

⇥df,8
<3

8

µ3 . (3.31)

At lowest order over the eccentricity e we obtain

h .eidf =
3e
2

✓
0

G<

◆3/2 "

⌫df + ⇠df ln

 r
G<
0

1
2B

!

� ⇠df
3

#

,

h .0idf = �0
✓

0

G<

◆3/2 "

⌫df + ⇠df ln

 r
G<
0

1
2B

!#

. (3.32)

Thus, the dynamical friction increases the eccentricity, if e > 0,
and reduces the size of the orbit.

E. GWs emission for the Keplerian dynamics
As is well known, the emission of GWs makes the orbits

become more circular and tighter, until the BHs merge. At
lowest order in a post-Newtonian expansion and using the
quadrupole formula, the drifts of the eccentricity and of the
semi-major axis are given by the standard results [80]

h .eigw = �304⌫2
150

e
✓
G<
220

◆3
(1 � e2)�5/2

✓
1 + 121

304
e2
◆

(3.33)
and

h .0igw = �64⌫2
5

✓
G<
220

◆3 1 + 73
24e

2 + 37
96e

4

(1 � e2)7/2 . (3.34)

Throughout this paper, we work at the lowest post-Newtonian
order (3.34). This is sufficient for our purpose, which is to
estimate the dark matter density thresholds associated with a
significant impact on the GW signal. As discussed in Sec. IV
below, the dark matter corrections are most important in the
early inspiral and behave as negative post-Newtonian orders.
As such, they are not degenerate with higher post-Newtonian
orders.

We assume in this paper that the impact of the dark matter
on the binary is smaller than that of the emission of GWs,
which decreases the eccentricity. Therefore, in the following,
we consider circular orbits with e = 0.

F. Effect of the halo gravity
As can be checked at once in Eqs.(3.23)-(3.24), the ⌧-

term associated with the halo gravity does not modify the
eccentricity and the size of the orbit over one period, h .eihalo = 0
and h .0ihalo = 0. Indeed, within the approximation (2.14)
of a time-independent halo gravitational potential, this is a
conservative force. However, this modification of the Keplerian
potential induces a change of the orbital frequency and of the
emission of gravitational waves. Focusing on the binary and

halo gravity only, the equation of motion (3.14) corresponds
to the energy

⇢ =
1
2
µ{2 � Gµ<

A
+ 2cG⇢0µA2

3
. (3.35)

Writing the Euler-Lagrange equations of motion, we obtain for
circular orbits of radius 0 the velocity

{q =

r
G<
0

✓
1 + 2c⇢003

3<

◆
. (3.36)

Here and in the following, we work at linear order in ⇢0. Thus,
relative corrections to the Keplerian results are set by the ratio
between the dark matter mass inside the orbital radius and the
binary total mass, The orbital frequency and the energy read
as

5orb =
1

2c

r
G<
03

✓
1 + 2c⇢003

3<

◆
(3.37)

and

⇢ = �G<µ

20
+ 4cG⇢0µ02

3
. (3.38)

As expected, the higher mass in the system, and hence the larger
gravity, increases the orbital frequency. Using the quadrupole
formula [80],

P =
G

525
®� ( 9:)®� ( 9:), �( 9:) = ⌫<r 9r: , (3.39)

where P is the rate of energy loss by gravitational waves and
�( 9:) the mass quadrupole moment, we obtain for circular
orbits

P =
32⌫2G4<5

52505

✓
1 + 4c⇢003

<

◆
. (3.40)

Then, the balance equation 3⇢
3C = �P gives for the drift of the

orbital radius

h .0igw = �64⌫G3<3

52503

✓
1 � 4c⇢003

3<

◆
, (3.41)

which agrees with Eq.(3.34) at e = 0 when the dark matter halo
is negligible. Although the additional halo gravity increases
the radiative loss (3.40), this is more than compensated by the
higher energy (3.38) and the orbital drift is reduced.

IV. GW PHASE AND THE IMPACT OF DARK
MATTER

A. Constant mass approximation
At lowest order, we can sum the contributions from the

accretion of dark matter, the dynamical friction and the
emission of GWs. This gives the total drift of the orbital
radius

h .0i = h .0iacc + h .0idf + h .0igw. (4.1)

5

more generally that its velocity is small as compared with the
binary orbital velocity v.

For circular orbits with { =
p
G</0, we obtain

AIR,8

AUV,8
=

s
42B<2µ5

18{<7
8

,
{8
2B

=
µ{

<82B
(3.16)

and the Heaviside factor in Eq.(3.13) reads

⇥df,8 = ⇥

 
<8

µ
<

{

2B
<

4<2µ5

18<7
8

!

, (3.17)

which is unity when the conditions are satisfied and zero
otherwise. We can see that the conditions AIR,8 > AUV,8 and
{8 > 2B can only be simultaneously satisfied by the smallest
BH of the binary, when the symmetric mass ratio ⌫ defined by

⌫ = µ/< = <1<2/<2 (3.18)

is below

⌫ . 0.16. (3.19)

Following the method of the osculating orbital elements [80],
we obtain the impact of the accretion and of the dynamical
friction by computing the perturbations to the orbital elements.
It is clear from Eq.(3.15) that the orbital plane remains constant.
In particular, the specific angular momentum h remains parallel
to eI and evolves as

.
h = ��(C)h, (3.20)

whereas the Runge-Lenz vector evolves as

.
A = �

✓ .
<

<
+ 2�(C)

◆
(A + eA ) +

⌧⌘A

G< eq . (3.21)

This gives next the evolution of the eccentricity and of the
semi-major axis,

.
e = �

✓ .
<

<
+ 2�(C)

◆
(e + cos i) � ⌧⌘0(1 � e2) sin i

G<(1 + e cos i)
,

.
0 = �

✓ .
<

<
+ 2�(C)

◆
0(1 + e2 + 2e cos i)

1 � e2 � 2⌧⌘e02 sin i
G<(1 + e cos i)

.

(3.22)

Using Eq.(3.10), the derivatives with respect to the true
anomaly i read at first order

3e
3i

= �

s
?3

G<

⇢✓ .
<

<
+ 2�(C)

◆
e + cos i

(1 + e cos i)2

+⌧⌘0(1 � e2)

G<
sin i

(1 + e cos i)3

�
(3.23)

and

30

3i
= �

s
?3

G<

⇢✓ .
<

<
+ 2�(C)

◆
0

1 � e2
1 + e2 + 2e cos i
(1 + e cos i)2

+2⌧⌘e02

G<
sin i

(1 + e cos i)3

�
. (3.24)

The perturbations generated by the dark matter lead to
oscillations and secular changes of the orbital elements. The
cumulative drift associated with the secular effects is obtained
by averaging over one orbital period, as

h .0i = 1
%

Z %

0
3C

.
0 =

1
%

Z 2c

0
3i

30

3i
. (3.25)

C. Effect of the accretion
We first consider the impact of the accretion of dark matter

on the orbital motion. This corresponds to both the term .
</<

and the contribution �acc =
.
µ/µ to �(C). We focus on the

regime where these accretion rates vary slowly as compared
with the orbital motion and we take them constant over one
period. As seen in (2.7), we have two regimes for the accretion
rates, which are constant at low velocity and decays as {�3

8 at
high velocity. Thus, we can write

.
<

<
+ 2

.
µ

µ
= �acc +

⌫acc

{3 , (3.26)

with

�acc =
12c�¢G2⇢0µ

22
B2

2’
8=1

⇥({8 < {acc)

 

2 +
<2

8

<µ

!

,

⌫acc = 4cG2⇢0µ
2’
8=1

⇥({8 > {acc)
<3

8

µ3

 

2 +
<2

8

<µ

!

. (3.27)

Then, at lowest order over the eccentricity e we obtain from
Eqs.(3.23)-(3.24)

h .eiacc =
3e
2

✓
0

G<

◆3/2
⌫acc,

h .0iacc = �0�acc � 0

✓
0

G<

◆3/2
⌫acc. (3.28)

The eccentricity remains constant in the low-velocity regime
and increases in the high-velocity regime, if e > 0. The size
of the orbit always decreases. The result (3.28) for the semi-
major axis can be recovered at once for circular orbits from the
constancy of the total angular momentum ! = µ

p
G<?, with

0 = ? and { =
p
G</0 for e = 0.

D. Effect of the dynamical friction
The dynamical friction corresponds to the contribution

�df =
<2 51
<1<

+ <1 52
<2<

, (3.29)

and we can write

2�df(C) =
⌫df

{3 + ⇠df

{3 ln
✓

{

2B

◆
, (3.30)

6

with

⌫df =
8cG2⇢0µ

3

2’
8=1

⇥df,8
<3

8

µ3 ln

 
4<2µ5

18<7
8

!

,

⇠df = �8cG2⇢0µ

3

2’
8=1

⇥df,8
<3

8

µ3 . (3.31)

At lowest order over the eccentricity e we obtain

h .eidf =
3e
2

✓
0

G<

◆3/2 "

⌫df + ⇠df ln

 r
G<
0

1
2B

!

� ⇠df
3

#

,

h .0idf = �0
✓

0

G<

◆3/2 "

⌫df + ⇠df ln

 r
G<
0

1
2B

!#

. (3.32)

Thus, the dynamical friction increases the eccentricity, if e > 0,
and reduces the size of the orbit.

E. GWs emission for the Keplerian dynamics
As is well known, the emission of GWs makes the orbits

become more circular and tighter, until the BHs merge. At
lowest order in a post-Newtonian expansion and using the
quadrupole formula, the drifts of the eccentricity and of the
semi-major axis are given by the standard results [80]

h .eigw = �304⌫2
150

e
✓
G<
220

◆3
(1 � e2)�5/2

✓
1 + 121

304
e2
◆

(3.33)
and

h .0igw = �64⌫2
5

✓
G<
220

◆3 1 + 73
24e

2 + 37
96e

4

(1 � e2)7/2 . (3.34)

Throughout this paper, we work at the lowest post-Newtonian
order (3.34). This is sufficient for our purpose, which is to
estimate the dark matter density thresholds associated with a
significant impact on the GW signal. As discussed in Sec. IV
below, the dark matter corrections are most important in the
early inspiral and behave as negative post-Newtonian orders.
As such, they are not degenerate with higher post-Newtonian
orders.

We assume in this paper that the impact of the dark matter
on the binary is smaller than that of the emission of GWs,
which decreases the eccentricity. Therefore, in the following,
we consider circular orbits with e = 0.

F. Effect of the halo gravity
As can be checked at once in Eqs.(3.23)-(3.24), the ⌧-

term associated with the halo gravity does not modify the
eccentricity and the size of the orbit over one period, h .eihalo = 0
and h .0ihalo = 0. Indeed, within the approximation (2.14)
of a time-independent halo gravitational potential, this is a
conservative force. However, this modification of the Keplerian
potential induces a change of the orbital frequency and of the
emission of gravitational waves. Focusing on the binary and

halo gravity only, the equation of motion (3.14) corresponds
to the energy

⇢ =
1
2
µ{2 � Gµ<

A
+ 2cG⇢0µA2

3
. (3.35)

Writing the Euler-Lagrange equations of motion, we obtain for
circular orbits of radius 0 the velocity

{q =

r
G<
0

✓
1 + 2c⇢003

3<

◆
. (3.36)

Here and in the following, we work at linear order in ⇢0. Thus,
relative corrections to the Keplerian results are set by the ratio
between the dark matter mass inside the orbital radius and the
binary total mass, The orbital frequency and the energy read
as

5orb =
1

2c

r
G<
03

✓
1 + 2c⇢003

3<

◆
(3.37)

and

⇢ = �G<µ

20
+ 4cG⇢0µ02

3
. (3.38)

As expected, the higher mass in the system, and hence the larger
gravity, increases the orbital frequency. Using the quadrupole
formula [80],

P =
G

525
®� ( 9:)®� ( 9:), �( 9:) = ⌫<r 9r: , (3.39)

where P is the rate of energy loss by gravitational waves and
�( 9:) the mass quadrupole moment, we obtain for circular
orbits

P =
32⌫2G4<5

52505

✓
1 + 4c⇢003

<

◆
. (3.40)

Then, the balance equation 3⇢
3C = �P gives for the drift of the

orbital radius

h .0igw = �64⌫G3<3

52503

✓
1 � 4c⇢003

3<

◆
, (3.41)

which agrees with Eq.(3.34) at e = 0 when the dark matter halo
is negligible. Although the additional halo gravity increases
the radiative loss (3.40), this is more than compensated by the
higher energy (3.38) and the orbital drift is reduced.

IV. GW PHASE AND THE IMPACT OF DARK
MATTER

A. Constant mass approximation
At lowest order, we can sum the contributions from the

accretion of dark matter, the dynamical friction and the
emission of GWs. This gives the total drift of the orbital
radius

h .0i = h .0iacc + h .0idf + h .0igw. (4.1)

Correction due to the halo bulk gravity

Accretion drag

Dynamical friction

II- Decay of the orbital radius
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We recover the fact that the dark matter contributions are
more important during the early stages of the inspiral, that is,
at low frequencies. This means that relativistic corrections to
the orbital motion would not change our results for the dark
matter detection thresholds.

The GW signal is of the form ⌘(C) = A(C) cos[�(C)], where
�(C) is implicitly determined by Eqs.(4.10)-(4.11) and A(C) /
f 2/3 if we neglect the dark matter corrections in the amplitude
[80]. The Fourier-space data analysis considers the Fourier
transform ⌘̃( 5 ) =

R
3C 482c 5 C⌘(C). In the stationary phase

approximation [92], one obtains ⌘̃( 5 ) = A( 5 )48 ( 5 ), with

A( 5 ) / 5 �7/6,  ( 5 ) = 2c 5 C¢ ��(C¢) � c/4, (4.13)

where the saddle-point C¢ is defined by f(C¢) = 5 , as
.
� = 2cf.

Using Eqs.(4.10)-(4.11) we obtain

 ( 5 ) = 2c 5 C2 ��2 �
c

4
+  gw +  halo +  acc +  df , (4.14)

where the different contributions are

 gw = 2c
Z 1

5
35

1
⇡gw

� 5

Z 1

5

35

5

1
⇡gw

�
,

 halo = 2c

"

5

Z 1

5

35

5

⇡halo

⇡2
gw

�
Z 1

5
35

⇡halo

⇡2
gw

#

, . . . (4.15)

This gives [92]

 gw =
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where M is the chirp mass,
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The factor⇥ in the first line means that only the smaller BH can
contribute, if there exists a range for dynamical friction where
the two conditions {8 > 2B and AIR,8 > AUV,8 are satisfied.

In the gravitational wave phase (4.16) we have included
the first post-Newtonian 1-PN order [92]. This breaks the
degeneracy over the two BH masses <1 and <2 shown by the
leading term that only depends on the chirp mass M. Then,
the phase (4.16) depends independently on both <1 and <2 and
the gravitational wave signal can constrain both BH masses.
Higher-order 1.5-PN and 2-PN terms allow one to constrain
the BH spins [92], however we do not consider BH spins in
this paper.

C. Relative impact of various contributions
1. Dark matter halo gravity

From Eqs.(4.16) and (4.18), we obtain
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where we only kept the leading term in  gw. This ratio
happens to be independent of the BH masses and is very small.
Therefore, the impact of the dark matter cloud gravitational
potential is typically negligible.

2. Accretion on the BHs

Denoting <> = max(<1,<2) and << = min(<1,<2) the
greater and smaller mass of the binary, we obtain from Eq.(4.9)
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Since we typically have ⇢0 ⌧ ⇢0, these frequencies are usually
below 1 Hz and the smaller BH can experience both accretion
regimes in the range of frequencies probed by observations.
The impact of the accretion is typically greater for the more
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We recover the fact that the dark matter contributions are
more important during the early stages of the inspiral, that is,
at low frequencies. This means that relativistic corrections to
the orbital motion would not change our results for the dark
matter detection thresholds.
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The factor⇥ in the first line means that only the smaller BH can
contribute, if there exists a range for dynamical friction where
the two conditions {8 > 2B and AIR,8 > AUV,8 are satisfied.

In the gravitational wave phase (4.16) we have included
the first post-Newtonian 1-PN order [92]. This breaks the
degeneracy over the two BH masses <1 and <2 shown by the
leading term that only depends on the chirp mass M. Then,
the phase (4.16) depends independently on both <1 and <2 and
the gravitational wave signal can constrain both BH masses.
Higher-order 1.5-PN and 2-PN terms allow one to constrain
the BH spins [92], however we do not consider BH spins in
this paper.

C. Relative impact of various contributions
1. Dark matter halo gravity
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where we only kept the leading term in  gw. This ratio
happens to be independent of the BH masses and is very small.
Therefore, the impact of the dark matter cloud gravitational
potential is typically negligible.

2. Accretion on the BHs

Denoting <> = max(<1,<2) and << = min(<1,<2) the
greater and smaller mass of the binary, we obtain from Eq.(4.9)
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Since we typically have ⇢0 ⌧ ⇢0, these frequencies are usually
below 1 Hz and the smaller BH can experience both accretion
regimes in the range of frequencies probed by observations.
The impact of the accretion is typically greater for the more

Frequency drift:

7

This drift depends on the masses of the two BHs and their
accretion rates. However, for small accretion rates we can take
<8 and .

<8 to be constant over the duration of the measurement.
Assuming this spansN orbital periods, with typicallyN ⇠ 100,
we require that .

<8N% ⌧ <8 . For the maximum accretion rate
(2.7) this gives

⇢0 ⌧ 23 5
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where 5 = 2/%orb is the GW frequency (which is twice the
orbital frequency) and <> = max(<1,<2). This gives
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The strongest limitation is associated with the case of Massive
Binary Black Holes (MBBH) to be detected with the space
interferometer LISA, at frequencies 5 & 10�4Hz. This gives
the upper bound ⇢0 ⌧ 0.01 g/cm3, which is much beyond the
expected dark matter densities. For instance, the dark matter
density in the Solar System is about 10�24g/cm3 [82–90]. On
the other hand, accretion disks around supermassive BHs can
have baryonic densities up to 10�9g/cm3 for thick disks and
10�1g/cm3 for thin disks [91]. Therefore, the bound (4.3) is
well satisfied up to the baryonic densities found in accretion
disks. At higher densities, we should explicitly take into
account the time dependence of the BH masses and accretion
rates. This would further enhance the deviation from the signal
associated with the binary system in vacuum and increase
the dark matter impact on the waveform. Therefore, our
computation provides a conservative estimate of the detection
threshold.

B. Phase and coalescence time
In the limit of small eccentricity, e ⌧ 1, the drift (4.1) reads
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The frequency f of the gravitational waves is twice the orbital
frequency (3.37),
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We use a gothic font in this section to distinguish f, the function
of time describing the frequency sweep, from 5 , the Fourier-
transform variable used below in the Fourier-space analysis of
the time-sequence data. This also gives, at first order in dark
matter perturbations,
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Together with Eqs.(4.4)-(4.5), and using Eqs.(2.7) and (3.27)
to combine the accretion terms, we obtain
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(4.9)
In (4.7) we split the contributions from gravitational waves in
the standard f 8/3 term associated with Keplerian orbits and the
correction in f 2/3 due to the dark matter halo. Integrating the
phase �(C) = 2c

R
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f) and the time C =
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the GW frequency [92], we obtain
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and
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where �2 and C2 are the phase and the time at coalescence
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Equations (4.10)-(4.11) provide an implicit expression for the
function �(C), describing the GWs phase as a function of
time. Here, we linearized over the dark matter contributions
to the frequency drift, assuming they are weaker than the
Keplerian GW contribution. As seen in Sec. IV C below,
this is the case in realistic configurations. Besides, this is
sufficient for the purpose of estimating the dark matter density
thresholds required for detection. At much higher densities,
our computation of the frequency drift is no longer reliable but
the presence of dark matter would remain clear in the data.
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the upper bound ⇢0 ⌧ 0.01 g/cm3, which is much beyond the
expected dark matter densities. For instance, the dark matter
density in the Solar System is about 10�24g/cm3 [82–90]. On
the other hand, accretion disks around supermassive BHs can
have baryonic densities up to 10�9g/cm3 for thick disks and
10�1g/cm3 for thin disks [91]. Therefore, the bound (4.3) is
well satisfied up to the baryonic densities found in accretion
disks. At higher densities, we should explicitly take into
account the time dependence of the BH masses and accretion
rates. This would further enhance the deviation from the signal
associated with the binary system in vacuum and increase
the dark matter impact on the waveform. Therefore, our
computation provides a conservative estimate of the detection
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Equations (4.10)-(4.11) provide an implicit expression for the
function �(C), describing the GWs phase as a function of
time. Here, we linearized over the dark matter contributions
to the frequency drift, assuming they are weaker than the
Keplerian GW contribution. As seen in Sec. IV C below,
this is the case in realistic configurations. Besides, this is
sufficient for the purpose of estimating the dark matter density
thresholds required for detection. At much higher densities,
our computation of the frequency drift is no longer reliable but
the presence of dark matter would remain clear in the data.
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interferometer LISA, at frequencies 5 & 10�4Hz. This gives
the upper bound ⇢0 ⌧ 0.01 g/cm3, which is much beyond the
expected dark matter densities. For instance, the dark matter
density in the Solar System is about 10�24g/cm3 [82–90]. On
the other hand, accretion disks around supermassive BHs can
have baryonic densities up to 10�9g/cm3 for thick disks and
10�1g/cm3 for thin disks [91]. Therefore, the bound (4.3) is
well satisfied up to the baryonic densities found in accretion
disks. At higher densities, we should explicitly take into
account the time dependence of the BH masses and accretion
rates. This would further enhance the deviation from the signal
associated with the binary system in vacuum and increase
the dark matter impact on the waveform. Therefore, our
computation provides a conservative estimate of the detection
threshold.

B. Phase and coalescence time
In the limit of small eccentricity, e ⌧ 1, the drift (4.1) reads

.
0 = �64⌫2

5

✓
G<
220

◆3✓
1 � 4c⇢003

3<

◆
� 0�acc

�0
✓

0

G<

◆3/2 "

⌫acc + ⌫df + ⇠df ln

 r
G<
0

1
2B

!#

.(4.4)

The frequency f of the gravitational waves is twice the orbital
frequency (3.37),

f =
1
c

r
G<
03

✓
1 + 2c⇢003

3<

◆
. (4.5)

We use a gothic font in this section to distinguish f, the function
of time describing the frequency sweep, from 5 , the Fourier-
transform variable used below in the Fourier-space analysis of
the time-sequence data. This also gives, at first order in dark
matter perturbations,

.
f =

1
c

r
G<
03

✓ .
<

2<
� 3 .

0

20

◆
+ G⇢0

✓
03

G<

◆1/2 .
0

0
. (4.6)

Together with Eqs.(4.4)-(4.5), and using Eqs.(2.7) and (3.27)
to combine the accretion terms, we obtain

.
f
f
= ⇡gw + ⇡halo + ⇡acc + ⇡df , (4.7)

with

⇡gw = f 8/3 96c8/3⌫

525 (G<)5/3,

⇡halo = � f 2/3 256c5/3⌫⇢0G8/3<5/3

325 ,

⇡acc =
12c�¢G2⇢0µ

22
B2

2’
8=1

⇥(f < 5acc,8)

 

3 + 2
<2

8

<µ

!

+ f �1 4G⇢0

2’
8=1

⇥(f > 5acc,8)
<3

8

µ2<

 

3 + 2
<2

8

<µ

!

,

⇡df = �f �1 4G⇢0
3

2’
8=1

⇥( 5 �df,8 < f < 5 +df,8)
<3

8

µ2<
ln

 
f
5 +df,8

!

,

(4.8)

and

5acc,8 =
22
B2<

3
8

3c�¢G<µ3 , 5 �df,8 =
23
B<

3
8

cG<µ3 , 5 +df,8 =
4323

B<
5µ15

5832cG<21
8

.

(4.9)
In (4.7) we split the contributions from gravitational waves in
the standard f 8/3 term associated with Keplerian orbits and the
correction in f 2/3 due to the dark matter halo. Integrating the
phase �(C) = 2c
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f) and the time C =
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the GW frequency [92], we obtain
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Equations (4.10)-(4.11) provide an implicit expression for the
function �(C), describing the GWs phase as a function of
time. Here, we linearized over the dark matter contributions
to the frequency drift, assuming they are weaker than the
Keplerian GW contribution. As seen in Sec. IV C below,
this is the case in realistic configurations. Besides, this is
sufficient for the purpose of estimating the dark matter density
thresholds required for detection. At much higher densities,
our computation of the frequency drift is no longer reliable but
the presence of dark matter would remain clear in the data.
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This drift depends on the masses of the two BHs and their
accretion rates. However, for small accretion rates we can take
<8 and .
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The strongest limitation is associated with the case of Massive
Binary Black Holes (MBBH) to be detected with the space
interferometer LISA, at frequencies 5 & 10�4Hz. This gives
the upper bound ⇢0 ⌧ 0.01 g/cm3, which is much beyond the
expected dark matter densities. For instance, the dark matter
density in the Solar System is about 10�24g/cm3 [82–90]. On
the other hand, accretion disks around supermassive BHs can
have baryonic densities up to 10�9g/cm3 for thick disks and
10�1g/cm3 for thin disks [91]. Therefore, the bound (4.3) is
well satisfied up to the baryonic densities found in accretion
disks. At higher densities, we should explicitly take into
account the time dependence of the BH masses and accretion
rates. This would further enhance the deviation from the signal
associated with the binary system in vacuum and increase
the dark matter impact on the waveform. Therefore, our
computation provides a conservative estimate of the detection
threshold.
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The frequency f of the gravitational waves is twice the orbital
frequency (3.37),
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We use a gothic font in this section to distinguish f, the function
of time describing the frequency sweep, from 5 , the Fourier-
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Together with Eqs.(4.4)-(4.5), and using Eqs.(2.7) and (3.27)
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Equations (4.10)-(4.11) provide an implicit expression for the
function �(C), describing the GWs phase as a function of
time. Here, we linearized over the dark matter contributions
to the frequency drift, assuming they are weaker than the
Keplerian GW contribution. As seen in Sec. IV C below,
this is the case in realistic configurations. Besides, this is
sufficient for the purpose of estimating the dark matter density
thresholds required for detection. At much higher densities,
our computation of the frequency drift is no longer reliable but
the presence of dark matter would remain clear in the data.

Time:

Fourier transform of the GW signal:

DM corrections

8

We recover the fact that the dark matter contributions are
more important during the early stages of the inspiral, that is,
at low frequencies. This means that relativistic corrections to
the orbital motion would not change our results for the dark
matter detection thresholds.

The GW signal is of the form ⌘(C) = A(C) cos[�(C)], where
�(C) is implicitly determined by Eqs.(4.10)-(4.11) and A(C) /
f 2/3 if we neglect the dark matter corrections in the amplitude
[80]. The Fourier-space data analysis considers the Fourier
transform ⌘̃( 5 ) =

R
3C 482c 5 C⌘(C). In the stationary phase

approximation [92], one obtains ⌘̃( 5 ) = A( 5 )48 ( 5 ), with

A( 5 ) / 5 �7/6,  ( 5 ) = 2c 5 C¢ ��(C¢) � c/4, (4.13)

where the saddle-point C¢ is defined by f(C¢) = 5 , as
.
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This gives [92]

 gw =
3

128

✓
cGM 5

23

◆�5/3 
1 + 20

9

✓
743
336

+ 11
4
⌫

◆

⇥
✓
cG< 5

23

◆2/3#

, (4.16)

where M is the chirp mass,
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The factor⇥ in the first line means that only the smaller BH can
contribute, if there exists a range for dynamical friction where
the two conditions {8 > 2B and AIR,8 > AUV,8 are satisfied.

In the gravitational wave phase (4.16) we have included
the first post-Newtonian 1-PN order [92]. This breaks the
degeneracy over the two BH masses <1 and <2 shown by the
leading term that only depends on the chirp mass M. Then,
the phase (4.16) depends independently on both <1 and <2 and
the gravitational wave signal can constrain both BH masses.
Higher-order 1.5-PN and 2-PN terms allow one to constrain
the BH spins [92], however we do not consider BH spins in
this paper.

C. Relative impact of various contributions
1. Dark matter halo gravity

From Eqs.(4.16) and (4.18), we obtain
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where we only kept the leading term in  gw. This ratio
happens to be independent of the BH masses and is very small.
Therefore, the impact of the dark matter cloud gravitational
potential is typically negligible.

2. Accretion on the BHs

Denoting <> = max(<1,<2) and << = min(<1,<2) the
greater and smaller mass of the binary, we obtain from Eq.(4.9)
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Since we typically have ⇢0 ⌧ ⇢0, these frequencies are usually
below 1 Hz and the smaller BH can experience both accretion
regimes in the range of frequencies probed by observations.
The impact of the accretion is typically greater for the more
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The factor⇥ in the first line means that only the smaller BH can
contribute, if there exists a range for dynamical friction where
the two conditions {8 > 2B and AIR,8 > AUV,8 are satisfied.

In the gravitational wave phase (4.16) we have included
the first post-Newtonian 1-PN order [92]. This breaks the
degeneracy over the two BH masses <1 and <2 shown by the
leading term that only depends on the chirp mass M. Then,
the phase (4.16) depends independently on both <1 and <2 and
the gravitational wave signal can constrain both BH masses.
Higher-order 1.5-PN and 2-PN terms allow one to constrain
the BH spins [92], however we do not consider BH spins in
this paper.

C. Relative impact of various contributions
1. Dark matter halo gravity

From Eqs.(4.16) and (4.18), we obtain
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where we only kept the leading term in  gw. This ratio
happens to be independent of the BH masses and is very small.
Therefore, the impact of the dark matter cloud gravitational
potential is typically negligible.

2. Accretion on the BHs

Denoting <> = max(<1,<2) and << = min(<1,<2) the
greater and smaller mass of the binary, we obtain from Eq.(4.9)
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Since we typically have ⇢0 ⌧ ⇢0, these frequencies are usually
below 1 Hz and the smaller BH can experience both accretion
regimes in the range of frequencies probed by observations.
The impact of the accretion is typically greater for the more
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III- Phase of the GW waveform
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IV- Fisher matrix analysis 
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timing problem [115], a discrepancy observed in the For-
nax galaxy where the expected strong dynamical friction,
predicted by the standard CDM model, fails to reproduce
the observations of slowly migrating globular clusters to-
wards the galaxy center, and their relevance to gravi-
tational waves where dynamical friction can slow down
binary systems and induce phase shifts in gravitational
wave emission.

In this paper, we explore the e↵ects of dynamical fric-
tion and mass accretion experienced by a Schwarzschild
black hole moving within a self-interacting scalar dark
matter cloud at supersonic velocities. Our primary focus
is on the Thomas-Fermi regime, where self-interactions
are significant and the wavelike e↵ects of the scalar field
are negligible. This regime results in dark matter dynam-
ics within the solitonic solution behaving more like a gas
than FDM, although it retains distinctive characteristics.
This study of the supersonic regime complements our
previous investigation in the subsonic case [116], o↵er-
ing relevance to ongoing research on gravitational waves.
The implications of mass accretion and dynamical fric-
tion on binary systems can be critical, potentially de-
tectable by upcoming gravitational wave detectors such
as DECIGO or LISA [101, 117–120]. Additionally, the
application of such results to the Fornax globular clus-
ter timing problem, where the CDM dynamical friction
appears too strong, is of particular interest.

The outline of the paper is as follows. Section II
introduces scalar field dark matter with quartic self-
interactions, discussing its equations of motion and equi-
librium solitonic solutions. Section III compares the sub-
sonic and supersonic regimes and calculates the large-
distance expansions of the dark matter flow for both the
upstream and downstream regions, including the appear-
ance and location of shock fronts and boundary layers.
Section IV describes the relation between these asymp-
totic expansions and the BH accretion rate and derives
the drag force exerted on the BH. Section V discusses
the accretion rate in comparison with the radial case and
with the classical Hoyle-Lyttleton prediction, and high-
lights the two regimes obtained at moderate and high
Mach numbers. Section VI compares the magnitudes
of the accretion drag and dynamical friction, while Sec-
tion VII provides an independent computation of the dy-
namical friction from the gravitational force exerted by
the BH wake. Section VIII presents a numerical compu-
tation of the density and velocity fields for a moderate
Mach number, to illustrate the behaviour of the system
with a bow shock upstream of the BH. Section IX com-
pares our results with the behaviours of other systems
(collisionless, perfect fluid and FDM cases). Finally, we
conclude our study in Section X.

II. DARK MATTER SCALAR FIELD

A. Scalar-field action

As in our previous work [116], we consider a scalar-field
dark matter scenario described by the action

S� =

Z
d
4
x
p
�g


�1

2
g
µ⌫
@µ�@⌫�� V (�)

�
, (1)

with a quartic self-interaction,

V (�) =
m

2

2
�
2 + VI(�) with VI(�) =

�4

4
�
4
. (2)

Here m is the mass of the scalar field and �4 its coupling
constant, which is taken positive. This corresponds to a
repulsive self-interaction, which gives rise to an e↵ective
pressure that can balance gravity. This allows the for-
mation of stable static equilibria, also called boson stars
or solitons. Thus, in this paper we consider the super-
sonic motion of a BH inside such an extended soliton, or
quasi-static dark matter halo.
The parameters m and �4 determine the characteristic

density and radius

⇢a =
4m4

3�4

, ra =
1p

4⇡G⇢a
. (3)

The dynamics that we study in this paper will only de-
pend on this combination ⇢a and on the mass and veloc-
ity of the BH. Thus, di↵erent dark matter models with
the same ⇢a show the same large-scale dynamics. We
refer to [116] for a presentation of the regions in the pa-
rameter space (m,�4) where our computations apply, for
various BH masses. We briefly recall below the equa-
tions of motion of the scalar field in the relativistic and
nonrelativistic regimes.

B. Relativistic regime

As in [116], we neglect the gravitational backreaction
of the scalar cloud and we consider the steady-state limit,
that is, the growth and the displacement of the BH are
small as compared with the BH mass and the dark mat-
ter halo radius. Then, working with the isotropic radial
coordinate r, the static spherically symmetric metric can
be written as

ds
2 = �f(r) dt2 + h(r) (dr2 + r

2
d~⌦2). (4)

Close to the BH, below a transition radius rsg, the BH
gravity dominates and the isotropic metric functions f(r)
and h(r) read as

rs

4
< r ⌧ rsg : f(r) =

✓
1� rs/(4r)

1 + rs/(4r)

◆2

,

h(r) = (1 + rs/(4r))
4
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FIG. 1: Maps of the detection prospects with LISA for different events, in terms of the dark matter parameters ⇢0 and ⇢0. The
lower right area below the black dashed line is not physical. The shaded upper right area shows the region of the parameter
space where the dark matter environment can be detected.

are in the intermediate regime (5.15), with a weak dependence
on ⇢0 through 2B in the terms inside the brackets in Eq.(4.20).
Thus, we still have a roughly vertical line. Below ~+acc,1 we
are in the low-~ regime (5.16), which is now dominated by
the new dependence of the accretion term on ⇢0, which gives
a roughly horizontal line with ⇢0¢ ' 2 ⇥ 10�8g/cm3. The
simple estimate (5.19) gives ⇢0¢ & 10�9g/cm3, which is again
within a factor 100 of the more accurate Fisher matrix result
and reproduces the large hierarchy between ⇢0¢ and ⇢0¢.

We obtain similar behaviors for the LISA-EMRI case, shown
in the lower right panel in Fig. 1. With 5min ⇠ 3⇥ 10�3 Hz, the
simple estimates (5.14) and (5.19) give ⇢0¢ & 10�24g/cm3 and
⇢0¢ & 10�10g/cm3, whereas the more accurate Fisher matrix
results are ⇢0¢ ' 10�22g/cm3 and ⇢0¢ ' 10�8g/cm3.

We obtain similar behaviors in 2 for the B-DECIGO, ET
and Adv-LIGO detectors, for stellar-mass binaries. As in the
MBBH and IBBH cases, there is no dynamical friction regime.
B-DECIGO provides constraints on DM environments that are
similar to those obtained from LISA, but the ET and Adv-LIGO

cannot detect the dark matter cloud for realistic densities.
Thus, in all cases the detection domain is an upper right

region, delimited from the left by ⇢0¢, from below by ⇢0¢, and
from the right by the diagonal ⇢0 = ⇢0. The simple estimates
(5.14) and (5.19) are typically below the exact thresholds ⇢0¢
and ⇢0¢ by a factor of up to 100, but they reproduce the
main trends and the hierarchy between ⇢0¢ and ⇢0¢. The DM
detection is dominated by the accretion contribution  acc on
the larger BH. Above the diagonal ~+acc,1, which runs through
the lower-left corner of this domain, the accretion rate is
proportional to ⇢0 whereas below the diagonal ~+acc,1 it is
proportional to ⇢0. Therefore, in the shaded domain above
~+acc,1 we measure ⇢0 whereas below ~+acc,1 we measure ⇢0.

We summarize in Table IV the density thresholds ⇢0¢ and
⇢0¢ above which the DM cloud can be detected, for the
detectors and binary systems displayed in Figs. 1 and 2. This
is only possible at much higher densities than the typical
dark matter density on galaxy scales, which is about 10�26

to 10�23 g/cm3 [72,113–115]. For comparison, we also note
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timing problem [115], a discrepancy observed in the For-
nax galaxy where the expected strong dynamical friction,
predicted by the standard CDM model, fails to reproduce
the observations of slowly migrating globular clusters to-
wards the galaxy center, and their relevance to gravi-
tational waves where dynamical friction can slow down
binary systems and induce phase shifts in gravitational
wave emission.

In this paper, we explore the e↵ects of dynamical fric-
tion and mass accretion experienced by a Schwarzschild
black hole moving within a self-interacting scalar dark
matter cloud at supersonic velocities. Our primary focus
is on the Thomas-Fermi regime, where self-interactions
are significant and the wavelike e↵ects of the scalar field
are negligible. This regime results in dark matter dynam-
ics within the solitonic solution behaving more like a gas
than FDM, although it retains distinctive characteristics.
This study of the supersonic regime complements our
previous investigation in the subsonic case [116], o↵er-
ing relevance to ongoing research on gravitational waves.
The implications of mass accretion and dynamical fric-
tion on binary systems can be critical, potentially de-
tectable by upcoming gravitational wave detectors such
as DECIGO or LISA [101, 117–120]. Additionally, the
application of such results to the Fornax globular clus-
ter timing problem, where the CDM dynamical friction
appears too strong, is of particular interest.

The outline of the paper is as follows. Section II
introduces scalar field dark matter with quartic self-
interactions, discussing its equations of motion and equi-
librium solitonic solutions. Section III compares the sub-
sonic and supersonic regimes and calculates the large-
distance expansions of the dark matter flow for both the
upstream and downstream regions, including the appear-
ance and location of shock fronts and boundary layers.
Section IV describes the relation between these asymp-
totic expansions and the BH accretion rate and derives
the drag force exerted on the BH. Section V discusses
the accretion rate in comparison with the radial case and
with the classical Hoyle-Lyttleton prediction, and high-
lights the two regimes obtained at moderate and high
Mach numbers. Section VI compares the magnitudes
of the accretion drag and dynamical friction, while Sec-
tion VII provides an independent computation of the dy-
namical friction from the gravitational force exerted by
the BH wake. Section VIII presents a numerical compu-
tation of the density and velocity fields for a moderate
Mach number, to illustrate the behaviour of the system
with a bow shock upstream of the BH. Section IX com-
pares our results with the behaviours of other systems
(collisionless, perfect fluid and FDM cases). Finally, we
conclude our study in Section X.

II. DARK MATTER SCALAR FIELD

A. Scalar-field action

As in our previous work [116], we consider a scalar-field
dark matter scenario described by the action
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Here m is the mass of the scalar field and �4 its coupling
constant, which is taken positive. This corresponds to a
repulsive self-interaction, which gives rise to an e↵ective
pressure that can balance gravity. This allows the for-
mation of stable static equilibria, also called boson stars
or solitons. Thus, in this paper we consider the super-
sonic motion of a BH inside such an extended soliton, or
quasi-static dark matter halo.
The parameters m and �4 determine the characteristic
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The dynamics that we study in this paper will only de-
pend on this combination ⇢a and on the mass and veloc-
ity of the BH. Thus, di↵erent dark matter models with
the same ⇢a show the same large-scale dynamics. We
refer to [116] for a presentation of the regions in the pa-
rameter space (m,�4) where our computations apply, for
various BH masses. We briefly recall below the equa-
tions of motion of the scalar field in the relativistic and
nonrelativistic regimes.

B. Relativistic regime

As in [116], we neglect the gravitational backreaction
of the scalar cloud and we consider the steady-state limit,
that is, the growth and the displacement of the BH are
small as compared with the BH mass and the dark mat-
ter halo radius. Then, working with the isotropic radial
coordinate r, the static spherically symmetric metric can
be written as

ds
2 = �f(r) dt2 + h(r) (dr2 + r
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use the noise spectral densities presented in [105–108]. The
frequency ranges are given in Table I, where the PhenomB
inspiral-merger transition value 51 is defined in [100] and

5obs = 4.149 ⇥ 10�5
⇣

M
106"�

⌘�5/8 ⇣
)obs
1 yr

⌘�3/8
is the frequency

at a given observational time before the merger, as defined in
[109]. We take )obs = 4 yr in our computations.

Detector
Frequency

5min(Hz) 5max(Hz)

LISA max
�
2 ⇥ 10�5, 5obs

�
min

�
1, 51, 5W

�

B-DECIGO 10�2 min
�
100, 51, 5W

�

ET 3 min
�
51, 5W

�

Adv-LIGO 10 min
�
51, 5W

�

TABLE I: Gravitational waves frequency band considered for
the LISA, B-DECIGO, ET and Adv-LIGO interferometers,
where 5obs is the frequency of the binary 4 years before
the merger [109] and 51 is the PhenomB inspiral-merger
transition value [100].

B. Events
We focus on the description of 6 events, 2 ground based and

4 space based, the last ones being for LISA since its detection
range differs from the others. All the events are BH binaries.
The virtual events correspond to different types of binaries:
Massive Binary Black Holes (MBBH), Intermediate Binary
Black Holes (IBBH), an Intermediate Mass Ratio Inspiral
(IMRI) and an Extreme Mass Ratio Inspiral (EMRI). All of
these events are of the same type as the ones considered by [99],
but we focus on BH binaries and do not consider neutron star
binaries. The details of these events are given in Table II. For
completeness, we included the spins and jeff , which sets the
upper frequency cutoff of the data analysis. The SNR values
for each of these events are taken from [99] and summarized
in Table III.

Event
Properties

<1 (M�) <2 (M�) j1 j2 jeff

MBBH 106 5 ⇥ 105 0.9 0.8 0.87
IBBH 104 5 ⇥ 103 0.3 0.4 0.33
IMRI 104 10 0.8 0.5 0.80
EMRI 105 10 0.8 0.5 0.80
GW150914 35.6 30.6 �0.01
GW170608 11 7.6 0.03

TABLE II: Details on masses and spins of the considered
events. The information on GW150914 and GW170608 are
taken from [110].

C. Detection thresholds in the (⇢0, ⇢0) plane
We show in Figs. 1 and 2 our results for the detection

thresholds in the (⇢0, ⇢0), following the Fisher matrix analysis
described in Sec. V. Let us first describe the LISA-MBBH

Event
Detector LISA B-DECIGO ET Adv-LIGO

MBBH 3 ⇥ 104 ⇥ ⇥ ⇥
IBBH 708 ⇥ ⇥ ⇥
IMRI 64 ⇥ ⇥ ⇥
EMRI 22 ⇥ ⇥ ⇥
GW150914 ⇥ 2815 615 40
GW170608 ⇥ 2124 303 35

TABLE III: Value of the signal-to-noise ratio (SNR) of the
considered events for each detector, taken from [99].

case, shown in the upper left panel in Fig. 1. The lower
diagonal black dashed line is the lower limit ~ = 1 (2B = 2)
on the physical part of the parameter space. The parallel blue
dotted lines are the thresholds ~+acc,1 and ~�acc,1 while the green
dot-dashed lines are the thresholds ~+acc,2 and ~�acc,2 (constant-~
lines are parallel to the diagonal ~ = 1 in the (log(⇢0), log(⇢0))
logarithmic plane). Because ⌫ > 0.16 there is no dynamical
friction.

Then, above the upper blue dotted line ~+acc,1, we are in the
large-~ regime (5.12) and there is no constraint on ⇢0. Thus, we
obtain a vertical line ⇢0 > ⇢0¢ with ⇢0¢ ' 8⇥10�13g/cm3 This
should be compared with the simple estimate (5.14), which
gives ⇢0¢ & 10�14g/cm3 as we have 5min ' 6 ⇥ 10�5 Hz. As
expected the more accurate Fisher analysis gives a higher value
but we roughly recover the same order of magnitude. This
gives the shaded area to the right of ⇢0¢ and above the line
~+acc,1 as a region where DM would be detected, mostly because
of the accretion contribution  acc,1 on the larger BH.

Between the lines ~+acc,1 and ~ = 1, we are in the low-~ regime
(5.16) where the phase depends on both ⇢0 and ⇢0. The Fisher
matrix analysis gives an almost flat boundary curve ⇢0 > ⇢0¢
with ⇢0¢ ' 5 ⇥ 10�9g/cm3 This should be compared with the
simple estimate (5.19), which gives ⇢0¢ & 10�11g/cm3. Again,
the more accurate Fisher analysis gives a higher value but we
roughly recover the same order of magnitude. In particular, the
estimates (5.14) and (5.19) correctly predict the large hierarchy
between the thresholds ⇢0¢ and ⇢0¢. This gives the remaining
shaded area between the lines ~+acc,1 and ~ = 1, above ⇢0¢, as
a region where DM would be detected, mostly because of the
accretion contribution  acc,1 on the larger BH, but now in the
low-velocity self-regulated regime.

The same behaviors are found for the LISA-IBBH case,
shown in the lower left panel in Fig. 1. In particular, with
5min ' 6 ⇥ 10�4 Hz, Eqs.(5.14) and (5.19) give the simple
estimates ⇢0¢ & 10�14g/cm3 and ⇢0¢ & 10�9g/cm3, whereas
the detailed Fisher matrix inversion gives the more accurate
results ⇢0¢ ' 5 ⇥ 10�13g/cm3 and ⇢0¢ ' 3 ⇥ 10�8g/cm3.

Let us now consider the LISA-IMRI case, shown in the upper
right panel in Fig. 1. In addition to the thresholds {~+acc,1, ~

�
acc,1}

and {~+acc,2, ~
�
acc,2}, the red solid lines show the dynamical

friction thresholds {~+df,2, ~
�
df,2}. Above the upper line ~+df,2 we

are again in the large-~ regime (5.12), with a vertical bound
⇢0¢ = 3⇥ 10�20g/cm3. This is again within a factor 100 of the
simple estimate (5.14), which gives ⇢0¢ & 10�21g/cm3 with
5min ' 6 ⇥ 10�3 Hz. In the narrow band ~+acc,1 < ~ < ~+df,2 we

BHL accretion mode

Max. radial

accretion 

mode
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6. Dark matter parameters ⇢0 and ⇢0

As seen in the previous sections, the gravitational wave signal
only depends on the dark matter environment through the two
parameters ⇢0 and ⇢0, which are the characteristic density (2.3)
determined by the self-interaction and the bulk density of the
dark matter cloud. The cloud gravity (4.18), the accretion at
high frequency (4.19) and the dynamical friction (4.20) are
proportional to ⇢0, whereas the accretion at low frequency
(4.19) is proportional to ⇢0. On the other hand, the thresholds
(4.9) depend on 2B /

p
⇢0/⇢0. Therefore, in principles it

is possible to constrain both parameters if the observational
frequency range contains the low-frequency accretion regime
or at least one of these frequency thresholds.

V. FISHER INFORMATION MATRIX
A. Fisher analysis

We use a Fisher matrix analysis to estimate the dark
matter densities ⇢0 and ⇢0 that could be detected through
the measurement of GWs emitted by binary BHs in the inspiral
phase. The Fisher matrix is given by [92,98]

�8 9 = 4 Re
Z 5max

5min

35

(=( 5 )

✓
@ ⌘̃

@\8

◆¢✓
@ ⌘̃

@\ 9

◆
, (5.1)

where {\8} is the set of parameters that we wish to measure
and (=( 5 ) is the noise spectral density, which depends on the
GW interferometer. The signal-to-noise ratio is

(SNR)2 = 4
Z 5max

5min

35

(=( 5 )
| ⌘̃( 5 )|2. (5.2)

Writing the gravitational waveform as ⌘̃( 5 ) = A0 5 �7/648 ( 5 ),
as in Eqs.(4.13)-(4.14), we obtain

�8 9 =
(SNR)2

R 5max
5min

3 5
(=( 5 )

5 �7/3

Z 5max

5min

35

(=( 5 )
5 �7/3 @ 

@\8

@ 
@\ 9

(5.3)

where the parameters that we consider in our analysis are
{\8} = {C2,�2, ln(<1), ln(<2), ⇢0, ⇢0}. The amplitude A0
would be an additional parameter. However, the Fisher matrix
is block-diagonal as �A0 ,\8 = 0 and the amplitude A0 is
completely decorrelated from the other parameters {\8} [92].
Therefore, we do not consider the amplitude any further. From
the Fisher matrix we obtain the covariance ⌃8 9 =

�
��1�

8 9 ,
which gives the standard deviation on the various parameters
as �8 = h(�\8)2i1/2 =

p
⌃88 .

As compared with the study presented in [99], we neglect
the effective spin jeff ⌘ (<1j1 + <2j2)/<, which is only
considered to calculate the last stable orbit using the analytical
PhenomB templates [100]. This is because our results for
the accretion rate and the dynamical friction have only been
derived for Schwarzschild BHs. However, we expect the order
of magnitude that we obtain for the dark matter densities to
remain valid for moderate spins. A second difference from [99]
is that in addition to the dark-matter density ⇢0, which describes
the bulk of the cloud, we also have a second characteristic
density ⇢0. It describes the dark matter density close to the
Schwarzschild radius and it is directly related to the strength
of the dark-matter self-interaction.

B. Sectors in the (⇢0, ⇢0) plane
1. Binary and dark matter parameters

In this paper, we investigate the detection thresholds for a
dark matter environment. Then, we assumed that the dark
matter impact is small and we linearized in all its contributions.
Thus, the phases (4.18)-(4.20) are proportional to the densities
⇢0 or ⇢0 (at fixed 2B). As expected, the contributions from the
halo gravity (4.18), the accretion in the high-frequency or high-
velocity regime (4.19), and the dynamical friction (4.20) are
proportional to the bulk halo density ⇢0. The contribution from
the accretion in the low-frequency or low-velocity regime (4.19)
is proportional to the characteristic density ⇢0, associated with
the maximum allowed accretion rate.

Then, for vanishing or negligible dark matter
halo the standard waveform parameters {\8}8=1,4 =
{C2,�2, ln(<1), ln(<2)} are determined by the first four terms
in the phase (4.14), that is, the C2 and �2 factors and the
gravitational wave contribution  gw. This corresponds to the
standard analysis for binary systems in vacuum. For a small
dark matter halo, or for the fiducial ⇢0 = ⇢0 = 0, this also
provides the 4 ⇥ 4 components �8 9 with 1  8, 9  4 of the
Fisher matrix.

The presence of a dark matter environment can be detected
through the phases (4.18)-(4.20). These contributions have
an amplitude proportional to ⇢0 or ⇢0, multiplied Heaviside
factors ⇥ and slowly-varying terms such as 1 + ( 5 / 5acc)13/3 or
ln( 5 / 5 +df). The frequencies (4.9) do not depend on ⇢0 and ⇢0
independently, but only on the sound-speed 2B, that is, on the
ratio ~ defined by

~ ⌘ ⇢0
⇢0

=
22

22
B

� 1. (5.4)

Therefore, the different accretion and dynamical friction
regimes are delimited by specific values of ~, which determine
several angular sectors in the (⇢0, ⇢0) plane. The physical part
of the positive quadrant {⇢0 � 0, ⇢0 � 0} is restricted to the
upper-diagonal sector ⇢0 � ⇢0 because of the condition 2B  2.
For a given binary system and observational frequency band
[ 5min, 5max], let us define the accretion thresholds in ~,

5min < 5acc,8 : ~ < ~+acc,8 , ~+acc,8 =
23<3

8

3c�¢G<µ3 5min
, (5.5)

5max < 5acc,8 : ~ < ~�acc,8 , ~�acc,8 =
23<3

8

3c�¢G<µ3 5max
, (5.6)

and the dynamical friction thresholds

5min < 5 +df,8 : ~ < ~+df,8 , ~+df,8 =

 
4323<5µ15

5832cG<21
8 5min

!2/3

,

(5.7)

5max < 5 �df,8 : ~ < ~�df,8 , ~�df,8 =

 
23<3

8

cG<µ3 5max

!2/3

. (5.8)
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FIG. 2: Maps of the detection prospects for three different interferometers (from left-to-right: B-DECIGO, ET, and Adv-
LIGO), for the two events GW150914 (upper row) and GW170608 (lower row).

Event
Detector

LISA B-DECIGO ET Adv-LIGO

MBBH ⇢0 > 8 ⇥ 10�13 g/cm3 > > >

⇢0 > 5 ⇥ 10�9 g/cm3 > > >

IBBH ⇢0 > 5 ⇥ 10�13 g/cm3 > > >

⇢0 > 3 ⇥ 10�8 g/cm3 > > >

IMRI ⇢0 > 3 ⇥ 10�20 g/cm3 > > >

⇢0 > 2 ⇥ 10�8 g/cm3 > > >

EMRI ⇢0 > 10�22 g/cm3 > > >

⇢0 > 10�8 g/cm3 > > >

GW150914
>

⇢0 > 8 ⇥ 10�14 g/cm3 ⇢0 > 0.9 g/cm3 ⇢0 > 104 g/cm3
>

⇢0 > 2 ⇥ 10�8 g/cm3 ⇢0 > 103 g/cm3 ⇢0 > 5 ⇥ 106 g/cm3

GW170608
>

⇢0 > 10�15 g/cm3 ⇢0 > 0.02 g/cm3 ⇢0 > 120 g/cm3
>

⇢0 > 2 ⇥ 10�9 g/cm3 ⇢0 > 101 g/cm3 ⇢0 > 2 ⇥ 105 g/cm3

TABLE IV: Lower bounds ⇢0¢ and ⇢0¢ on the DM density parameters for a detection of the DM cloud, for various detectors
and binary systems.

that accretion disks have a baryonic matter density below
⇠ 0.1 g/cm3 for thin disks, and below 10�9g/cm3 for thick
disks [91], with a lower bound around 10�16g/cm3. Therefore,
only LISA and B-DECIGO could detect DM clouds with
realistic bulk densities, ⇢0 > 10�22g/cm3 for LISA-EMRI
and ⇢0 > 10�15g/cm3 for B-DECIGO. The detection of the
scalar cloud also requires a very high value of the density
parameter ⇢0, ⇢0 & 10�8g/cm3. However, this is not the
typical density of the DM cloud but only the density close to

the Schwarzschild radius, in the accretion regime regulated
by the self-interactions. On the other hand, DM clouds with
densities much higher than typical baryonic accretion disks
may be produced in the early universe, as discussed for instance
in [67,116] for several scenarios. Then, in contrast with the
standard CDM case, the dark matter density field would be
extremely clumpy, in the form of a distribution of small and
dense clouds (in a manner somewhat similar to primordial
BHs or macroscopic dark matter scenarios, but with larger-size
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that accretion disks have a baryonic matter density below
⇠ 0.1 g/cm3 for thin disks, and below 10�9g/cm3 for thick
disks [91], with a lower bound around 10�16g/cm3. Therefore,
only LISA and B-DECIGO could detect DM clouds with
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and ⇢0 > 10�15g/cm3 for B-DECIGO. The detection of the
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the Schwarzschild radius, in the accretion regime regulated
by the self-interactions. On the other hand, DM clouds with
densities much higher than typical baryonic accretion disks
may be produced in the early universe, as discussed for instance
in [67,116] for several scenarios. Then, in contrast with the
standard CDM case, the dark matter density field would be
extremely clumpy, in the form of a distribution of small and
dense clouds (in a manner somewhat similar to primordial
BHs or macroscopic dark matter scenarios, but with larger-size

<latexit sha1_base64="sm+I8iXFqY96/pgrxAxVfk0ymJc=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWbE17LoxmUF+4B2KJk008ZmkiHJCGXoP7hxoYhb/8edf2PazkJbD1w4nHMv994TJoIb63nfqLCyura+UdwsbW3v7O6V9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoduq3npg2XMkHO05YEJOB5BGnxDqp2dVD1fN65YpX9WbAy8TPSQVy1Hvlr25f0TRm0lJBjOn4XmKDjGjLqWCTUjc1LCF0RAas46gkMTNBNrt2gk+c0seR0q6kxTP190RGYmPGceg6Y2KHZtGbiv95ndRG10HGZZJaJul8UZQKbBWevo77XDNqxdgRQjV3t2I6JJpQ6wIquRD8xZeXSfOs6l9WL+7PK7WbPI4iHMExnIIPV1CDO6hDAyg8wjO8whtS6AW9o495awHlM4fwB+jzB0k2jvQ=</latexit>⇢0

2

timing problem [115], a discrepancy observed in the For-
nax galaxy where the expected strong dynamical friction,
predicted by the standard CDM model, fails to reproduce
the observations of slowly migrating globular clusters to-
wards the galaxy center, and their relevance to gravi-
tational waves where dynamical friction can slow down
binary systems and induce phase shifts in gravitational
wave emission.

In this paper, we explore the e↵ects of dynamical fric-
tion and mass accretion experienced by a Schwarzschild
black hole moving within a self-interacting scalar dark
matter cloud at supersonic velocities. Our primary focus
is on the Thomas-Fermi regime, where self-interactions
are significant and the wavelike e↵ects of the scalar field
are negligible. This regime results in dark matter dynam-
ics within the solitonic solution behaving more like a gas
than FDM, although it retains distinctive characteristics.
This study of the supersonic regime complements our
previous investigation in the subsonic case [116], o↵er-
ing relevance to ongoing research on gravitational waves.
The implications of mass accretion and dynamical fric-
tion on binary systems can be critical, potentially de-
tectable by upcoming gravitational wave detectors such
as DECIGO or LISA [101, 117–120]. Additionally, the
application of such results to the Fornax globular clus-
ter timing problem, where the CDM dynamical friction
appears too strong, is of particular interest.

The outline of the paper is as follows. Section II
introduces scalar field dark matter with quartic self-
interactions, discussing its equations of motion and equi-
librium solitonic solutions. Section III compares the sub-
sonic and supersonic regimes and calculates the large-
distance expansions of the dark matter flow for both the
upstream and downstream regions, including the appear-
ance and location of shock fronts and boundary layers.
Section IV describes the relation between these asymp-
totic expansions and the BH accretion rate and derives
the drag force exerted on the BH. Section V discusses
the accretion rate in comparison with the radial case and
with the classical Hoyle-Lyttleton prediction, and high-
lights the two regimes obtained at moderate and high
Mach numbers. Section VI compares the magnitudes
of the accretion drag and dynamical friction, while Sec-
tion VII provides an independent computation of the dy-
namical friction from the gravitational force exerted by
the BH wake. Section VIII presents a numerical compu-
tation of the density and velocity fields for a moderate
Mach number, to illustrate the behaviour of the system
with a bow shock upstream of the BH. Section IX com-
pares our results with the behaviours of other systems
(collisionless, perfect fluid and FDM cases). Finally, we
conclude our study in Section X.

II. DARK MATTER SCALAR FIELD

A. Scalar-field action

As in our previous work [116], we consider a scalar-field
dark matter scenario described by the action

S� =

Z
d
4
x
p
�g


�1

2
g
µ⌫
@µ�@⌫�� V (�)

�
, (1)

with a quartic self-interaction,

V (�) =
m

2

2
�
2 + VI(�) with VI(�) =

�4

4
�
4
. (2)

Here m is the mass of the scalar field and �4 its coupling
constant, which is taken positive. This corresponds to a
repulsive self-interaction, which gives rise to an e↵ective
pressure that can balance gravity. This allows the for-
mation of stable static equilibria, also called boson stars
or solitons. Thus, in this paper we consider the super-
sonic motion of a BH inside such an extended soliton, or
quasi-static dark matter halo.
The parameters m and �4 determine the characteristic

density and radius

⇢a =
4m4

3�4

, ra =
1p

4⇡G⇢a
. (3)

The dynamics that we study in this paper will only de-
pend on this combination ⇢a and on the mass and veloc-
ity of the BH. Thus, di↵erent dark matter models with
the same ⇢a show the same large-scale dynamics. We
refer to [116] for a presentation of the regions in the pa-
rameter space (m,�4) where our computations apply, for
various BH masses. We briefly recall below the equa-
tions of motion of the scalar field in the relativistic and
nonrelativistic regimes.

B. Relativistic regime

As in [116], we neglect the gravitational backreaction
of the scalar cloud and we consider the steady-state limit,
that is, the growth and the displacement of the BH are
small as compared with the BH mass and the dark mat-
ter halo radius. Then, working with the isotropic radial
coordinate r, the static spherically symmetric metric can
be written as

ds
2 = �f(r) dt2 + h(r) (dr2 + r

2
d~⌦2). (4)

Close to the BH, below a transition radius rsg, the BH
gravity dominates and the isotropic metric functions f(r)
and h(r) read as

rs

4
< r ⌧ rsg : f(r) =

✓
1� rs/(4r)

1 + rs/(4r)

◆2

,

h(r) = (1 + rs/(4r))
4
, (5)

halo bulk density

Solar neighborhood:

Baryonic density in thick disks:
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3

Critical density:
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FIG. 3: Domain over the parameter space (<DM, _4) where our derivations are applicable, in the case of the LISA interferome-
ter. The white area represents the allowed parameter space. The upper left red region is excluded by observational constraints.
In the lower right blue region the scalar dark matter model is allowed but the assumptions used in our computations must be
revised. The black line corresponds to the detection limit obtained in Fig. 1. Parameter values above this line are beyond the
detectability range of the interferometer.

We can see in Fig. 3 and Fig.4 that in all cases the detection
threshold ⇢0¢ runs through the white area. In particular, it
is parallel but below the upper bound associated with the
soliton size limit and above the lower bound associated with
the orbital radius limit. Thus, whereas the largest solitons
cannot be detected, a large part of the available parameter
space could lead to detection by interferometers such as LISA
and B-DECIGO.

E. Constraints on the soliton radius
The two parameters <DM and _4 also determine the soliton

size 'sol, as seen in Eqs.(2.3) and (2.4). As 'sol is more relevant
for observational purposes than the coupling _4, we show in
Figs. 5 and 6 the application domain of our computations and
the detection threshold ⇢0¢ in the parameter space (<DM, 'sol),
instead of the plane (<DM, _4) shown in Figs. 3 and 4 above.

We can see that no experiment can probe galactic-size
soltons, 'sol & 1 kpc, that could be invoked to alleviate
the small-scale problems encountered by the standard CDM
scenario. At best, LISA and B-DECIGO can probe models
associated with 10�7 . 'sol . 0.1 pc. These astrophysical
scales range from a percent of astronomical unit to a tenth of the
typical distance between stars in the Milky Way. Nevertheless,
this is still a large fraction of the parameter space. Whereas
LISA probes models with a scalar mass 10�15 . <DM . 1 eV,
B-DECIGO is restricted to 10�12 . <DM . 1 eV.

F. Comparison with other results
Our results for the minimal value ⇢0¢ of the bulk density ⇢0

that can be measured (i.e., its detection threshold) is close to
the results for �0 obtained in [99] from collisionless dynamical
friction, for the B-DECIGO, ET and ADv-LIGO events and for

Plane
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FIG. 5: Domain over the parameter space (<DM, 'sol) where our derivations are applicable and detection threshold, in the case
of the LISA interferometer as in Fig. 3

environments, provided binary systems are embedded within
such scalar clouds. This would give new clues about the nature
of dark matter. Within the framework of the scalar field models
with quartic self-interactions studied in this paper, this would
give indications on the value of the bulk dark matter density
⇢0 as well as the characteristic density ⇢0 of Eq.(2.3), that is,
the combination <4

DM/_4. This would also give an indirect
estimate of the size 'sol of the solitons, from Eq.(2.4). However,
whereas ⇢0 seems within reach of planned GW experiments
for a large part of the parameter space of these dark matter
scenarios (provided such clouds exist), the bulk density ⇢0
seems less likely to be measured. Indeed, this would only be
possible for densities much higher than the typical dark matter
density on galactic scales. Nevertheless, such high densities
could be reached in scenarios where the dark matter clumps
are much smaller and more dense than the averaged galactic
halos. This corresponds to models where these clumps would
form at high redshifts, giving rise to a very clumpy dark matter
distribution. The fact that we have not detected such dark

matter effects in the ET and LIGO events is consistent with the
high bulk densities, ⇢0 & 1 g/cm3, that are needed to allow a
detection with these interferometers.

Perturbations to the gravitational waveforms may result
from diverse environments, including gaseous clouds or dark
matter halos associated with other dark matter models. In all
cases where such environments are present, we can expect
accretion and dynamical friction to occur and slow down the
orbital motion. It would be interesting to study whether one
can discriminate between these different environments. As
shown in this paper, to do so we could use the magnitude
of these two effects and also the parts in the data sequence
where dynamical friction appears to be active or not. Indeed,
depending on the medium dynamical friction is expected to be
negligible in some regimes, such as subsonic velocities. If one
can extract such conditions from the data, one may gain some
useful information on the environment of the binary systems.
We leave such studies to future works.

Plane
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