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Hierarchical Bayesian analysis for population studies
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O Next level:
What are the properties of the underlying population of GW sources?

[Thrane & Talbolt, 2018]



Hierarchical Bayesian analysis for population studies
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What are the properties of the of GW sources?

O : Figure out the formation pathways and population properties of compact binary systems

® how many formation channels?
® properties of each individual channel (common envelope, kicks...)
® merger rate for each channel

o :
many more open questions [Thrane & Talbolt, 2018]



Hierarchical Bayesian analysis for population studies
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O Next level: Hierarchical Bayesian

~ What are the properties of the underlying population of GW sources? inference

.

O Ultimate goal: Figure out the formation pathways and population properties of compact binary systems

® how many formation channels?
® properties of each individual channel (common envelope, kicks...)
® merger rate for each channel

. .
many more open questions [Thrane & Talbolt, 2018]



Hierarchical Bayesian analysis for population studies
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What are the properties of individual GW sources?
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O Next level:
~ What are the properties of the underlying population of GW sources?
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Hierarchical Bayesian analysis for population studies
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What are the properties of individual GW sources?

p(0|d) « L(d)| 0)n(6)
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. | B @ = individual source parameters
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Detection number

O Next level:
What are the properties of the underlying population of GW sources?

Single-event Population
likelihood model
. 2 e)p(e]1)de
p(ld))| 7)) =t T |
Population Likelihood Pdet( A ) _— Not all sources are

equally easy to detect
[Thrane & Talbolt, 2018]



Hierarchical Bayesian analysis for population studies
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O Lowest level:
What are the properties of individual GW sources?

p(0|d) « L(d)| 0)n(6)

P | | =

. | B @ = individual source parameters
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Detection number

O Next level:

What are the properties of the underlying population of GW sources?
Selection effects

Single-event Population
likelihood model pdet(f) _ J’Pdet(_))p(g‘/l)d_)
. [Zde)plo)))de
p({di}‘ A ) = H)# Detectio\n/probability:
Population Likelihood Pd@t( A ) P, (0)= J Z(d| 0)dd
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Individual-event parameter estimation
O (BILBY, lalsimulation, PyCBC, RIFT, DINGO...)
O (GWfast, GWbench, GWfish)

Population level parameter estimation

O (GWpopulation, BILBY, deep learning codes, non-parametric models...)

O to make forecasts about the population properties that will be observed with 3G
detectors

We are developing a user-friendly python code to estimate the parameters that
characterize a population of GW events including selection effects
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3G forecasts
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Mass distribution =Power Law Plus Peak
Redshift distribution = Madau Dickinson
Spin= Default distribution

Detectors: ET ET+2CE
SNR threshold=12
Wavetform: IMRPhenomXPHM

= Ddraw (0) = Ppop(0|A)
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Parameter Description Fiducial Value
Mass model: POWER LAw PLUs PEAK
Qm Spectral index for the power-law of the primary mass distribution. 3.4
By Spectral index for the power-law of the mass ratio distribution. 1.1
Mmin Minimum mass of the power-law component of the primary mass 9.1 Mgy
distribution.
Mmax Maximum mass of the power-law component of the primary mass 87 Mg
distribution.

Ap Fraction of binary BHs in the Gaussian component. 0.039
Lhm Mean of the Gaussian component in the primary mass distribution. 34
Om Width of the Gaussian component in the primary mass distribution. 3.6
o) Width of mass smoothing at the lower end of the mass distribution. 4.0
Oh Width of mass smoothing at the upper end of the mass distribution. 0.5



3G forecasts

s2Mass distribution =Power Law Plus Peak
s<Redshift distribution = Madau Dickinson
5€Spin= Default distribution

seDetectors: ET ET+2CE
S<SNR threshold=12

I pdraw(

- O

) — Ppop(0|A)

%)I(%Wavefo rm: IMRPhenomXPHM Parameter

Description Fiducial Value

Rate model: MADAU DICKINSON

Power-law index governing the rise of the star formation rate at low 2.7
redshift.
Power-law index governing the decline of the star formation rate at high 3.0
redshift.
Redshift at which the star formation rate peaks. 2.0




3G forecasts

6 x 1071
100 _

5x 1071+

seMass distribution =Power Law Plus Peak ~ 10-2-
scRedshift distribution = Madau Dickinson o Paa® = p612)
s<Spin= Default distribution

Paraw(0) = p(0] )

4% 107"+

acDetectors: ET, ET+2CE
5¢SNR threshold=12
%)K%Wav ef orm: / M R P h eno mXP H M Parameter Description Fiducial Value

Spin model: DEFAULT

Oy Shape parameter of the Beta distribution of the spin magnitudes. 1.6

By Shape parameter of the Beta distribution of the spin magnitudes. 4.12

¢ Mixing fraction of mergers from the truncated Gaussian component for 0.66
spin orientations.

Ot Width of the truncated Gaussian component for spin orientations, de- 1.5

termining the typical spin misalignment.

Spin magnitudes  POtlax B o xi ™ (1 —x)"

Spintilts  p(costilc,00) = 5 (1= ) + ¢ Ny (cos6is1,01)
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Mass hyperparameters Mass hyperparameters
100-; Om - Hm 2
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] - )‘peak
< 107! L
S ;
1072 L
O\ 1 1 1 ;
— X O0)\ X —F/—— X X |
A/ A/ A/ 1072 :
A N Ndet Tobs IIIIIIIIIIIIIIIIIIII 2
wqr—r———— T
Cut off hyperparameters Cut off hyperparameters
10° 4 — Mmin o _ _
<0,
S -
Relative errors after 10 years of observation m2-k\ \
ox/A ET TEL | ET+2CE | TFL™2YF | Fiducial Values —— S
w{r—————————""—"——"—""""""——"" S 5
Olpn, 1.51 x 1073 0.2 1.34 x 1073 0.2 3.4 Redshift hyperparameters Redshift hyperparameters
Bq 712x107% | 5.1 | 6.57x 1073 4.3 1.1 10°- — o |
Mmin | 1.06x 1073 | 0.1 | 9.41x107* 0.1 9.1 Mg, f N ;
Mmax | 1.57x 1072 | >10 | 1.51 x 1072 >10 87 Mo %10‘13
Apeak | 5.82x107° | 3.4 | 5.35x 1077 2.9 0.039 . v
ol 2.71x107% | 0.7 | 2.49x107° 0.6 4.0
on 1.03 x 107" | >10 | 9.67 x 107 >10 0.5 103 |
o 6.74x10"* | 0.1 | 6.15x107* 0.04 34 0
Om 5.70 x 1073 3.3 5.19 x 1073 1.5 3.6 Spin hyperparameters Spin hyperparameters
oL 6.71x107° | 4.5 | 5.85x107° 1.4 2.7 100 ; — e, — <] F 1
B 557x107% | 3.1 | 3.81x107° 0.2 3.0 5 P N
Zp 469x107% | 2.2 | 3.68x107° 0.2 2.0 % Sl k k
oy 1.74x107% | 0.3 | 1.51x107° 0.2 1.6 el A
Bx 1.77%x107° | 0.3 | 1.50 x 107° 0.2 4.12 o |
Cx 9.83x107° | 9.7 | 8.90x107° 7.9 0.66 107 - |
ot 5.32x 1072 | 2.8 | 5.06 x 1073 2.6 1.5 S S A T S S

d°Q
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ET ETH+2CE
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. - Mass hyperparameters - Mass hyperparameters
No big difference between ETand ET+2CE : 10" I
. . .. . . . 3 — Apeak L]
* Both detectors will constrain instrinsic parameters with incredible < 107 =
S i
accuracy 1072 -
* The scale of the problem is the number of detection 103
 Adding 2CE to ET introduces more distant events with lower SNR near the e T e
. Cut off hyperparameters Cut off hyperparameters
detection threshold . — . ] |
<101
<
Relative errors after 10 years of observation mz-k\ k
109 |
ox/A ET T ET+2CE T(f g;HCE Fiducial Values - T L ——— :
w{r—————————""—"——"—""""""——"" = 15— -
Om 1.51 x 1072 0.2 1.34 x 1073 0.2 3.4 Redshift hyperparameters Redshift hyperparameters
Bq 712x107% | 5.1 | 6.57x 1073 4.3 1.1 10°- — o |
Mmin | 1.06 X 107% | 0.1 | 9.41 x 107* 0.1 9.1 Mo f N §
Mmax | 157x1072 | >10 | 1.51x 1072 | >10 87 Mo S0 K
Apeak | 5.82x107° | 3.4 | 535x1077 2.9 0.039 2] f_ v
o1 2.71x 1072 | 0.7 | 2.49x107° 0.6 4.0
on 1.03 x 107" | >10 | 9.67 x 107 >10 0.5 103
Lo, 6.74x107* | 0.1 | 6.15x 1074 0.04 34 0
Om 5.70 x 1073 3.3 5.19 x 1073 1.5 3.6 Spin hyperparameters Spin hyperparameters :
o 6.71x107° | 4.5 | 5.85x107° 1.4 2.7 100 ; — e, — <] F 1
B. 557x 1073 | 3.1 | 3.81x 1073 0.2 3.0 ? 2 o b
2 469x107% | 22 | 3.68x107° 0.2 2.0 Eh k k
Oty 1.74x107% | 03 | 1.51x 1072 0.2 1.6 10_2;\ L
By 1.77x107% | 0.3 | 1.50x 107? 0.2 4.12 /D o ] :
° ] [ ] I
Cx 9.83x107° | 9.7 | 8.90x107° 7.9 0.66 If e// . 1079
oy 532x107° | 2.8 | 5.06x 107" 2.6 1.5 /n/naoé;léélooégléém



Mass hyperparameters

Al ET
“ a,,m,; and u, are the best measured N
1k 100k 200k 300k 400k 500k
parameters .
. : Mass hyperparameters
# B measured with less accuracy w.r.t. a,, O —
q 100 4 Qi P b
W ‘ — 8 — Om
st The worst measured are 6, and m,__,.. o
pea
Relative errors after 10 years of observation __
101 i 1 1 L L L 1 1 _
Cut off hyperparameters
ox /A ET TEL | ET+2CE | Ty " | Fiducial Values 100 | [ o :_
QU 1.51x 1072 | 0.2 | 1.34x 1073 0.2 3.4 Mimex Th
Bq 712x107% | 5.1 | 6.57x 107 4.3 1.1 < 10~ 4 !
Mmin | 1.06 x 107% | 0.1 | 9.41 x10~* 0.1 9.1 Mg <
Mmax | 1.57%x107% | >10 | 1.51 x 10~? >10 87 Mo 1021 i
Apeak | 5.82x 1072 | 34 | 5.35x107? 2.9 0.039 :
ol 2.71x107% | 0.7 | 2.49x107° 0.6 4.0 103
oh 1.03 x 107! | >10 | 9.67 x 1072 >10 0.5
Lo 6.74x10"* | 0.1 | 6.15x107* 0.04 34 0 2 4 6 8 10
Om 570x 107 | 3.3 | 5.19x 1073 1.5 3.6 Tobs [yr]

Pray.
Climy haflf

1k

ET+2CE
Ndet

Mass hyperparameters

Cut off hyperparameters
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Mass hyperparameters: Variation of m__ ..

ET
Ndet
1k 100k 200k 300k 400k 500k
100_ . . . ] . . . i . . . d . . . N ! ; ; ._
: mmaXZGOM@ :
95 ] - Mmax — 70M@ i 101 : :
: — Mmax = 87TMg | [ — Mmax= 87TMy,0n = 20M
90 -
. 10—1_
85 -
; 80 :' 103 Oy,
= ] i
: < >
S 79 1 :
f 10751 | |
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65_ _ 1074;|_‘||||Q|
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Mass hyperparameters: Variation of m__ ..
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Ndet
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Mass hyperparameters: Variation of m__ ..

ET
Ndet
1k 100k 200k 300k 400k 500k
100 _ . . . l . . . i . . . d . . . N . . ; ._
: Mmax — 60M® :
95 ] = Mmax — 70M@ i 101 : :
: = Mmax = 3TMg | [ — Mmax= 60Ms,0, = 20M
90 -
85 -
. 80 -
EE :
75 -
70 -
65 - . .
T 10—7 - R T N N S R T B
_ [ 0 my;, 20 40 180, 80 100
60 - } My [Mg)]
55 - ! ! ! | ! ! ! | ! ! ! | ! ! ! |
0 2 4 0 o 10



Mass hyperparameters: Variation of M. .x Absolute errors after 10 years of observation

ET O\ Mmax = 60M o | Mmax = T0Mo [ mMmax = 87TMq
Nde
1k 100k 200k " 300k 400k 500k am 2.79x 107° | 249 x107° | 5.14 x 1073
100 _ ! ! ! ] ! ! ! | ! ! ! d ! ! ! 1| ; ; ; ._
- Mumax = 60Mo | | Bq 7.13x107% | 8.04x107° | 7.83x107°
95 _' = Mmax — 70M® '_
: gy = 8TMo | | Mmin | 1.02x 1072 | 9.48 x 1072 | 9.66 x 1073
90 - ; Mmax| 1.16 x 107" | 8.78 x 107" 1.36
- : | Apear | 2.05x 1074 | 1.88x107* | 2.27 x 1074
f | o1 1.15% 102 | 1.07x 102 | 1.08 x 102
: 80- :_ on | 1.18 x 107! 1.31 2.06
s 75 - \ Lo 2.47x 1072 | 251 x107% | 2.29 x 1072
-0 ] 3 om | 248 x 1072 | 299 x 1072 | 2.05 x 1072
65 - \
} ' * The errors decrease for smaller values of m_
00 - - :
_ e Correlation between s, and m__.
s e The errors on the other mass parameters remain
0 2 4 0 8 10 : . .
approximately stable using different m,__



Redshift hyperparameters

IV

% No big difterence between ETand ET+2CE

(the scale of the problem is the number of

detections!)

Relative errors after 10 years of observation

ox/ A ET Toop | ETH+2CE | Ty +t*¢F
QL 6.71 x 1073 4.5 5.85 x 1073 1.4
B 5.57 x 1073 3.1 3.81 x 1073 0.2
Zp 469 x107° | 2.2 | 3.68x107° 0.2
\ 4
A network of we

localization capabi

-separated interferomenters has better sky

thus redshift) determination

ities, resulting in an improved distance (and

N, det
200k 300k 400k

11111111111111111

500k 1k

100k

1111111111111111111

ETH+2CE

N det

200k 300k 400k 500k 600k 700k

Redshift hyperparameters

lllllllllllllll
||||||



Spin hyperparameters

s No big difference between ETand ET+2CE
(the scale of the problem is the number of
detections!)

Relative errors after 10 years of observation

ox/ A ET Ty, | ET+2CE | TSLH2CF
Qy 1.74%x 1072 | 03 | 1.51x107° 0.2
By 1.77 x 1073 0.3 1.50 x 1073 0.2
| ¢ 9.83x107° | 9.7 | 890x107° 7.9
ot 5.32x107° | 2.8 | 5.06 x 107° 2.6
\

® Difficulty in reconstructing spin directions even with
the accuracy of 3G instruments.
® Single eventerrors are no more irrelevant for spins

Pray-.
Climy ha’J/

ET ET+2CE
Ndet Ndet
1k 100k 200k 300k 400k 500k 1k 100k 200k 300k 400k 500k 600k 700k
101 I T S S T S S E S S
] Spin hyperparameters Spin hyperparameters
0
10 O G
Bx Ot
Z 107!
~
©
1072 4N e T e T T e NG T T e T ——
T
_ —_—
1073
0 2 4 6 8 10 O 2 4 6 8 10
Tovs [yT] Tobs |yr]

Spin magnitudes  plxlay, By) o x¢ ™t (1= xa)*

1

Splﬂ tl‘tS p(cos 0;|C, 0¢) = 5( — () + ¢ Nj—1,11(cos 6;; 1, 0¢).



Conclusions

0O We developed a (not yet public) Fisher code for population analysis with selection effects
that enable the use of parametric (differentiable) models.

0O Our forecast show the outstanding constraining power of 3G detectors

O After just a few years of observation, these detectors are projected to constrain
hyperparameters with percent-level accuracy

Future work

O Exploring the correlations between parameters
O Adding cosmology

0O Perform hierarchical test of GR

O Otherideas?
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Mass hyperparameters: Variation of m_ .. and o,
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Mass hyperparameters: Variation of m_ .. and o,
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Mass hyperparameters: Variation of m_ .. and o,
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Mass hyperparameters: Variation of m_ .. and o,

ET
Ndet
1k 100k 200k 300k 400k 500k
100 : : X ] X X X | X X X N X X X 1 X X X X
_ - 101 ; :
90 - - — Mmax= 60My,0n = 47TMg
- 10—1_
80 1
70 _ 10—3_
60' B 10—5_
- Mumax = 60Mg, 07=47M¢ | [ |
_ —— Mmax = T0Mg, 0,=3TM | | 107 SN U R U MUY S S .
| . — 80Me on2TMe || 0 My, 20 40 i), 80 100
| = Mpax = (Mg, op,=20Mg¢ Ml [MCD]
40 ' ' ' 1 ' ' ' 1 ' ' ' 1 ' ' ' 1 ' ' '
0 2 4 0 8 10

1 s [yl"] Max + O = 107M®



Mass hyperparameters: Variation of m_ .. and o,

ET
Ndet
1k 100k 200k 300k 400k 500k
100 : : : ] : : : | : : : d : : : 1 : : : :
_ - 10! : i
9() - - — Mmax= D0Mq,0n = HTM
- 10—1_
80 -
70 _ 10—3 -
60' B 10—5_
5 - Mumax = 60Mg), 0, =47M¢ | | | :
_ — Mmax = T0Mg, 0,=37TMy | | 107 _ SN T R U Y S S T W
_ Mo = 80Moy, o4 =27M, | | 0 m,;, 20 40 m,,., 60 80 100
_ — Mmax = 87TMg, 0,=20M | My [MCD]
40 ' ' ' 1 ' ' ' 1 ' ' ' 1 ' ' ' 1 ' ' '
0 2 4 0 8 10

1 s [yl"] Max + O = 107M®



Mmax

Mass hyperparameters: Variation of m_ .. and o,

ET
Ndet
1k 100k 200k 300k 400k 500k
100 ! ! ! I ! ! i ! ! i ! ! 1 ! ! !
90 - -
30 - -
70
00 - -
5() - Mimax = 60Me, op=4TMp, | [
_ = Mmax — 7OM@, O'h:37M@
Mmax = 8OM®, O'h:27M® i
_ — Mpax = 87TMgy), 0,=20M, | |
40 ' ' ' I ' ' ' I I ' ' ' I '
0 2 4 6 3 10

O\ Mmax = 600Me |[Mmax = TOMe | mMmax = 8OMe |mMmax = 87TMg
am | 5.59x107°% | 5.40x107° | 527x107° | 5.14x 1073
B, 8.15x 107% | 812x107° | 811x107° | 7.83x 10~°
Mmin | 9.38 X 107° | 9.29 x 1072 | 9.23 x107°% | 9.66 x 10~°
Mmax 1.70 1.61 1.53 1.36
Apeak | 2.35x 107* | 235 x107* | 2.35x107* | 227 x 10~*
ol 1.03x 1072 | 1.02x107% | 1.02x1072% | 1.08 x 102
oh 2.64 2.45 2.30 2.06

Lim 240 x 1072 | 240x 107 | 2.39x 1072 | 2.40 x 1072
Om 2.15x 1072 | 2.14x107% | 2.13x107% | 2.05 x 1072

 The errorsincrease for smaller values of m_ .



Monte Carlo integration

We approximate the equation for I'y, I'yy, I'yyp, 'y, I'y With Monte Carlo integrals

1 Ndraw
IA) = [ X(0, )Py, (0)dO =~ X, A
(A) J( WParaw(0) NdraWZ‘,( )

l

Mass distribution p_ (¢|1)=Power Law Plus Peak

61 — DPdraw(0) — DPpop(0])
10 {5 I RERAREEREEE
i O L o
s | Fiducial values for p, . (6) Fiducial values torp (0] 2)
X &, =f, =07 a,=34 f,=11
\ | 6,=8.7M, 6, = 20M, 6,=5Mg o, =20M,
s mo=9.1AM, m. = 115M m=9.1My m,, = 8TM,
10-7 HgQ—— o .....
07710 25 50 75 1112100 125 150



Astrophysical implications
What's the formation, evolution, and distribution of BBHs in the universe?

s Lower mass end at ~ 10, — Field binaries
_ V . —ewes ] % m, ~90M, — Hierarchical mergers in dense

-----i GWTC-2 oo . GWTC-2 | ? - i

-
-
-
-
-
-
-
-
-

—— environments

~[40,601M,,

[Gpe 2 yr!]

dR
di

=~
—

AR [ cre—1 3 1
d"”[(xp(. yr ' M

[ / ; 2 o : : : : :
100 7 fiie e ”...:...4....'.,.,;'.’... w0 R A WA B A A LT 6 0 Y AR A S

- 7 ,l

(/ »°

i i : \ : ! -1 L A i i H i i i
20 40) 60 0 100 1073 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

my [ M) q

L2f - GWIC? 1 2 Low (but non-zero) spin magnitudes
j % Mixture of aligned and misaligned spins
% Weak precession

w5 o5 10 Mixof BBH formation channels (dynamical
and isolated)

[LVK, 2022]



Astrophysical implications: spin distribution

The directions of the BH spins are believed to be clean tracers of the astrophysical formation pathway

Isolated formation channel: @ ’3. @ C.P/xi\
preferentially aligned spins L~ ) €

(non precessing binaries)

Dynamical formation channel:
isotropically oriented spins
(misalignment — spin
precession)




Mass hyperparameters

— ET Ny = 10

L —— ET Ny = 10°

ET Ndet — 106

L) O Mass hyperparameters: correlations

RN =N s« Positive correlation between o;and m._..
carcarcal v careton beeen o1

S T 0 T T L A s Positive correlation betweenm,_. and a
S U I S N % Positive correlation between m,;, and 4.,

NN A % Negative correlation between g, and m_,.

min




Astrophysical implications: spin distribution

The directions of the BH spins are believed to be clean tracers of the astrophysical formation pathway

Isolated formation channel: @ ’3. @ C.P/xi\
preferentially aligned spins L~ ) €

(non precessing binaries)

Dynamical formation channel:
isotropically oriented spins
(misalignment — spin
precession)




Redshift hyperparameters: correlations

Redshift hyperparameters




Spin hyperparameters: correlations

Spin hyperparameters

i
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Power law of SMBHs with 1 parameter and 1 hyperparameter [Gair et al. (2023) MNRAS 519 2736]

Il rrrrrrrrrrfg " I'\ analytic
1.0 7=
. = 29135 = Aa, | = / 018
1 parameter @ = M, : I 1= 2935 = Ag, \VZ@JSZ@A ~ (0. 18
| o . | 0.8 :
«_ | * Thyperparameter 4 = a with oo ® 0 | .
= % M in = 104M® ' S !.
* Mmax — 107M@ <I 06 “1‘
* d, =5x%x10°M, 0.4
1 o
*x [ = —withe = 0.1 .
o INEE
*Nobszloo 02 ..._"—'—--.......
*Ndet=39 B L R




Power law of SMBHs with 1 parameter and 1 hyperparameter [Gair et al. (2023) MNRAS 519 2736]

----- I'\ analytic

L
=
50

% 1 parameter § = M,
* 1 hyperparameter A = a with o, % 0 |
| * Mmin — 104M@ |

ﬂ * M . =10"M,

* d, =5x%x10°M,
1

*x [ = —withe = 0.1
G2

* NObS — 100
* Nyor = 39 Fisher predictions were validated with an

MCMC analysis for the same data set 0 10 20 30 40) 50 00




Power law of SMBHs with 1 parameter and 1 hyperparameter [Gair et al. (2023) MNRAS 519 2736]

== 'y our code

1.0 [HEEEEEEEEEE NN Y ['\ analytic

[[;=22935 = Adge = A Ny} - ~10.18
0.3 ) mj
=291 CE N NV T 0018

1 parameter 0 = M,

.| * Thyperparameter A = a with a, ~ 0 |
% M i = 104M® '
*x Mmax — 107M®

1
O
T
N\
l
P

S

[

=

* d, =5x%x10°M,

|
I = —withoe =0.1
2

* NObS — 100
*x Ndet = 39




Power Law (PL) mass function with smoothing

p<M1 ‘ A ) X Ml_a S(Ml’Mmin’ Oy, Mmax’ Gh)

p(My My, A) &< MY S(My, My, 6y Moy, 03)

1n?

6 hyperparameter 2

|
- O a: Spectral index for the PL of the primary mass

distribution (2, = 0.75)
O f3: Spectral index for the PL of the mass ratio distribution

(Drrue = 0.1)

O M_ ... M._ . :Maximumand minimum mass of the PL

component of the primary mass distribution

10—3 -

10—5 -

O ¢, 0;: Width of the smoothing component at the upper
and lower edge of the mass distribution

07— ¢

04 sentivity curve m [ M)
IMRPhenomHM waveform model

Pth=20



PowerLaw mass function with smoothing
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Population model with 2 parameters and 2 hyperparameters

24 o | | *LZ oarametergg: M. M
p(M,|a) = My 1 MM .
M. — M. . % 2hyperparameters A = {a, f} witha,,. ~ 0and . =~ 1.1 |
(Spectral indexes for the PL of the primary (mass ratio) distributions)
]‘42 p *Ndet=39
M\, M) ~ | — —
P( > | P 1) <M1)
—1
— ~ —1
Al = \/(F/l Ndet) ~ 0.39 Ap, = \/(FA Ndet) ~ 0.31
: _ 2.0 |
i == }\aet = 39 i
2 i 1.5 i
- i =) i
< : <1 1.0 :
| i i
i 0.5 i
: : g
0 50 100 0 50 10C




Population model with 1 parameter and 1 hyperparameter [Gair et al. (2023) MNRAS 519 2736]

I
1oH— True population
Observed population
== == [Tue mean
1.0
i
I
1 parameter @ = M, = 0.8 :
| % 1 hyperparameter A = a with o, = 0 :‘ g :
* Mmin — 104M® | 5 O°6 I
*x Mmax — 107M® I
. — 0.4 B
*d, =5%x10°M
"= | o 0.2 \
*r=—2W|tha=O.1
o S
* N, =100 0.0- _
* Nyt = 39 3 4 0 0 ! 5



Population model with 1 parameter and 1 hyperparameter [Gair et al. (2023) MNRAS 519 2736]

[, = 2935 — Aay =1/ (T; Nyg) ' ~0.18

[y =29.36 > Aay =/ (I Ny) ~0.18

[+ T+ Oy + Ty =~ 10715

1 parameter 0 = M,

1 hyperparameter A = a with . ~ 0
= *x Mmin — 104M®
* M .. =10'M,

* d, =5x%x10°M,

|
*x = —withe = 0.1
-2

* NObS — 100
*x Ndet = 39




Population model with .

arameter 6 = M, M,}
2 parameter and 2 hyperparameter * 2 hyperparameter 1 = {a, B} witha,.. ~ Oand B, ~ 1.1

- K Ndet=39

‘\

Ay =1/ (T; Nyg) ™ 039 Mo =1/ (T; Nie) ™ =031

Agy = \/ (T Ndet)_l ~ 0.23 APy = \/ (T Ndet)_l ~ (.18




