A subtraction scheme at NLO
for hybrid kT-factorization

based on

in collaboration with
presented at

on

supported by

Andreas van Hameren

Institute of Nuclear Physics
Polish Academy of Sciences
5

Krakdéw

JHEP 06 (2024) 167, arxiv:2312.02808

Alessandro Giachino, Grzegorz Ziarko

REF2024, Institut de Physique Theorique, Gif-sur-Yvette, France
24/10/14

grant No. 2019/35/B/ST2/03531 of the Polish National Science Centre



Hybrid kT-factorization at Born level ﬂ?

final-state momenta | kT-dependent PDF | | collinear PDF | differential final-state | #jets equal to #final-state partons |
of particles and jets \‘ parton-level phase space
1

1 1 2 / M| (x, k1, X
do""% ({p}n) :ZJ dXJ = F(X»‘&)J dx f(x) AD (x, k1, X3 {Phn) Mg ok i fph) Je(tpn)

—Jo U 0 /A 2xxS

Tree-level Matrix element with one initial-state space-like gluon, or “reggeon”.
Uniquely defined for any number of final-state partons.
Calculable with Lipatov’s effective action or the auxiliary parton method.
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Hybrid kT-factorization il?

final-state momenta | kT-dependent PDF | | collinear PDF | differential final-state | #jets equal to #final-state partons |
of particles and jets \‘ parton-level phase space
1

1 1 2 / M| (%, k., X
o™ ({p}n) :ZJ dXJ — F(X»kJJ dx fx(x) d® (x, k., X; {phn) Ml (s %3f0h) Jo(fph)

—Jo U 0 /A 2xxS

Tree-level Matrix element with one initial-state space-like gluon, or “reggeon”.
Uniquely defined for any number of final-state partons.
Calculable with Lipatov’s effective action or the auxiliary parton method.

In whatever way NLO hybrid kT-factorization is defined, there will be a real-radiation contribution of the type

! 2 ! m*f ? )kl) X 5 n
40" (5 phnn) = 3 | ax [ SEFx k) | a0 0 ke %3 {phn) Maal o ko itphuen) )y

— o m o ” 2xxS /

| dimensional regularization | | one more final-state parton | #jets may be one fewer

than #final-state partons

Andreas van Hameren 241014 A subtraction scheme at NLO for hybrid kT-factorization




Hybrid kT-factorization: a real radiation contribution ﬂ’%

The real radiation integral is plagued with final-state and initial-state singularities, leading to divergences.
We want to decompose it as

dO_HF,R (€ §{P}n+1) — do.HF,R,unresoIved (€ ;{p}n) 4 dO_HF,R,resolved ({p}n+1) + O(e)

| lives in Born phase space |

The subtraction method (Frixione, Kunszt, Signer 1996, Catani, Seymour 1997) can achieve this.

In whatever way NLO hybrid kT-factorization is defined, there will be a real-radiation contribution of the type

! 2 ! m*f ? )kl) X 5 n
40" (5 phnn) = 3 | ax [ SEFx k) | a0 0 ke %3 {phn) Maal o ko itphuen) )y

— o m o ” 2xxS /

| dimensional regularization | | one more final-state parton | #jets may be one fewer

than #final-state partons
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The subtraction method ﬂ?

1
. f(x : .
We want the Laurent expansion in € of J dx x° (—) but cannot perform the integral analytically.
0 X

dxx® — dxx dxx* ——— = — + | dx + O(e)

0 X 0 X 0 X € 0 X

i

| can be performed analytically | | can be expanded in eps | | can be performed numerically |

J] ST _ J‘ ) r cT)—f(0) _ f(0) J‘ f(x) — (0)
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The subtraction method
1 . LX)

We want the Laurent expansion in € of J dx x
0 X

1 f 1 1 f o f 1 —f
J dxxeﬁ — J dXXeLO)—FJ dxx_eM — ﬂ_i_J dxu+0(€)
0 X 0 X 0 X € 0 X
| can be performed analytically | | can be expanded in eps | | can be performed numerically |
In two dimensions
1 1 1 _ 1 _
J dxer qyye (0¥ _ 10,0, lJ 4 [060) —£(0,0) lj gy T(09) = F(0,0)
0 0 Xy € € Jo S € Jo Y
1 _ 1 _
0 S 0 Yy
1 1 o .
o[ ay ) f(x,O)ny(o,y) 0,00 g
0 0
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but cannot perform the integral analytically.




2

The Born-level formula for the cross section in hybrid kr-factorization:

os = Sl J[dQ] J A0 (Q;(ph) £(Q; (phe) [M(Q; ph) To ((phn)

Initial-state variables:

1 ] ki =xP* 4+ ki , P*=(E0,0,E
J[dQ]ZJ de dRJdeL , QY=IkE4KE XFEKL (7, 0, )7
0 0 k)L::Xpu , P”:(E,0,0,—E)

Differential phase space for the final-state momenta {p},

n .I n
Q{P}n = (1—1 ml))w5(Q—;P1)

Fy (%, ki, tr({phn)) (%, e ({pha))
8xxEE

|M}2(Q;{p}n) tree-level matrix element without symmetry factors and averageing factors, they are captured by §,,.
I ({p}n) denotes the jet function, demanding the number of jets to be equal to the number of final-state partons.
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The PDFs and flux factor:

L(Qi{ph) =




Singular limits at NLO: jets ﬂ’%

For the real radiation, the jet function Jg does not avoid all singularities of the tree-level squared matrix element
anymore, but allows one pair of partons to become collinear,

one pair of partons to become collinear: p.llpy & #,—n—0

one parton to become soft: p, —soft & E, —0

The jet function behaves in those limits such that

pr—isoft

Jr((Phne1) —— Je({p}.) . {p}. is obtained from {p}y+1 by removing momentum p,

rlIpi . .
Te((Phnst) —— Js (Ip)S1) ,  {p} is obtained by additionally replacing p: with (1 + z:)pi z = Ey/E;

erP,]S

]R({p}nH) B JB ({p}fx) )
(We assume p, and also p; to be light-like.)

The jet algorithm combines momenta that are “too collinear to be separate jets”, by adding them up. This sum of
momenta is not on-shell (only at the limit) and cannot be the argument of a matrix element. This is one of the
problems to be solved by a subtraction method.
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Singular limits at NLO: matrix elements tls

Matrix elements are constructed from external momenta that must satisfy mometum conservation. When (Q;{p}nﬂ)

satisfies momentum conservation, then (Q;{p}fl) and (Q;{p}n‘i) do not. We must introduce deformed momenta to
even write down the limits:

pr—soft

M| (Qs (phsr) —— R (p,) @ A (Q; {p))

}M‘Z(Q;{p}n—k]) m) j{ffd (pr) ® Afr,col (Q){f)}:;,l)

prlIP

M| (Qs (phsr) —— Rl (p,) @ AL (Q — %P3 {P))

d AN

| universal factor with singular behavior | spin-or color-correlated matrix element
with n final-state particles
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Singular limits at NLO: matrix elements

Andreas van

iy

Matrix elements are constructed from external momenta that must satisfy mometum conservation. When (Q;{p}nﬂ)
satisfies momentum conservation, then (Q;{p}fl) and (Q;{p}n‘l) do not. We must introduce deformed momenta to
even write down the limits:

pr—soft

M| (Qs (phsr) —— R (p,) @ A (Q; {p))

VP (Q; (Phst) 0% REI () 0 AT (O ()
ML (Qiphen) s R () AL (Q — %P 5N

In ky-factorization, we can choose to just deform the initial-state momenta:

pr—soft

M (Qifphnin) —— R (p,) @ A=%(Q — pri {p})
b . }
‘M|2 (Q;{phns1) o, REl(p,) @ AL (Q—p:+ zﬁpi;{p}f;‘)
pr||P/P

M (Qsfphnit) —— REE (py) @ AL (Q — ps (P}

This opens the possibility to construct subtraction terms with only deformed initial-state momenta.
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Subtraction method ﬂ’%

Andreas var

Real radiation contribution within dimensional regularization

1

Sn+1

or(€e) =

J[dQ] J do (€; Q;{p}nﬂ)'c (Q;{p}nﬂ )) |M‘2(Q;{p}n+1) JR({p}nH)

We want to split the real-radiation integral into a finite part and a divergent part that can be explicitly expressed as a
Laurent expansion in € within dimensional regularization

] iv ] v, v, resolve
or(€) = 02'(e) + o= + 9(e) ZEG; =2 - 0‘; —I—G‘Fj{ +GR ved 1+ 9(e)

We define the finite “subtracted-real” integral as

opsahed — LJ[dQ]Jdcp(Q;{p}m){L(Q;{p}m ) I (Qi{phnor) T () = 3 Subts(Q {P}n+1)} »

8n+1

that can be integrated numerically, and

1

Sn—H

1 1
5 J[dQ] J 4D (€ Qs {Phne1) Subty (Q Phsr) = 5 08" 4+~ o ol

oR’(e) =

for which the radiation should be integrable analytically.
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SUbtraCtion ICIRY based on Somogyi, Trocsanyi 2006 iﬁ

Final-state terms, with arguments (Q — Pr + ZiiPi; {p}fiﬁ) for amplitudes M:

47t O(E, < E;
collinear terms :RiFT’COI ® -AE’COI = _i(: O(n, i < 20) (—P) Qir(zri) ® ‘Mir‘z
o) SO 47T(XS 2 ni-n 2
soft terms RE’ f ® 'Af’ = “J¢ O(E, < Eo) 2 (M)color(i b)
2% ni-Ppr b Ny Pr + Ny Pr ’
soft-collinear counter terms j{f»sow ® ‘Afv5°°° = —TZT(;: O(E, < Ep)O(n,-ny < 2¢) PZC; Zl ‘M|2

an Hameren 241014 A subtraction scheme at NLO for hybrid kT-factorization




Subtraction terms i

Final-state terms, with arguments (Q — Pr + ZiiPi; {p}fiﬁ) for amplitudes M:

47t O(E. < K4

collinear terms :RiFT’COI & -AE’COI = u_(;: O(n, my < 2¢) ( = ) Qir(z4) ® ‘Mir‘z
o) SO 47-[0(5 2 n-n 2

soft terms RP*T @ AP = — e O <o) ’ w(M)comr(ib)

m M Pr 4= TPy + TPyl !
soft-collinear counter terms fRf»som ® ‘Afv5°°° = _47j0(5 O(E, < Ep)O(n, -y < 20o) 2G; l ‘M|2

w 2e PiPr Zri

split collinear and soft factors into two terms
1 o G(E] < El) n G(E1 < EJ)
Pi-Pj Pi-Pj PjPi
(ni-nj) 1 ni-mny 1 ni-mny

(Mep) (Premy)  NePr M Pr + Py NPy Ty-Pr 4 Premyg
to avoid double counting when summing over all radiators and all radiation
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Subtraction terms i

Final-state terms, with arguments (Q — Pr + ZiiPi; {p}fiﬁ) for amplitudes M:

o o 47t O(E, < k4 2
collinear terms :RiFT’ '® -Afr’ = u_(;: O(n, i < 20) (p—pl) ‘Mir‘
i'Hr
47, 2 ni-mn 2
F,soft Fysoft __ S i Ty
soft terms Ri T ‘Ai = u—Ze e(ET < EO) ni-pr - ni-pr + Ny Pr ( )color(i,b)
soft-collinear counter terms fRf»5°°° ® ‘Afv5°°° = _L:ZT?: O(E, < Eo)0(1,-my < 20) pzi; Zl ‘ |2
1 T ™

splitting function in terms of energy ratios
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Subtraction terms i

Final-state terms, with arguments (Q — Pr + ZiiPi; {p}fiﬁ) for amplitudes M:

4m (E: < E
collinear terms :RF “® -AF col = (XS (9 (N, mn; < ZCOJ —p) Qir(zri) ® ‘Mir‘z
4710( ni-Nyp 2
RF soft .AF soft _ _ 'S E < E 1 M '
soft terms - ng-p Z ni-pr + Ny Pr ( )color(l,b)
soft-collinear counter terms fRf»som ® ‘Afvs°°° = 4710(5 10, ny < ZCO)J pzc; zl ‘ |2

restrict terms to phase space regions where they matter
Both O'd'v and gfsolved depend on the exact values of Eg, o, &,

div,(~2) _div, div,
but o (- )o@ and o310 4 greselved ghould not.
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Subtraction terms i

Final-state terms, with arguments (Q — Pr + ZiiPi; {p}fiﬁ) for amplitudes M:

47t O(E, < E;
collinear terms :RiFr’COI ® -Afr’COI = _i(: O(n,- i < 26) (—P) Quir(zri) ® ‘M“‘z
SO SO 47T(XS 2 ni-m 2
soft terms Rf) f ® ‘Af) = _2¢ e(ET < EO) 2 ( )color(i b)
2% ni-Ppr b Ny Pr + Ny Pr ’
soft-collinear counter terms ~~ RF$00 () g Fysoco _4710(5 0(E, < Eg)0(n,-mny < 20) 2G; l ‘M|2
i ' e i o PiPr Zri
Initial-state terms, with arguments (Q — ‘pr;{p}fl) for amplitudes M:
co co 47-[0(5 < —2 2
fR;(‘r I @A;{’T = Hfle e(XT < ((_,OXT) ﬁ QXT(—Xr/X) &® ’MXT‘
4rex, 2 Ny Ny 2
:Rl,soft Al,soft — _ S 0 Er <E
X & X }1_26 ( 0) ny Py - Ny Pr + Ny -Pr ( )color(x,b)
47t _ 4C
:R;ésoco ® A;soco — x G(Er < Eo)e(XT < E»OXT) X Mlz

Sx. X,
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Subtraction terms

iy

While ki = xP" + k' is space-like, there is an initial-state singularity related to the space-like gluon if the radiative

momentum becomes collinear to P, with splitting function (AvH, Motyka, Ziarko 2022)

2N 2N
Qe Q) = ——— Por(z) =—20,(z—1) = —"—
Initial-state terms, with arguments (Q — ‘pr;{p}fl) for amplitudes M:
47, _ —2 2
I;col I;col S
Ry @ AN = == 0(%r < Eoxy) Six Qe (—%2/x) @ | Myr |
4rex, 2 Ny Ty 2
Rl,soft Al,soft — S 0 Er E M
X & X }1_26 ( < O) n,-pr - n,Pr + Ny -Pr ( )color(x,b)
A7t B 4C
:R;soco ® A;soco _ TIX, G(Er < Eo)e(xr < aoXT) X Mlz

Sx. X,
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Subtracted-real integral or(e) = off*(€) + oM + O ) ﬁ’;

We define the finite “subtracted-real” (resolved) integral as
1
ot = 5 1401 a0 {£(Q P ) PP (Q 9ot ol(Phir) — 3 S0 (@i |

where the r-sum is over all final-state partons, and where Subt, (Q;{p}n+1) is given by

Subt, (Qi{phni1) = Z L(Q—pr+zips (P}  RE(p) @ AL(Q — pr + zipis (p1Y) Jr (P12

+ZL Q-7 Pl ) R p) @ A (Q—pr  pX ) Te((pX)
ae{x,x}

+) L(Q—p Pl ) R (p) @ A(Q—p 3 pY ) Te({p)L)
ae{x,x}

+  LQ=%P—p.;pH) R (p) @ AS(Q—ps ApX ) Je(Ip1)

+ L(Q-xP—pL;pH) Rp)® AL,“' (Q=p  ;ip))Js(tp})




Subtracted-real integral or(e) = off*(€) + oM + O ) ﬁ’;

We define the finite “subtracted-real” (resolved) integral as

resolved SHJdQJdCD(Q;{P}nH){L(Q;{P}nH)}M\ (QipInsr) Jr((Phus) ZSubtrQ{P}n+1)}»

where the r-sum is over all final-state partons, and where Subt, (Q;{p}n+1) is given by

Subt, (Q;{plni1) = Z L(Q —pr +zapidP}Y)  RE(py) ® AL(Q — pr + zupss (P)2Y) Je (P12

+ZL Q-7 Pl ) R () @ AP (Q—pr  PX ) Te((PX)
ae{x,x}
+) L(Q—p: p) ) R (p,) @ AR (Q —p, 5 {pl ) T (ip):)
ae{x,x}
+  L(Q—%P—p ) Rp)@ AL (Q—p, i) Te((ph)
+  LQ—xP—pLipl) RLP) QAL (Q—pr PN ) Te((P)

subtract recoil also from arguments of the PDFs and the flux factor
This is allowed if the recoil vanishes at the singular limit.
For the initial-state collinear terms, this cannot be the whole momentum p;, only the part that vanishes
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Integrated subtraction terms Or(€) = 0f"(€) + 0! + Ofe) - Iy

1

(e) =

3 [10Q [ a0 (@itp)) £(QitpH)) Talip)

Sn-H -
{ 5 (6, Q PH) @ AL (P + 30 Q,{pm)@A;(Q;{p}a)},
ae{x,x}

. r d4—26pr =
jir(e) Q>{P}7’i) = (27_[)3726 5+(PT) (1 —2:) :R (pr) (pr - Zripi)

l,soft/soco \ [ d4_2€pf 5 2 :Rl,soft/soco 5
ja (e) Q){p}n) - (27-()3726 +(pr) a (Pr) (pT‘)
[ d*%p, £(Q +xP;{p}h)

35 (e, Q,{p)h) = e O L(pHR (p,) B py)

£(Q;{pih)

where O(q) = 0(—x <xq <1—%)0(—X%x <Xq < 1—X%)

Singular factors form simple integrands suitable for analyic integration




Integrated subtraction terms Or(€) = 0f"(€) + 0! + Ofe) - Iy

o) = Y J[dQ] J Ao (Q;(p) £(Q; 1) Ja (p))

Sn—H

{ZJ (,Q,p)) @ AL(Q:{PI) + D _Ti(e,Q (P ®Aﬂr(Q;{P}f1)},

ae{x,x}
F £ [ d**p, F
Jir(e) Q>{P}n) - (27_[)3 e d (PT) (1 - ZTl) :R (pr) ®(pr - Zripi)
l,soft/soco b3 — d4 Zep 5 fRI soft/soco ®
Je (€)Q>{P}n) (2m)3-2¢ (PT) (pr) (pr)
rq4-2e IVt

@ y _ d4 2 Pr 5 :Rl,col ) o ) FE(Q —+ XrP,{p}nﬂ
€) Q${p}n) ] (27_()3 e (pr) XT (p ) (p ) L(Q){p}g)

where O(q) = 0(—x <xq <1—%)0(—X%x <Xq < 1—X%)

Initial-state collinear integrated subtraction term involves the PDF
Cannot be (completely) integrated analytically.
This results in the so-called P-operator (Catani, Seymour 1997).
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Integrated subtraction terms Or(€) = 0f"(€) + 0! + Ofe) - Iy

Andreas var

1

otle) =
n+

3 [10Q [ a0 (@itp)) £(QitpH)) Talip)

{ZJ (,Q,p)) @ AL(Q:{PI) + D _Ti(e,Q (P ®Aﬂr(Q;{P}f1)}>

ae{x,x}
F f [ d"p, F
jir(e) Q>{P}n) = (27_[)3 Je d (PT) (1 - Z’rl) :R (pr) ®(pr _Zripi)
l,soft/soco b3 | d4 Zepr 2 I,soft/soco
Jq (e,Q,{p}) = 2 e 5+ (p7) Rq (pr]| ©(p)
[ d*2¢p, L£(Q+ er'{p}fI)
jl,:ol €, ’{ }T)‘l _ 5 2 :Rl,cr:ol . ) . )
(& QIPR) = | e (P R (pr | O(pr) Q)

where (©(q) = 8(—x < xq < T—x)0(—X < %q < 1 —%))

Integration limits not in terms of natural integration variables
This makes the integrals unnecessarily cumbersome.
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Integrated subtraction terms Or(€) = 0f"(€) + 0! + Ofe) - Iy

Sn—H

o) = Y J[dQ] J Ao (Q;(p) £(Q; 1) Ja (p))

{ZJ (6,QupY) ® AL(Q(pI) + 3 9L Q,{pm)@A;(Q;{p}a)},

aefxx}
F f [ d"%p, F
jir(e) Q>{P}n) - (27_[)3 Je d (PT) (1 - ZTl) :R (pr) ®(pr _Zripi)
l,soft/soco b3 | d4 Zepr 2 I,soft/soco
j(i (e) Q){p}n) - (27-()3726 6+(pr) :Rcl (pT ®(pT)
[ d**°p, £(Q +xP;{p})
jl,:ol €, ’{ }T)‘l _ —5 2 :R"?OI . e . )
w (6 QIPh) = | G (P R (pr | O(pr) RGNS

where (©(q) = 8(—x < xq < T—x)0(—X < %q < 1 —%))

Notice that ©® = 1 whenever R is divergent =— use® =14 [O — 1]
The integral with 1 can be performed analytically, the one with [© — 1] is finite and can be performed numerically.
Integrating numerically means simply increasing Monte Carlo phase space, not an integral for each phase space point.
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Numerical test results I A A L. 1~
ug® — uud, ug* — uty, (uw d) )y

5 T T T T T T T 22 T T T T T T
L — integrated subtraction Eq=10,{p=1e-4 —— oL combined Eg=10,{y=1e-4 —1 |
4r subtracted real Eg=10,{p=1e-4 ] _>T<_ T combined Ey=90,{y=1e-2 ——
3| integrated subtraction Eq=90,{p=1e-2 1 | 1.8 —t—:gf: 7
ol subtracted real Eg=90,{p=1e-2 ——1 | 1.6 . PB-NLO-HERAI+II-2018-set?2
- =X= -
1k — | 1.4 * for all plots
_|_|_|_I:|—— ey % ] ini :
0 : 1 Ear i finite errorbars:
— L + i
af :,= ] o8 )
do/dky in mb/GeV 0.6 £ dofdky in mb/GeV 1 = subtraction
27 | I :’: T ] terms
I TT*’F ?
. X correct
_4 — | | | | | | | | | O | | qz j— —Fx
0 5 10 15 20 25 30 35 40 45 50 0 5 10 50
2 T T T T T 1 T T T T T 1
- integrated subtraction Eg=10,{p=1e-4 —— 09 :;f; combined Eg=10,{p=1e-4 C— | independence
15l — subtracted real Eg=10,p=16-4 . : combined Eg=90,3p=1e-2 =—— of Eo, Mo, &o:
integrated subtraction E¢=90,{p=1e-2 1 0.8 b
1k | subtracted real Ep=90,{p=1e-2 —1 | 07k =% . | = integrated
051 ~ o6 [*] |7 1 subtraction
0 —’_'_'—v—-— 051 1 terms
[ = 0.4 =5¢ B correct
0.5 do/dmax(pt) in mb/GeV - 031 " do/dmax(py) in mb/GeV -
1 T 0.2 .
= ﬁ *
15 I I I I I I I 0 -|=xﬁ_x_l_x_|—x—-—\(—a_y e

40 60 80 100 120 140 160 180 200 40 60 80 120 140 160 180 200
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if;

All poles in € of the integrated subtraction terms are the same as in the on-shell case, except the initial-state collinear

divergence

s : N

ol () = - [14Q) | 4D (Qitph) £(Qutph) [ (Qilp) Ta((p)n)

o (4m)e [N 11 b(x/2)
XZ[—F(‘I—Q){?_EJO dZTXTg(Z) XA ~ e(Z>X)}
ith
wit 0 (x/Z) o Fx(X/Z> k«L) PLF) and ﬂ?'eg(z) —IN [ 1 n l:|
KT ok ) G =N G

§ - y,
Compare with the “usual” on-shell collinear side

fex, b X9 EDE

oyeehdM) and w do not cancel against virtual divergences.
together with the virtual left-over divergence is subtracted within the usual factorization prescription.

Something similar must happen with

[a;:°"diV(e) with G(x/z) = /B g ey o[ 15 +2(1-2) - zﬂ
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Conclusions i

e A subtraction scheme was presented to separate the real radiation integral in hybrid kr-factorization for arbitrary
processes into a finite resolved part, and a divergent unresolved part with all 1/€ poles expliced.

e |t was tested and found to

— lead to convergent phase space integrals for the resolved part = the subraction terms are correct

— lead to final results that are independent of arbitrary phase space restrictions = the integrated subtraction
terms are correct

e There is an initial-state collinear singularity when the radiation becomes collinear to the hadron “producing the
reggeon”, with splitting function

2N,
Pxlz) = z(1 —2z)
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On-shell limit

Space-like (LO) matrix elements have desired on-shell limit only after azimuthal integration:

M(K,)

M (0) —=

‘2 [ki[—0 kllkv [doy

T M0 —— M (0)[*

As a consequence, point-wise cancellation of singularities fails at |k, | = 0:

lMlkmrillz

Singular X lM(kl - TL) lz

Fortunately, the measure '®

of the problematic phase

1.2
space vanishes ;
0.8
0.6
0.4
0.2

0
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