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Context and Motivations

Quantum Field Theories

• Best known mathematical framework for the description of fundamental interactions

• Gauge theories: Quantum field theories describing fundamental forces

Examples: Maxwell theory, QCD, . . . → Yang-Mills theories
LYM = − 1

4g2
TrFµνF

µν with g the gauge coupling

Formally encoded in the partition function:

Z(g, µ) =
∫

Dϕ︸︷︷︸
quantization measure

exp

i

∫
d4x L[ϕ(x), g(µ)]︸ ︷︷ ︸

Lagrangian density

 .

B. Filoche PhD Day Presentation 18 April 2024 1/16



Context and Motivations

Amplitudes in Quantum Field Theories

Quantum field theories in practice:

Example: - ϕ4 theory

L[ϕ, λ] = 1

2
∂µϕ∂

µϕ+m2ϕ2︸ ︷︷ ︸
free field contribution

+
λ

4!
ϕ4 .

Amplitude as a perturbative expansion in λ:

A = λ +

propagator

interaction vertex

λ λ + · · ·
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Context and Motivations

Supersymmetric gauge theories
Supersymmetry: Additionnal symmetry relating bosonic and fermionic degrees of
freedom.

In practice:
• Extension of Poincaré space-time symmetry −→ super-space (θ, θ)
• Contraint on the matter content of gauge theories and interactions encoded in the

pre-potential F . Example:

N = 2 super-Yang-Mills (sYM): L[Ψ] =
1

4π
Im

(
Tr

∫
d4θF [Ψ]

)
.

• Exact evaluation of quantum corrections:

F = Fclassical + F1−loop + Finstanton︸ ︷︷ ︸
non-perturbative corrections

, Fclassical =
1

2
τΨ2 .

with τ = θ
2π + 4iπ

g2
the complexified gauge coupling.
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Context and Motivations

Nekrasov Instanton Partition Function

Instantons: solutions of Yang-Mills theory equations of motion satisfying:

Fµν = ±ϵµνρσF ρσ

such that SYM = − 1
4g2

Tr
∫
d4xFµνF

µν → 2πn
g2

with n ∈ N.

Instanton partition function as a non-perturbative expansion:

Zinstanton =
∑
k∈N

e
2iπk
g2︸ ︷︷ ︸

non-perturbative

Zk −→
SUSY

∑
k∈N

e2iπτkZ̃k ,

For supersymmetric gauge theories:

Finstanton ∼ logZinstanton .

• Zinstanton can be computed in the context of string theory.

B. Filoche PhD Day Presentation 18 April 2024 4/16



Context and Motivations

String Theory

• Attempt at unifying gauge theories and gravity at high energy

• Extra-dimensions: 3 spatial + time −→ 9 spatial + time

• Extended degrees of freedom:

closed strings open strings

· ·

p− branes

• Five versions of string theory −→ M-theory
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Little String Theories

Little String Theories

Little String theories (LSTs): Intermediate class of theories between string theory and
supersymmetric gauge theories

• gravity decoupled (closed strings)

• string-like degrees of freedom

• 6-dimensional theory (living on R4 × T2 space-time)

• supersymmetric gauge theories at low energy

3 + 1d sYM ←−
decompactification

5 + 1d LST ←−
���gravity

9 + 1d String theory
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Little String Theories

M-theory construction of A-type Little String Theories

Rich class of LSTs can be realised through branewebs
[Haghighat, Iqbal, Kozçaz, Lockhart, Vafa ’13; Hohenegger, Iqbal ’13; ...]

Branewebs: Geometrical arrangement of M-theory branes that preserves supersymmetry

x6

· · ·

12

3 N

• (N, 1) braneweb: stack of N M5-branes on a
circle (can be generalised to (N,M)
branewebs)

• LSTs live in the world-volume of the
M5-branes → 6d theories
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Little String Theories

Quiver gauge theories

Quiver: Diagram that encodes information about gauge groups and matter content of a
theory

Example: (N,M) LSTs:

U(N)

U(N)

U(N)

U(N)

U(N)

U(N)

U(N)

ÂM−1

• U(N) −→


gauge degrees of freedom
gauge parameters â, ρ

coupling constants τ

• · · −→

{
matter degrees of freedom
mass parameter S

• Parameters are related to positions of branes
and string theory parameters
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Little String Theories

Diagrammatic decomposition of the instanton partition function

For M = 1, we can compute the instanton partition function:

Zinstanton(â, S, ρ, τ) =
∑

α1,...,αN

e2iπτ
∑

|αi|Pα1,...,αN

Pα1,...,αN can be organised in a diagrammatic fashion that resembles perturbative
expansions [BF, Hohenegger ’22]

Pα1,...,αN ∝

· · ·

(â1, α1) (â2, α2)

(â3, α3)

(âN−1, αN−1)

(âN , αN ) with

(âj , αj)

(âi, αi)

= ”
∏
□∈αi

ΩΩ
∏
□∈αj

ΩΩ”

scalar propagators

Systematic extension of the diagrammatic expansion found for logZN,1 [Hohenegger ’19,’20]
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Little String Theories

Detour: Amplitudes in String theory

• External fields −→ Insertion of vertex operators: annihilation-creation operators

• Loop/perturbative expansion −→ Genus expansion

• Integral over physical internal states −→ Integral over 2d geometries

=
×
x1

×
x2

×
x3

×
x4

= ⟨V (x1)V (x2)V (x3)V (x4)︸ ︷︷ ︸
vertex operators

⟩
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Little String Theories

The Partition Function from Vertex Operator Algebras
Similarly, the partition function can be computed through the commutation relations of
some operators:

Zinstanton = ⟨0|S(x1) · · ·S(xP )|0⟩ ,

[Kimura,Noshita ’23,. . . ]

• S(x) are interpreted as annihilation-creation operators of brane states

• |0⟩ is the vacuum of these operators

• Parameters of the gauge theories (â) are functions of the positions x1, . . . , xP

(âj , αj)

(âi, αi)

= ⟨0|S(xi)S(xj)|0⟩

[BF,Hohenegger,Kimura ’23]
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Little String Theories

Non-perturbative Symmetries
We can construct symmetries that have a linear action on the parameters of the theory:

â1
...
âN
τ
S
ρ


7−→
a
A ·



â1
...
âN
τ
S
ρ


, Z1−loopZinstanton 7−→

a
Z1−loopZinstanton .

In general, these symmetries do not respect the expansion in exp(2iπτ):

Zinstanton =

∞∑
k=0

e2iπτkZk , Zk 7−→
a

eiφ︸︷︷︸
phase factor

·Zk′ ,

and are therefore non-perturbative.

[BF,Hohenegger,Kimura ’23]
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Little String Theories

Little String Theories as doubly elliptic gauge theories

Elliptic: SL(2,Z) symmetry, elliptic parameter τ → aτ+b
cτ+d with ad− cb = 1, a, b, c, d ∈ Z

• rational: (a− b)(a+ b) = a2 − b2

• trigonometric: sin(a− b) sin(a+ b) = cos2(b)− cos2(a)

• elliptic: θ1(a+ b)θ1(a− b)θ24 = θ21(a)θ
2
4(b)− θ21(b)θ

2
4(a) → Jacobi theta functions

sYM on R4

Zinst. =
∑
k≥0

e2iπτk · "rat."

elliptic in τ , rational function
of other parameters

sYM on R4 × S1

Zinst. =
∑
k≥0

e2iπτk · "trig."

elliptic in τ , trigonometric
function of other parameters

LST on R4 × T2

Zinst. =
∑
k≥0

e2iπτk · "ell."(ρ)

elliptic in τ , elliptic function
of other parameters in ρ
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Little String Theories

Genus 2 interpretation

LSTs are doubly elliptic in τ and ρ → symmetry group SL(2,Z)τ × SL(2,Z)ρ

R2

R1

τ = R1 + iR2

SL(2,Z)τ is the homeomorphism group of T2
τ ,

i.e. the group of transformation that leave
the overall form of the torus invariant

Ω =

(
τ S
S ρ

) The homeomorphism group of the
genus 2 torus is Sp(4,Z)Ω and has
the property:
Sp(4,Z)Ω →

S→0
SL(2,Z)τ ×SL(2,Z)ρ

In the particular case where gauge parameters are identified to τ, S, ρ, the
non-perturbative symmetries are some generators Sp(4,Z)
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Outlook and Conclusion



Conclusion

Conclusion

• In quantum field theories: perturbative expansions and non-perturbative expansions.

• I have studied the non-perturbative sector of a class of supersymmetric gauge theories
that arise in the context of string theory.

• I have uncovered a systematic diagrammatic expansion of the instanton partition
function.

• I have constructed symmetries that mixes perturbative and non-perturbative
contributions.
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Outlook

Outlook

• Investigate LSTs with different gauge groups or matter content, in particular so-called
D and E-type LSTs

N

N

N

N

N

N

N

ÂM 2N 2N

N

N

N

N

D̂M

N

2N

3N

2N

N

2N N

Ê6

N 2N 3N 4N 3N 2N N

2N

Ê7

2N 4N 5N 5N 4N 3N 2N N

3N
Ê8

• To each supersymmetric gauge theory corresponds an integrable system. In this
correspondence, the instanton partition function corresponds to the eigenstate of the
Hamiltonian. The Hamiltonian is not known for LSTs but should correpond to a
doubly-elliptic integrable system.

• Connection to resurgence?
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Thank you for your attention!
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