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I.The Density Frame
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Viscous hydro issues, problems, and things to discuss

Hydrodynamics: Conservation laws, equilibrium & symmetry

Tµν = euµuν + p∆µν︸ ︷︷ ︸
ideal

− ησµν︸ ︷︷ ︸
dissipation

+ ξµν︸︷︷︸
noise

σµν = ∆µρ∆νσ(∂ρuσ + ∂σuρ −
2

3
δρσ∂γu

γ)

1. Run away numerical solutions as EOM are 2nd -order in time,
which are regulated by introducing non-hydro modes

2. Choice of hydro frame (uµ) makes the solutions non-unique
▶ Landau frame, Eckart frame Jµ = nuµ, and Density frame

Density frame: T 0i ∝ v i

3. Stochastic hydrodynamics is natural in density frame
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A prototype for hydro: the advection-diffusion equation

Consider a dilute conserved charge density N(t, x) ≡ J0 in a
moving fluid

JµLF = nuµ + jµD
jµD = −D∆µν∂νn

In an arbitrary Lorentz frame

∂µJ
µ = 0

contains two time derivatives and hence has run away solutions
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Relativistic advection-diffusion without boost symmetry

Hydro without boosts:

I. Novak, J. Sonner, and B. Withers (2020); J. de Boer et. al (2020) and

J. Armas & A. Jain (2021)

Consider a dilute conserved charge density N(t, x) = Q/V in a
moving fluid

∂tN + ∂iJ
i = 0

J i = Nv i︸︷︷︸
Advection

+ J iD︸︷︷︸
Diffusion

J iD is Taylor expanded in gradients of the charge density

J iD = −D∥(v)v̂
i v̂ j∂jN︸ ︷︷ ︸

diffusion ∥ to v

−D⊥(v)(δ
ij − v̂ i v̂ j)∂jN︸ ︷︷ ︸

Diffusion ⊥ to v
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Restoring boost symmetry and back to Landau frame
The current in the Landau frame

Jµ = nuµ + jµD with jµD = −D∆µν∂νn

Identify N(t, x) ≡ J0, and use lowest order EOM

∂tn + v i∂in ≈ 0

to replace the time derivatives with spatial ones to obtain the
current, in the Density frame

J i = Nv i − D

γ3
v̂ i v̂ j∂jN︸ ︷︷ ︸

Diffusion ∥ v

− D

γ
(δij − v̂ i v̂ j)∂jN︸ ︷︷ ︸
Diffusion ⊥ to v

with,

D∥(v) =
D

γ3
and D⊥(v) =

D

γ
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Summary
The advection-diffusion equation is not covariant in density frame

∂tN + ∂i (Nv
i ) = ∂i (D

ij∂jN) where D ij =
D

γ
(δij − v iv j)

The equation are strictly first order in time and thus stable
solutions do exist. Each Lorentz observer has their own
hydrodynamic frame where

dS0 =
µ

T
dJ0

The chemical potential is defined to all orders by the charge, in the
density frame in contrast to the the Landau frame where it’s
defined by the 4-current

µDF =
J0

χu0
vs µLF =

−uµJ
µ

χ
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II. Analytically tractable problem
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Test: 1+1D boosted random walk of massless particles

The particles experience Poissonian random kicks with transition
rates given by

Γ+ =
1

2τR

√
1− v

1 + v
and Γ− =

1

2τR

√
1 + v

1− v

The right and left movers obey

∂tN+ + c∂xN+ = −Γ+N+ + Γ−N−
∂tN− + c∂xN− = −Γ−N− + Γ+N+

With charge density and current density given by

J = (N+ − N−)c N = N+ + N−
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Initialization and analysis using the density frame

At t = 0 we drop a Gaussian charge density N(x) with JD = 0 in
the lab frame. The DF predicts that a current will develop in time

J = Nv + JD where JD =
D

γ3
∂xN
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Convergence of gradient expansion

−γ2JD = c1(v)

(
τR
γ

)
∂xN︸ ︷︷ ︸

first

+ c2(v)

(
τR
γ

)2

∂2
xN︸ ︷︷ ︸

second

+ c3(v)

(
τR
γ

)3

∂3
xN︸ ︷︷ ︸

third

Gaussian charge density N(x) with different system sizes
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III. Adding noise
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Brownian motion: A prototype for all dissipative
stochastic processes

Consider the Free energy of the system

H =
p2

2m
+ V (q)

Stochastic equations of motion

∂tq + {q,H} = 0

∂tp + {p,H} = −η

(
∂H
∂p

)
︸ ︷︷ ︸
velocity

+ ξ︸︷︷︸
noise

The system relaxes to the distribution Peq ∝ e−βH
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Dissipative dynamics from metropolis updates

Consider the drag & stochastic pieces

∂tp = −η

(
∂H
∂p

)
+ ξ and ⟨ξ(t)ξ(t ′)⟩ = 2Tηδtt′

In Metropolis updates one proposes a random momentum transfer

p → p +∆p with ⟨∆p2⟩ = 2Tη∆t

Calculate the change in free energy

∆H = H(p +∆p)−H(p) ≈
(
∂H
∂p

)
∆p

If ∆H < 0 accept the proposal, ∆H > 0 accept with probability

Pup ∝ e−β∆H

This reproduces the correct mean dissipation term

⟨∆p⟩ = −η

(
∂H
∂p

)
∆t
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1+2D Stochastic relativistic advection-diffusion equation

The equation is

∂tN + ∂i (Nv
i ) = ∂i (D

ij∂jN + ξi )

with dissipation matrix and noise

D ij =
D

γ
(δij − v iv j)

⟨ξi (x)ξj(x ′)⟩ = 2TχD ijδ(x − x ′)

A AB

D C

Implement the Metropolis algorithm
▶ Perform an ideal advection step
▶ Propose a charge transfer with ’appropriate’ transverse and

longitudinal variances
▶ Accept/Reject proposal based on the ±∆S

This yields the correct mean diffusive current ⟨J iD⟩ = −D ij∂jN
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Results for the charge density correlation functions

Equilibrium corr function with v = 0.8c moving at angle θ = 30o

C (t) = ⟨N(t, k)N(0,−k)⟩ = Tχ cos(v · kt)︸ ︷︷ ︸
advection

× e−D ijkikj t︸ ︷︷ ︸
diffusion

x-direction y-direction

The Metropolis steps reproduces the diffusive tensor
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IV. Hydrodynamics
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Ideal hydrodynamics

First step find the temperature and flow velocity,
βµ(E ,M) = uµ/T , given the charges

T 00 ≡ E = (e(T ) + p(T ))u0u0 − p(T )

T 0x ≡ M = (e(T ) + p(T ))u0ux

Equations of motion

∂tE + ∂xM = 0 and ∂tM + ∂xT xx(β) = 0

T xx(β) = (e(T ) + p(T ))uxux + p(T ) + corrections

βµ(E ,M) do not get corrections, Only the spatial stress must
be specified and corrected by gradients ∂β
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Viscous hydrodynamics in Density frame

T xx = T xx(β) + Πxx
DF (∂β)

where

Πxx
DF = −κxxxx(v)∂xβx and κxxxx(v) = T

(
4
3η + ζ

)( 1

γ4
1

1− c2s v
2

)

The DF stress tensor follows from the one in LF, βµ
LF ≡ βµ + δβµ

T 0µ︸︷︷︸
frame indep object

= T 0µ(β + δβ) + Π0µ
LF︸ ︷︷ ︸

Landau frame

= T 0µ(β)︸ ︷︷ ︸
Density frame

But the shifts δβµ propagate into spatial components,

T xx = T xx(β + δβ) + Πxx
LF or Πxx

DF = Πxx
LF +

∂T xx(β)

∂βµ
δβµ

Using ideal EOM to eliminate time derivative gives κxxxx

19 / 34



Viscous hydrodynamics in Density frame

T xx = T xx(β) + Πxx
DF (∂β)

where

Πxx
DF = −κxxxx(v)∂xβx and κxxxx(v) = T

(
4
3η + ζ

)( 1

γ4
1

1− c2s v
2

)
The DF stress tensor follows from the one in LF, βµ

LF ≡ βµ + δβµ

T 0µ︸︷︷︸
frame indep object

= T 0µ(β + δβ) + Π0µ
LF︸ ︷︷ ︸

Landau frame

= T 0µ(β)︸ ︷︷ ︸
Density frame

But the shifts δβµ propagate into spatial components,

T xx = T xx(β + δβ) + Πxx
LF or Πxx

DF = Πxx
LF +

∂T xx(β)

∂βµ
δβµ

Using ideal EOM to eliminate time derivative gives κxxxx

19 / 34



Stochastic viscous hydrodynamics

Take an ideal hydro step:

∂tE + ∂xM = 0

∂tM + ∂xT xx(β) = 0
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E(t), M(t)

Take a viscous step using the Metropolis
algorithm for the equations:

∂tE = 0

∂tM + ∂xΠ
xx = 0
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�px

Propose a momentum transfer through the walls of cells:

∆px = ∆tξxx with ⟨ξxxξxx⟩ = κxxxx/(∆t∆x)

This produces the correct mean stress: ⟨Πxx⟩ = −Tκxxxx∂xβx
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V. Comparative tests
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Comparison of QCD kinetics with DF hydro: Setup

We thermally initialize our system of gluons with a Gaussian dist.

e = Ae−x2/L2 + δ
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Comparison of QCD kinetics with DF hydro
QCD kinetics in 1+1D by Fabian Zhou, Aleksas Mazeliauskas
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Comparison of QCD kinetics with DF hydro
QCD kinetics in 1+1D by Fabian Zhou, Aleksas Mazeliauskas
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Comparison of QCD kinetics with DF hydro
QCD kinetics in 1+1D by Fabian Zhou, Aleksas Mazeliauskas

ℓmfp

L
= 0.93

−75 −50 −25 0 25 50 75
x

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

T
tt

4πη/s = 18.6

Density Frame
QCD kinetics
η/s = 0 and∞

25 / 34



Comparison with BDNK: Bemfica, Disconzi, Noronha; Kovtun

Initialize the system with a Gaussian energy distribution

e = Ae−x2/L2 + δ
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▶ The BDNK and Density frames agree for low shear viscosity

▶ BDNK code from Pandya & Pretorius, PRD arXiv:2104.00804

▶ The mean free path is

ℓmfp

L
=

(
4πη/s

20

)
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Comparison with BDNK: Bemfica, Disconzi, Noronha; Kovtun

Initialize the system with a Gaussian energy distribution

e = Ae−x2/L2 + δ

−75 −50 −25 0 25 50 75
x

0.00

0.05

0.10

0.15

0.20

0.25

0.30

T
tt

4πη/s = 1, 3, 6Density Frame
BDNK

−75 −50 −25 0 25 50 75
x

0.00

0.05

0.10

0.15

0.20

0.25

0.30

T
tt

4πη/s = 20

▶ For large shear viscosity the Density frame’s current becomes
increasingly diffusive without non-hydro modes

▶ In BDNK the perturbations must strictly vanish outside the
causality edge, but this causes Gibb’s oscillations
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Conclusions

▶ Robust results in good agreement with a variety of tests:

▶ Stable 1st order equations and no non-hydro modes

▶ Noise comes first and dissipation is an afterthought

▶ General coordinates in 1+3D has been worked out:

▶ Take an ideal step

▶ The momentum proposal is parallel transported from the
cell-face to the cell centers for the accept/reject step

The parallel transport reproduces the covariant derivatives in the
dissipative strain and corrections to the energy equation
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Thank You
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Results for the charge density correlation functions

C (t) = ⟨N(t, k)N(0,−k)⟩ = Tχ cos(v · kt)︸ ︷︷ ︸
advection

× e−D ijkikj t︸ ︷︷ ︸
diffusion
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Convergence of gradient expansion

−γ2JD = c1(v)

(
τR
γ

)
∂xN︸ ︷︷ ︸

first

+ c2(v)

(
τR
γ

)2

∂2
xN︸ ︷︷ ︸

second

+ c3(v)

(
τR
γ

)3

∂3
xN︸ ︷︷ ︸

third

Gaussian charge density N(x) with different system sizes
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1+2D Stochastic Viscous Hydrodynamics
The stress tensor is:

(T 00,T 0i ) ≡ (E ,M i )

T ij = T ij
0 +Πij

Take a viscous step using the Metropolis
algorithm for the equations:

∂tE = 0

∂tM
i + ∂jΠ

ij = 0

Propose a momentum transfer through
the walls of cell A:

δpi(x) = ∆t dΣ(x) ξ
xi

A B

D C

D AC

A B

This produces the correct mean stress: Πij = −Tκijmn∂(mβn)
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Shock tube test
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Comparison with BDNK: Test 2
Initialize the system with a highly relativistic Gaussian charge
distribution

e = Ae−x2/L2 + δ

▶ The stress tensor again experiences an oscillatory behaviour
and the code crashes

▶ uµ is strictly vanishes outside the computational volume in
BDNK, while for the density frame it has an exponentially
supressed tail.
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