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• explicit forms of correlation functions are rare, even exact results are usually

complicated [Kitanine et al.:0707.1995,0803.3305]

• another example of a quantum many body system that can be simulated on a
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k=1

h2k� �� �
b2kXkXk+1+

L�

k=1

h2k−1� �� �
b2k−1Zk

Algebra of densities

h2m = b2m · 1, {hm, hm+1} = 0 = [hm, hn], |m− n| > 1

Other rep. on a 2L chain

hm = bmZmXm+1, m = 1, 2, . . . , 2L− 1
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FFD Hamiltonian [Fendley:1901.08078]

M + 2 spins with OBC

H =

M�

m=1

hm, hm = bmZm−1ZmXm+1

Algebra

h2m = b2m · 1, {hm, hm+1} = {hm, hm+2} = 0 = [hm, hn], |m− n| > 2

SOLUTION?

[H,Ψk] = 2�kΨk
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Conserved charges

Q(1) = H

Q(2) =
1

2

�

|m2−m1|>2

hm1hm2

...

Q(s) =
�

commuting densities� �� �
hm1hm2 . . . hms

...

Q(S) =
�

. . . hmhm+3hm+6 . . . , S =

�
M + 2

3

�

Transfer matrix

TM (u) =

S�

s=0

(−u)sQ(s), [TM (u), TM (u�)] = 0
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Special properties in the OBC case

Recursion

TM (u) = TM−1(u)− uhMTM−3(u), T0 = T−1 = T−2 = 1

Factorization

TM (u) = GM (u)GT
M (u), GM (u) = g1g2 . . . gM gm = cos

φm

2
+

hm
bm

sin
φm

2

Inversion relation

TM (u)TM (−u) =
M�

m=1

cos2 φm · 1 = PM (u2) · 1
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Properties of the polynomial PM(u2)

Recursion

Pm(u2) = Pm−1(u
2)− u2b2mPm−3(u

2), P0 = P−1 = P−2 = 1.

Roots

PM (u2k) = 0 ⇒ PM (u2) =

S�

k=1

�
1− u2/u2k

�
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Edge operator and the eigenvalue problem

χ anticommutes with the density on the edge

{hM ,χ} = 0 = [hm,χ] ∀ m < M

Solution to the eigenvalue problem

[H,T (−uk)χT (uk)] =
2

uk
T (−uk)χT (uk)
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uk

CAR

Ψ†
k = Ψ−k, {Ψk,Ψ−k} = 1, {Ψk,Ψk�} = 0, k� �= −k

Hamiltonian

H =

S�

k=1

�k[Ψk,Ψ−k], E = ±�1 ± �2 ± . . .± �S
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Graph theoretical construction

Extension for a large class of models [Chapman et. al.: 2003.05465, 2012.07857,

2305.15625, 2408.09684]

Frustration graph: G(H) ≡ (V,E)

• vertices V - Pauli strings in H

• edges E - anticommuting strings

Even-hole-free and claw-free ⇒ the FFD construction can be generalized

11/22
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χ =

S�

j=−S

CjΨj

Exact zero mode

Ψ2
0 = 1, [H,Ψ0] = 0, �0 = 0, {Ψ0,Ψk} = 0

Coefficients expressed via PM -s

C±k =

�
PM−1(u2k)

−u2kP
�
M (u2k)

, C0 =

�
lim
u→∞

PM−1(u2)

PM (u2)
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Infinite temperature correlators

�O(t)O(0)� = Tr (O(t)O(0))

Tr (1)

Building block

�χ(t)χ(0)� =
S�

k=−S

C2
k cos(2�kt) ≡ B(t)

�hM (t)hM (0)� = 1

4

�
Ḃ2(t)− B̈(t)B(t)

�

...
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t3/2
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Combined

�hM (t)hM (0)� ∼ sin(2�maxt+
π
4 )

t13/6

Ising at the boundary

�hM (t)hM (0)� ∼ t−3
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V(δt) ∼ TM (iδt) ≈ 1 − iHδt

Approximating exact correlator

�hM (t = Nδt)hM (0)� ≈ Tr
�
VN (−δt)hMVN (δt)hM

�
/Tr (1)

Factorization to 3-site quantum gates gj

V(δt) = G ·GT , G = g1g2 . . . gM , gj = eiϕjhj (recursion for ϕj)

Staircase circuit

j − 2 : • •
j − 1 : • •
j : Y Y RX(2ϕj) Y Y

19/22
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Operator-state mapping

String of ordered (a1 < a2 < . . . < an) densities → states

e−iϕjhj [ha1ha2 . . . han ]e
iϕjhj → Uj |1001 . . . 010�

Conjugation with gj acts as a unitary where Uj is a 5-site controlled gate

j − 2 : • •
j − 1 : • •
j : Y Y RX(2ϕj) Y Y Y Y RX(−2ϕj) Y Y

j + 1 : • •
j + 2 : • •

Similar staircase structure

V5(δt) = G5, ·GT
5 G5 = U1U2 . . . UM

Correlator → Loschmidt-amplitude/fidelity

�hM (t)hM � ≈ �ψ0|VN
5 (δt)|ψ0� 20/22
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• . . . for parafermions [Fendley: 1310.6049; Pimenta et al.: 2108.04372; Chapman

et al.: 2408.09684]

• . . . for other type of correlators (zero and finite temperature, etc.)
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Thank you!
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