Integrable Quantum Field Theories, Irrelevant
Perturbations and Minimal Form Factors
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* The form factor program is a set of equations whose exact solutions are matrix
elements of local or semi-local fields in IQFT [Karowski & Weiss'78, Smirnov'90s]

Fo@,,...,0 ;a) :=(0]0(0)]6,,...,0,)

* For a theory with no bound states, the form factor equations are:

FO©,,....0,0.,,....0:a) = S0, — 0. )FO@O,, ...,0...0, ....0,;a)

l no

FOO, + 27i,0,...,0 ;&) =y FO(60,, ...,0,,0,;a)

lim (0 — O)F° (0 + iz, 0,0,, ....0,,a) = i [1 — 7o [ S0 - ej)] FO@,,....0,;a)
6—0

j=1
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F. . (0,a)=3,0)F, (—0,a)= vOF . (27i — 0; @)

min min o0 db .0
SO(H) — e—zjo —g(1)sin —
dt gt) . 2 tir—0)
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Fﬂ”lln(ea O) — efO T snhy ST~
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(0,a) = F,,;,(0,0)p(0; @)
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The Main Building Block: Minimal Form Factor

* The most general solution to this equation is:
m* sinh(s6)+ Y _ . f;m™ cosh(s6)

_in—0

PO, a) = e 7 Soes™

* There are several properties of interest:

1. The solution is very simple and general. The minimal form factors gets
modified by a universal multiplicative factor, just like the S-matrix!

2. The solution depends on additional parameters not present in the S-matrix.
In a sense, it contains its own CDD factor!

3. Understanding what the different choices of s actually mean is still an
open question (more on this later).
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Higher-Particle Form Factors

* For some theories and fields, it seems that higher particle form factors also factorise.
We have shown this to be the case quite generally, and worked out the details for the

Ising model.

Fo@,,....,0 ;a)=F%0,,...,0,;00G%0,, ...,0 ;a)

* Some important properties:
1. This is quite general for symmetry fields (only constraint is that y© = £ 1)

2. The function GY(0,, ..., 0 ;a) can be written totally explicitly. It is typically an
oscillatory function of the S-matrix and of y” times a product of functions

(0 ).

3. For local fields there can be an additional non-trivial multiplicative factor (like ©).
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1 % 30 0y Yurov & Zamolodchikov'91
FJ (0, ....0) ) = ") Hcos [ Z > smh(sé’ij)] Htanh 7J§”(‘91'j§ Q) [Yurov & Zamolodchikov 91]
i=1
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Form factors are building blocks for correlation functions in the ground state so
we can now study those, particularly their long and short-distance behaviours.

For fields with even particle number form factors only (like 4 and ®) one can
write a cumulant expansion of the logarithm of the two-point function

[Smirnov'90s]:

: - O0)O - 0
Due to the function @(0; a), the | (O0)O(r)) o~ J' dOK,(2mrcosh 5)\F2@(6’; @)+ -

modulo square of form factors 8 (O)?2

o e% > ¢ a;sinh(s6)

A consequence of this is that if a* > 0 we will have a divergent form factor series
and if a* < 0 we will have a (strongly) convergent form factor series.

These statements apply both to mr large and small, although for a* > 0 and mr
sufficiently large there is a rapidity cut-off that can make the series convergent.
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Interpretation

* An intuitive picture emerges in conjunction with [Cardy & Doyon'20]:

1. When a™ > 0 the fundamental excitations acquire a positive length so
the UV cannot be probed without encountering this new scale. The

upshot are divergent correlators for short distances mr < 1. For
intermediate/large distances convergence can be recovered by
introducing an energy/momentum cut-off (Lambert's W-functionl)

2. When a* < 0 the fundamental excitations

acquire a "negative” length so both the UV
and IR can probed. In a sense "extra space”
Is created at short distances.
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A Bit More about the Casea < 0

*For simplicity, let us now look at the “pure” TT perturbation. Considering the cluster
expansion again

1

(O0)O(r))
0g

0 0
dOK (2mrcosh —) | F2(0: a) |? + ---
o “Lo (2mrcosh 5 | F{(0: )|

*If we now expand the Bessel function at leading order for mr << 1 and a < 0 the leading
contribution looks like

_{00)6())
=70y

1

X — log(mr)J' do 1(0, a)eaTe sSmh0 4 ... = — 4A%a)log(mr) + ---

*For a < 0 correlation functions exhibit power-law scaling at short distances, just like in
CFT. The coefficients however, are now functions of a and there is no underlying CFT.
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Here 22@(05) = 4A%a) in the two-particle approximation. The field € is the “energy”
field in the Ising model which is proportional to ©.



How it All fits Together:
Minimal Form Factors
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* We have just learned about a particular type of CDD factor:
Sa(e) —_ SO(Q)(I)a(Q), ad = {al, 0[2, S c }

®,(0) = exp[—i ) aym* sinh(s0)]

sES

* We know however that an S-matrix such as that of the sinh-Gordon model is

also a CDD factor.
1 i7B
tanh 3 ( — T)

S5(0) =

2

tanh% («9 + i )
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* So, the sinh-Gordon S-matrix has exactly the form

S5,0) = 5,()P (0), a =1, y, ...}

(ID(SXG(H) = exp|—i Z (xsmzs sinh(s6)]
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* So, the sinh-Gordon S-matrix has exactly the form
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Sinh-Gordon S-Matrix

* So, the sinh-Gordon S-matrix has exactly the form

0
Sa(é’) — SO(H)(I)a(Q), a = {Cll, az, } 1
o
(ID(SXG(H) = exp|—i Z (xsmzs sinh(s6)] T -1
SES . —2%
_3;
with $5(0) = — 1 and —_41:.0
9 475! sbr
aAm-— = COS 7 * The sinh-Gordon model can be seen as the
: 5 Ising model perturbed by an infinite
with s =1,3,5... number of irrelevant perturbations for

carefully chosen couplings [LeClair'21; Ahn

& LeClair'22]
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Minimal Form Factor

* We have already seen that the MFF of TT-perturbed theories has the structure:

Frin(0; @) = F;,(0; 0)p(0; @)

§”(6" a) — € _mZ:fe SES asmzs sinh(st)+ Zseos”ﬁsmzs cosh(s0)
= ¢ %12 %OC0)  with 9 = iz— 0 and Cy(6) = e L, coshs?

* There are several properties of interest:

1. The solution is very simple and general. The minimal form factors gets
modified by a universal multiplicative factor, just like the S-matrix!

2. The solution depends on additional parameters not present in the S-matrix.
In a sense, it contains its own CDD factor
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Minimal Form Factor Representations

* Since the sinh-Gordon S-matrix can be written in the "TT-form" then it

follows that the sinh-Gordon MFF should somehow admit a “TT"
representation as well.

®* This is indeed the case:

F50(0) = FRM(@)e~2 0t ¥ OC6(9)  with 9 = im— 0

min

* Let's have a closer look at all these functions.....
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b

1 1+b 1—-b
w(P) = = log 2 + log cosh + log [coshﬁ + sin —]

4

- h'ﬁ ‘7 ™
— glog [zcos A ] : [L12 (—ieﬂ""?b) Lig ( U3 b) +
27 2 COS 2 + sinh ¥

b
log [coshz? — sin 7; ]

+ le( ‘9""’%) Lis ( '9'“”’) + (¥ — 19)] with ¥ =1imr —0
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1 1+b b 1—-b
w(P) = = log 2 + log cosh + log [coshz? + sin ﬂ—] 1

5 h'ﬁ T ;T
_w log [zcos A ] : [L12 (—z’eﬂ_‘?b) — Lio (ieﬂ_‘ﬁb) .y
27 i COS % b 4 sinh ¥
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log [coshﬁ — sin 7; ]
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min min

w(P) = = log 2 + log cosh cosh ¥ + sin — 1

X log ¢ cos 7 — sinhv : [L ( eV~ zwb) — Lio (z’eﬁ‘i%b) +
27 i COS & b 4 sinhd | 4«

= le( ‘9""‘”’) ( v+i3 ) > ] with d =117 —60

1 1+b [ ﬂb] 1—5b
log 5

b
log [coshﬁ — gin — ]
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log F3¢ (9) log F Ising 9)

min min

w(?) = = log 2 + log cosh — — cosh ¥ + sin — 1

g —“"’STS‘M © [Lia (—ie?50) — Li (ie?-5) +
27 i COS 75  + sinh ¥ A

+ Lis (—ze"""wb)

1 1+b [ ﬂb] 1—5b
log — 5

b
log [coshﬁ _ gin — ]

( Uiy )+ 0—»—19)] with ¢ =1im— 6
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log F*7 (9) log Fiflll?g(&)
1 v 1+0b 1—b b
w(?) = = log 2 + log cosh = + log [coshﬁ + sin —] -2 log [coshz? — sin %

27 i COS % b 4 sinhd | 4x

T —
+ Lig (—ze"""’wb) ( '9""%) + (¥ — —19)] with ¥ =17 — 0
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The Formula

log F*7 (9) log Fifiil?g(ﬁ)
1. v 1+0b b 1—-0b b
w(P) = 5 log 2 + log cosh 5 = 1_ log [cosh ¥ + sin %] -2 log [coshw? — sin %

19 icos T2 — sinh ¢ i o -
— —log | —2— | — — |Li (—z’eﬁ"ib) — 1 (z’e”"'ﬁ'b) -+
27 5 [z’cos%b +Siﬂh'l9] 2 :

+ Lis (—z'e"“%b) " Liy (ie*’“’"% ) + (9 — —0)] with @ = ir — @

log(C;%(9))
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* It is useful to recall what the typical representations of this same function look
like [Fring, Mussardo & Simonetti'91]:

* Integral Representation

B

: sin® | —
T sinh? z 27

| oo dzsinh (22 ) sinh (£(1 — £)) sinh Z 3
Frin(B8,B) = N exp 8/ I (4) (2( 2)) 2 . 9 (:v )
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* It is useful to recall what the typical representations of this same function look
like [Fring, Mussardo & Simonetti'91]:

* Integral Representation
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Fmin(.BaB) — NOXp 8/
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T sinh? z 27
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* Integral Representation
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* It is useful to recall what the typical representations of this same function look
like [Fring, Mussardo & Simonetti'91]:

* Integral Representation [ o0 o sinh (%) sivh (g(l _ g)) sinhZ2 /2B’
Froin(B8,B) = N exp 8/ 2 sin® | —
0 I S1 £Z
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* It is useful to recall what the typical representations of this same function look
like [Fring, Mussardo & Simonetti'91]:

Frin(B,B) = N exp

* Integral Representation -8/00 4z sinh (22) sinh (2(1 - 2)) sinhZ _ (:BB)-
S1I11 —
0

T sinh? z 27

* Infinite Product of Gamma Functions Representation
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The Usual Representations

* It is useful to recall what the typical representations of this same function look
like [Fring, Mussardo & Simonetti'91]:

* Integral Representation

[ ;o0 drsinh (22) sinh (2(1 — £)) sinh £ ;
5.3« 7 e o [ 00 ) 50 ) s o
0 I sinh” x 27

* Infinite Product of Gamma Functions Representation

Fon(8.B) = T C+3+2)P(k+i+2+2 )T (k+1- 2+ 2)
min (3, eo| T (k+ 3+ 2 )P (k+2 -2+ 2 )T (k+1+2+ )
* Mixed Representation . (1+ ( b2 )2) (1+ ( BézﬂB)z) (1+ ( 3/2"3)2) k41
- Fmin(ﬂ’B) — NH "+§ : k-l:E_T : kqj1+7 :
B=b-1 _(H (&) ) (1+ (=) ) (1+ (2, )

—_— g oo dpsinh (22) sinh (£(1 — £)) sinh , 3\
ﬁ — l][ ﬁ « exp 8/ " A (4) (2( 2) 2(N+1_Ne—2:r)e—21\1: Sin2 (ﬁ)
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w(P) = = log 2 + log cosh
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log [

2

% COS 5 + sinh ¢

+ L12 ( t9+z7rb)

* No integrals, no infinite products. All explicit
functions (although not elementary functions)
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1 1+b b 1—05
w(P) = = log 2 + log cosh + log [cosht? + sin ﬂ—] 1

19 log zcosT—smhﬂ ) [le( - zwb) Lis ( 9 z*rrb) +
2T i oS 75  + sinh ¢ 4
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7 — |
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|
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Conclusions

* We have proposed a programme fto compute the building blocks (form factors) of

correlation functions in IQFTs perturbed by TT and its generalisations. Our proposal
is based on standard form factor techniques applied to the deformed S-matrix.

* A byproduct of our investigation has been finding a new representation for the MFFs
of standard IQFTs. This representation is totally explicit, convergent and numerically
efficient, given in terms of elementary and (a finite number of) special functions.

* Having this representation for sinh-Gordon means that we effectively have it for
every diagonal IQFT since the S-matrix and MFF of sinh-Gordon is a "standard block”
for more complicated theories [Dorey, Exact S-Matrices'98; Mussardo, Book'10]

* This work also proves that the MFF "CDD" factor plays a crucial role in standard
theories. It actually ensures that the MFF is analytic and has the desired

asymptotics. Understanding its role for TT-models remains an open question.
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