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Abstract and Plan

Different types recurrence relations for the off-shell Bethe vectors in the
rational quantum integrable models are discussed. The off-shell Bethe
vectors in the gly- and oo, 1-invariant integrable models are considered.
The recurrence relations for these Bethe vectors are based on the
hierarchical embedding of the monodromy matrices.

@ Introduction and Notations
e Scalar products and relations for off-shell Bethe vectors
e R-matrices and generalized model
@ Projection method
e Yangian double and its 'new’ realization
e Coloring arguments and recurrence relations

@ Recurrence relations from the projections
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ABA for Quantum integrable systems

o N x N monodromy matrix ((e,-,j)k,, = (5,‘7/(51',/)
Z Tij(u) ® e j € End(H @ C)
@ Physical space of states H possesses vacuum vector |vac) with the
properties (dual space of states H* has left vacuum vector (vac|)
Tij(u)|lvac) =0, i>j, T;i(u)lvac) = \i(u)|vac)

(vac|Tij(u) =0, i<j, (vac|T;;(u)= Ai(u)(vac|

@ Monodromy matrix entries satisfy commutation relations

R(u,v) (T(w)®1)- 1 T(v))=2® T(v)) (T(v)® 1) R(u,v)
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Algebraic Bethe ansatz for QIS

@ Yang-Baxter equation for R(u, v)

Rio(u1, u2)Ras(ur, us)Raz(u2, uz) = Rosz(uz, uz)Riz(ur, uz)Rao(ur, uo)

@ The goal of ABA is to construct off-shell Bethe vectors B(t) € H

B(E) = P(T,,j(t;))igyva@ C(E) = B(D) = (vac|P"(Ti(tf))

o If the set of Bethe parameters t satisfies so called Bethe equations

T(2)B(H) = (zDB(E)  C(HT(2) = 7(zHC(D)
T(2) = X Tii(2)

@ Coproduct properties of the Bethe vectors
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g-Invariant R-matrices for g = gl and g = 02,11

R(u,v) = 1®1+ﬁP g=gly rank(g) =N —1 J

1,...,N, =gl
P= Z eij ®eji /g:{ §= 0w

i;jelg[N —n,...,Nn, g =02p41
c c
R(u,v):1®1+ pP—-——0Q
u—v u—v-—+ckK

g = 02n41 N=2n+1 k=N/2—1=n—-1/2 rank(g)=n

t t t
Xij=Xgj-i Q= > ej@e j=P"=P"
i’j€I°2n+1
@ A. B. Zamolodchikov, Al .B. Zamolodchikov. Factorized S-matrices in two

dimensions as the exact solutions of certain relativistic quantum field models, Ann.

Phys. 120 (1979) 253201
5/39
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@ Rational functions

u—v-+c c u—v+c
f(u,v):ﬁ, g(u,v) = . h(u,v) = -
@ Sets of Bethe parameters
B =(t1,...,t,), |t = re

@ Collections of sets

E=(F,... fmk@) qEY (7, F), f={F}m0@
@ Sum over partitions
{ff,fﬁ}kfz, Hnk =0, Hut =71, Z
(&, et

inc i #
including tI,]I_z

@ Products

Ai(@) = T Ni(w), f(a,v) = f(uj, vi))

u € uj-EE v EV

b
g(o,t) =h(a,o) =1, Hngl a>b
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On-shell Bethe vectors (g = gly)

Bethe equations
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On-shell Bethe vectors (g = 02,11)

T(z; t) = Ao(2) f(fo, 79) f(z, fo) -+
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Coproduct properties of Bethe vectors

T(z) = TH(z) - TP(2)

= 5" (&, &) BU(E) - BR(E) Ha[z](ts)

part s=1

N—-1 - —s—1

_ - — - h(t.t )

QQ[ (tlvtll) = ’7(t57t5) —17711—

om = @D en s
n—1

Q(’Qn+1(1'_-17 fll) = H 'Ys(t_']ia tf)?
g(ty

5=0 71_-15)
fu,v) =<2 s =0
e, v) = - 2
— u,v) C p—
Y(u,v) = W) = Go—argy S = 1,...,n—1
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Scalar product

S(alt) = c(@B(r), &=t

rank(g)
S(alt) = ZW Uy, iy | &, ) H as(I)as(tr)
part
{af,apy o, {g, gyt o= |{F]
W (i, iu| i, T0) = Qir, G0) QA Fe, &) Z(0:] 8) Z (| ), J

W(a, 2t 2) = Z(alf), W(@,dw,t) = Z(alf)
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Relations for off-shell Bethe vectors (g = gly)

Action by the monodromy entry

T:d Z ¢part W17 Wi, Wm) B(WI[)

part:w

partitions {w’, wg, w3} = w = {t°, z} depends on i, j

| A

Recurrence relations

BU{E}L, (T, 21 {F ) = D > Wi (2 B B, ) Tij(2) - B(E)

iJ part: t

partitions of {t7, t5, &3 } - t° depends on i,

.
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Relations for off-shell Bethe vectors (g = 02,+1)

Action by the monodromy entry

T sllz Z CDpart (W, Wy, W) B(wy)

part:w

{VT/IS7V_V§7 V_V]]SI} Fw= {Esvzvzs :Z—C(S— 1/2)}

B({T}o, {t". 21 AT} 1) =D > Wi (z & B, B) Ti(2) - B(H)

INi part: t

BUE o (T 2} AT} 1) =D >, Wi (zi &, B, ) Tij(2) - B(R)

i,j part:t

{8t tn} F 8
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Yangian double DY(g) (without central extention)

DY(e) = {Tuld, ez, ijek)

T(u) =05+ Tijll(u/e)™"

£2>0
£<0

THu) = > Ti(u) @eij

ij€ly

R(u,v)(THu)®@1) (1 T"(v))=(1® T"(v))(T*(u) ® 1) R(u, v)

@ V. G. Drinfeld. A new realization of Yangians and of quantum affine algebras,
Soviet Math. Dokl. 36 (1988) 212-216
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Gaussian decomposition

@ J. Ding, I. Frenkel. Isomorphism of two realizations of quantum affine algebra
Uqy(g!(n)), Comm. Math. Phys. 156 (1993), 277-300

T*(u) = F*(u) - K*(u) - E*(u)
Fr(u)= Y Fi(noe,; K(u)=> k'()®e; E(u)=)Y Eju)oe,

hi€ly i€ly i€l

F,-,,-(u) = E,-,,-(u) =1, Fj,,-(u) = E,-,j(u) = 07 _/ <i

() = > FE(u) kE(u) EF, (u) J

acly

Fi(u) = iy i(0) = Fipy (), Eu) = By () = Bippa(u) |
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Different types Borel subalgebras

Standard Borel subalgebras and Hopf structure

U {Flﬂill( ) E?:I+1( ) ki:t(u)’ i€ lg}

=Y " TE(2) @ TH(2)

tely

Drinfeld’s Borel subalgebras and Hopf structure

U,::{F,-(u), kF(u), /e/g}, UE={E,~(u), k-~ (u), ielg}

APV(F(2)) = 1@ Fi(z) + Fi(2) @ k7 (2) (K (2))
APV(E(2)) = E2) @1+ K (2) (kij(2) ™" @ E2)
AP (kE(2)) = k*(2) ® k()
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Cartan-Weyl construction and root ordering

@ S. M. Khoroshkin, V. N. Tolstoy. On Drinfeld realization of quantum affine
algebras. Journal of Geometry and Physics 11 (1993), 101-108

Root Ordering

Ifoa, B, yeEXyandy=a+Fthena<y<forf<vy<a«

e, = [en; €3]lq = €nes — g~ (*Pege,

e i=le g e alg=epgea—q¥e e g

:l:
leraresslg= > Ci(q) eleR el aBeT,
{3 A} |
A<= <ym =B Y nyj=atf
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Different type Borel subalgebras in DY (g

The convex ordering of the Cartan-Weyl generators implies the ordering of the unions of

subalgebras Ufi U;t and U,f[ along smallest arcs between starting and ending points of

this union. For example, the union of subalgebras U7 U Uy or Ur = U7 U UF U U or
0 = 0F U 0 U U and so on are subalgebras in DY (g)

@ J. Beck, Convex bases of PBW type for quantum affine algebras, Comm. Math.
Phys. 165 (1994) 193

A. Liashyk, S. Pakuliak & E. Ragoucy Recurrence relations for the BVs September 2, 2024 17 /39



Simple fact from the theory of Hopf algebras

For the Hopf algebra H such that it has subalgebras H; and H, which satisfy
following properties

@ the multiplication map my : H1 ® Ho — H is a vector space isomorphism,

® H; (resp., Ha) is a left (resp., right) coideals of #, i.e.,
Ay(Hi) CHROH1, Ap(H2) CH2QH.
Then one can define the linear maps P; : H — H,; such that
Pi(by - b2) = biep(b2),  Pa(by-b2) = en(b1)h2
for h; € H; where £4 is a co-unit map in H. Then the composition of maps
my o (P1® P2) o Ay =idy
is an identity map on H due to the counit axiom

(e ®idy) o Ay = (idy Rey) o Ay =idy
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Projections onto intersections of different Borel subalgebras

Intersections

Up =UrNU~  Uf =Ugn Ut

| A

Coideal properties and projections
2O = Ur e UF  ACNUF) = Ur © U

PH(F_-Fy)=e(F_)Fy  Pr(F_-Fi)=F_e(Fy) FreUf

.

AD(F) = F g F
F=pP; (FO)-pF(F®)  FeTs

.

@ B. Enriquez, S. Khoroshkin, S. P., Weight functions and Drinfeld currents, Comm.
Math. Phys. 276 (2007) 691
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Bethe vectors in terms of CW generators for DY (gly)

Fi(@) = Fi(ur)Fiur—1) -+ Fi(u)Fi(un) [] F(uarup) € Ur
a>b

Pre-Bethe vectors

Fix any £ € Iy,,. The pre-Bethe vector F(t) does not depend on /£

{—1 N—-2

F(t) = H nie, ) L g H h(t°+t %) x

=1
xfz(t) Jfl(fl)lT 1(FFY) - P (BY7)

Off-shell Bethe vectors via projection

B() = P (F(D)0)

@ S. Khoroshkin, S. P., A computation of an universal weight function for the
quantum affine algebra Uq(gl(N)), J. of Math. of Kyoto Univ., 48 n.2 (2008) 277
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'New' realization of DY (gly)

KE(u)Fi(v)KE(u) ™ = F(v, u) Fi(v)
ki (u)Fi(v)ki ()™ = f(u, v) Fi(v)

K (u) T E()KE (u) = F(v, ) Ei(v)
K1 (0) L E (V)R () = F(u,v) Ei(v)

f(u,v) Fi(u)Fi(v) = f(v,u) Fi(v)Fi(u)
F(v,u) E(u)Ei(v) = f(u,v) E(v)Ei(u)
h(v, u) Fi() Fisa(v) = g(v,0) " Fiaa(v)Fi(w)
g(v,u) ™ Eu)Era(v) = h(v, u) Eia(v)Ei(u)
[Ex(w), F(v)] = € 615 6(u,v) (k5 () - kia (V) ™ = k5 (1) - ks (0) )

Sym [Fi(), [Fi(), Fisa (] =0 Sym [Ei(wa) [Ei(v2), Eisa(u)]] =0

v1,V2
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Bethe equations and coproduct properties

N—1
Tf;(z) -B(f) = M\n(z) h(F*, 2) h(z, TV 1) Z B(wy) ,pj‘“(wI7 Wi, Wi H ap(wh)

wP ={tP z} forp=1,...,N—1
{wf W} = wP for p=1,...,i —1such that |wf| =1
{wf wht = wP for p=j,..., N —1such that |wh| =1

cbpa“(wl, Wiy, Wir) = Qgt,, (Wi, W) Qg (Wars 1) Qg (W, W)

Example : T;:N(Z) -B(f) = An(2) h(E, 2) h(z, TV~1) B(w)

Property of the projection

A(PEA))I0) @10y = (P @ PF) o AP(F)0)010)  VF e Tr
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Color operators for DY (gly)

Ti(2) = k' (2) +o(z1) = 1+ T/5[0] g +o(z 1) =1+ k(0] §+0(Z_1)
[k7[0], Fi(u)] = —Fi(u),  [K[0], Fi—a(u)] = Fi—1(u)

N
he -B(E) =rB(E), he= > k'O, s=1,....N-1
i=s+1

1, for m>0
(m) {O, for m<O0 (m) (=m )

[hs, Tij(2)] = (O —s = 1) = ©(/ = s = 1)) T; j(2)
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Color operators for DY (gly)

B(E', ... B {F, 2}, B, BV ) =D O WP (2,8, ) Tij(2) - B(R)
i,j part
Bl =0(—s—1)—0(i—s—1) — dsy J

Fors=¢ |tf|=-0(—j)—0(i—{-1)
1<i<l{<j<N and =02

0, s=1,...,i—1

Fors< /¢ [Ef|=|tf|=1-O(i—s—1)= _
1, s=i,....0—-1

1, s=¢+1,....j—1

For5>€3 ES:ES :@_5—1:
& = |t = O ) {Q s=j,...,N—1
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Gaussian decomposition for the recursion

- P (P (@)kin(2) - F(D)0)
B{t} 1 {z, ¥} {F}) = Nr1(2) g(z, B0 h(z, T) h(E, z) g(t*1, 2)

+ T+
FZ+1,£( £+1 Z (Z e+1J(Z)
Jj=0+1

Fo(u) - K (u) = TH(u) - EF(u)™

E+(u)_1 = ZEL(U) & ej i

i<j

E:LJ(U) = _Elt/(u) + Z (_)Z+1 Z ij U) 11 IQ(U)EI 11( )

b=1 J>ip>>i >0
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Details of calculations

E5(2) - F(BI0) ~ > FUF}M, {E }e+17{ £37H0) x

_ part +1 o\ h(Eh, B

ltal =1 x g(fn, 2) ap(th)y(te, tn ()
pgl (t ’ )

FUBE = X I1 (7.8 "Efﬁ‘, = )) P (FUEIY) - P (FUENTY).

part s=1

P (Tista)- P (Fegap) = ST Oy

0, otherwise

@ L. Frappat, S. Khoroshkin, S. Pakuliak, E. Ragoucy. Bethe Ansatz for the
Universal Weight Function, Ann. H. Poincarre 10 (2009) 513

@ A. Hutsalyuk, A. Liashyk, S. Z. Pakuliak, E. Ragoucy, N. A. Slavnov, Current
presentation for the double super-Yangian DY (gl(m|n)) and Bethe vectors, Russ.
Math. Surv. 72:1 (2017) 33-99
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Recurrence relation for DY (gly)

BU{EN L {E 2}, (F1)) =
i T5(2) B{&h ")
— Z Z Z 21) n(z, &) h(E, 2) g(fgﬂ’z)x

i=1 j={(+1 part )\[+1(Z) g(27 t]l

X Qg[,\,(fn,fl aly tm,tn H Oép
p=l+1

{tf, &t} F t° for p=1i,...,¢ — 1 such that || =1

{th, thyFtPforp=/¢+1,...,j—1such that |th| =1
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Embedding of DY (gly_;) into DY (gly)

T Tip koK Tin Ti1 * ok Tin-1 Tin
Tg,l T272 * b T2,N * * *
* * * * * *
* * * Tn—11 * *x Ty_1n—1 Tn—1,n
T T * Ty Tnyg * % Tyn—1 Tw,n
T(u) = F(u) - K(u) - E(v) T(u)' = F(u)' - K'(u) - E'(u)
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Yangian double DY (02,+1)

-1

T - (TH) ) T = ((THW)")

T —cr)' - TH(u) = TE(v) - TH(u — ck)' = 25 (u) 1 ‘

((Ti(u))t)_l = TE(u+ ck), ((Ti(u))_l)t = T%(u — ck)

T*(u) = F*(u) - K*(u) - E*(v)
Fr o (u)=—Fi (u—c(i—1/2)), i=0,..., n—1
EX ) () =-Ej (u—c(i—1/2), j=0,...,n
e 1 H kE(u—c(s —3/2))
E ki (u—c(j —1/2)) kE(u—c(s —1/2))

s=j+1
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Embedding of DY (02,-1) into DY (02,+1)

Tfn,fn Tfn,fnJrl * ok ok 7—fn,nfl Tfn,n
T—n+1,—n T—n+1,—n+1 WA A 7_—n-i—l,n—l 7_—n—‘,-l,n
& % * *

* * * *

* * % *
Tn—l,—n 7—n—l,—n—l—l WwOER B Tn—l,n—l Tn—l,n
7-n,fn Tn,fnJrl WOER AR Tn,nfl Tn,n

Theorem. (N. Jing, M. Liu, A. Molev) The commutation relations in the
Yangian Y(02,—1) are implied by the commutation relations in the
Yangian Y(02n+1)

@ N. Jing, M. Liu, A. Molev. Isomorphism between the R-matrix and Drinfeld
presentations of Yangian in types B, C and D, Comm. Math. Phys. 361 (2018)
827-872
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DY (02,41) off-shell Bethe vectors

F’(U) :Flf;l,i(u)iFi_Jrl,i(u)v E(U) ll+1( )7Ei_,i+l(u)7 i:0717---7n71

Fi(¥) = Fi(ty)Fi(ty 1) --- F(e)Fi(e) [ ] fi(es, 1) € Ur
a>b

fi(u,v) = Hu,v) = 4552, =0
v fluyv) =2t j=1,...,n—1

u—v

Pre-Bethe vectors for DY (02,11)

‘ 1 sl
F{T}o HhtstSH(tstsl)Hh(tt )X

s=0+1

X Fo(®) - Fo(E) - Fera(F) - Faca (877

Off-shell Bethe vectors for DY (02,11)
B{EY ™) = P/ (FUEN™)10)

A\

A. Liashyk, S. Pakuliak & E. Ragoucy Recurrence relations for the BVs September 2, 2024 31/39



Color operators for DY (02,+1)

n —s—1
he= > ThIOI=- ) Tfl0, s=01,...,n—1.
f=s+1 {=—n

[hs, Tij(2)] = (@(j—s—1)—@(/—5—1)+@(—i—s—1)—@(—j—s—1)) Tij(z)

T0.0[0] - B({f}g_l) =(r-1—r) B({f}g_l) {=1,...,n

hs - B({f}g ") = rs B{{f}g ")

A. Liashyk, S. Pakuliak & E. Ragoucy Recurrence relations for the BVs September 2, 2024 32/39



Restrictions for the recurrence relations

1 n
BUFN (F 2 (PI) = 30 S0 3 Wi (e B B ) Tij(2) B

i=—nj={+1 part:t

for s</(: |E|=0(s—i)+O(-i—s—1), |&|=0
for s=0: |f|=0(-i—L—1), |fu=0
for s>¢: |§|=0(-i—s—1), |ta|=0(—-s-1)

—0—1 n

BUEYo, {E, 2} {FY ) = D> Y. > Vb2 b, b, ) Tiyj(2)-B(H)

i=—n j=—/{ part:t

for s</{: |§]=0, |tw|=0©0(—-s—1)+06(s+))
for s=(: |E|=0, |t]|=0(-¢-1)
for s>0: |E|=0O(—i—s-1), |ta|=0(—-s-1)
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Recurrence relations for ¢ > 0

PE(Fiive(2)ki 1 (2) - F(D))[0)
({t }Z ! {Z té} {t }£+1) /\g+1(2) g((z’l;lf) h(ze:je) h(t£7z))g(f€+17z)

F£+1 o(2)- e+1 Z e+1,( z)

j=0+1

PPt s (2)KE(2) - F(D)) 10)

BUFYo " e PR PN = 55 4. 70 Gz, ) W(E2) ()

Fte,—e_1(z)'kie( z) = T—é IJ(Z) —&J( z)
j=—t
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Recurrence relations for ¢ > 0

B({¢° }f’, LAE, 2 (P }e+1)
cr,+1 T5(2)-B{{E} )
D> > 5 2 ) Wi 2) h(z, ) g(Bahz)

i=—n j=(+1 part “‘1

- = - = j—1
. Qazn+1(t]17t1_)' S-Z_O'i?:l(tm;t]l,l) JH as(t—_;[)
gt & )

s=0+1

for s</{: |E|=0O(s—i)+0O(—i—s—1), |tu]=0
for s=(: |f|=0(—i—t—1), |&|=0
for s>¢: |E|=0(-i—s—1), |tm|=0(-s5-1)

1, i>0

J—20(i—1)—1=
7 (i-1) {1, i<o
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Known results for { = n—1 (arXiv:2008.03664)

B({F}g 2 {t" 1 2}) = mx

n—1 + T
_ . o1 T;,(2) - B(tn)
X Q oy T — =
2 2 o) o Ty 2

i=—n part

for s<n—1: |g|=0(s—i)+0O(-i—s—1)
for s=n—1: |§ ' =0(-i—n)

B({175}61727 {lTn_]}Zn*l}) = >\—n+1(z) h]&fn_17zn_1) X
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Conclution

e It was found that projection method is a powerful tool to
calculate the different relations for off-shell Bethe vectors in
various quantum integrable models

e Further plans

o Extend these results for the integrable models associated to C and D
series
Do the same for the trigonometric case using R-matrices classified by
M. Jimbo
Apply these and other relations to find recurrence relations for the
highest coefficients in the Bethe vectors scalar products
Try the cases of the exceptional algebras
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