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Beyond 2 point statistics:
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Source: Ajani 2021

https://inspirehep.net/files/bdc9532b42af26cc7606b09f93125e47
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Motivation:
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My work:
Have a theory for the 
wavelet l1-norm
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State of the art: Why Wavelet ℓ1-norm?
•Shown in Ajani et al. (2021) that it remarkably outperforms 
commonly used summary statistics,


 

Source: Ajani et al. (2021)

https://arxiv.org/abs/2101.01542
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Wavelet ℓ1-norm: mathematical formulation

wj = < κ, ψj >
ψj = φj − φj+1
wj = < κ, φj > − < κ, φj+1 >

wj

Scaling 
function

Wavelet ℓ1-norm at scale j 
and bin Bi is 

ℓj,i
1 =

#coef(Sj,i)

∑
u=1

|Sj,i[u] |

Sj,i = wj,k /Bi < wj,k < Bi+1

Where the wavelet coefficient, with the pixel index (k) at 
scale j is:

• information encoded in all pixels  
• automatically includes peaks and voids  
• multi-scale approach 

wj,k

Where        is the wavelet 
coefficient for a scale j. 



Large Deviation Theory: Intuition
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LDT: The bits and pieces
• Rate function: Characterise the asymptotic behaviour of a variable
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Rate function <——> Cumulant generating function  <——>PDF

LDP: The probability of rare events 
happening decreases exponentially 
with the size of the sample, and the 
rate function quantifies how 
unlikely these events are. 

The approximation by the central limit 
theorem may not be accurate if x is far 
from E[X] and N is not sufficiently large.



Cool! But…where is Cosmology used here?
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Large Deviation Theory——>A framework to predict one-PDF in mildly non-linear regime 
from the 1st principles of Cosmology 

Rate 
Function

Probability 
Density 

Function

We know the PDF

Spherical Collapse
LDT
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Deriving wavelet ℓ1-norm from PDF

Using LDT first get the   P(wj)

Pi(wj) × |Bi |ℓj,i
1,pred =

Apply this in the LDT framework to get the 
wavelet ℓ1-norm of the wavelet coefficients wj

wj = < κ, φj+1 > − < κ, φj >

ℓj,i
1,theory =

#coef(Sj,i)

∑
u=1

|Sj,i[u] |

X scaling factor
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[Vilasini+, 
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Conclusion
•We need different analytical methods to extract non-Gaussianities 

•Using Higher-Order statistics

•Wavelet ℓ1-norm is shown to be a better estimator in comparison to power 
spectrum, peaks and void statistics


•Current methods use simulations based approach —> Highly resource intensive 
•Need theoretical modelling


•Use LDT based approach to obtain the PDF for mass maps

•Derived wavelet ℓ1-norm from PDF 


•Currently working on: Extending to any wavelet filter and 
building an emulator with these constraints 

•



EXTRA SLIDES
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Wavelets:

A set of mathematical function that is defined by 
the following properties: 

• Highly localized in space/time 
• Has a vanishing mean

 A useful tool in analyzing signals where there 
are sharp spikes and discontinuities





Some typical mother wavelets



Filter Choice
• Mass sheet degeneracy → Use aperture mass statistic 
↪Equivalent to using a compensated filter on the convergence map 

• Wavelet filters are formally identical to aperture mass Leonard et al. (2012)

In this work: : use a function of 
concentric disks

Map(ν) = κ<θ2
(ν) − κ<θ1

(ν)

https://arxiv.org/abs/1204.4293


20

Wavelet Transform in Astronomy



NGC2997



NGC2997
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I(k, l) = cJ ,k,l + w j,k,lj=1

J
∑

The STARLET Transform 
Isotropic Undecimated Wavelet Transform (a trous algorithm)
                           

€ 

ϕ = B3 − spline,  1
2
ψ(x

2
) =

1
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ϕ( x

2
) −ϕ(x)

h = [1,4,6,4,1]/16,   g =δ - h,    ˜ h = ˜ g =δ



  Aperture Mass and Wavelets� �
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⇒ Wavelets filters are formally indentical to Mass aperture 

A. Leonard et al, "Fast Calculation of the Weak Lensing Aperture Mass Statistic", MNRAS, 423, pp 3405-3412, 2012.

 

Map(✓) = (�t)✓

but wavelets presents several advantages:
 - compensated and compact support filters
- all scales processed in one step.
 - reconstruction is possible    
         ==> image restoration for peak counting

Fast calculation for both aperture and wavelet approaches if we grid the shear data and use the FFT.

http://arxiv.org/abs/1204.4293

