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Exact likelihood for correlation 
functions
Treating masked Gaussian spin-2 fields on the sphere
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ξij(θ) = ⟨Ai(θ′ ) Aj(θ′ − θ)⟩

Gaussian random field:

Ai(θ) ∼ $(0,Σ(ϑ)) ϑ = Ωm, S8, H0, . . .

Correlation function:
p(ξ |ϑ) = ?
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B.Giblin, K.Kuijken, and the KiDS team

ESA and the Planck Collaboration
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Weak lensing

3θ = 5∘

p-value < 0.05

Joachimi et al., 2021 
(arXiv:2007.01844)

…is non-Gaussian!

The distribution of …ξ+(θ)
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Kilo-Degree Survey and Dark Energy Survey Collaborations, 2023 
(arXiv:2305.17173)
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p(ϑ |ξ) ∝ p(ξ |ϑ) p(ϑ) ϑ = Ωm, S8, H0, . . .
likelihood
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How to calculate this likelihood?

Ĉℓ = 1
2ℓ + 1

ℓ

∑
m=−ℓ

aℓmaℓm * ̂̃Cℓ = 1
2ℓ + 1

ℓ

∑
m=−ℓ

ãℓmãℓm *

linear combinations of aE/B
ℓm

∼ $(0,Σ)∼ $(0,Cℓ)

θ ∝ 1
ℓ
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∼ Wishardt
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ξ+
ij (θ̄) = ∑

ℓ
Kℓ (θ̄)

ℓ

∑
m=−ℓ

(ãE,i
ℓmãE,j

ℓm
* + ãB,i

ℓmãB,j
ℓm

*)

ξ+
ij (θ̄) = ãTMξ+

ij (θ̄) ã
Gaussian distributed,  

covariance  depends on mask geometry and theory Σ Cℓ

NxN matrix: N ∝ ℓ2
max + ℓmax

= 2π
2

θ2max − θ2
min ∫

θmax

θmin

dθ θB(θ)dℓ
22(θ)
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p(ξ |ϑ) ∝ ∫ dt exp(−iξt) φ(t, ϑ)

φ(t) = ∏
j

(1 − 2iλj)−1/2, λj ∈ λ (t M Σ)

Fourier equivalent of ξ

covariance matrix of ã

PDF (likelihood)

Fourier pair: ( ) ξ, t

characteristic function

eigenvalues

ξ+(θ) = ãTMξ+(θ)ã
Quadratic forms have known characteristic function :φ(t)

Σ

diagonal matrix 
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ℓexact = 30 (ξ+
ij (θ̄) = ∑

ℓ
Kℓ (θ̄)

ℓ

∑
m=−ℓ

(ãE,i
ℓmãE,j

ℓm
* + ãB,i

ℓmãB,j
ℓm

*))

θ̄2 = [4.0∘, 6.0∘] θ̄1 = [0.5∘, 1.0∘] 8

Oehl & Tröster, 2024 (in prep.)

+ shape noise
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φexact(t) = ∏
j

(1 − 2iλj)−1/2

high ℓ

φGauss(t) = eitTμ− 1
2 tTΣGausst

ξ+
ij (θ̄) = ∑

ℓ
Kℓ (θ̄)

ℓ

∑
m=−ℓ

(ãE,i
ℓmãE,j

ℓm
* + ãB,i

ℓmãB,j
ℓm

*)

p(ξ |ϑ) ∝ ∫ dt exp(−iξt) φ(t)φ(t) = φexact(t)φGauss(t)
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Gaussian approximationexact calculation

Oehl & Tröster, 2024 (in prep.)
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10Oehl & Tröster, 2024 (in prep.)
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p(S8 |ξ+
S5−S5(θ̄3)) ∝ p(S8) p(ξ+

S5−S5(θ̄3) |S8)
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ξ+
S5−S5(θ̄3)) = 1.08 × 10−6

Measurement:

Toy Model: Comparing  PosteriorsS8
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Oehl & Tröster, 2024 (in prep.)
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• Analytic expression for the 
nD likelihood of 
(cross-)correlation 
functions on the sphere


• Application to weak 
lensing setup


• 1D posterior prediction, 
2D likelihoods possible

Summary & Outlook

• How to make this 
computationally feasible?


• Evaluate impact on 
parameter constraints (for 
stage IV lensing surveys)
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