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Introduction
Locality in gravity?

Coordinates are unphysical
⇝ no local observables

Event horizon thermodynamics:

S = kBc
3

ℏG
A

4
Entropy not extensive!
E.g. black holes: [Bekenstein ’73, Hawking ’74]

T = ℏc3

GkB

1
8πM

First law: c2dM = T dS
Second law: ∆Stot ≥ 0

Similar: cosmological horizon
String theory: asymptotic observables

S-matrix elements
AdS/CFT [Maldacena ’97]

[M. C. Escher, “Circle Limit IV”]

t
r

CFT

“AdS is a test tube”

ds2 = −dt2 + dρ2 + sin2 ρ dΩ2

cos2 ρ
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Introduction — holography
Anti-de Sitter space

d+ 1 (or more) dimensions

Λ < 0 gravity: incomplete
understanding
space contracts: potential well
⇝ empty, unperturbed
conformal boundary at r →∞
“few” fields: gravity + matter

E.g. scalar field with
m2 = ∆(∆− d):
ϕ ∼ αr∆−d + βr−∆

Conformal field theory
d dimensions

field theory: formally
well-understood [Wilson]

static, hollow cylinder

large number N of fields &
large gauge group
e.g. scalar primary O with
scaling dimensions ∆

Dictionary [Gubser–Klebanov–Polyakov ’98, Witten ’98]∫
Dgµν DΦ e−I[γαβ ,α] GKP/W←−−−→ e−W [J] =

∫
Dφe−ICFT+J·O

fixed boundary value α ↔ source J
β ∝ π(r)

0 = δIos
δα ↔ δW

δJ = ⟨O⟩J
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Introduction — strategy

Beyond asymptotic observables?
Simplify: fewer dimensions

gravitons need 3 spatial dimensions
to propagate
⇝ no bulk degrees of freedom
successful in 1+1d:
JT gravity ↔ matrix integrals

New techniques: T T operator
irrelevant but solvable flow from
QFT
unconventional UV but constrained
by lots of symmetries
“somewhat gravitational”
move CFT into the bulk?

⇝ Boundary gravitons on finite surfaces

[M. C. Escher, “Circle Limit IV”]

[Stanford, Yang ’20]
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From TT to finite-volume holography

Symmetries

From finite-volume AdS to TT

Flat space boundary modes: S-matrix & soft theorems
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The TT deformation

T T operator in 2d field theory [Zamolodchikov ’04]

define OT T (x) ≡ lim
y→x

ϵαβϵγδTαγ(y)Tβδ(x), up to derivatives

expectation value factorizes: ⟨n|OT T |n⟩ = En

L
∂En

∂L + p2
n

L2

T T deformation [Smirnov–Zamolodchikov ’16, Cavaglià et al. ’16]

Irrelevant deformation
dI[λ]

dλ = 1
2
∫

d2x detT [λ]

“Solvable”: S-matrix, energy spectrum,
partition function, . . .

For CFTs: KdV charges remain conserved

UV CFT

T T̄

QFT

e.g. ∂λEn = −1
2

∫
dy ⟨n|O[λ]

T T
|n⟩ = En ∂LEn + p2

n

L
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λ

Re(En)

[McGough–Mezei–Verlinde ’16]

En = 1
2λ

(
1−

√
1− 4λE[0]

n + 4λ2P 2
n

)
, Pn = P [0]

n



TT & gravity
T T ∼ 2d gravity:

Zλ[f ] =
∫
De e− 1

λ

∫
d2x ϵαβϵab(fa

α−ea
α)(fb

β−eb
β)Z0[e]

✓metric path integral; ✗kinetic term; ✗Σ topologies
Classical solution: ϕ[λ](x) = ϕ[0](y(x)) [Conti, Negro, Tateo ’18]

with dyα = (δα
β − λT̂α

β )dxβ

Holography: AdS3 [McGough–Mezei–Verlinde ’16]

BTZ geometries

[w = ϕ + t, w̄ = ϕ − t]

ds2 = −fdt2 + dr2/f + r2dφ2 , f = r2 −M + J2/r2

= dρ2

4ρ2 + 1
ρ

( γ
(0)
αβ︸︷︷︸

CFT metric

+ρ γ
(2)
αβ︸︷︷︸

∼Tαβ

+ρ2γ
(4)
αβ )dxα dxβ

Energy within cylinder:

E = c
6ρc

(
1−

√
1− 12

c ρcM + 36
c2 ρ2

cJ
2
)

↔ TT flow with λ = 2Gρc ∝ ρc/c

t
ρ

Does T T -deforming a holographic CFT “move it into the bulk”?
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TT : a double-trace deformation
Holographic CFT [Gubser–Klebanov–Polyakov ’98,

Recall: holographic dictionary Witten ’98]

e−Ios[gαβ ,ϕ0] GKP/W←−−−→ e−W [J] =
∫
Dϕ e−ICFT+J·O

boundary value ϕ0 ↔ source J
π0 = δIos

δϕ0
↔ δW

δJ = ⟨O⟩J
Add a (relevant) double-trace operator: [Witten ’01; Sever et al. ’01]

e−Wλ[J] =
∫
Dϕ e−ICFT+N2

∫
J·O+ λ

2 O2

=
∫
Dσ e−W0[σ]− N2

2λ

∫
(σ−J)2 N≫1

≈ e−W0[J+λ⟨O⟩]− λN2
2

∫
⟨O⟩2

Gravity side: now fix ϕ0 + λπ0 and send I → I +
∫

∂M λπ2
0/2

Similar for T T :
now ϕ0 → γαβ and π0 → T̂αβ ≡ Tαβ − T γαβ

∂λW [J ] = 1
2

∫
√
γ ⟨OT T ⟩ δW = 1

2

∫
√
γ ⟨Tαβ⟩ δγαβ

⇒ γ
[λ]
αβ = γ

[0]
αβ − 2λT̂ [0]

αβ + λ2T̂ [0]
αγ T̂

[0]γ
β

T̂
[λ]
αβ = T̂

[0]
αβ − λT̂

[0]
αγ T̂

[0]γ
β
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TT : a double-trace deformation
Holographic CFT [Gubser–Klebanov–Polyakov ’98,
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TT : a double-trace deformation

γ
[λ]
αβ = γ

[0]
αβ − 2λT̂ [0]

αβ + λ2T̂ [0]
αγ T̂

[0]γ
β

T̂
[λ]
αβ = T̂

[0]
αβ − λT̂

[0]
αγ T̂

[0]γ
β

Mixed boundary conditions

ds2
CFT =

(
γ

(0)
αβ −

λ
2Gγ

(2)
αβ + λ2

4G2 (γ2
(2))αβ

)
dxα dxβ

Pure gravity: ds2
CFT is the induced metric at ρ = ρc ≡ −λ/2G

(Recall ds2 = dρ2

4ρ2 + 1
ρ (γ(0)

αβ + ρ γ
(2)
αβ + ρ2γ

(4)
αβ )dxα dxβ)

With matter: Einstein equations change, mixed boundary conditions
at infinity no longer coincide with induced metric at finite radius
Imaginary energies: e.g. black hole larger than ρc

More generally: coordinate transformation between undeformed and
deformed metric becomes complex.
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Symmetries from holography
CFT symmetries ↔ AdS asymptotic (large gauge) symmetries

0 = δλIos[A(0)
α ] =

∫
ddxΠα δλA

(0)
α︸ ︷︷ ︸

∂αλ

= −
∫

ddxλ∂αΠα

Undeformed AdS3: [Brown, Henneaux ’86]

Asymptotic Killing vectors Lξγ
[λ]
αβ = 0: ξw = f(w) and ξw̄ = f̄(w̄)

Associated charges Qf ∝
∫

∂Σ Ttwf(w) =
∑

n Lne
inw

i{Lm, Ln} = (m− n)Lm+n + c
12m

3δm+n

Virasoro2 with c = 3ℓ/2G

Mixed boundary conditions [Guica, Monten ’19; Georgescu, Guica ’23]

Diffeomorphisms preserving Lξγ
[λ]
αβ = 0: f(u), f̄(v)

with TUU∂w̄u+ TUV ∂wu = 0
Infinite number of symmetries, but state-dependent coordinates

Problem: winding of u and v around the spatial circle not fixed
⇝ nonlocal correction terms ∝ Ru, Rv

Charges depend only on periodic part Qf ∝
∫

∂Σ fp(u) ∂σu Tww

1−2λTww̄

Algebra
i{Lm, Ln} = m− n

Ru
(Lm+n + #LmLn) + c

12R2
u

m3δm+n

Expected to be valid up to ℏ1 in field theory
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Symmetries in the field theory
Classically

Symmetries: 0 ?= δI =
∫

d2x f ′(u)(Tww∂w̄u+ Tww̄∂wu)
⇝ state-dependent coordinates [Guica, Monten ’21]

Semi-classically

Momentum quantized: require ∂λPn = 0
⇝ non-local corrections ∝ Ru, Rv

Energy eigenstates flow as ∂λ |n⟩ = XT T |n⟩
⇒ “flowed operators” ∂λĨs = −i{XT T , Ĩs} automatically conserved
Physical KdV charges Is ≡ Ĩs/R

s
u [Guica, Monten, Tsiares ’23]

Quantum (work in progress)

Operator ordering & renormalization ambiguities ?
Expect commuting KdV charges [Le Floch, Mezei ’19]

Expect the following structure
undeformed: I(0)

s
eiX̂ •e−iX̂

−−−−−−→ flowed charge Ĩs (|n⟩)
•

(1+2λI1)s ↓ ↓ •
(1+2λI1)s

“fake” charge Îs (⟨Is⟩)
eiX̂ •e−iX̂

−−−−−−→ true charge Is (⟨Is⟩ & |n⟩)
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Setup

L

t

qAdS3rrr

pure 3d gravity,
fixed topology R× Disk
fixe boundary geometry
at finite red-shift,
“fluctuating” bulk metric
goal:

sensible?
observables & algebra
energy spectrum
correlation functions

how is TT deformation realized?



Phase space & observables

[Peierls ’52, Bergmann–Schiller ’53, Soriau ’70, Crnković–Witten ’87,
Marolf ’92, Iyer–Lee–Wald–Zoupas ’90s, . . . ]

Covariant phase space:
1. Phase space P = {solutions to equations of motion

& boundary conditions}
no need to choose equal-time slice & momenta
(ϕ, π) are just labels

2. Symplectic form Ω ≈
∫

Σ δΘ
from δS =

∫
M Ea δϕ

a +
∫

∂M(Θ + δℓ)

require δS|Γ = 0
independent of Cauchy surface Σ
zero modes of

∫
Σ δΘ:

gauge symmetries ⇝ mod out

ΓM

Σ
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Phase space & observables

Asymptotically AdS3 solutions [Bañados ’92]

ds2 = dρ2

4ρ2 + 1
ρ

(dw + ρL̄(w̄) dw̄)(dw̄ + ρL(w) dw)

qAdS3rrr solutions with finite cylinder boundary

ds2 = dρ2

4ρ2 + [(1−ρρcLL̄)dw + (ρ−ρc)L̄ dw̄][(1−ρρcLL̄)dw̄ + (ρ−ρc)L dw]
ρ(1−ρ2

cLL̄)2

at ρ = ρc: ds2 = dρ2

4ρ2 + 1
ρ dw dw̄

∂w̄L = −ρcL̄ ∂wL and ∂wL̄ = −ρcL ∂w̄L̄
stress tensor 4GTww = − L

1−ρ2
cLL̄ , 4GTww̄ = − ρcLL̄

1−ρ2
cLL̄

⇝ TT trace relation Tww̄ = −4Gρc(TwwTw̄w̄ − T 2
ww̄)

Degrees of freedom: L(w, w̄) and L̄(w, w̄) ∼ boundary modes
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Phase space & observables
(Pre)-symplectic form for GR [Crnković–Witten ’87]

Ω = 1
8πG

∫
dΣα
√
g δαµ

ρσ

[
δΓρ

µν ∧ (δgσν + 1
2g

σνδ ln g)
]

Infinitesimal diffeomorphisms
spacetime vectors ξ
⇝ phase space vectors Vξ ≡

∫
M Lξgµν

δ
δgµν

generated by Q[ξ]: LVξ
· = {·, Q[ξ]}, with

Q[ξ] = 1
2π

∫
∂Σ

dd−1
√
g(d−1)Tijn

iξj

boundary stress tensor generates large diffs (ξ|∂Σ ̸= 0)
bulk diffs are gauge transformations (ξ|∂Σ = 0)

preserve boundary metric at ρ = ρc:

∂tξ
w = ∂ϕξ

w+ 2ρcL̄ ∂ϕ(ξw+ξw̄)
(1−ρcL)(1−ρcL̄) , −∂tξ

w̄ = ∂ϕξ
w̄+ 2ρcL ∂ϕ(ξw+ξw̄)

(1−ρcL)(1−ρcL̄)

Again state-dependent through (L, L̄)
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Canonical quantization
Asymptotically AdS3: [Brown–Henneaux ’86]

boundary gravitons ↔ boundary reparameterizations
Global AdS: Tww = − c

24 = − ℓ
16G

Finite boundary diffeomorphism: ϕ→ F (ϕ) + F̄ (ϕ):

Tww = − c
12

(
F ′2

2 + F ′′′

F ′ − 3
2

F ′′2

F ′2

)
Using {Q[ϵ1], Q[ϵ2]} = δϵ1Q[ϵ2], extract [Alekseev–Shatashvili ’89]

Ω = c

48π

∫
dϕ
(
δF ′ ∧ δF ′′

F ′2 − δF ∧ δF ′
)

+ c.c.

Action S = 1
2π

∫
d2x

(
c

24

[
Ḟ ′′

F ′ + FḞ ′
]
− Tww

)
+ c.c.

Quantize the “coadjoint orbit” [Kirillov–Kostant ’72]

Darboux coordinate f with ief = (eiF )′

qAdS3rrr: finite boundary preserving diffs (BPDs) ?
⇝ perturbation theory details

& Chern–Simons formulation of 3d gravity details
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Canonical quantization
Result:

S = 1
32πG

∫
dtdy

[
f ′∂w̄f + f̄ ′∂wf̄

+ ρc

2 f
′2f̄ ′2 (1 + ρc

4 (f ′2 + f̄ ′2)

+ ρ2
c

16 (f ′4 + 3f ′2f̄ ′2 + f̄ ′4) + . . .
)]

Define ϕ ∝ f + f̄ and Π ∝ f ′ − f̄ ′:

3d Nambu–Goto in static gauge Xµ = (t, y,
√
λϕ)

with constraint
∫

dyΠ = fixed
and gauge symmetry ϕ(t, y)→ ϕ(t, y) + λ(t)
and improved stress tensor: (TrT = λ detT ✓)

Tαβ = ηαβL −
∂L

∂(∂αϕ)∂βϕ+ (∂α∂β + ηαβ∂
2)Y

Y =
√

c√
12π

ϕ+ λc
24 (∂ϕ)2 + πλ2c

48 (∂ϕ)4 + λ2√
πc3

48
√

3 ∂αϕ∂βϕ∂
α∂βϕ+ . . .

T T -deformed boundary graviton
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Quantum results
Energy spectrum ✓

Correlation functions

Propagators ⟨f ′(−p)f ′(p)⟩0 =
p

= 32πGp2
w

p2

⟨f̄ ′(−p)f̄ ′(p)⟩0 =
p

= 32πGp2
w̄

p2

Vertices p2p1
p4p3

= ρc

64πG and higher orders

Correlation functions

⟨detT (k)∂zϕ(p1)∂z̄ϕ(p2)⟩ ⊃ k

p1

p2

= −π
6λ2c0

24
p2

1z

p2
1

p2
2z

p2
2
k4
(

2
ϵ

+ ln k2

4π + γE −
9
10

)
δ(2)(k + p1 + p2)

Requires detT → detT − π3λ2c
6
( 2

ϵ + finite
)
∂2

z∂
2
z̄ (∂zϕ∂z̄ϕ)

Zamolodchikov’s diverging total derivatives!



Outline

From TT to finite-volume holography

Symmetries

From finite-volume AdS to TT

Flat space boundary modes: S-matrix & soft theorems



Flat space S-matrix vs. AdS correlators

Gravity in asymptotically flat space: S-matrix
LSZ reduction formula

Spa,pb
∼
∫
eipixi ⟨0|T ϕ(xi)|0⟩

bulk correlators
justifies Feynman rules

Gravity in AdS: boundary correlation functions
Extrapolate dictionary BDHM

⟨O(xi)⟩ = lim
ri→∞

r∆
i ⟨ϕ(ri, xi)⟩

bulk correlators
⇝ Witten diagrams

Differentiate dictionary GKP/W

⟨O(xi)⟩ = δ
δϕ0(xi)Z[ϕ0]

∣∣∣
ϕ0=0

boundary data:
ϕ→ ϕ0z

d−∆

asymptotic symmetries
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Gravity in asymptotically flat space: S-matrix
LSZ reduction formula

Spa,pb
∼
∫
eipixi ⟨0|T ϕ(xi)|0⟩

bulk correlators
justifies Feynman rules

AFS prescription [Aref’eva, Faddeev, Slavnov]

⟨φ−|Ŝ|φ+⟩ =
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Dϕ eiI[ϕ,φ]
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AFS prescription
Consider S[φ] ≡ ⟨φ−|Ŝ|φ+⟩ [Arefeva, Feddeev, Slavnov ’74]

S-matrix operator Ŝ = limT →∞ eiĤ0T e−2iĤT eiĤ0T

(scalar field) coherent states

ˆ̄ϕ± |φ⟩ = φ± |φ⟩ , ˆ̄ϕ(t, x⃗) ≡
∫ d3p⃗

(2π)3
1

2ωp
(ap⃗ e

ipx︸ ︷︷ ︸
ˆ̄ϕ+

+ a†
p⃗ e

−ipx︸ ︷︷ ︸
ˆ̄ϕ−

)

Claim: S[φ] generates S-matrix elements

⟨pi|Ŝ|qj⟩ = δ
δαp⃗i

δ

δα†
q⃗j

S[φ]
∣∣∣∣
φ=0

Intuition: cf. QM |α⟩ = eαa† |0⟩ ⇒ ∂α ⟨ψ|α⟩ = ⟨ψ|a†|α⟩
Path integral version

S[φ] = lim
T →∞

∫ ϕ−(T )=φ−(T )

ϕ+(−T )=φ+(−T )
Dϕ eiI[ϕ,φ]

with boundary terms (φ∗
−, ϕ+)tf

− (φ∗
+, ϕ−)ti

so that δI = 0
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φ=0

Intuition: cf. QM |α⟩ = eαa† |0⟩ ⇒ ∂α ⟨ψ|α⟩ = ⟨ψ|a†|α⟩
Path integral version

S[φ] = lim
T →∞

∫ ϕ−(T )=φ−(T )

ϕ+(−T )=φ+(−T )
Dϕ eiI[ϕ,φ]

with boundary terms (φ∗
−, ϕ+)tf

− (φ∗
+, ϕ−)ti

so that δI = 0
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Soft photon theorem
Massless scalar + QED

I = 1
2

∫
d4x

(
Aµ∇2Aµ + ϕ∗D2ϕ+D2ϕ∗ ϕ

)
+ Ict + Ighost + Ibdy

Ibdy ⊃ (Aµ∗
− , Aµ)tf

+ (φ∗
−, ϕ)tf

+ (φ−, ϕ
∗)tf

data on I±: r →∞ at fixed u(v) = t± r,
S2 metric ds2 = dz dz̄/(1 + zz̄)2

Large gauge transformations λ0(z, z̄): invariant

S[φ,Aµ] ✓= S[eiqλ0φ,Aµ + ∂µλ0]

Infrared modes of the photon
∂zN ≡ Az(u =∞)−Az(U = −∞)
∂zλ̃ ≡ Az(u =∞) +Az(U = −∞)

are “canonical conjugates”:

[∂wN(w, w̄), λ̃(z, z̄)] = i

4π
1

w − z

t

r

u

v
i0

I+

I−

i+

i−
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Conclusions and outlook

Conclusions
Locality in gravity?
TT : irrelevant but solvable deformation

⇝ finite-size gravitational systems in less than 3 dimensions
preserves ∞# symmetries, non-local corrections

boundary modes of gauge theories (⊃ gravity) ⇝ e.g. soft theorems

Future directions
full QFT TT symmetries?
well-defined (unique) correlation functions?
non-perturbative effects: imaginary energies?
Λ > 0?
gravitational & subleading soft theorems
IR finite S-matrix à la Faddeev–Kulish?
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Extra slides



Geometric perturbation theory
back

qAdS3rrr BPD perturbation theory: start from empty AdS
ϕ̃ = ϕ+ α

2 [C(ϕ) +D(ϕ)] + . . . ,

t̃ = t+ i
2 [C(ϕ)−D(ϕ)] + . . . ,

ρ̃ = ρ+ . . . [α =
√

1 + ρc]

Higher powers: “. . .” contain time dependence:
fix by requiring ds2|ρc = ds′2|ρ′=ρc

Simplify with field redefinitions at higher orders
Find:

Ω = c
24π

∫
dϕ [(δC + δC ′′)′ ∧ δC − (δD + δD′′)′ ∧ δD]

P = c
24π

∫
dϕ [(C ′ + C ′′′)C ′ − (D′ +D′′′)D′]

H = − c
6(1+α) −

c
48πα

∫
dϕ
[
(C + C ′′)′C ′ − ρc

α
(C ′2 − C ′′2)D′

+ (C ↔ D)
]

+ . . .
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Chern–Simons formulation
back

First order formulation [Achucarro–Townsend ’86, Witten ’88]

Frame field ea ≡ ea
µ dxµ and spin connection ωa = ωa

µ dxµ

with gµν = ea
µ ηab e

b
ν

Form sl(2,R) gauge connections:
[Ja, Jb] = ϵabcJ

c and Tr(JaJb) = ηab/2
A = (ωa + ea)Ja Ā = (ωa − ea)Ja

Einstein–Hilbert action
SEH = SCS[A]− SCS[Ā] + (bdy)

with k = 1/4G and

SCS[A] = k
4π

∫
Trsl(2)(A ∧ dA+ 2

3A ∧A ∧A)

Boundary terms [Llabres ’19]

Sbdy = k

4π

∫
∂M

Tr[A ∧ Ā− L0(A− Ā) ∧ (A− Ā)]

[frame A0, Ā0 ∝ nµdxµ, ∂ana = 0]
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Einstein–Hilbert action
SEH = SCS[A]− SCS[Ā] + (bdy)
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[frame A0, Ā0 ∝ nµdxµ, ∂ana = 0]



Chern–Simons formulation
back

Phase space
A0 and Ā0 appear as Lagrange multipliers ⇝ F̃ = ˜̄F = 0
solution: F̃ = g−1d̃g and ˜̄F = ḡ−1d̃ḡ
Gauss parameterization:
g = eF L1

(
β√
ρ

)2L0
eΨL−1 and ḡ = eF̄ L1

(
β̄√
ρ

)2L0
eΨ̄L−1

Choose radial gauge near boundary Ā0 = −A0 = dρ
2ρ

⇝ eliminate Ψ, Ψ̄

Find:

S = −k
π

∫
∂M

dtdy
[
∂w̄(βF ′) β′

β2F ′ + ∂w(β̄F̄ ′) β̄′

β̄3F̄ ′

− 1
ρc

(β2F ′ − 1)(β̄2F̄ ′ − 1)
]

with boundary conditions

2e+ =
1

√
ρc

=
β2F ′
√

ρc
+

√
ρc

β̄

(
β̄′

β̄2F̄ ′

)′

, 2e− =
−1
√

ρc
=

β̄2F̄ ′
√

ρc
+

√
ρc

β

(
β′

β2F ′

)′
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Chern–Simons formulation — Perturbation theory
back

Perturbation theory: Solve boundary conditions perturbatively
β = 1 + f + f2 +O(f3) , F ′ = 1− (f + ρc

2 f̄
′′) +O(f2, f̄2)

β̄ = 1 + f̄ + f̄2 +O(f3) , F̄ ′ = 1− (f̄ + ρc

2 f
′′) +O(f2, f̄2)

Choice of fn, f̄n in terms of f, f̄ :
only lowest order kinetic term in action
only first derivatives of f, f̄ in action
up to n derivatives in fn, f̄n: nonlocality?

⇝ find action

S = 1
32πG

∫
dtdy

[
f ′∂w̄f + f̄ ′∂wf̄

+ ρc

2 f
′2f̄ ′2 (1 + ρc

4 (f ′2 + f̄ ′2)

+ ρ2
c

16 (f ′4 + 3f ′2f̄ ′2 + f̄ ′4) + . . .
)]

and stress tensor (on the plane)
4GTww = −2f ′′ − f ′2 + ρcf

′′′f̄ ′ + . . . ,

4GTww̄ = −ρcf
′′f̄ ′′ − ρc

2 (f ′2f̄ ′′ + f ′′f̄ ′2) + . . .
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