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Locality in gravity?
@ Coordinates are unphysical
~> no local observables

@ Event horizon thermodynamics:
A
S = —
4
Entropy not extensive! t
E.g. black holes:
T= : o
8mM =
o First law: c*dM = TdS
o Second law: ASit > 0
Similar: logical hori " . .
m.u ar: cosmologica o.rlzon AdS is 2 test tube
@ String theory: asymptotic observables o _
ds? —dt? + dp? + sin? pdQ?
cos? p

e S-matrix elements
o AdS/CFT
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Anti-de Sitter space
@ d+ 1 (or more) dimensions

@ A < 0 gravity: incomplete
understanding
@ space contracts: potential well

~» empty, unperturbed
conformal boundary at r — oo

o “few” fields: gravity + matter

e E.g. scalar field with
m? = A(A —d):
¢~ art=d 4 grA

Dictionary
ngp,y Do e_I[WQB,(y] <LF’/\N>
fixed boundary value « o
jocmy = e &

Conformal field theory
@ d dimensions

o field theory: formally
well-understood

@ static, hollow cylinder

@ large number N of fields &
large gauge group

@ e.g. scalar primary O with
scaling dimensions A

e—WIJ — fD(‘Oe_ICFT'i‘J'C)
source J
= (0)
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Introduction — strategy

Beyond asymptotic observables?
e Simplify: fewer dimensions
e gravitons need 3 spatial dimensions
to propagate
~~ no bulk degrees of freedom
e successful in 1+1d:
JT gravity <> matrix integrals

@ New techniques: TT' operator
o irrelevant but solvable flow from
QFT
e unconventional UV but constrained
by lots of symmetries
o “somewhat gravitational”
e move CFT into the bulk?

~» Boundary gravitons on finite surfaces
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Symmetries

From finite-volume AdS to TT

Flat space boundary modes: S-matrix & soft theorems
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The TT deformation

TT operator in 2d field theory
o define O 7 (x) = lim e*PNT,, (y)Tss(x), up to derivatives

Yy—x
2
o expectation value factorizes: (n|O;z|n) = £=9Ea 4 Py
TT deformation
Re(E,)

@ Irrelevant deformation

\ s
drt — 1 (@ det T &§
@ “Solvable”: S-matrix, energy spectrum, — T

partition function, ... —

@ For CFTs: KdV charges remain conserved

1 [0] 2 p2 (0]
= — — — o+ , P, =P,
E, ) <1 \/1 ANE 42 P2
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TT & gravity
TT ~ 2d gravity:

_ /Dee_% fdzxeaaeab(f;_eg)(fg—eg)ZO[e]

@ /'metric path integral; Xkinetic term; XX topologies
o Classical solution: ¢!M(z) = ¢%(y(x))
with dy® = (05 — )\Tﬂ )dah

Holography: AdS3
BTZ geometries [w=¢+t,w=0¢—1
ds® = d/’ L[dw + §(M — J)dw][dw + §(M + J)dw]
]. 0 2 4 a
= % + v +p A8 +p*0L))dae da?

~—~
CFT metric ~Tap

-

Energy within cylinder:

C
N T

< TT flow with‘AzQGpcocpc/c‘ -
Does TT-deforming a holographic CFT “move it into the bulk”?
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TT: a double-trace deformation
Holographic CFT
@ Recall: holographic dictionary

e—[os[gaﬁ7¢0] M —W[J] — fD¢e—[CFT+J.O
boundary value ¢g > source J
_ 0l W _
o = Sdo 4 5T — <O>J

e Add a (relevant) double-trace operator:
el = [Dg o~ Icrr+N? [ J.0+30°

— [Do e ol 35 [(0=? N2 ~WalI+A©0))=24= [(0)?
Gravity side: now fix ¢o + Amo and send I — I + [, Amg/2

Similar for TT": .
now ¢og — Yag and mo = T = Top — T vap

AW / VilOm) W= / VA (Tap) 67°8

SN L NP9 Ty P ALE
700 = 700 _ \F0 Flom



TT: a double-trace deformation

Yap = 'y([log — 2)\T 5+ A2T T[O]
1Py ~[0
T[ ] _ T(Lg —\ ([v; T[Ohﬁ

Mixed boundary conditions

2
dsger = (’Yg,)@) = + ﬁ@(ﬁm)aﬂ) dz® da

o Pure gravity: dsZgt is the induced metric at p = p. = —)\/2G

@ With matter: Einstein equations change, mixed boundary conditions
at infinity no longer coincide with induced metric at finite radius

@ Imaginary energies: e.g. black hole larger than p,
More generally: coordinate transformation between undeformed and
deformed metric becomes complex.
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Symmetries from holography
CFT symmetries «» AdS asymptotic (large gauge) symmetries
0 = 0xIos[AV] = / Az T 6, AD) = — / Az X 9,11
——
)Y
Undeformed AdS;: o
o Asymptotic Killing vectors £§’yg‘ﬁ] =0: &Y = f(w) and ¥ = f(w)
o Associated charges Qs o [o5, Tyw f(w) = Y, Lype™”
i{Lm, Ly} = (M —n)Lypin, + 5M*Gnin
Virasoro? with ¢ = 3£/2G
Mixed boundary conditions
o Diffeomorphisms preserving [,57([35] =0: f(u), f(v)
with TyyOgu + TyyvOpwu =0
@ Infinite number of symmetries, but state-dependent coordinates
@ Problem: winding of w and v around the spatial circle not fixed
~~ nonlocal correction terms o< Ry, R,

e Charges depend only on periodic part Qf o [, fp(u) 18_"3)5:“%
o Algebra
) m—n c 3

Expected to be valid up to &' in field theory
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Symmetries in the field theory
Classically
@ Symmetries: 0 L1 = fde I (W) (T Ozt + Tz Ott)
~ state-dependent coordinates
Semi-classically
@ Momentum quantized: require O\FP, =0
~+ non-local corrections x R, R,
o Energy eigenstates flow as 0y [n) = X7 |n)
= “flowed operators” O\[s = fi{XT I} automatically conserved

o Physical KdV charges I, = I, /R}

T

Quantum (work in progress)
@ Operator ordering & renormalization ambiguities ?
@ Expect commuting KdV charges
@ Expect the following structure
undeformed: 1¢” e, flowed charge I, (|n))
e ¥ A ¥ Ty

“fake” charge I, ((I,)) e e charge I, ((Is) & |n))
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From finite-volume AdS to TT



Setup

«<AdS3
@ pure 3d gravity,
fixed topology R x Disk
o fixe boundary geometry
at finite red-shift,
“fluctuating” bulk metric
e goal:
o sensible?
e observables & algebra
(]
("]

energy spectrum
correlation functions

@ how is 7T deformation realized?
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Phase space & observables

Covariant phase space:
1. Phase space P = {solutions to equations of motion
& boundary conditions}

e no need to choose equal-time slice & momenta
o (¢, ) are just labels

2. Symplectic form Q =~ [, 6©

from 65 = [, Ea 66" + [5,,(© +d0) M
e require S|r =0
e independent of Cauchy surface
e zero modes of fz 00O: -
gauge symmetries ~» mod out
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Asymptotically AdS; solutions
dp?

ds* = =
S 15

+ %(d’w + pL (i) d) (A + pL(w) duw)

AdS3 solutions with finite cylinder boundary

452 = 3% [(A=ppeLL)dw + (p—pe) £ dw)[(1—ppeLLYAD + (p—pe) £ du]

4p? p(1—p2LL)?
e at p = p.: ds? = % + %dwdu?
© 0gL = —p.LOWL and 0L = —p.LOGL
@ stress tensor 4GT ., = _#ﬂf' AGT,s = — 152252
~ TT trace relation Tyg = —4Gp.(TwwTow — T2)




Phase space & observables

Asymptotically AdS; solutions
dp?

ds* = =
S 15

+ %(d’w + pL (i) d) (A + pL(w) duw)

AdS3 solutions with finite cylinder boundary

o dp®  [(A—ppcLL)dw + (p—pe) L ] [(1—pp.LL)dwW + (p—pe) £ du]
ds® = +

4p? p(1-p2LL)?
g2 dp? 1 o
@ at p=p.: ds —W—f—;dwdw
("] 8@,6 = 7[)(12 8“,,6 and 3w5 = 7p(:£« aﬁ;i
_ L o Pcﬁi
° stressfensor AGT oy = LT 4G Ty = T-p2CL
~ TT trace relation Ty5 = —4Gp.(TwwTow — T2)

Degrees of freedom: £(w,w) and £(w,w) ~ boundary modes
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Phase space & observables

(Pre)-symplectic form for GR

Q= %/dE VI Ok [6T0, A (397" + 59776 1Ing)]

Infinitesimal diffeomorphisms
@ spacetime vectors &
~+ phase space vectors Ve = f/vi Egg,w%
v
e generated by Q[¢]: Ly, = {-, Q[{]}, with
1

— = d—1 (d—1)7. pied
Qle) = 5- [ @t e

e boundary stress tensor generates large diffs (£]ox # 0)
o bulk diffs are gauge transformations (£|ss = 0)

@ preserve boundary metric at p = p,:

w _ g w20k 8y (€7 +E”) D, £ 4 20 L 0o (§ €7
O = Ol G, e » T = W TS D

Again state-dependent through (£, £)



Canonical quantization
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Canonical quantization

Asymptotically AdS;:
boundary gravitons <+ boundary reparameterizations

o Global AdS: Ty = — & = — 1t
o Finite boundary diffeomorphism: ¢ — F(¢) + F(¢):

o = 5 (477~
Using {Qle1], Qle2]} = 6, Qlea], extract
Q——— do (Sf ASf —3f NSS')

Action S = [ d*x [£(f'f = J'f) = Tuw — Taa ]
Quantize the “coadjoint orbit”

e Darboux coordinate | with ief = (')’

AdS3: finite boundary preserving diffs (BPDs) 7
~> perturbation theory
& Chern—Simons formulation of 3d gravity



Canonical quantization
Result:
1 / £l r
S - 327TG /dt dy [f 8u_)f/:__./]; 8wf 12 r£12
+ A+ (7 + 1)
n %(f’4+3f’2f’2+f’4)+...)}
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Canonical quantization

Result:
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Canonical quantization

Result:

s /d% [mé + % (1 — VT2 +1) + )\2¢’2H2>]

= %/d% (1 — \/— det (9, X~ aqu)>

Define ¢ o< f + f and IT oc f' — f":
e 3d Nambu-Goto in static gauge X* = (t,y, Vo)
e with constraint [ dyII = fixed
and gauge symmetry ¢(t,y) — ¢(t,y) + A(t)

@ and improved stress tensor: (Tr T = Adet T V)
oL
Top = Napl — 050 + (0008 + Nap0
8 = MasL = 5gag) 269 (0a0p + napd®)Y
Y = L+ 26(00) + TE(00) + XYEL0, 60500070 + ..

TT-deformed boundary graviton



Quantum results
Energy spectrum v/

Correlation functions

"(=p)f'(p
@ Vertices pMQ Pe and higher orders

p3 pa

@ Correlation functlons

b1
(det T'(k)0.¢(p1)0z¢(p2)) O W

S
7\2¢ p?, p3 2 k2 9

- z 12z 4 In — —— 6Pk
TR ( +ln o+ p 10) (k +p1+p2)

Requires det T — det T — T-2%¢ (2 4 finite) 262(9.¢ D:0)

Zamolodchikov's diverging total derivatives!



Outline

Flat space boundary modes: S-matrix & soft theorems
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LSZ reduction formula

Sy~ [ €7 0T 6(w:)0) e
@ bulk correlators

@ justifies Feynman rules

Gravity in AdS: boundary correlation functions

Extrapolate dictionary Differentiate dictionary
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(O(w) = lm 2 (o{ri, 1)) (©@) = sty Zlonl],
@ bulk correlators @ boundary data:
e ~ Witten diagrams ¢ — gozd™ 4
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Flat space S-matrix vs. AdS correlators

Gravity in asymptotically flat space: S-matrix

LSZ reduction formula AFS prescription

Sy~ [ P OITo(zl0) (-18lps) = [ Doeifies
@ bulk correlators @ boundary data: ¢4
@ justifies Feynman rules @ natural language for IR

Gravity in AdS: boundary correlation functions

Extrapolate dictionary Differentiate dictionary
— 1 A —
() = Jim rf (9lri,2) (O) = sz 2100l _,
@ bulk correlators @ boundary data:
e ~ Witten diagrams ¢ — gz

@ asymptotic symmetries
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Consider S[p] = (o_|S|py)

@ S-matrix operator S = limy_, oo 0T e=2¢HT giHoT

o (scalar field) coherent states
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Consider S[p] = (o_|S|py)
o S-matrix operator S = limyp_, o, e?H0T =27 gifloT

o (scalar field) coherent states

2 d*p , e
¢+ @) = px o) , @(taf)5/77(0&*ewz+aqeﬂm)
(271-)3 2"‘)17 \i/d &,_/
P+ ©_
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AFS prescription

Consider S[p] = (o_|S|py)
o S-matrix operator S = limyp_, o, e?H0T =27 gifloT

o (scalar field) coherent states

2 d*p , e
¢+ @) = px o) , @(taf)5/77(0&*61pz+aq67’m)
(277)3 2"‘)17 \p\/—’ &,_/
P+ ©_
e Claim: S[p] generates S-matrix elements
(pilSla;) = ﬁ&f} S[e]

Intuition: cf. QM |a) = e®a" [0) = 8, (]e) = (lal|e)
o Path integral version

¢ (T)=¢_(T) _
Sle] = lim D¢ 11941
T=00 Jp (-T)=¢4(-T)

with boundary terms (¢*, ¢ )¢, — (¢, ¢ )i, so that 61 =0
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Soft photon theorem
Massless scalar + QED

1
I= [ 45 (4924, 4 6 D% + D67 6) + L+ Lyps + Iy
Ibdy ) (Ali*7AM)t‘f + (Spi7 (b)tf + (8077 (b*)tf

e data on Z%F: r — oo at fixed u(v) =t + 7, i+
S? metric ds? = dzdz/(1 + 22)?
e Large gauge transformations \q(z, z): invariant Tt

Al
5[90’ A#] é S[eiqu% AIL + aﬂAO} , B io

o Infrared modes of the photon
O.N=A,(u=00)— A, (U =—0) T-
A=A, (u=00)+ A, (U =—o0)

are “canonical conjugates”:

[0 N (w, @), M2, 2)] = =

AT w — z



Soft photon theorem
Massless scalar + QED
I= % /d% (AMV2 A, + ¢* D% + D*¢* @) + Iet + Ighost + Ibay
Tody O (A, AL, + (05, 0)e, + (9, 01y
e data on Z%F: r — oo at fixed u(v) =t + 7, i+

S? metric ds? = dzdz/(1 + 22)?
e Large gauge transformations \q(z, z): invariant Tt

Al
5[90’ A#] é S[eiqu% AIL + aﬂAO} , B io

o Infrared modes of the photon are “canonical
conjugates”:

P 1 T
[(9wN(U), 1]))7 ezq)\(z,z)] - q e—lqk(z,z)
drw — z i~



Soft photon theorem
Massless scalar + QED

1
I=5 [ (V24,4 6" D% + D67 6) + L+ Ty + o

Ibdy ) (Ali*w‘AM)tf + (Spi7 (b)tf + (8077 (b*)tf

e data on Z%F: r — oo at fixed u(v) =t + 7, i+
S? metric ds? = dzdz/(1 + 22)?

Large gauge transformations )\y(z, Z): invariant Tt

A
5[90’ A#] é S[eiqu% AIL + aﬂAO} , B io

o Infrared modes of the photon are “canonical
conjugates”:
Jug ~ 1 ~ I
[0 N (w, @), i3] = Zie—iq/\(z,i)
TW— 2 _
e Combine: t

(out|[. N, S]|in) = <Z - 3ka B Z - zk2k> (out|S|in)



Soft photon theorem
Massless scalar + QED

1
I=5 [ (V24,4 6" D% + D67 6) + L+ Ty + o

Ibdy ) (Ali*w‘AM)tf + (Spi7 (b)tf + (8077 (b*)tf

e data on Z%F: r — oo at fixed u(v) =t + 7, i+
S? metric ds? = dzdz/(1 + 22)?

Large gauge transformations )\y(z, Z): invariant Tt

A
5[90’ A#] é S[eiqu% AIL + aﬂAO} , B io

o Infrared modes of the photon are “canonical
conjugates”:
Jug ] ) ] -
[0wN (w, @), D] = — 4 —idk(=2)
drw — z i~
e Combine:
2ot
s . W~ qkPk - € &
out|[d, N, S]|in) = lim EE — (out|S|in
(outl[0-N. §fin) = lim, 3 I fout| i
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e ~~ finite-size gravitational systems in less than 3 dimensions
o preserves co# symmetries, non-local corrections

@ boundary modes of gauge theories (D gravity) ~~ e.g. soft theorems



Conclusions and outlook

Conclusions
@ Locality in gravity?
e TT: irrelevant but solvable deformation

e ~~ finite-size gravitational systems in less than 3 dimensions
o preserves co# symmetries, non-local corrections

@ boundary modes of gauge theories (D gravity) ~~ e.g. soft theorems

Future directions

o full QFT TT symmetries?

o well-defined (unique) correlation functions?
@ non-perturbative effects: imaginary energies?
e A>07?
@ gravitational & subleading soft theorems
@ IR finite S-matrix a la Faddeev—Kulish?
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Geometric perturbation theory

«AdS3 BPD perturbation theory: start from empty AdS
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p=p+... [a = vI+pc]
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Geometric perturbation theory

«AdS3 BPD perturbation theory: start from empty AdS
0=0+5[C(@)+D(@)]+...
F=t+4[C(¢)— D(d)] + ... .
p=p+... [ = VI +pc]

@ Higher powers: “..." contain time dependence:
fix by requiring ds?|,, = ds"?|, =,

@ Simplify with field redefinitions at higher orders

o Find:

0= / d¢[(5C + 6C") A SC — (6D + 6D"Y A 6D]

— 247T /dQS Cl Cl/l)cf/ _ (D/ + D/I/)D/]

H = 776(13—04) 487ra /d¢ [(C’ + C’/)/O/ i %(012 _ C//Q)D
+(C+ D) +...
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Chern—=Simons formulation

First order formulation

o Frame field e® = e, dz" and spin connection w® = wj, da*

with g, = €} Mab eb

e Form sl(2,R) gauge connections:

[Ja, Jb) = €abeJ© and Tr(JoJy) = Nap/2

A= (w*+e")J, A= (W —e*)J,
o Einstein—Hilbert action
SgH = Scs[A] — Scs[z‘_l] + (bdy)
with k£ = 1/4G and

SoslA] = £ /Trsl(Q)(A ANdA+2ANANA)

e Boundary terms

k _ _ _
Svay = 3 [ TANA=Lo(A =) A (A=A

[frame A%, A oc n,dzt, d,n® = 0]



Chern—=Simons formulation

Phase space
o Ay and Ay appear as Lagrange multipliers ~» F = F=0
o solution: F = g~'dg and F = g—'dg
@ Gauss parameterization:

2L _ 2Ly
g=el'l (—f ’ e’l-1 and g =1 A eVLl-1
- N B N
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2L — 2L .
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~ eliminate U, ¥



Chern—=Simons formulation

Phase space
o Ay and Ay appear as Lagrange multipliers ~ F = F = 0
o solution: F = g~'dg and F = g—'dg
@ Gauss parameterization:

rry (6\2F wr_, S A S T
g=¢e (W) e and g=e (W) e
@ Choose radial gauge near boundary A = —A4% = S—Z

~ eliminate U, ¥

Find:
B smn B
ﬁ2F’ 0 F BSFI

(BF — )(FF 1)}

S = —E dtdy [aw(ﬁF’)
™ Jom

1
Pe
with boundary conditions

gt = L :ﬁ2F/+\/f)7 B , 26*:_1:B2F/+‘/E
VPe  \Pe B\ BEF Vbe  \pe B
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o only first derivatives of f, f in action
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Chern=Simons formulation — Perturbation theory

Perturbation theory: Solve boundary conditions perturbatively
B=1+f+L+0(%), F=1-(f+5F)+0(*f)
B=1+[+L+0(%), F=1-(f+5f)+0(*f)

Choice of f,, f,, in terms of f, f:

@ only lowest order kinetic term in action
@ only first derivatives of f, f in action
@ up to n derivatives in f,, f,: nonlocality?

~~ find action
1

S = %/dt dy [f/au‘;f + f/awf

+ %faf_-/z (1 + %(fﬂ + fTIZ)
2 — —
+ %(f/4+3f/2f/2+f/4) +):|
and stress tensor (on the plane)
4GTww — _2f” _ f/2 +pcf///f/ 4. ,
4GTwu7 — _pcf//j_-// _ %(fQ]FH + fl/f'_IQ) 4.
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