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Homogeneous and isotropic Universe ⇒
Friedmann, Lemaitre, Robertson, Walker metric

• isotropic
• scale factor R(t) due to expansion
• dimensionless scale factor : a(t)=R(t) / R(t0)

now a(t0) = 1
in the past a(t) < 1
Big Bang a(t) = 0

FLRW metric
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• Einstein Eq => (Friedmann Eq.)    

• Critical density today

~ 5 protons / m3

•We introduce

ΩT = Ωm + Ωr + Ωv = ρ0 / ρc

Friedman equation

We introduce the density parameters by normalizing to the critical density:

�m ⇤ ⇥m(t0)

⇥c
, �r ⇤

⇥r(t0)

⇥c
, �v ⇤

⇥v(t0)

⇥c
(122)

and �T = �m + �r + �v = ⇥0/⇥c, since ⇥0 = ⇥m(t0) + ⇥r(t0) + ⇥v(t0).
If we set t = t0 in Eq. 120 we get
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Inserting the resulting value of k in Eq. 120 gives:
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We can decompose ⇥(a) = ⇥m(a) + ⇥r(a) + ⇥v(a) and introduce the a dependance of each
density:

⇥(a) = ⇥m(t0)a
�3 + ⇥r(t0)a

�4 + ⇥v(t0) = ⇥crit(�ma
�3 + �ra

�4 + �v) , (125)

which gives another form of the Friedmann equation:
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This formula is extremely useful. Many quantities can be computed by expressing them
in terms of a and ȧ/a and then using Eq. 126. For instance to compute the age of the

Universe we write dt =
dt

da
da =

da

ȧ
=

da

a(ȧ/a)
and

t = H�1
0

⌥ 1

0

da

a [�ma�3 + �ra�4 + �v + (1� �T )a�2]1/2
. (127)

If we consider our Universe, it is flat so the term 1��T disappears. In addition, in many
calculations the contribution from �r = 9⇥ 10�5 can be neglected.
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• The radiation that is important from a cosmological point of view is the relic CMB
photon radiation, the photons emitted by stars are negligible. The CMB has a black
body spectrum with a measured temperature of 2.75 K, which gives a density of

⇢r = g
⇡2

30

(kBT )
4

(~c)3
, (109)

i.e. 4⇥ 10
8 photons m�3 (the number of spin states is g = 2 for photons). For radi-

ation, thermodynamics gives pr =
1
3⇢r. So Eq. 107 implies dt [⇢ra3

] = �1
3⇢r dt [a3

],
i.e. d⇢r/⇢r = �4da/a and

⇢r / a�4 . (radiation) (110)

When the Universe expands, there is a factor a�3 for the density of photons and
an additional factor a�1 because the wavelength of the photons scales as a and
E / ��1. Combining Eqs. 109 and 110 gives:

T / 1/a . (111)

This is the reason why, although the temperature of the Universe at decoupling
(z = 1100) was 3000 K, the temperature of the CMB today is 2.7 K.

• Quantum vacuum is not empty, antiparticle-particle pairs appear and disappear.
This gives a vacuum energy that depends only on the volume, so a vacuum energy
density ⇢v independent of time and space. Eq. 107 gives ⇢vdt[a3

] = �pvdt[a3
] and

then
pv = �⇢v = constant < 0 . (vacuum) (112)

The vacuum pressure is negative. We will see that the vacuum energy is equivalent
to a cosmological constant that can be added in the Einstein Equation and it is one
of the possible origins of dark energy (section 10.7).

10.3.4 Friedmann equation

In cosmology, the Einstein equation implies
 

Ṙ

R

!2

+
k

R2
=

8⇡⇢

3
, (113)

which is known as the Friedmann equation. There exists a critical density today, ⇢c,
for which the Universe is flat (k = 0):
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Note the h2 factor in the value of ⇢c. If a new measurement updates the value of H0,
this automatically updates the value of ⇢c. This critical density corresponds to about 5
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Content of the Universe

5

Dark matter
26%

Ordinary
matter

5%Dark energy
69%
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1. Standard candles
• SNLS

2. Cosmic Microwave Background
• History
• Planck Satellite 

3. Standard ruler - BAO
• DESI 

4. The H0 puzzle

Observational Cosmology - Part III



Standard candles

SNI-a



SNLS:
SuperNova Legacy Survey 

MegaCam:
Ø designed and built by CEA/Irfu
Ø Biggest camera CCD in the 
world till 2010:

36 CCD 2k ´ 4.5k pixels. 
Ø Wide field: 1 deg2

SNLS:
Ø 3.6m telescope (CFHT) 
at Hawaï equipped with MegaCam
Ø 400 SN Ia over 2003-2008

8



SNLS: The method

1st Stage
Ø Measurement of photon flux every 3-4 days
Ø On-the-fly detection of SN explosions

Explosion 
of the SNIa

SNLS Light curves 
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400 600 800 l (nm)

SNLS: the method

2nd stage
Ø Observation of SN spectra with 8m telescope 
(VLT, Keck, Gemini…).
Ø Confirmation of SN type (Ia, Ib..).
Ø Measurement of redshift. 

Gemini
Keck

VLT
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Standard Candles - Status
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0.2        0.4        0.6        0.8         1         1.2        1.4  

Matter only 

Proof of Dark Energy
Ø Almost one thousand SNIa used in 
the new Hubble diagram
Ø Clear demonstration since 1999
Ø SNIa machine in preparation with 
LSST (first light in 2023) in Chile

Redshift 
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A picture 
of the primordial Universe

-
Cosmic Microwave Background



The 
Big-Bang 

ØExpanding Universe is slowly cooling 
Ø3mns : End of nucleo-synthesis
Ø 380 000 years: Recombination : Universe becomes 
transparent

~10-10-10-5s
Elementary 

particles
⇒ LHC
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CMB discovery

Ø 1964: Discovered ”by chance” by Penzias and Wilson 
(uniform radio “noise” at 7.5 cm ⟶ 2.7 K) 

Ø 1989-1992: Satellite COBE
Ø Perfect black body with a temperature T=2.725K !
Ø Extremely small anisotropies of 0.00001 degrees….

COBE-FIRAS

COBE-DMR
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Planck more and more precise measurements
Ø ESA/CNES satellite launched in May  
2009 toward L2 (1.5 M km from Earth)
Ø Measurement of TFDC=2.7K 

at 1/100 000
Ø Bolometers cooled at 0.1 K
Ø ~3-year observation program 

2.7K
~160 GHz

Planck maps
Ø Maps of the whole sky 
for 9 different frequencies
Ø Separation of the 
components (CMB, 
galactic dust, experimental 
noise…).  
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What do we learn with these maps?

CMB anisotropies
ØAngular size of the 
fluctuations
Ø Conversion : angle 
q®multipole l = 180O/q
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0             500             1000           1500          2000         2500  

1st peak
Position: curvature and Dark Energy
Amplitude: baryonic matter

Ratio 1st peak/3rd peak
Dark Matter/baryon
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Universe content seen by Planck

Light particles 
relativistic 
(neutrinos)

Radiation 
(photons)
Atoms 

(ordinary matter,  
hydrogen, 
helium)

Dark Matter
(SUSY, 

axions..)

Ø Starting from power spectrum (acoustic 
oscillations), we derive the content of the 
Universe,  380 000 years ago. 
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From CMB to today

Dark Matter

Atoms 
(gas, stars, 
planets)

Dark 
Energy

Ø From Friedmann equation, we can predict the evolution 
of Universe components 

Ø Consistent with Universe observed by  supernovae

H 2 =
a
a
!

"
#
$

%
&

2

=
8πG

3
ρ −

kc2

a2 +
Λc2

3
          a∝ 1

1+ z
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The H0 puzzle
-

Future standard sirens
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Fig. 10.— Complete distance ladder. The simultaneous agreement of pairs of geometric and

Cepheid-based distances (lower left), Cepheid and SN Ia-based distances (middle panel) and SN

and redshift-based distances provides the measurement of the Hubble constant. For each step,

geometric or calibrated distances on the x-axis serve to calibrate a relative distance indicator on

the y-axis through the determination of M or H0. Results shown are an approximation to the

global fit as discussed in the text.

Local measurement of H0

SN-Ia with 
cepheids 

in their host 
galaxy

Local cepheids 
calibrated by their parallax

Distant SN-Ia
providing the H0
measurement

Distance ladder
Ø Parallaxes
Ø Cepheids
Ø SN-Ia

Comparison to CMB
Ø Indirect measurement of 
H0 through the evolution of 
the Univers assuming 
LCDM since CMB 
(z=1100)

4.4s tension
Ø CMB:  H0 = 67.4 ± 0.5 
Ø SNIa: H0 = 74.0 ± 1.4 

SH0es, Riess et al., 2019 
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Riess et al., 2022 

Lobs∝ L0/R2

Period of cepheid → L0



H0licow – lensed quasars
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4 images 
of the same

quasars 

The lens:
a galaxy

Principles 
Ø Study of the time-delay 
for each image
Ø Several lensed quasars
Ø Quasar variability makes 
time delays measurable
Ø Time delays: ~10 days



Comparison late/early Universe
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Interpretation 
Ø Significant discrepancy >5s, so-called the “H0 tension”
Ø Underestimate of systematic uncertainties 
Ø New models to describe cosmology, typically with 
evolving Dark Energy model… Early Dark Energy

CMB-Planck

BAO+BBN

SNIa

Quasar Lensing

Combined

Early
Universe

Late
Universe



H0 and Gravitational Waves?  

Deep field 
observed by HST

23

H0 = 70+12
-8

Principles 
Ø Binary neutron star merger 
Ø Measurement of distance with 
the GW amplitude (strain)
Ø Measurement of the redshift 
with the optical counterpart (host 
galaxy)
Ø Standard sirens

With only one event 
GW170817



Future with standard sirens 
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Prospects 
Ø Measurement at 10% with one BNS (GW170817)
Ø Several BNS merger expected by year
Ø Expected a few % of accuracy within a few years
Ø But, in O3: April 2019-March 2020, none with EM counterpart 
Ø O4 started in May 2023 for 2 years  (nothing so far…) 



Standard Ruler
Baryonic Acoustic Oscillations



A probe for Dark Energy: 
Baryonic Acoustic Oscillations
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Acoustic propagation of an overdensity:
Ø Sound wave through relativistic plasma (baryons, electrons, 
photons).
Ø Baryon and photon perturbations travel together till recombination  
(z~1100).
Ø Then, the radius of the baryonic overdensity is frozen at 150 Mpc.



Baryonic Acoustic Oscillations

27

A special distance:
Ø Galaxies form in the overdense shells about 150 Mpc in radius.
Ø For all z,  small excess of galaxies 150 Mpc (in comoving 
coordinates) away from other galaxies.

Þ Standard Ruler



Observation of baryonic acoustic peak
First observation: 
Ø In 2005: First observations of baryonic 
oscillations by 2 teams (2dFGRS and 
SDSS) 
Ø SDSS observe a peak at ~150 Mpc
Ø SDSS: ~50 000 LRGs

“Luminous Red Galaxies”
<z> ~ 0.35 

A 3D measurements: 
Ø Position of acoustic peak
Ø Transverse direction:
Dq = rd/(1+z)/DA(z) 
Þ Sensitive to angular distance DA(z) 
Ø Radial direction (along the line of sight):
Dz = rd×H(z)/c
Þ Sensitive to Hubble parameter H(z).

28

SDSS

Standard Ruler

D. Eisenstein et al., 
ApJ, 633, 560 (2005)

Dz

Dq



DESI Project  
• Scientific project  

– 14000 deg2  3D survey for 0<z<4
– International collaboration
– 74 institutions  (46 non-US)
– 650 members

• Instrument 
– 4-m telescope at  Kitt Peak (Arizona) 
– Wide FoV (~ 8 deg2)
– Robotic positioner with 5000 fibers
– 10 spectrographs x 3 bands (blue, 

visible, red-NIR) ➝360-1020 nm

Corrector
~ 8 deg2

Mayall 
4-m 

Télescope

10 spectrographs

5000 fiber positioner

Mayall
Telescope

29



DESI tracers of the Matter  
Five target classes

 ~40 million redshifts

in 5 years

Red
sh

ift

0.2

0.7

1

2

8 million LRGs
0.4 < z < 1.0

13.5 million
Brightest galaxies
0.0 < z < 0.4

3 million QSOs 
Ly-a z > 2.1
Tracers 0.9 < z < 2.1

16 million ELGs
0.6 < z < 1.6

12 Gyr

10 Gyr

8 Gyr

2 Gyr

Lo
ok

ba
ck

 ti
me
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5000 robotic fiber positioners  

Challenge 
– Reposition the 5000 

fibers in less than 2mns
– Position of each fiber 

better than 15 mm

Configuration 
• 10 petals in focal plane 
• 500 fibers each petal
• 5000  total
• 10.4 mm pitch
• 2 motors per positioner

31



Ten spectrographs 

Ten 3-channel spectrographs
l = 360 nm to 980 nm

temperature-
controlled room

32



Ten spectrographs 

Ly-a 121.6 nm
down to z = 2.0

Lya
CIV

CIII

z=2.7 QSO

z =
�� �0

�0
<latexit sha1_base64="qixkyDgMTutKlakxhEUBHcHDUFQ=">AAACEnicbVDLSgMxFL1TX7W+Rl26CRbRjWWmCroRCm5cVrC20BmGTCbThmYeJBmhDv0EN/6KGxe6ELeu3Pk3pu2A2nog5HDOPST3+ClnUlnWl1FaWFxaXimvVtbWNza3zO2dW5lkgtAWSXgiOj6WlLOYthRTnHZSQXHkc9r2B5djv31HhWRJfKOGKXUj3ItZyAhWWvLMw3t0gZxQYJI7XMcCfFzcnjXKf6hnVq2aNQGaJ3ZBqlCg6ZmfTpCQLKKxIhxL2bWtVLk5FooRTkcVJ5M0xWSAe7SraYwjKt18stAIHWglQGEi9IkVmqi/EzmOpBxGvp6MsOrLWW8s/ud1MxWeuzmL00zRmEwfCjOOVILG7aCACUoUH2qCiWD6r4j0sW5H6Q4rugR7duV50qnX7JOaVatfn1Yb9aKQMuzBPhyBDWfQgCtoQgsIPMATvMCr8Wg8G2/G+3S0ZBSZXfgD4+MbQjec7A==</latexit>

Ten 3-channel spectrographs
l = 360 nm to 980 nm

[OII] 373 nm
up to z = 1.6

z=0.9 ELG

[OII] doublet
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DESI Y1footprint 
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– Grey area: DESI footprint over 5 years, ~14000 deg2

– On average 5 passes 
– In Y1, only 1500 deg2 with 5 passes



Observations: current status 
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– In April 2024, Y3 dataset is completed and frozen
– ~70% of the final dataset (much more ELGs)
– In Y3, already 7300 deg2 with 5 passes



First results  
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– Dilation compared to a fiducial cosmology

• Perpendicular or parallel to the line of sight, 𝛼!	 and 𝛼||
• Combined through 

– 6 bins in redshifts covering the redshift range, 0.1<z<2.1
– Bin with lowest significance 4.0 

0.8 0.9 1.0 1.1 1.2
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�
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LRG2: 6.8�
LRG3: 8.7�
LRG3+ELG1: 9.1�
ELG1: 3.3�
ELG2: 7.0�
QSO: 4.2�

Figure 11. Detection significance of the BAO features in various DESI DR1 galaxy tracers. Solid
lines show ��2 of the BAO fits as a function of ↵iso, i.e., �2 o↵set from the minimum �2. The
dashed lines correspond to ��2 of the noBAO fits, i.e., using a model without the BAO wiggles, after
subracting the minimum �2 of the BAO fit for each tracer. The detection level of the BAO feature
for each tracer is shown in the legend.

Figures 9 and 10 compare the pre- and post-reconstruction BAO fits for the data and
the 25 Abacus-2 DR1 mocks. Due to the discrepancy between the BAO location assumed
in the mocks and its measurement in the data, we focus on the changes in the best fits and
precision. Except for QSO, the measurements from the data (indicated by stars) lie well within
the distribution of the 25 Abacus-2 DR1 mocks, which is the criteria we set as “consistent”
given the small number of the mocks. For QSO, the blinded data BAO fit was marginally
consistent with the upper boundary (the least e↵ective reconstruction limit) reached by
the mocks, therefore passing the unblinding test ([46]). However, the reconstruction of the
unblinded DESI DR1 is slightly worse than the blinded case and less e�cient than in the
worst case of the mocks. We believe that such a slight change before and after unblinding is
acceptable.

In detail, we observe the change in the best fit ↵iso with reconstruction is the greatest
for LRG2, giving an 1.6% shift (0.87� compared to its pre-reconstruction precision) in ⇠. In
terms of the precision, LRGs show the biggest improvement from reconstruction, a factor of
1.3-1.6 higher precision in �(↵iso) and a factor of 1.5-1.8 in �(↵AP). For other tracers, we find
an improvement of 1.4 for BGS, a factor of 3 for ELG128, and 1.2 (↵iso) and 1.4 (↵AP) for ELG2.
Reconstruction of these tracers is not as e↵ective as LRGs. In particular, the reconstruction
for ELG2 is very likely inhibited due to its low completeness and irregular footprint for DESI
DR1. Again, with the future DESI data releases, we anticipate an improved reconstruction
performance for the ELGs sample. To summarize, the BAO reconstruction fits lead to a
substantial gain for the LRGs, but only a moderate gain for the other tracers.

Figure 11 shows the detection level of the BAO feature. For this plot, one-dimensional
BAO fits were performed for all tracers including LRGs and ELG2. Following the standard
procedure [156], the fits with the template without the BAO feature were also made (i.e.,
setting the second term in Eq. (4.1) to zero, hereafter a ‘noBAO fit’). The square root of

28
For ELG1, the pre-reconstruction constraint is overestimated as the posterior distribution deviates from

Gaussian distribution due to its low signal-to-noise.
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Figure 7. The isolated BAO feature in the correlation function of DESI DR1 data before (open
circles) and after reconstruction (solid circles). A 1-D BAO fitting is performed for BGS, ELG1, and
QSO, while the rest is fitted for the 2-D BAO scales. The solid and dashsed lines are the best fit
BAO models to the unblinded DESI DR1 before (open circles) and after reconstruction (solid circles),
respectively.

the RascalC covariance matrice (the black solid and dashed lines with the gray shade for
the 1� dispersion).

The BAO feature appears moderately sharpened by reconstruction in the LRGs redshift
bins, while the improvement is less obvious for other tracers. One can see that the Abacus-2

DR1 mocks replicate the observed level of the BAO sharpening in the DESI DR1 data.
Hence, we qualitatively find that the reconstruction of the data is performing as expected
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Figure 7. The isolated BAO feature in the correlation function of DESI DR1 data before (open
circles) and after reconstruction (solid circles). A 1-D BAO fitting is performed for BGS, ELG1, and
QSO, while the rest is fitted for the 2-D BAO scales. The solid and dashsed lines are the best fit
BAO models to the unblinded DESI DR1 before (open circles) and after reconstruction (solid circles),
respectively.

the RascalC covariance matrice (the black solid and dashed lines with the gray shade for
the 1� dispersion).

The BAO feature appears moderately sharpened by reconstruction in the LRGs redshift
bins, while the improvement is less obvious for other tracers. One can see that the Abacus-2

DR1 mocks replicate the observed level of the BAO sharpening in the DESI DR1 data.
Hence, we qualitatively find that the reconstruction of the data is performing as expected
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Figure 7. The isolated BAO feature in the correlation function of DESI DR1 data before (open
circles) and after reconstruction (solid circles). A 1-D BAO fitting is performed for BGS, ELG1, and
QSO, while the rest is fitted for the 2-D BAO scales. The solid and dashsed lines are the best fit
BAO models to the unblinded DESI DR1 before (open circles) and after reconstruction (solid circles),
respectively.

the RascalC covariance matrice (the black solid and dashed lines with the gray shade for
the 1� dispersion).

The BAO feature appears moderately sharpened by reconstruction in the LRGs redshift
bins, while the improvement is less obvious for other tracers. One can see that the Abacus-2

DR1 mocks replicate the observed level of the BAO sharpening in the DESI DR1 data.
Hence, we qualitatively find that the reconstruction of the data is performing as expected

– 37 –

BGS    z=0.30 LRG3+ELG1
z=0.93

Significance:  4.0s
Precision: 1.85%

Significance:  9.1s
Precision: 0.81%

𝛼!"# = 𝛼$%𝛼||
⁄( )



Measurement of Wm

37

0.80

0.85

0.90

0.95

1.00

1.05

1.10

1.15

1.20

(D
V
/r

d
)/

(D
V
/r

d
)b

es
t

0.0 0.5 1.0 1.5 2.0 2.5

redshift z

0.8

1.0

1.2

(D
M

/D
H
)/

(D
M

/D
H
)b

es
t

BGS

LRG1

LRG2

LRG+ELG

ELG

QSO

Ly-Æ

0 1 2 3 4 5 6 7 8 9 10 11
lookback time [Gyr]

80 100 120 140

H0rd [100 km s°1]

0.2

0.4

0.6

≠
m

§CDM

BGS

LRG1+LRG2

LRG+ELG

ELG

QSO

Ly-Æ

All

0.0               0.5               1.0               1.5               2.0               2.5
                                   Redshift     

– Different dependence as a function of redshift  (Wm,rd)
– Break the degeneracy without knowing rd
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Combined BAO result in ΛCDM

<latexit sha1_base64="ikmdtNfqF00hWIRnmWBX8qsRODg="></latexit>

⌦m = 0.3069± 0.0050 (1.6%)

DESI Y1 BAO consistent with: 

• SDSS BAO (eBOSS 2020) 

• CMB (primary: Planck 2018; lensing: Planck 
PR4+ACT DR6) 

DESI and CMB are consistent at 1.9!-level 

Combined fit DESI + CMB:



Hubble diagram
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– ~6M discrete tracers
– 0.1<z<2.1
– 3 times bigger than SDSS

– Total precision on BAO: 0.52%
– Consistent with LCDM
– Agreement with Planck: 1.9s
– BAO ~almost systematic free 

measurements



Measurement of H0
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Hubble constant in ΛCDM

• Can use BBN to measure Ωb 

•     : measured acoustic peak 
position in CMB (expected to be 
more robust and model-
independent than whole CMB fit 
outputs)

66 68 70 72 74

H0 [km s°1 Mpc°1]

SH0ES: Cepheids

CCHP: TRGB

DESI: BAO + µ§ + BBN

DESI: BAO + BBN

SDSS: BAO+BBN

CMB

CMB (no lensing)

Early
Late
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<latexit sha1_base64="wXCumlbTWnTjkeeunkB6WT2K6sA="></latexit>

H0rd = h⇥ f(⌦mh
2
,⌦bh

2)

<latexit sha1_base64="VWUVynTydxFML09nidt24HjZAN8="></latexit>

H0 = (68.53± 0.62) km s�1 Mpc�1

~2.1! wrt CMB

- Consistent with SDSS 

- In agreement with CMB 

- In 3.7! tension with SH0ES   

<latexit sha1_base64="uAxPhEM9ej0vyDAoCFe/fGAguMY="></latexit>

✓?

– Big Bang Nucleosynthesis can be used to measure rd

– BAO peak in CMB (𝜃∗) can constrain rd too! 
– Consistency with CMB: 2.1s
– Consistency with SNIa (SH0ES): 3.7s



Beyond LCDM
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– For LCDM, we expect w=-1, i.e. w0=-1 and wa=0 
– Combining DESI+CMB+SN: 2.5s to 3.9s effect 

depending on the SN samples
– Indication of dynamical dark energy with DESI??? 
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Beyond ΛCDM: Dark Energy Equation of State

fit varying w(z)The previous conclusion changes when 
considering a time-varying equation of state:

(CPL parametrization)

• DESI BAO alone has poor constraining power 

• DESI + CMB ⟹  2.6 ! 

• DESI + CMB + supernovae  ⟹  from 2.5! to 
3.9!, depending on the considered SN sample 

w0 > -1, wa<0    favored

<latexit sha1_base64="aLpnBQIao4VMqhzLceOE85e1HdQ="></latexit>

w(z) = w0 +
z

1 + z
wa

ΛCDMLCDM Beyond ΛCDM: Dark Energy Equation of State

18

depends on its equation of state:

Three SN measurements are available: 
Pantheon+ (2022), Union3 (2023), DES-Y5 
(2024)

ΛCDM:

<latexit sha1_base64="gxsYbJ9Imd/x2ky+A0e949HLR/M="></latexit>

w(z) =
p(z)

⇢(z) fit w(z) = constant

Assuming a constant EoS, DESI BAO is fully 
compatible with a cosmological constant
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w = �1
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Beyond ΛCDM: Dark Energy Equation of State

fit varying w(z)The previous conclusion changes when 
considering a time-varying equation of state:

(CPL parametrization)

• DESI BAO alone has poor constraining power 

• DESI + CMB ⟹  2.6 ! 

<latexit sha1_base64="aLpnBQIao4VMqhzLceOE85e1HdQ="></latexit>

w(z) = w0 +
z

1 + z
wa


